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LP type mapping estimates for
oscillatory integrals in higher dimensions

by

G. SAMPSON (Auburn, AL)

Abstract. We show in two dimensions that if Kf = SR2 k(z,y)f(y)dy, k(z,y) =
¥

=l —y|" p=4/(241m), a2 b > T = (1,1), vy(y) = y@/*) 07, then K f, <
Cllfllpvp f n4+ 01 + a2 <2, a5 =1—bj/a;, j = 1,2. Our methods apply in all dimensions
and also for more general kernels.

0. Introduction. Our purpose is to study mapping properties of the
operators given by

(0.1) Kf=Kopf(x)= | k(z,9)f(y)dy with z € R,

R
ie.x = (z1,...,24) withaz; > 0for 1 < j < d. Here we are forced to consider
mappings from LY into L%, where w(z),v(y) are non-negative, measurable
functions (generally referred to as weights) that are positive a.e., and for the

most part the weights will be power weights.
For the kernel, we take

k(z,y) = o(z,y)e ™) with
d _aj b
g(x’y):l‘a'yb:Zj:lx?]yjja aj’bj > 17

and o(z,y) satisfies (0.4) below; we also set |z|® - |y|* = E?:l |z|% |y,

(0.2)
s

The model case occurs when k(z,y) = |z — y|_’76””a'yb, 0<n<2—a;—ay,
and a; = 1 — b;/aj,j = 1,2. We also consider the case where k(z,y) =
|z — y\_”e”a'yb’y(;r —y),0 < n < 2, where v € C*®°(R?) and ~(z) = 0 if
lz] <1, v(z) =11if || > 2, and 0 < y(x) < 1.

We mostly work in d = 2 dimensions, and since most of the arguments
are iteration type these results can be extended to higher dimensions. We
shall give a more detailed explanation of this at the end of Section 0.

Our aim is thus to prove an (L, L},) estimate for the operators defined
in (0.1) and (0.2), where ¢(x,y) satisfies (0.4), a1 > by > 1, ag > by > 1,
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102 G. Sampson

w(z) =1 and v(y) = v,(y) = y®/PI1=4/2) where 1 = (1,1). In the case of
convolutions, we obtained similar estimates in [JS1].

In Section 1, we do the cases where p = 2 and ¢(x,y) satisfies (0.3);
this result appears in Theorem 1.9. In this case, we characterize all the
power weights. In Sections 2 and 3, we study the special cases where we
place support restrictions on the kernel. The combined result appears in
Theorem 3.2 in Section 3. In Theorem 4.1, we prove the first result without
any support restrictions on the kernel and we also obtain a necessity result.
In the case p = 2 (n = 0) we characterize fully the power weights that are
mapped; the case p # 2 still remains open. See also Corollary 4.2. For similar
results in 1-d, see [S].

For the (L2, L?) case, the Fourier transform is included among the op-
erators. In this case, the authors of [PhS] obtained an (L2, L?) result in d
dimensions with g(z,y) = z -y and with (N={0,1,...})

(0.3) |8§‘85g0(3:,y)| < Cqplr — y]_(|°“+|ﬁ|) for all o, 8 € N¢.

Recently in [SS] (see also [S1] for simplifications) we studied the (L?, LP)
mapping problem in dimension d = 2, in case a1 /b1 = az/by and aj,b; > 1.
There we considered ’s so that for some 0 < n < 2,

(0.4) ]8;‘85@(3:, y)| < Clz — y|~HeHB) for all o, € N2,

Actually in Proposition 5.1 of [SS], we only needed that ¢(x,y) satisfies
(0.4) for 0 < |al,|8] < 3, rather than for all «, 3.

Thus Proposition 5.1 and Theorem 5.2 of [SS] imply the following weaker
result:

THEOREM A. Let d = 2, and a1/by = az/bs and a,b > 1. If 0 < n < 2
and ¢ satisfies (0.4), then

ar+b ar + b
a1 +b1n/2" ar(1 —n/2) |

Furthermore, if p(z,y) > Clx —y|™", then
(0.5) IKfllp < Clfllp if and only if p € J.

IKfllp <Clfllp  ifped=

REMARK 1. When ¢(z,y) = |z — y|~""" (the model case) we get (0.5)
if aj,b; > 1, 7 =1,2, i.e. we can include the cases where a; or b; is 1.

REMARK 2. The sufficiency result of Theorem A also applies in case
p =1, in that case we get ||K f||1 < C||f||m, (see Definition 2.1 on p. 1037
in [SS]); but then this holds if a1, ag, b1, bs > 1 and ¢(x,y) satisfies (0.4) for
n = 2 and ¢(z,y) is in Lj. (see Theorem 2.2 in [SS]). In other words, we
can drop the restriction a;/b; = ay/by here.



Mapping estimates for oscillatory integrals 103

For the weights v(y), w(x) described above and for any locally integrable
function h(y), we set

1
Il = ( § 1) Pow) dy) "
R2

We suppose that 1 <p<2and 1/p+1/p' =1.

