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Regular vector lattices of continuous functions
and Korovkin-type theorems—Part 1

by

FRANCESCO ALTOMARE and MIRELLA CAPPELLETTI MONTANO (Bari)

Abstract. We introduce and study a new class of locally convex vector lattices of
continuous functions on a locally compact Hausdorff space, which we call regular vector
lattices. We investigate some general properties of these spaces and of the subspaces of
so-called generalized affine functions. Moreover, we present some Korovkin-type theorems
for continuous positive linear operators; in particular, we study Korovkin subspaces for
finitely defined operators, for the identity operator and for positive projections.

Due to its length, the paper is split up into two parts of distinct character; in this
first part, we introduce the class of regular vector lattices, we prove an integral repre-
sentation theorem for continuous positive linear forms and we study some enveloping
functions related to a continuous positive operator, together with the corresponding space
of generalized affine functions. Finally, we obtain a Stone-Weierstrass type theorem.

In the second part, which will appear in the same journal, we will present some
Korovkin-type theorems, together with some applications.

1. Introduction. Since their discovery, the classical theorems of Ko-
rovkin on approximation of continuous functions on a compact interval (see
[22]) have impressed many mathematicians by their simplicity. Several au-
thors have undertaken the program of extending these theorems to other
settings and, in the last forty years, many interesting results have been
found; this research field is often referred to as Korovkin-type approxima-
tion theory.

A quite complete picture of what has been achieved in this field up to
1996 can be found in the monographs by F. Altomare and M. Campiti
([3]; see, in particular, Appendix D), K. Donner ([14]) and G. G. Lorentz,
M. von Golitschek and Y. Makovoz ([23, Chapter 16]).

More recent results that could be compared with those of this paper can
be found in [4]-[6], [27].
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With the aim to extend and to treat in a more systematic way some old
and more recent results, in this paper we develop the main aspects of the
Korovkin-type approximation theory in the framework of a class of locally
convex vector lattices of continuous functions on a locally compact Hausdorff
space X, which we call regular vector lattices on X.

Although several results obtained in the setting of abstract locally con-
vex vector lattices are available in the literature (see, e.g., [14]-[16], [18]),
our approach here is more direct and simple and gives, in addition, new
results.

Examples of regular vector lattices include weighted function spaces (in
particular, the space Cy(X,R) of all continuous real-valued functions on X
vanishing at infinity) and every sublattice of C'(X, R) containing the continu-
ous functions with compact support endowed with the topology of pointwise
convergence on X or with the topology of uniform convergence on compact
subsets of X. Therefore, our results generalize and/or add some new aspects
to those of F. Altomare and M. Campiti (see [3]) and H. Bauer and K. Don-
ner (see [10]) for Cp(X,R), W. Roth (see [27]) for weighted function spaces,
H. Bauer (see [8], [9]), M W. Grossman (see [20]) and F. Altomare and
M. Cappelletti Montano (see [4]) for adapted spaces of continuous functions
(see [13], [24], [31]).

Due to its length, the paper is split up into two parts of distinct charac-
ter. In this first part, we present some preliminary results on regular vector
lattices. In particular, we obtain an integral representation theorem for con-
tinuous positive linear forms and, by means of some suitable enveloping
functions related to a continuous positive linear operator, we study the cor-
responding space of generalized affine functions.

Moreover, we present a natural notion of Choquet boundary and we
characterize it by means of those enveloping functions.

The case of the identity operator is also considered and, as a consequence,
a Stone—Weierstrass type theorem is obtained.

In the second part of the paper, by using the results of the first part,
given a regular vector lattice (F, 7) and a continuous positive linear operator
T : F — E, we characterize those subspaces H of E which are Korovkin
subspaces in E for T and 7, in the sense that every equicontinuous net of
positive linear operators from E into E converging to 7' on H in (F,T),
automatically converges to T in (F, 7).

By using this characterization, we give simple methods to construct Ko-
rovkin subspaces for particular positive linear operators, called finitely de-
fined operators, as well as for the identity operator. We also exhibit examples
of finite-dimensional Korovkin subspaces for these operators.
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Finally, we present some Korovkin-type theorems for continuous positive
projections. This last part of the paper is a generalization of a previous work
of the authors (see [4]) concerning the setting of adapted spaces.

2. Regular vector lattices of continuous functions and repre-
sentation theorems. Let X be a locally compact Hausdorff space. We
denote by RX and C(X,R) the spaces of all real-valued functions on X and
of all continuous real-valued functions on X, respectively. We also denote
by C.(X,R) the subspace of C(X,R) consisting of all continuous functions
on X whose support is compact, and by C},(X,R) the subspace of all con-
tinuous real-valued bounded functions on X. Finally, Cy(X,R) denotes the
space of all continuous real-valued functions on X which vanish at infinity.

Let Bx be the o-algebra of all Borel subsets of X and denote by M+ (X)
and M;" (X)) the cones of all regular (resp., regular and bounded) Borel mea-
sures on X . For every x € X we denote by ¢, the Dirac measure concentrated
at x.

If w € MT(X), then supp(u) denotes the support of ju, i.e. the comple-
ment of the largest open subset of X on which pu is zero.