We use C' as an arbitrary positive constant, and we find it convenient
to use the letter M as another positive constant. For y € Ri and o € R?
we set y7 = y7'y5?, similarly in case y, o are in d dimensions (keep in mind
the exceptional cases when y; = 0 and o; < 0); also for a,b € R?, we write
a > b to mean that a; > b; for j = 1,2. For any real number s, we set
5= (s,5),ie. 5€R% Ifa > 0, we set b/a = (by/a1,ba/az) and also we set
1—b/a=(1-b1/a1,1—bs/az). In d dimensions this same notation is used
and it should be clear from the context. Finally, for a given function h(y),
we note that h(y7',y5%) = h(y?).

To see these results in d dimensions, we proceed as follows. We set up
an analytic family of operators, say S, f. In Section 1, we prove the (2,2)
result for the operators S_;;-. Then in the remainder of the paper, we first
decompose (for d = 2) Sg_p4ir = T1+T> and we need to prove that 77 maps
L' into itself and T maps Hg, into L'. For the operator T we need to show
an estimate (2.18). This follows from (2.17) and its counterpart is true in
d dimensions. The proof for T, which appears in (3.3), essentially follows
from Proposition 2.4 in [SS], which was done in 2-d. In quoting from the top
of p. 1040 of [SS], the proof of Proposition 2.4 is accomplished by reduction
to the one-dimensional case. Similarly the inequality in d dimensions ((2.3)
of [SS]) is reduced to the one in dimension d — 1.

1. Preliminaries and an L?-result. Here we study the operator K
defined by (0.1) for ¢ satisfying (0.3). Only in this section do we consider
weights that are not power weights. We begin with the following well known
result.

PROPOSITION 1.1. Let 1 < p < oo and X,Y be measure spaces. Set
Kf(x)=\k(x,9)f(y)dy, =z€X.
Y
If for some weight v(y),

ri(@) = ri(z;v) = | Rz, 9)|(0(y) 7 dy € L(X),
Y

ra(y) = | [k(z,y)|dz € L>(V),
X
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then for all 1 < p < oo,
1K fllp < Coollflpws — inf Cpo = [IralI37 [Ir2 |37

For some M > 1, let |h(y)| > hi(y1)ha(y2) and hj(y;) > 0, j = 1,2, with
1/h;j(y;) € Lioc(R) N L>®(Jy;| > M) for j = 1,2. We call such functions h(y)
admissible; let S be the collection of all such admissible h(y)’s.

COROLLARY 1.2. Let k(z,y) € L™, r1(z;1),ro(y) € L®(R?). If

[e.e] (e}

(1.1) sup S |k(z,y)| dy1 + sup S |k(x,y)| dy2 = C < o0,
Z,Y2 1 Z,Y1 1

then for admissible v € S,

1K fll2 < Cllfllz0, — inf C = [[ra( 0)IX 2 ()1

REMARK 3. We get this result in all dimensions, and in one dimension
it takes the following form. If 1/v(y1) € Lioc(R) N L*°(Jy1| > M), and S is
the collection of all such v’s, and

o0 oo
(1.2) sup | [k(z1,v1)| dys + sup | [k(x1,41)] dzy < oo
z1ER 1 y1€ER 1

then for all v € Sy,
IK fll2 < Cllfll2w, — inf C = [|ry[|L?]Ir2]| L%

Proof of Corollary 1.2. By Proposition 1.1, it suffices to show that r; €
L>(R?) for each admissible v. But in all these cases we get (we set [77, ] =
[n1, ma] X [n2, mal)

1
ri(z) < C’([OE\Z] @dy—k (S) o)
M

1 o0
+ §) o2(02) (J‘S/[’k(%',y)’dyl) dys + [ML) yk(x,y)\dy) <C. u

(OSO k(. y) | dys) dyn
M

Let T be the set of m(zx,y) supported in |z —y| < /3 for some 5 > 0 and
such that m(z,y) satisfies (1.1).

PROPOSITION 1.3. Let ¢ € L™, k € T and suppose k satisfies (0.2).
Then
IKfll2 < Cllfll2w  for eachv € S.

Proof. This follows immediately from Corollary 1.2. =
REMARK 4. We get this result in all dimensions. In one dimension, with

T1 = {m(z1,y1) : m € L, m satisfies (1.2) and has bounded support},
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we get: if

. a1 b
p e L and k(%l,yl) — 6z:z:llyl1('0(m1?yl) cT
then
K fll2 <C|fll2p forall ve S,

In [St] the pseudodifferential class 5870 is discussed, of all C*°-functions
A(z,y) so that

|8£‘85)\(a:,y)| <Cqp forall o, p.
In the Proposition on p. 282 of [St], the following is shown:
THEOREM B. If )\ € 5870 and Tf = {e®Y\(z,y) f(y) dy, then

ITfll2 < Clfll2.
Set

plzr) =1 if |z1| > 2, p(z) =0 if |z1| <1,
0<p(x1)<1 and peC™(R).

LEMMA 1.4. Let aj,b; > 1 and suppose ¢ satisfies (0.3). Then

S ‘ S eimlylu(x}/al . y%/bl)gp(x}/al’y}/bl

2
yy2)9(y1) d@/l‘ dxq
R, R,

< C | o) dy.
Ry

Additionally, the variable y2 (as well as x2) in the argument of the term ¢
plays a passive role here.