For every 1 € M (X) and p € [1, 400, we denote by LP(X, 1) the space
of all Borel-measurable functions f € R* which are p-fold p-integrable.

In the particular case where X is a Lebesgue-measurable subset of R™
and p is the Lebesgue measure on X, we simply use the symbol £P(X).

Let (E, T) be a topological vector space. We denote by (F,7)’ the space
of all 7-continuous linear forms on E. If in addition (E,7) is a topological
vector lattice, then we denote by (E, 7)’, the cone of all 7-continuous positive
linear forms on F.

We now recall a very useful result, due to B. Anger and J. Lembcke
(see [7]), that generalizes the Hahn—-Banach theorem to the setting of map-
pings that may attain the value +o0.

To this end, we also recall that a mapping p : E — R U {400} defined
on a real vector space FE is said to be hypolinear if

(i) p(f +9) < p(f) +p(g) for every f,g € E;
(ii) p(Af) = Ap(f) for every f € E and A > 0, with the convention
0 (400) =0.

THEOREM 2.1. Let (E,T) be a real locally convexr Hausdorff space and
p: E — RU{+00} a hypolinear lower semicontinuous mapping. Then for
every f € E and o € |—p(—f),p([f)[ there exists p € (E,T)" such that p <p
and o(f) = a.

If E and F are real vector lattices or Riesz spaces (see, e.g., [1], [28] for
more details) then a (positive) linear operator 7' : E — F' is said to be a
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lattice homomorphism if
T(|f) = IT(f)| for every f € E;

we also point out that T is a lattice homomorphism if and only if

T(sup(f,g)) =sup(T(f), T(g)) forevery f,g€ E
or, equivalently,

T(inf(f,g)) =inf(T(f),T(g)) for every f,g € E.

A subset V' of a vector lattice F is said to be a solid set (resp., a sublat-
tice) if for every f € E and g € V such that |f| < |g|, we have f € V (resp.,
if sup(f,g) € V for every f,g € V).

We now introduce a class of locally convex vector lattices of continuous
functions, in which we shall develop our results.

DEFINITION 2.2. Let X be a locally compact Hausdorff space and E
a subspace of C(X,R), endowed with the natural (pointwise) order < and
with a locally convex topology 7.

The locally convex space (E,7) is said to be a regular locally convex
vector lattice on X, for short, a reqular vector lattice, if

(i) (E, 7, <) is a locally convex vector lattice with a neighborhood base
U; consisting of absolutely convex solid sublattices;
(ii) 7 is finer than the topology of pointwise convergence on X;
(iii) C¢(X,R) is dense in (E,T).
We point out that property (i) is equivalent to requiring that the topology
T is generated by a saturated family (py)aca of seminorms on E such that
for every a € A,

(1) pa(f) < palg) for every f.g € E, [f| < |gl;

(2) pa(sup(f,g)) =sup(pa(f),pa(g)) for every f,g € E;.
Such seminorms are also called M-seminorms. Below we present some ex-
amples of regular vector lattices.

ExamPLES 2.3. 1. Every sublattice E of C(X,R) containing C.(X,R)
and endowed with the topology 7. of uniform convergence on compact sub-
sets of X or the topology 75 of pointwise convergence on X is a regular
vector lattice.

We recall that a neighborhood base of the origin for 7. (resp., 73) is

U, = {Vk.|e>0, K compact},

(resp.,
Us :={VFc | e >0, F finite}),

where, for Q C X and € > 0, we set
Vo ={f€E||f(z)| <e for every x € Q}.
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2. Let H be an adapted subspace of C(X,R) (see [13, Vol. II, Ch. 8],
[24], [31]) and set

(2.1) Ep :={f € C(X,R) | there exists h € H such that |f| < h}.

Then Ep is a sublattice of C'(X,R) containing C.(X,R) ([13, Vol. II, Re-
mark 34.5, Theorem 34.6]). Accordingly, the subspace Ey endowed with the
topologies 75 and 7., respectively, is a regular vector lattice.
Several examples of adapted spaces are indicated in [13], [24], [31].
Here we limit ourselves to pointing out that, if X is a locally compact
subset of R™, then the subspace H of all real-valued polynomials on X is
adapted; moreover

(2.2) Ey={f € C(X,R) | there exist m € N and «, 3 € RT such that
|f(z1,... zn)| < alzg|™ - |xp|™ + B for every (z1,...,2,) € X}.

3 (Weighted function spaces). Let W be a family of positive upper
semicontinuous functions on X such that if wq,wy € W then there exist
w € W and a > 0 such that w; < aw and ws < aw. Further, assume that
for every x € X there exists w € W such that w(z) > 0.

Consider the weighted function space Cy (X,R) of all functions f €
C(X,R) such that wf vanishes at infinity for all w € W.

The space Cy (X, R) is endowed with the locally convex topology Ty
generated by the family (p,)wew of seminorms defined by

pu(f) :=supw(x)|f(z)] (f € E)
zeX

(see [25], [26]). Then (Cw (X,R), 7w ) is a regular vector lattice on X.
Indeed, properties (i)—(iii) are obvious (see, e.g., [26]), upon taking into
account that a neighborhood base of the origin is

Uy = {Vipe |we W, e>0},
where
Ve ={f € Cw(X,R) | pu(f) <e} (weW,e>0).