Proof. We set

(/" =) " )

l(xlayl) = eixlyllu 7y1 y Y

and notice that

Wz, y1) = (1= p(@1) (X = p(yr) + (1 = ple))pu(yr)
+ (@) (1 = (Y1) + plen) ply)) (e, y1)
=Li(wy,y) + Lo(---) + I3(- ) + ().
The estimate for I; follows by Proposition 1.1 with v(y) = 1, and the esti-
mate for I follows from Theorem B for

a b
ey — /™)

We are left with the terms I, I3.

Pl

o(x 1/a1’yi/b1’ y2) € 58’0, since z1,y1 > 1.
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We just need to estimate I3, since the case of I5 follows by duality. Now,
o0 [e.e]

§ (a2 §01 = )= Gutat/™ = 517") = 1)l Yglon) din| s
0 0

+ S (M(ﬂﬁl))2‘ S (1= p(y2))e™ ¥ o(- - g (1) dyl‘2 dry = Az + Asa.
0 0

Since 0 < y; < 2 that implies 0 < x}/al < 4 for the term Asq; otherwise, the
integrand is zero. The estimates of A3y follow by Proposition 1.1.
For the term Ass, set u = yi/bl and note that

uM

™ o) Z /loy2>—+auso<“,s,y2>M,

where M is an integer chosen so that M/a; > 1. Hence we get

o0

yi 2
[ (1= e dip(---) % g9(u) dyr
) .

d.’El

o) ) 2| 00 mlylaM UM 2
+ (S) M\ S2ar é(l—ﬂ(yl))e @("')Mg(yl)dyl dzy
M
=A+ ZA,?,Q]
=0

The estimates for A follow from Proposition 1.1. By (0.3) since xi/al >4,

we get
o

2
1 2
A <€ § == (Yol dyn )~ dar < Clgl.
1 2 0

For the remaining terms Asp;, p(w1/2%41)(1 — /j,(yl))(?j(p(x}/al,(), y2) € 00,
as a function of the variables x1,y;. This completes the proof. =

PRroOPOSITION 1.5. With the hypotheses of Lemma 1.4,

oo o0

ay by 2
| ‘ | e o2, ) f(y) dys| day < C|f|I3,,, where vi(yr) = 5.
0 0

For the term ¢ note the role of the variable ya (as well as x2).
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Proof. Using Remark 4 and then changing variables for the remaining
expression, we end up considering

o o ]
= el Tyt gt

0 0

( 1/a1 l/bl

o(xy" "y ye)

1/b 1/b1—1 2
X f(!h/ 173/2)1/1/ U dyr| day.
But by Lemma 1.4 the operator

[e.9]

Kg(y) = | e (™ — "oy 47" y2)g (1) dun
0

maps L? into itself with a bounded integrand, therefore it satisfies the as-
sumptions of Theorem 1 of [JS3] and so by Theorem 2 of [JS2] it follows
that

0
and we get our result after a change of variables. m

With ¢i(z) = p(z1)--- p(zq) in d dimensions (in particular, ¥11(z) =
w(zy)p(ze) for d = 2) we set

h(z,y) = 1(a/)r () (@ =y O)p(at/e,ytP)ery,

Lg(z) = | h(z,y)g(y) dy.
R¢

(1.3)

PROPOSITION 1.6. Let a,b > 1. If p(x,y) satisfies (0.3), z,y € R%, and
the operator L (and the kernel h(x,y)) are as defined in (1.3), then

() ILFl2 < Clfl.
X a ,b 2 2
() § | § ay") @ dy| do < i3,
R? R4
Proof. Since x,y,a,b > 1, by (0.3) we get
P ) ()@ =y ),y 0 € 8P,
and so (i) follows by Theorem B.
To see (ii), note that z,y,a,b > 1, and therefore
- 2
A= {2V | ne,y)g(y) dy| do < Lol
R4 R4
< Cleigw)l3 < C | v lg(y) dy.

d
RY
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Now set g(y) = j‘“(yl/b)yl/b_i into A, and after changing variables we get
the result. =

PROPOSITION 1.7. Let a,b > 1, and let v(y) =y~ %* and w(z) =1 in

case a > b > 1, and w(z) = 2/ and v(y) = 1 in case b > a > 1, where
K is defined by (0.1) and (0.2). Suppose ¢ does not depend upon one of the
variables x1,x2,y1,y2 and satisfies (0.3). Then

(1) 1K fll2w < Cllif 20,
(i) [P (@) K f(z)]l2 < Ol f]2-
Proof. We begin with (i). By duality we need only consider the case
where a > b > 1. Also it is enough to suppose that ¢ does not depend upon

T2 Or Ya.
In case x2 is missing from ¢, from Proposition 1.5 we get

oo 00 ay by 2 *
| ‘ [ erea’v: H(CCl,ZUQ)d?J?‘ dry < C | [H(x1,12)*y5? dys
0 0 0

with H(x1,y2) = S eiriuy! o(z1,y) f(y) dy;. Again Proposition 1.5 yields

IEAI3 < C§ (T 1H @) do)ys? dys < CISIR,.
0 0

This proves the estimates in case x is missing from ¢ in (i).
Next suppose that ¢ does not depend on yo; then again we deduce from
Proposition 1.5 that

N e b * 2
| ‘ | e 90(3373/1)( | ¢i*a'vs’ dyQ) dy1‘ dx
00 0

oo > . ag by 2
<C | ‘ | €292 f(y) dys| yi dyn,
0 0

and now proceed as above to complete (i).
To prove (ii), we consider the four terms,

Kfx) = § (1= plu) (1~ nloe)) + (L~ (o) toe)
2
+ (1 = p(y2) (1) + nlyr)w(y2))k(z, y) f(y) dy
=L (z) + I2(x) + I3(z) + 14(x).
By (i) we get (note a > b > 1)
|11 (z) 1 (2)[]2 < [[Ti(2)[l2 < Ol f(y) (1 — ply1)) (1 — p(y2)) |20

Next notice that Proposition 1.6(ii) yields ||¢11(x)I4(x)|]2 < C||f]l2. To es-
timate the term Io (the proof for I3 is similar) we suppose that ¢ does not
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depend upon ys, thus we notice (as in (i)) that by Proposition 1.5 it follows
that

oo ) 2 1 oo caz by 9
| o0 (@)| La(@)? doy < C Lyt | | ply2)e™ ¥ f(y) dya| dys
0 0 0
and then by Proposition 1.6(ii) (in dimension d = 1) we get
| (| ou@Ib@)?de) dry
0 0

2 00 00
< ngf“( | i ‘ S y2)ei 505 f(y) dygrdafg) dy
0 0
2 o)
CS?J?I( S y)|? dyz) dy1,
0 1

and this completes the proof in case yo is missing from ¢; if z9 is missing
we first employ Proposition 1.6(ii). m

REMARK 5. In the special case where ¢(z,y) = 1, we obtain the same
conclusion as in Proposition 1.7.

PROPOSITION 1.8. Take k(x,y) as in (0.2) with a,b > 1. Assume that ¢
satisfies (0.3). Let K be the operator with any of the kernels (1—pu(x;))k(x,y),
(L= p(y))k(z,y), or k(z,y)(1 —y(z —y)) (=1 or2). Then

D) 1K fll2w < Cllf 12,0
(i) [ (@)K f(2)ll2 < Cllf 2,
for v(y) and w(zx) as in Proposition 1.7.

Proof. It suffices to consider the case when a > b > 1. First consider the
kernel k(z,y)(1 — y(x —y)). Then (i) follows from Proposition 1.3 and also
(ii) with v(y) = 1.

Next by the above we only need to consider the case where the kernel is
supported in |x — y| > 1. Thus, it suffices to take [ = 1 in the z; variable,

(1 — plar) k(@ y)y(e —y) = (1 — pla)y(@ — y)e ¥ oz, y)
= (1 — plz1)y(z — y)e="v’

1
= 2202, (0,2, y) + r(x,y)

X [w(o,wz,y) + 2105, 0(0, 22, y) + 5

3
= kj(z,y)
=0

and let K; denote the associated operators.
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We notice by (0.3) that |k3(z,y)| < Cmin(1, |2 — y|~3). Thus we get (i)
and (ii) by Corollary 1.2 for the operator Ks.

For the remaining operators Ky, K1, Ko we just apply Proposition 1.7(j),
j = (i),(ii), respectively for cases (i), (ii). =

We are in a position to obtain the main result of this section.

THEOREM 1.9. Suppose k(x,y) satisfies (0.2) and p(x,y) satisfies (0.3)
with a,b > 1. Then

(1.3) 1K fllzw < C| f]

where v(y) and w(x) are given in Proposition 1.7.

2,0

Proof. Tt is enough to assume that a > b > 1. Suppose that v(y) =
y'%/% and a = b = 1. Then (1.4) follows from [PhS].

Putting together Proposition 1.6(ii) and Proposition 1.8(i), we obtain
the proof. =

2. More of the special cases. In this section, we handle the cases
where (x,y) has bounded support in one of the variables y1, 9, i.e. we
consider ¢(x,y)(1 — u(2y;/B)) for some § > 0 for [ = 1 or 2 and where
o(x,y) satisfies (0.4) for some 7 € [0, 2).

We follow the approach we employed in Propositions 1.7 and 1.8 in case
n=20.

We begin with

PROPOSITION 2.1. Let a > b > 1, v,(y) = y®/P)0=/9) 5 € [0,2) and
let the operator K be as in (0.1). Also suppose p(x,y) does not depend upon
one of the variables y1,y2 and satisfies (0.4). Then for p=4/(2+n),

O (§]] ksl )" <,

(2.1) R .
) (§ | kel@ni@)dy] dz) ™" < Cliflp,
R2 RZ
with

ki (z,y) = e”"a'ybu@—l) ¢ (2,0,y2) (1 - u(%))

ka(x,y) = ei‘”a'ybu@—;) o(z,41,0) (1 - u(%))

Proof. If n = 0, then p = 2 and the result follows from Proposition 1.7(i).
We can suppose that 0 < n < 2, thus 1 < p < 2, and that ¢ does not
depend upon yi, as in (2.1)(i), and without any loss we can take = 1. As
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we did in Proposition 1.7, we shall iterate the estimates. We first show that
with xp(21) = x(5 2" <21 <2-27),

eo . a9 b P
(22)  Xn(z1) | ( | 6”22‘1’22@(%0,yz)h(whyz)dyz‘ day
0 0

c T o
< gz ) 1, y2) PSP dys,
0

where h(x1,y2) = SOO ity f1(y) dyr with fi(y) = (1 — u(2y1)) f(v)-
To prove (2.2) we set

c0 . a b
S-g(@) = xn(z1) | €279 (2,0, 2) |z — (0, y2)| 7 (ul(y2)) " 2g(y2) dy
0

where u(y2) = vy 2/ 4; note S,g is a 1-dimensional integral. We first notice
that (the 1-norm is in the zo-variable)