We give some examples of weighted function spaces that can be useful
for more concrete applications.

3.a. The space C.(X, R) is the weighted function space Cy (X, R), where
W ={w € C(X,R) | w > 0}. The topology 7y is coarser than the inductive
limit topology on C¢(X,R) and finer than the topology of uniform conver-
gence on X.

3.b. The space Cy(X,R) is the weighted function space Cy (X, R), where
W = {1}. The topology 7y is the topology of uniform convergence on X.

3.c. The space C}, (X, R) is the weighted function space Cy (X, R), where
W ={w € Cy(X,R) | w > 0}. Its topology 7y is called the strict topology
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and it is finer than the topology of uniform convergence on compact subsets
of X and coarser than the topology of uniform convergence on X.

3.d. The space C(X,R) endowed with the topology of uniform conver-
gence on compact subsets of X (resp., the topology of pointwise convergence
on X) is the weighted function space Cy, (X,R) (resp., Cw,(X,R)), where
W, consists of the characteristic functions of all compact subsets of X (resp.,
Wy consists of the characteristic functions of all finite subsets of X).

Coming back to the general definition, we point out that if all the func-
tions in W are strictly positive and W is filtering decreasing, then Cyy (X, R)
is also an adapted space (see [31, Prop. 4 and Corollary 5, pp. 14-15]). On
the other hand, the space C},(X,R) is not adapted.

4. Assume that X is noncompact and denote by C,(X,R) the subspace
of all functions in C'(X,R) which are convergent at the point at infinity co
of X. Then C\(X,R), endowed with the natural order and the topology of
uniform convergence on X, is not a regular vector lattice (property (iii) is
not satisfied).

A useful property of regular vector lattices is shown below. We first prove
a preliminary lemma.

LEMMA 2.4. Let X be a locally compact Hausdorff space and (E,T) a
reqular vector lattice on X. If o € (E, )", is a lattice homomorphism on E,
then there exist v € X and A > 0 such that o(f) = A\f(x) for every f € E.

Proof. Consider the (unique) g € M*(X) such that

(1) o(f)=\fdu forevery f € C.(X,R).
Accordingly, for every f € C.(X,R) we get
(2) Vf du| = {171 dpe.

We shall show that there exist A > 0 and x € X such that u = Ae,. In fact,
if 4 = 0, then choose A = 0. If u # 0, then supp(pu) # (). Take x € supp(p)
and ¢ € C.(X,R), 0 < ¢ <1, such that ¢(z) = 1. Then a := {pdp > 0;
otherwise, we would have ¢ = 0 on supp(u), so that ¢(z) = 0.

To prove that supp(p) = {z}, choose f € C;(X,R) such that supp(f) C
X\ {z}; we shall show that { f du = 0.

Otherwise, setting 3 := { f du, we would get

5 Fdn =Yz edu=1

so from (2) it would follow that

1.1 1.1
—f—asodu‘zﬂ‘—f——so‘du-

0=113 574
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Accordingly, (1/8)f — (1/a)p = 0 on supp(u), but this is impossible since
(1/B)f(x) = (1/a)p(x) = =1/ # 0.
Hence, from (1) it follows that
olf) =\fdu=Af(x) (f € C(X,R)).
Fix now f € FEj; since by (iii) of Definition 2.2, C.(X,R) is dense in
(E, T), there exists a net (f,-)?el in C.(X,R) such that l'inIl< fi=fin (E, 7).
el ™
By (ii) of Definition 2.2, we also get l‘inll< fi(x) = f(x); hence
el ™

o(f) =lim< o(fi) = lim< Afi(z) = Af(2)
and this completes the proof. m

PROPOSITION 2.5. Ewvery reqular vector lattice (E,T) on a locally com-
pact Hausdorff space X has Dini’s property, i.e. if (fi)?el is a filtering de-
creasing net in E such that inf;c; f; = 0, then llirrll< fi=01n (E, 7).

el ™

Proof. Indeed, if (E, T) is a regular vector lattice on X, it is an M-space
in the sense of [21, Section 4.3], so that it is a Dini lattice, i.e. every filtering
decreasing net in E converging to 0 pointwise on V(E, ), converges to 0 with
respect to 7, where V(E, 7) denotes the set of all real-valued 7-continuous
lattice homomorphisms on E (see [17, p. 180]).

Hence, our statement follows from Lemma 2.4. u

The following integral representation property will be essential for our
work. It generalizes similar results obtained in the framework of Examples
2.3 (see [12], [32]).

THEOREM 2.6. Let X be a locally compact Hausdorff space and (E,T)

a regular vector lattice on X. Then for every o € (E, )", there exists a
(unique) p € MT(X) such that E C LY(X, ) and

o(f) = Sfd,u for every f € E.

Proof. From the Riesz representation theorem, there exists p € M™(X)
such that
o(p) = Sgod,u for every p € Co(X,R).