(2.3)  [1S2-p+irglh

o0
. ag by _ —ir -
xnlw1) § €5 0,0, yo)lw — (0,2)| 7277 (ul(y2)) " gy dy |

0
o0
<O\ g dn ol < = gl

and notice all that we needed from (0.4) in order to get (2.3) is the size of
the function ¢.
It follows from Proposition 1.5 that

(2.4) [1S—p+irgllz < C(S 19(y2) (u(y2)) 2 [Py5? dyz)l/2 < Cllgll2-
0

By interpolation with (2.3) and (2.4) for this analytic family, we get

Xn(21) | emgzygzw(w,&yz)(u(yz))”‘zg(w)dyaHp
0

25)  |ISoglly = |

< oz Nl

for % :t—i-% and z = tzo + (1 — t)z; with 29 =2 — n 471, 21 = —n +iT,
therefore 0 = (—n+1i7) +t(20 — 21) or n = 2t. Thus (2.2) follows from (2.5).
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Now we sum up (2.2) to obtain

oo 22" oo

26) 3§ (1] § e ow,0, 1)1, o) dya | daz) dan

oo(/l)a T Oo'”‘lbl P
<C S y2p P 2<S np/Q‘ S e Y fi(y) dyl‘ dx1> dyo.
0 2 L1 0
We take
(2.7) p=pi+p2, 1<p2<p, p2=ponlyin caseb =a.

Note that if a3 > by > 1, then since 1 < ps < p and p < 2, by (2.7) we
get 0 <p1 < 1.

We notice that for the inner term on the right side of (2.6) we get

R 1 T b P2
R~
| —ra| § e i) |
2 I 0

P2
dxrq

?J””?( T )fmwdm
: x?fp/@pz) (z1 — yl)np/(sz)

[ S
0 (21 — yl)np/@pz) 1 !

b2
dZEl) =11+ 11>,

with
_ 1 1 L
h(z1,y1) = 1P/ (2p2) B ( /@)

1

(21 — yl)np/@m)'

Since the integrand for the term I1; can be estimated by an L' convo-
lution kernel, and we can employ Theorem 4 of [PS] to 115, we see that

xr1 — yl)

1

(2.8) N+ I, < C\ [ f(y)I”* dy
0
as long as
b
(2.9) py > AL

And in order for (2.8) to hold we need that py > 1.

In case by = a; (the exceptional case) we take ps = p and so by (2.6),
(2.8) and (2.9) we get the result.
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Now we are left with the cases where a1 > b; > 1. We first note that

00 1
. a1 b p / p1/p
(2.10) e i | < O([IF@Py™ dy )
0 0
It remains to estimate the term on the right side of (2.8). We note that
1 1 1
/ p2/p _ /
@11)  {1r@=dy < (§1r@) Py dyn )™ (§r O™ dy )
0 0 0
To complete this argument we need to show that aipep/p'p1 < 1 and 1 <
p2 < p for each pair (aq,b1) with a; > by > 1 and each 0 < 7 < 2, and that
(2.9) holds.
In order to see that (2.9) holds and py > 1, note that pea; + binp/2 >

a1+ by, or
bl 277>
>1+—4(1- =21 ),
p2 = al( 241,

and since 1 < 2 this implies we can choose ps > 1 that satisfies (2.9).
In order to see (2.11) we need that ps < p and aypep/p’'p1 < 1. For the
first inequality note that

p1/p

b b
al 2&1
o 4 2b b
1 > 14—,
2+n  a1(2+n) ai
since o 5 )
_'_
PRELU RS UL
ai ai

b b
(-5) = -2)
al aq

and this last inequality is always true since n < 2 and a; > b;. To complete
this argument we still need to see that aypep/p'p1 < 1, so take py = p—1—¢
(this is possible for some £ > 0); then from (2.7) we get p2 = 1 + €. Hence

pp _ (p—1)(1+¢)

= :1+6,
P'p p—1—¢
or § = = (>0). Thus
b
QPP (140) = (14+8) - 2(1+0) < 1,
pp al

where the last inequality follows from

(2.12) 5(1 _ b_1> b

ai
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for 6 > 0 small enough. Thus for each pair (ai,b;) we can always find a
0 > 0 close enough to zero in order that (2.12) is satisfied. Putting (2.6),
(2.10) and (2.11) together we get the result. m

PROPOSITION 2.2. Assume the hypothesis of Proposition 2.1, except this
time we allow ¢(x,y) to depend upon y1 or ya. Then forp=4/(2+n),

O (1] kpswdf a)” <Clfl,

RZ R2

@ (] ks )" <cifl,.,
R? RZ

ki) = em“'ybu(;—g)mx,y) (1 - u(%» =12

Proof. As in the proof of Proposition 1.8 (take =1 with [ = 1),

(2.13)

with

2
y
(214)  @lz,y) = @(,0,) + 110, 0w, 0,42) + 5 05, (2, 0, 3) + 7(2,y),

and so since z1 > 3 and y1 < 1, we get p(x1/3)(1 — u(2y))|r(z,y)| <
C min(1, |z — y|=3~"). Thus (2.13)(i) holds by Proposition 1.1 for the oper-
ator K with the kernel k1 (z,y), with r(z,y) in place of ¢(z,y) and v(y) =
vp(y) = y®/P)(A=b/a)

For the three remaining terms in (2.14), if we let K; this time be the
operator with these terms in place of ¢(z,y) in ki (z,y), then we get the
result by Proposition 2.1. u

PROPOSITION 2.3. Let a > b > 1, vy(y) = y®/P)(1=b/a), n € 10,2) and
let the operator K; be as in (0.1), where

i, ) = e p(x, y) (1 - M(%))’Y(ﬂﬂ —y), =12

If p(x,y) satisfies (0.4), then for p=4/(2+n),
(2.15) 1K fllp < Cllfllpw,  for 1=1,2.

Proof. Because of Proposition 2.2, say with =1 and [ = 1 (note that
x1 > 3 and y; < 1 implies y(z — y) = 1), it suffices to show that

6 oo
(2.16) (5|1 i) s dy| doz) dar < €11,
0 0 R2
First notice that

om (T ) i (T 0w

Y =P P
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We return to (2.17) at the end of this proof. Consider the analytic family
given by

S.f(@) = x(0 <21 <6) | ka(w,y)lz -y (w(y)) "2 f(y) dy

2
R+

with w(y) = y%(i_b/a). Then it follows from (2.17) that

(2.18) |S2—prirfllt < Ol f|l1-
From Proposition 1.8(i) we get
(2.19) 1S—p+ir fll2 < Cl ]2,
which implies that

4
(2.20 101 < Clflly ~ for p = 75—

and now (2.16) follows from (2.20).
We are left with showing (2.17). Note that

S ’Y(CC—?/Q) s
o lz—yl
Tz —y)
< S o=y (X(lz1 =] £ 1/2) + x(lz1 — 1| =2 1/2)) dawo = T + 11
0
In I we notice that 1/4 + (z2 — 32)% > |z — y|> > 1, or |za — yo| > V/3/2,
therefore
1 4v/3
I S S dl‘Q S i
|22 — y2|? 3
|22 —y2|>V/3/2
Moreover,
T 1
11 <4 — —dxy = 2.
B S 1+ 4fwy — yo|? e
—00
Therefore,

6 0 (SL’— )
i Sudmg dzy < C.
o\g lz—yl?

The proof in case 0 < z9 < 6 is similar, and this implies (2.17). =
3. The first sufficiency result. In this section we wish to complete

the result given in Proposition 2.3 by dropping the support restriction on ¢.
This is the main result in this section and it appears in Theorem 3.2.
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We begin with the operator
o b
(3.1) Sf(@) =taa(x) | eV o(w, y)v(x — y)en () f(y) dy,
RZ
+
where va(y) = (y1/2)11(y2/2) (11(y) is defined prior to (1.3)) and ¢(z, y)
satisfies (0.4). Notice that the kernel for S is supported in z1, z2,y1, 2 > 1.

PROPOSITION 3.1. Leta >b> 1,7 € [0,2), and suppose p(x,y) satisfies
(0.4). Then the operator defined by (3.1) satisfies

(3-2) 15 flly < ClIF|
Proof. We consider the analytic family
~ . a. b s
S.f(x) = goa(x) | W o, y)y(@ — y)lw — y| 72 f(y) dy.
R2
From Theorem 2.2 of [SS] (also see Remark 2 in Section 0), we get

(3.3) IS-ni2rirfll < Cllfll e

where Hp is a specially constructed Hardy space related to the operator S.
It suffices to obtain (2, 2) estimates for the operator S_, ;.
For this operator, since p(z,y) satisfies (0.4), it follows that v(x — y)
o(z,y)|r — y|7" satisfies (0.3) and so by Propositions 1.6(ii) and 1.8(ii),
we get

(3-4) 1S i fll2 < C1£l2-
Thus by (3.3) and (3.4) it follows that

P,Up fO’f' p= m

- 4
(3-5) ||50f||p < C||f||p for p = m

Hence the operator given in (3.1) satisfies

15Fllp < Clf W)yl < CllS

and this completes the argument. =

p7vp

Now we are in a position to state and prove the main result in this
section. This completes the result begun in Proposition 2.3, by dropping the
support restriction placed on ¢ there.

THEOREM 3.2. Let a > b > 1, n € [0,2), and suppose ¢(z,y) satisfies
(0.4), and the operator K as in (0.1) has the kernel

k(z,y) = "V o(z, y)y(x — y).
Then forp=4/(2+n),
56) 1Kl < Cll ey
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Proof. Because of Propositions 2.3 and 3.1, it suffices to prove that

600 006

(3.7) (V§+§0) 1 s@)P doy day < CUAIE,.

00 00

To do that, we set up the analytic family defined in the proof of Propo-
sition 2.3 and we notice that the corresponding estimate (2.18) follows from
(2.17), and (2.19) follows from Theorem 1.9. This completes the proof of
(3.7) and hence the proof of the result. m

4. Necessity and sufficiency results. In this section, we show (3.6)
for the operator K defined in (0.1) and (0.2) where (z,y) satisfies (0.4).
We also obtain a necessity result.