Fix now f € E, f > 0; then for every ¢ € C.(X,R) with 0 < ¢ < f,
Vodu = olp) < o(f).
Moreover, set
A i ={p e C.(X,R) |0 < ¢ < f}.
An easy application of Urysohn’s lemma shows that

f = sup o.
<p€Af
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Since Ay is filtering increasing, from Proposition 2.5 we get

f=sup o= lim < ¢ in(E,71).
weEA; pEAFT

On the other hand, from [11, Theorem 1.5], it follows that

\fdu=sup {pdu < o(f) < oo;
pEAf

accordingly, f € £1(X, ) and
\fdu=sup {pdu= sup o(p) = lim < o(p) = o(f).
pEA pEA pEAf
Since F = E — E,, this completes the proof. =

REMARK 2.7. We point out that, if (F, 7, <) is a locally convex vector
sublattice of C'(X, R) satisfying property (i) of Definition 2.2, and an integral
representation theorem such as Theorem 2.6 holds in E, then necessarily
C.(X,R) is dense in (E, 7).

Otherwise, there would exist ¢ € (E,7)" such that ¢ # 0 and o = 0 on
Ce(X,R). By [1, Theorem 5.7], there would exist o1, 02 € (F,7), such that
0 = 01 — 02 and, consequently, there would exist p1, ug € MT(X) such that
for every f € E,

or(f) =\fdp, oa(f)=\fdua.
In particular, for every ¢ € C.(X,R),

Vo dpn =\ pdpus,
so that g1 = ue. Accordingly, g1 = 02 and hence ¢ = 0, a contradiction.

Finally, we state a property which holds true in a more general context
of vector lattices.

PROPOSITION 2.8. Let X be a locally compact Hausdorff space, (E,T,<)
a locally convex vector sublattice of C(X,R) satisfying property (i) of Defi-
nition 2.2, and assume that C.(X,R) C E. Then for every f € E andx € X
and for every V. € Uy there exists a neighborhood Q) of x such that

|f = f@)peV
for every ¢ € Co(X,R) with 0 < ¢ <1 and supp(y) C Q.
Proof. Fix f € E, x € X and V € U; and choose a compact neighbor-
hood Qg of z. Moreover, consider a function g, € Co(X,R), 0 < ¢g, <1,
such that g, = 1 on Q.

There exists € > 0 such that epg, € V. Further, since f is continuous,
there exists a neighborhood @) C Qg of = such that for every y € Q,

[fy) = fz)| <e.
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For every ¢ € C.(X,R) with 0 < ¢ < 1 and supp(p) C @, we clearly
have ¢ < ¢q,. Hence, for every y € Q,

1f(y) = f(@)le(y) < epqy(y),
while for every y & Q,

[f(y) = f(2)le(y) = 0 < epqq(y)-
Accordingly,
0<[f=fl@)lp<epq, €V,
so that, V' being solid, it follows that |f — f(z)|p € V. =

3. Generalized affine functions and Choquet boundaries. In this
section, we introduce some enveloping functions for each function of a regular
vector lattice and we study the corresponding space of generalized affine
functions. Moreover, we introduce a natural notion of Choquet boundary
and we characterize it by means of those enveloping functions.

From now on, we fix a locally compact Hausdorff space X and a regular
vector lattice (E,7) on X.

For every u € M*(X) such that E C £Y(X, ), consider the positive
linear form I, : E — R defined by

L(f)=\fdp (f€E)
and set
M}Yp(X) = {pe M*(X)| ECL(X,p)and I, € (E,7)}}.

By Theorem 2.6, MjE(X) can be identified with (F, 7)’, . In fact some def-
initions and results of this paper could be stated and proved by replacing
MjE(X) with (E,7)’.. On the other hand, in other situations, e.g. when
studying Choquet boundaries, the use of Borel measures is essential. Hence,
to get more complete results, we prefer to use Borel measures everywhere.

We finally point out that, if (pa)aca is a saturated family of M-semi-
norms, then a Borel measure p € M (X) belongs to MTJFE(X) if and only
if there exist ¢ > 0 and a € A such that for every ¢ € C.(X,R),

fedu < epale).

Indeed, if p satisfies the inequality above, then the functional I} : Cc(X,R)
— R defined by I;;(¢) = [ du (¢ € Cc(X,R)) is 7-continuous and hence it
can be continuously extended to a continuous linear form o on F. If f € E
and f > 0, then f = SUPe A, P = thll < ¢ (see the proof of Theorem 2.6)
and so P

fdp= sup \pdp= lim \pdu= off).

) = sup Yodu= Ty |
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Therefore f € L£}(X, ). This shows that E = E, — B, C L£YX,u) and
I, = g is T-continuous, i.e. u € M, (X). The converse implication is obvi-
ous.

Fix now a subspace H of E and for every u € M*',(X) consider the
mappings fir g : E — RU {400} and fi,  : E — R U {—oc} defined by

(3.1) firu(f) = sup  inf \kdp,
veu. ket
(f-k)teU
3.2 m ;= inf hdu,
(3.2) ira(f) = jnf  sup \hdu
(h=f)teu
for every f € E, with the conventions inf ) = +00 and sup ) = —oo.