We now state one of the main results of this paper. We recall that o; =
1 —bj/aj for j =1,21in case a > b > 1.

THEOREM 4.1. Leta >b>1,0<1n <2 —aj —as and let K be as in
(0.1), (0.2) with ¢ satisfying (0.4). Then for vy(y) = y(@/P)A=b/a),

4
(4-1) HKpr < O||f||p,vp forp= m

Furthermore, if p(z,y) > Clx — y|™ and (4.1) holds with w(z) = 1 and
v(y) =y, then for j = 1,2,

b; P b;
4.2 )L —pn<vi—Za; <L (p-2 :
(4.2) (» )aj pn < v p,ag_aj(p +1p)
REMARK 6. If b>a>1,17€[0,2), p =4/(2—n), and

Kfx)= | e oz, y)y(x — y)f(y) dy,

2
R+

then
VK Flly < Cllflly,
Proof of Theorem 4.1. To show the sufficiency, note that
Kf(@)= | Y o(@,y)(v(@ - y) + 1~z — ) f(y) dy
5}
= K1 f(2) + Kaf (2).

By Theorem 3.2 we conclude that (4.1) holds for the operator K.
To see that the operator Ko satisfies (4.1) we employ Proposition 1.1.

Note that in this case the kernel ko(z,y) = ¢V o(z,y)(1 — v(z — y)) is in
LY(dz) N LY(dy).
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We get
(@) = | | (e, m)lyr Vg “2(1 = v(z - y)) dy
00
11 100 ool 00 00 4
= (485510 D) eay=>"1
00 01 10 11 j=1
We see that

I, <O,  since 1 < yy,y0.

We shall be brief here and just estimate the terms that are the most chal-
lenging. We begin with the term I; and 0 < x1 < 29 < 1:

m1/2m2/2 $1/2 xo m1/21 x1 $2/2

I R IR R

0 0 0 x5/2 0 22 /2 0
1 T2 z1 1 122/2 1 a2 11 9
S T T T B B B T R R SR
z1/222/2 /272 1 0 T1x9/2 T1T2  j=1
First,
x1/2  x2)2

N

1
Ill < < T . o1 as dy?) dyl
é élx—MW?ﬁ2

¢ L1 e L2 tra2 2 —ag—
< J— = < a]—oa2—"n < i
T ((21/2)2 + (x2/2)2)1/2 ( 2 > ( 9 > < Cuzs <C

Next we estimate

L 1 1 1,1 1
Lo < < T moan, a2 dy2> dy1 < < T as dy2> dy
le ng ’x_y’nylly22 ' [S) (S) |y|77y11y22 !
w/2 .
< dr)do < C
- § <§] rtartaz (cos ) (sin 0)*? r) -

aslongasl—n—a; —ag>—-1lorn<2—a; —as.

Next,
I1/2 9o 1
PES S < S w dy2> dyr
0 , e =ylmyty
:1:1/2 T2 1
< .« dyQ) dyl
§) (xZS/Q ((21/2)% + (w2 — y2)?) /2y y5*

(set y2 = s12)
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g
O > T
[\

! 170{2
)
5 ds | dy
<1§2 ((21/2)2 + 23(1 — 5)2)1/2yt 522 > 1

P
1 (@ 23 (1— 5))1/2

z1/T2 1_ B 1 B -
IL‘% al:l}é a2 ZL‘% al.’L‘% s
oA | A,

1 7
0 ) o1/ (sx2)

< O Ty a1 (/) ) < C
for n # 1, where we used the fact that x1 < agandn <2—a3—as. If n =1,
we get
Ly <C(1+ x}_o‘lx;” log(za/x1)) < C(1+ x}_o‘lx;az (z2/21)171)
<C(l+zy ) <O,

but here 1 =9 <2 —a; —ag or a1 + as < 1.
Now,

l—a1 1—a2
CCl ;(:2

1
d
§(m% +a3(1—s)2y2

IN

ds <C

IN

/2 ,1 X

I3 = ] ]

13 (S) (}2 (($1/2)2 + (IL’Q — y2)2)n/2y?1y§zg y2> Y1
x1/2

§§1< [ ez

Yy dysz
o u' 02

‘yZ*JEQ‘SIEl/Q 192

>x
+ S X(ZUQ—_Qi in lyl
|y2 - xQ!"y 2
z1/2< y2—2|<1 2

1

1
1 x1 1
<c| Tl<—n =+ | —azd?JQ)dyl <c
o %1 zotx1/2 (42 — z2)"y;
Finally,

(T

his = ( T .ol az dy2> diyr
1‘1/2 m2/2 ‘.’IJ - y‘nyl y2

(set y; = sy, 1 =1,2)

1,1 o e
Ty Tq . .
: 1§2 <1§2 ((21(1 — 51))2 + (22(1 — s52))2)/2 d 2> dsy

1 1 xi—alx;—oa
= dso | ds
B (S) <§] ((z151)2 + (2252)2)7/2 2) 1
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1 ,8171/%2 1_q; 1—an 1 l1—ai, l—az
SES ( S Zi___igl___d52.+ S i M dSQ) dsy
0 5 (z151)" 5 (w289)"
171/T2
= Ii51 + Ii50.
We have
2 a1x2—a2 1 -
1151<CTS(91 d51§07 777&17
1 0
1 a l—ag 1
Ip<CHA—2 | <<Sm> 1) ds
Ty 0 X2
1 Oél 1 a2
et ((3) ey <o
If n =1, then
l—a; 1—as 1 1
T T 1
Iiss <C = m; S S 2—a1d82>d81

-y 1—as 1—aq 1
T T x 1
1 2 2
<C-t— 2 | ——rdsi<C
2 ] 051

This explains the reason for the hypothesis on n, 0 <71 < 2 — a1 — as.

In order to see the necessity, we take w(z) = 1 and v(y) = y”. If we
assume that our operator maps continuously, then we get, with p(z,y) >
Clz —y|™" and g(y) = f(y"/*)y"/*~,

-1 a ix p
(43) | &l 1‘ [ ey Y™ vg(y) dy
[N,QN} [1/(2N),1/N]

where for N = (N7, Na) we take

f(y)={

y~D/p i 9=M/b < < oM/b
0 elsewhere.
Set
Gk = § a7l ey e ig(y) dy| da

[N,2N] [1/(2N),1/N]
with N; = 2! and Ny = 2%, Tt follows from (4.3) that, with —M; <1 < M,
and _M2 S k < Mg,

oM /by 9Ms /b

> G(.k) | I 1w Poly) dy < CMi M.

(Lk) 2~ (My+1)/by 9—(Ma+1)/by
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And so we get
(4.4) I+II+III+IV

SDID IR ) 915 9 3D ) SETI

—Mi k=—M> I=—M; k=2 [=2k=—M> [=2 k=2
In particular,
My
m=>Y Z ) < C My M.
1=2 k=las/ay
Hence,
My Mo
SSY kel < oMy,
=2 k=laz /a1
where

Iij=1/aj+(l/j+1)/bj—p/bj forj:1,2.
In order to avoid a contradiction, we must have
(4.5) @—pESO or V2§a2£,+(p—2+77p)b—2
a2 p a2
Considering the piece IV, we would get a similar estimate for 1.
Estimating the term I3, i.e.
1 (b1/b2)k
L= Y Y 2kmgllsten/bn) < Cp My,
k=—My l=—M;
in order to avoid a contradiction, we must have

b
(4.6) /-Ql—f—prZO, or V12£/a1+—1(p—2)—p77.
1 p ai

Putting (4.5) and (4.6) together gets us the result (4.2) and hence the proof
is complete. m

REMARK 7. To see the necessity to Theorem 1.9, if ¢(z,y) > C, and
(1.4) holds for v(y) = y” with @ > b > 1 and w(z) = 1, then by (4.2) it
follows (p = 2 and n = 0) that v = 1 — b/a. Similarly, if b > a > 1 and
w(x) = z¥ with v(y) = 1, then it follows that v = 1—a/b. This characterlzes
fully the power weights case for p = 2.

REMARK 8. It should be pointed out that from Theorem A (and Re-
mark 1), if a1/by = ag/ba and if pg = 4/(2+n) € J, then our operators
map LPO into LP° (i.e. with constant weights). For example if a;/b; > 1 in
Theorem A, then 4/(2+n) is in J (if n > 2/3), and so as this example
shows, v1 = v9 = 0 in (4.2) is possible for this py.

But in contrast to Remark 8 we get
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COROLLARY 4.2. With the hypothesis in Theorem 4.1, suppose addition-
ally that p(x,y) > Clz —y|™" and v; > (p/p')e for j = 1,2. Then for
p=4/(2+n),

. . P .
”KfHP S C||f||P7’Up Zf and Only Zf Uj = 17 Oéj fOT’] = 172

Proof. 1t follows from (4.3) with
1 i 2N)TVhE <y < N7
) = {0 elsewhere,
that for Ny = N{ and ¢ > 0,

(1/p)(k1+oK2)
N.
(4.7) L

<C
(NI 4 N2yl
Let 0 < o < ag/a; and a > b > 1. Then we get
(4.8) Nfl/p—n/aﬁgnz/p <C.
Thus if we let N1 — oo in (4.8), it follows that

b1
2 §p—1—a—1(1—pn)—blg/<;2.

We select

p(l+mn)—2
(4.9) @:%.
a1kR2

To check that ¢ in (4.9) is consistent with our previous inequalities, we
first show that o > 0. Since p =4/(2 + 1), we get p(1+n) —2 > 0. Thus, it
suffices to see that ko > 0. Indeed, since vy > (p — 1), it follows that

oo (= D(b/a)
ba

Because of (4.2) of Theorem 4.1 we need only consider the cases where p # 2.
To check that o < as/aj, note that this implies that

p(L+mn) =2 <agke, or p((az/b2)+1+mn) <3+ (v2+1)(az/b2),

2 —
t1jaa=""L>0 for1<p<2.
a2

or
4(1+mn) 2—n
—(rn+1 b)) <3—— 11 < 2"V (byfag) + 1o+ 1.
(p— (v2 +1))(az/b2) < el p_2+n(2/az) vy
But v +1>p— (p—1)(b2/ag), and since
9 _
p_]-:—n)
2+

this finishes the argument because these steps can be reversed.
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We showed that if 1 < p < 2 and vy > (p/p')ag, then v1 < (p/p')au;
similarly if v1 > (p/p’)aq, then vy < (p/p’)as. Putting these two results
together we get the proof. m
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