We point out that if we set
H!:={f e E| for every U € U, there exists k € H
such that (f — k)™ € U},
HL:={f € E| for every U € U, there exists h € H
such that (h — f)T € U},
then fir g (f) = +oc (vesp., i, y(f) = —oc) for every f € E\ H} (resp., for
every f € E\ H.).
We list some elementary properties of ji- g and ﬁﬁ 7, whose proofs are
straightforward:

(3.3) fir g (h) = Shd,u = - (h) for every h € H;

(34) ZZT,H(f + g) S /-/IT,H(f) + //ZT,H(Q) for every fa g € E7

(3.5) Lra(Af) = Air,m(f) for every f € E and A > 0,
with the convention 0 - (+00) = 0;

(3.6) fir (1) = ~fira (=) for every f € E.
PROPOSITION 3.1. For every u € M (X) and f € E,

(3.7) i i (f) <\ Fdp < firn (f).

Proof. We show the second inequality; the proof of the first is similar.

If f € E\ HY, there is nothing to prove. Assume that f € H¥; since I,
is 7-continuous, given £ > 0, there exists V' € U, such that | {gdu| < e for
every g € V. Accordingly, for every k € H such that (f — k)" € V, we get

Vfdu—\kdu<\(f-k)"dp<e
Therefore,
\fdu<  inf Vkdu+e<fin(f)+e
(f-k)+eV

and, since € was arbitrarily chosen, this completes the proof. »
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We are now in a position to show a fundamental property of fi; g.

PROPOSITION 3.2. The mapping jir g s lower semicontinuous on E with
respect to T.

Proof. First, we observe that H" is a closed subset of E.

Indeed, fix f € H_;‘ and U € U; and consider V' € U, such that V+V C U.
Then there exists g € H* with f — g € V and hence |f — g| € V; moreover,
there exists h € H such that (g —h)*™ € V. Since

f-h=f-g+g-—h<|f—gl+(g—h)",
clearly we get

(f=mF"<If—gl+(g—hTeV+VCU,
so that f € H.

To prove that ji- g is lower semicontinuous on E, fix f € E and consider
a € R such that o < fir, 5 (f).

If f € E\H}, then a < [i; y(g) = +oc for every g € E\ HY, with E\ H}
open. If f € HY, fix U € U, such that

a< klglf{ S kdp.
(f—k)teU
Moreover, consider V' € U; such that V4+V C U and g € E with f—g €V,
so that |f —g| e V.

If g ¢ HY, then [i; y(g) = +00 > «; on the other hand, if g € HY, then

for every h € H such that (g — h)*t € V, we get

f=h=f—-g+g—h<|f—gl+(@-n"*

and hence

(f=m"<If-gl+(g—h)"TeV+VCU.
Therefore,

inf  {kdu <{hdp,
(f-k)teu
so that
inf Vkdp< inf - §hdu <firn(g).
(f—k)teUu (g—h)teVv

Thus, a < fir, 1 (g), and this completes the proof. m
Set now
(3.8) Lf

T,Ts

(E):={T:FE — E|Tis a (1,75)-continuous
positive linear operator},
. = B — 1s a (7, 7)-continuous
39) LHE T:-E—E|Ti i

positive linear operator}.
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Then for a given T € L], (E) and x € X consider the positive linear form
0z : E — R defined by

0:(f):=T(f)(x) (f € E).

Obviously, ¢, € (E,7)’, and hence by Theorem 2.6 there exists (a unique)
fe € M1, (X) such that E C £1(X, p,) and

(3.10) T(f)(@) =\ f dpa

for every f € E. Taking (3.1) and (3.2) into account, for every z € X and
fekE, set

(3.11) Fra(@) = (fa)r(f) = sup  fnf  T(k)(2),
Ue.  keH
(f—k)teU
(3.12) Jrr(@) = (in)rn(f) = jnf  sup T(h)().
(h=f)*teU

Clearly, from Proposition 3.1, it follows that
(3.13) for ST(f) < Jor  forevery f € E,
and from (3.3) we get
\f;T,T =T(h) = ET,T for every h € H.
An important role will be played by the following subspace of E:
(3.14) Hep ={f € E| frr =T(f) = Jrr},

which we shall refer to as the subspace of generalized H-affine functions
with respect to the operator T" and the topology 7.

Moreover, for every z € X, consider the set
(3.15) MT (H):= {u € M (X) ’ {ndu=T(h)(x) for every h e H}

Every p € MI (H) is said to be an H-representing measure for x with
respect to the operator 1" and the topology .

We point out that, given x € X, from (3.11) and (3.12) it follows that
for every € M! (H) and f € E,

frr(@) = bru(f),  frr(@) = [ n(f).
Proposition 3.1 also shows that if z € X, p € M (H) and f € E, then

(3.16) Frr(@) <{fdu < frr()
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Finally, the set
(817)  OTyX i={r e X | MI,(H) = {u.}}
={ze X |if p€ M ,(X) and {hdp = T(h)(z) for every h € H,
then Sfd,u =T(f)(z) for every f € E}

is defined to be the Choquet boundary of H with respect to the operator T
and the topology 7.

REMARK 3.3. By (3.13) and (3.16) it is easy to check that 83?HX =
T
8T7ﬁT,T
In what follows, we shall characterize the Choquet boundary of H with
respect to an operator T' € LI (E) in terms of the enveloping mappings
(3.11) and (3.12). To this end, we state the following result.

THEOREM 3.4. Let X be a locally compact Hausdorff space, (E,T) a
reqular vector lattice on X, H a subspace of E, and T € ﬁj’TS(E). Then for
everyx € X and f € E,

1 r@), Frr@l € {{fdu| we MI(D} € [Frr(@), Frrl@)],

Proof. The second inclusion is a consequence of (3.16).

In order to show the first inclusion, note that if the open interval is
empty, there is nothing to prove; so assume that it is nonempty, fix z € X
and v € |f, 7(7), frr(x)[, and consider the functional p : E — R U {+oc0}
defined by p(g) := g-r(x) for every g € E.

By (3.4), (3.5) and Proposition 3.2, p is a hypolinear, 7-lower semicontin-
uous functional. Moreover, since (3.6) holds, Theorem 2.1 yields ¢ € (E, )’
such that ¢ < p and ¢(f) = 7. The linear form ¢ is also positive because if
g € E and g <0, then ¢(g) < p(g) <0.

Therefore, from Theorem 2.6, there exists p € M (X) such that E C
LY X, p) and ¢(g) = {gdu for every g € E. Note that, for h € H, we have

Vhdu = p(h) < p(h) = T(h)(x)
and so, replacing h by —h, we get
\hdu=T(h) ().
Hence, p € MTTx(H) and v = ¢(f) = | f du, and this completes the proof. m
From Theorem 3.4 several corollaries follow.

COROLLARY 3.5. Under the assumptions of Theorem 3.4,
0T uX ={z € X | fy(a) =T(f)(x) = frur(z) for every f € E}.
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In particular, if 83:HX # (0, then ﬁT(x) < 40 and };T(:z:) > —oo for
every x € 8ZHX and f € F.

In the next result, we characterize the generalized H-affine functions
with respect to T and 7 by means of H-representing measures.

COROLLARY 3.6. Under the assumptions of Theorem 3.4, fix f € E.
Then f € Hyp if and only if \ fdp = T(f)(z) for every z € X and p €
M;‘FZ,(H) In particular, GZHX =X ifand only if Hr7 = E.

Another useful characterization of the generalized H-affine functions is
shown below.

THEOREM 3.7. Let X be a locally compact Hausdorff space, (E,T) a
regular vector lattice on X, H a subspace of B, T € L’;TS(E), and f € E.
Then the following statements are equivalent:

(a) f € Hprp.
(b) ForeveryV € U, there existn,m € N and ki, ... kn, Ky,...,k,, € H
such that
(i) (f—Fk)T €V foreveryi=1,...,n and (k:;—f)+ eV for every
j=1....,m;

(ii) inflgign T(kz) — SUP1<i<m T(k‘;) eV.

Proof. (a)=(b). Fix f € ﬁﬂT and consider the subset G of E consisting
of all functions of the form
()~ b TG,
(f=k)teu
with U € U;. We show that G is filtering decreasing.
Indeed, fix U,V € U, and set W := U N V; then

inf T(k)< inf T(k), inf T(k)< inf T(k).
keH k€H kEH k€H
(f—k)teU (f-k)tew (f-k)tev (f=k)tew

Accordingly,
B . < .
T(H-  jf TR ST - jof T()
(f—k)tew (f—k)+teU
_ ; < _ ;
(f) Inf  T(k) <T(f) nf  T(k),
(f-k)tew (f—k)*tev
so that G is filtering decreasing.
Moreover,
inf g= inf (T(f)— inf T =T(f) — inf T
infg Ulgur( (f) jnf (k) =T(f) Jup jnf (k)
(f-k)teUu (f—k)*teU

:T(f)_ﬁ,TZO-
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By Proposition 2.5, (F,7) has Dini’s property and so limG3 g = 0 with
ge
respect to 7. Fix, V € U, and consider W € U, such that W+ W + W + W
C V; then there exists Wy € U, such that for every Wy € U, with W, C Wy,
T(f) — inf T(k) e W.
(f) nf (k) €

(f=k)tew
In particular, set V3 := Wy N V;
(1) T(f)— inf T(k)eW.
keH
(f=k)Tewn

Consider now the subset G of E consisting of all functions of the form
L T0) -l TG
(f=k)Ten
with n € N and ky,...,k, € H, (f — k;)T € Vi for every i = 1,...,n.
Clearly, G is filtering decreasing and infgeé g = 0 because

inf  T(k)
keH
(f=k)ten

= inf inf {T(k;) | k1,...,kn € H,(f — k)T €V} forevery i = 1,...,n}.

n>1 1<i<n

Thus, lim<g = 0 with respect to 7 and, hence, there exist n € N and
geG

ki,...,k, € H, with (f — k;)™ € Vj for every i = 1,...,n, such that
inf T(k;))— inf T(k)eW.
1<i<n keH
(f=k)ten
Therefore, by taking (1) into account, it follows that
) T(f)— inf T(k:)

=T(f)— inf T(k)+ inf T(k)— inf T(k;)eW +W.
keH keH 1<i<n
(f-k)rewni (f—k)tewn;

By applying a similar reasoning to — f, there exist Vo e U, Vo C V, m € N,
and ki, ..., ky, € H, with (k} — f)* € V3 for every j = 1,...,m, such that
(3) sup T(kj) —T(f) e W+ W.
1<j<m
From (2) and (3), it follows that
. N /‘
TR - e T e

and this completes the proof. R

(b)=(a). Fix f € E; to show that f € H,rp, we shall apply Corollary
3.6. To this end, consider z € X and p € M! (H). Since the mapping
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g€eEFE— Sgd,u is 7-continuous, given € > 0, there exists V' € U, such that
for every g € V,

(1) Hgdu‘ <e.

Moreover, by assumption, T € £} (E) and hence by property (ii) of Defi-
nition 2.2 there exists W € U, such that for every g € W,

(2) T(g) ()| <e.

Finally, since the positive linear form d, : E — R defined by §,(f) := f(x)
(f € E) is T-continuous, there exists U € U, such that for every g € U,

(3) lg(z)| < e.

Set V1 := VNW NU; then there exist n,m € N and ki, ..., kn, k1,..., k], €
H, with (f —k;)* € V4 for every i = 1,...,n and (K} — f)* € Vj for every
7 =1,...,m, such that

inf T(k;) — sup T(kj) € V1.

1<i<n 1<j<m

From (1) it follows that for every i =1,...,n,

Vfdp—\kidu <\ (f = ki) du<e
and, thus,
{fdu< inf T(ki)(z)+e.

1<i<n

By applying a similar reasoning, we also get

sup T(Kj)(x) —e < | fdp.
1<j<m

Moreover, from (2) it follows that
sup T(K})(z) —e <T(f)(z) < inf T(k;)(z) +e.

1<5<m 1<i<n

Therefore, taking (3) into account, we have

[ Fau—T()@)| < 2e+ it T(ki)(x)— sup T(k))() < 3
1sisn 1<j<m

and, since ¢ > 0 was arbitrarily chosen, we get { fdu = T(f)(x), and the

proof is complete. =

COROLLARY 3.8. Let (E,T) be a regular vector lattice on a locally com-
pact Hausdorff space X, H a subspace of E and T € E;TS(E). Then
(i) ﬁT,T is closed in (E,T).
(ii) If T € LI (E), and we denote by R(T(H)) the vector sublattice of
generated by T(H), then

T(Hyr) ¢ ROT(H)).
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Therefore, z'fﬁﬁT:E and T is onto (or, more generally, if T(ﬁﬁT)

=F), then R(T(H)) = E.

Proof. (i) Given g € ET,T and W € U,, choose V € U, such that
V +V C W. There exists f € H;r such that f — g € V and hence, by
Theorem 3.7, there exist ki, ..., kn, k], ..., k], € H satisfying (i) and (ii) of
that theorem with respect to V.
Foreveryi=1,...,nand j=1,...,m we get
(g=k)" <(@-HT+{-k)TeV+V W
k=gt <k ="+ (f-9)TeV+V W
Therefore, (g—k;)* € W, (k;—g)" € W and inf1<i<,, T (ki) —sup < j<,, T'(K})
€ W and hence g € fIT,T by Theorem 3.7.

(ii) Consider f € ﬁﬂT and fix W € U,. Choose U,V € U, such that
UcCcV, TU)CcVand V+V +V C W. By Theorem 3.7, we can also
consider ki, ..., kn, K}, ..., k., such that

(f —k)t €U and (k;-—f)JreU fori=1,...,nand j=1,...,m,
inf T(k;)— sup T(k}) € U.

1<i<n 1<j<m

For giveni=1,....nand j=1,...,m, we get

f—k < sup (f—k)" = ueU, k;-—fg sup (k;-—f)Jr::vEU.
1<i<n 1<j<m
Therefore,
T(f) = Inf T(ki) <T(u)
and
1 -) — = 1 2) — /. /. —
of T(ki) —T(f) = nf T(ki) lgng(k]) + lg;lng(k]) T(f)

< i N — ' i
=25, TR =z T T

Accordingly,

T(f) - int T(ko)

<T(u)+| inf T(k;)— sup T(kj)|+T(v) eV+V+VCW.
l<sisn 1<j<m

This shows that T'(f) € R(T(H)). m

4. Generalized affine functions with respect to the identity op-
erator. The results of the last section also hold true when T’ is the identity
operator I on E. This particular case is worth a separate consideration.
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For the sake of simplicity, we adopt suitable symbols for this case. The
enveloping functions (3.11) and (3.12) will be denoted by fT and f._ respec-
tively. Analogously, we use the symbols ﬁT, M, (H) and 0, g X to denote
the subsets (3.14), (3.15) and (3.17), respectively, for 7" = I.

Thus, for every f € F and x € X we have

fT( ) = sup kinf k(z), 77(3:) = inf sup h(x).

Uel, €H Uel, heH
(f-k)teu (h—f)teU
Clearly,
F.<f<J foreveryfeE,
ET =h :ﬁT for every h € H.
Moreover,
(4'1) ﬁT:{f€E|fT:f:fT}’

and its elements will be called generalized H-affine functions with respect
to the topology 7.
Furthermore, for every x € X,

(4.2) M. .(H) = {u € MjE(X) ‘ Shdu = h(x) for every h € H}

Every pn € M;,(H) is said to be an H-representing measure for x with
respect to the topology 7.
Finally, the set

(4.3) OruX={xe X | M (H)={e}}
={reX|ifpe M:E(X) and Shdu = h(z) for every h € H,
then Sfdu = f(x) for every f € E}

is said to be the Choquet boundary of H with respect to the topology 7.
Clearly, from Remark 3.3, it follows that - p X = 0_ 5
Moreover, from Theorem 3.4, we get the followmg result

THEOREM 4.1. Let (E,T) be a regular vector lattice on a locally compact
Hausdorff space X, and H a subspace of E. Then for every x € X and
[ €E,

1Fo@), @) < { [ £ | p e Mow()} € [Fo (@), Fr(@)]

The analogues of Corollary 3.5, Corollary 3.6 and Theorem 3.7 are stated
below.

COROLLARY 4.2. Under the assumptions of Theorem 4.1,
OruX ={zx € X | [.(2x) = f(z) = [+(x) for every f € E}.
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In particular, if 0- g X # 0, then ﬁ-(ZL‘) < 400 and }/T(:L‘) > —oo for every
x€0rpX and f € E.

THEOREM 4.3. Let (E,T) a regular vector lattice on a locally compact
Hausdorff space X, H a subspace of E, and f € E. Then the following
statements are equivalent:

(a) f € H,.
(b) ForeveryV € U, there existn,m € N and ky,... kn, k},... Kk, € H
such that:
(i) (f=k)T €V foreveryi=1,...,n and (k;—f)" €V for every
i=1,....m;

(ii) infi<icn ki — supi<j<p kj € V.
(¢) {fdu= f(x) for every x € X and p € M;,(H).
Moreover, 0- g X = X if and only if ﬁT =F.
In the case where T' = I, Corollary 3.8 can be restated as follows.

COROLLARY 4.4. Let (E,T) be a regular vector lattice on a locally com-
pact Hausdorff space X, H a subspace of E, and R(H) the vector sublattice
of E generated by H. Then:

(i) H, is closed in (E,7) and Hy C R(H).

(i) If H, = E, i.e. 9,y X = X, then R(H) = E.

A simple consequence of Corollary 4.4 is the following Stone—Weierstrass-
type theorem that could be compared with [9, Theorem 2.6], [12, Theorem 5],
[18, Theorem 4.4], [19, Theorem 1.19], [27, Corollary 2.2].

We recall that a subset H of C'(X,R) separates linearly the points of
X if for any distinct =,y € X, there exist h,k € H such that h(x)k(y) #
h(y)k(z).

It is easy to show that H separates linearly the points of X if and only
if for any distinct z,y € X and « € R there exists h € H such that h(x) #
ah(y).

In particular, if H = Hy — H; (and, hence, in particular, if H is a vector
sublattice of C'(X,R)) then H separates linearly the points of X if and only
if for any z,y € X and a > 0 there exists h € H (which can be chosen to
be positive) such that h(z) # ah(y).

Finally, if H separates linearly the points of X, then for every x € X
there exists h € H such that h(x) # 0.

COROLLARY 4.5. Let (E,T) be a regular vector lattice on a locally com-
pact Hausdorff space X, and H a linear sublattice of E linearly separating
the points of X. Then H is dense in (E,T).
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Proof. In this case R(H) = H and hence, according to Corollary 4.4, it
is enough to show that 0, g X = X.

Let 29 € X and p € M, 5 (H). Given hg € H such that hg > 0 and
ho(xo) =1, for every h € H with h > 0 we get

{|h = h(z0)ho| dp = 0
because |h — h(zo)ho| € H. Therefore
supp() C () {z € X | h(x) = h(zo)ho(x)} = {0}

heH
h>0

because H linearly separates the points of X.
The above inclusion implies that there exists A > 0 such that p = Aey,.
Since

1 = ho(xo) = | ho dp = Aho () = A,
we have, indeed, i = €4,, and this shows that g € 0, gX. =

Theorems 4.3 and 3.7 can be fruitfully combined to study the space of
generalized affine functions with respect to a lattice homomorphism T :
E— F.

We recall that, by Lemma 2.4, for a given lattice homomorphism T' €
LF. (E), there exist A € R* with A > 0 and ¢ : X — X such that
(4.4) T(f)=Mfop) (f€E).

COROLLARY 4.6. Let X be a locally compact Hausdorff space, (E,T) a
regular vector lattice on X, H a subspace of E, and T € LI (E) a lattice
homomorphism. Then

I/'L— C ﬁ7—7T.

Proof. Let f € H,. To show that fe fIT,T we shall verify statement
(b) of Theorem 3.7. Given V' € U, since T is (7, 7)-continuous, there exists
U € U, with U C V such that

(1) T(g) eV  forevery g € U.

By Theorem 4.3, there exist ki, ..., kp, k},..., k], € H such that
(f—k)TeU foreveryi=1,...,n,
(k';—f)JrEU for every j=1,...,m

and

inf k;— sup k. eU.
18T 250,

Therefore, from (1) it follows that
inf T(k;) — sup T(k;) €V,

1<i<n 1<5<m
and this completes the proof. =
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