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Approximation by trigonometric polynomials
in weighted Orlicz spaces

by

DanNtyAL M. IsrAriLOV and ALl GUVEN (Balikesir)

Abstract. We investigate the approximation properties of the partial sums of the
Fourier series and prove some direct and inverse theorems for approximation by polyno-
mials in weighted Orlicz spaces. In particular we obtain a constructive characterization of
the generalized Lipschitz classes in these spaces.

1. Introduction and main results. A convex and continuous function
M :[0,00) — [0,00) for which M(0) =0, M(z) > 0 for z > 0 and
M
limﬁ:()7 limmzoo
x—0 X xr—00 x

is called a Young function. The complementary Young function N of M is
defined by

N(y) := max{zy — M(z) : z > 0}
for y > 0.
Let T denote the interval [—m, 7], C the complex plane, and L,(T),1 <
p < 00, the Lebesgue space of measurable complex-valued functions on T.

For a given Young function M let Ly;(T) denote the set of all Lebesgue
measurable functions f : T — C for which

| M(f(2)]) d < oo.
T

The linear span of Ly (T) equipped with the Orlicz norm
1) ) = sup{ | | (@)g(2)] o : g € Iy (D), | N (o)) de < 1},
T T

where N is the complementary Young function of M, or with the Luzemburg
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:LQO)W £ sy ::inf{)\>0:§r ('f( )’>d <1}

becomes a Banach space. This space is denoted by L/ (T) and is called an
Orlicz space [26, p. 69]. The Orlicz and Luxemburg norms satisfy [26, p. 80]
the inequalities

Iz ery < WA llzaeery < 207020y f € Laa(T),

and hence they are equivalent. Furthermore, the Orlicz norm can be deter-
mined by means of the Luxemburg norm [26, pp. 79-80]:

(3) 1 lzasry = sup{ § 1f @)g(@)] da < lgllF ym) < 1
T

and then the Holder inequalities

VI @)g(@)dz < (1f | arry 9117 ry:

(4) R
VIf@)g(@) de < |I£15,, 9l Ly
T

hold for every f € Ly(T) and g € Ly(T) [26, p. 80].

W. Matuszewska and W. Orlicz [32] have associated a pair of indices
with a given Orlicz space Lps(T). A generalization of these, or rather their
reciprocals, has been given in the more general context of rearrangement
invariant spaces in [5]. Let M~! : [0,00) — [0,00) be the inverse of the
Young function M and let

M)
h(t) := 11£S£p M1 (t)’ t>0
The numbers aj; and Gy defined by
) log h(t) . log h(t)
= 1 — = 1 -
M = logt ’ fu st logt

are called the lower and upper Boyd indices of the Orlicz space L (T)
respectively. It is known that

0<ay <Bu<l

and
an+pu =1, ay+py=1
The Orlicz space Lys(T) is reflexive if and only if 0 < apr < B < 1, ie. if
the Boyd indices are nontrivial.
If1<qg<1/Bm < 1/ay < p < oo, then Ly(T) C Ly (T) C Ly(T),
the inclusions being continuous, and hence Loo(T) C Lp(T) C Li(T). The
above information concerning the Boyd indices can be found in [3, p. 350].
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We refer to [2], [4]-[6] and [28] for a complete discussion of Boyd indices
properties.

A measurable function w : T — [0, 00] is called a weight function if the
set w1({0,00}) has Lebesgue measure zero.

Let w be a weight function. We denote by Lj/(T,w) the linear space of
all measurable functions f such that fw € L/ (T) and set

(5) 1N Lae(m ) i= If@llLprT)

The normed space Ly (T,w) is called a weighted Orlicz space.

From the Hoélder inequality it follows that if w € Lp(T) and 1/w €
Ly(T), then Loo(T) C Ly (T,w) C Ly(T).

Let 1 <p<ooand 1/p+1/q¢=1. A weight function w belongs to the
Muckenhoupt class Ap(T) if

(ﬁ § WP () dx) Up(ﬁ § w(z) dm) s

with a finite constant C' independent of J, where J is any subinterval of T
and |J| denotes the length of J.

Let L (T,w) be a weighted Orlicz space with Boyd indices 0 < aj; <
Bu <1, and let w € Ay ,,,(T)N Ay g,,(T). For f € Ly(T,w) we define the
shift operator o, by

L h
(onf)(x) := — S flz+t)dt, O0<h<maxzeT,

2h
~h

and the k-modulus of smoothness Q]@’w(-, f)(k=1,2,...) by

k
ok 6,f):= su H -0 H 6 >0,
M,w( f) 0<hip§5 1:[1 hi f LM']I‘w)
1<i<k

where [ is the identity operator. This modulus of smoothness is well defined,
because we will prove (Lemma 1) that oy is a bounded linear operator on
LM(T w)

We define the shift operator o} and the modulus of smoothness Qk

this way, because the space Lj;(T,w) is not, in general, invariant under the
usual shift f(x) — f(z + h).

In the case of k = 0 we set (2847“,(5, ) = flleyrw and if k =1 we

write 217, (0, f) := 2}, (6, f). The modulus of smoothness 2%, (-, f) is a
nondecreasing, nonnegative, continuous function and

(6) D100, f +9) < 25,06, F) + 231,05, 9)
for f,g € Ly (T,w).
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We denote by E,(f)mw the best approximation of f € Ly (T,w) by
trigonometric polynomials of degree not exceeding n, i.e.,

En(f)M,w = Hlf{”f - TnHLM(T,W) T, € HTL}7
where IT,, denotes the class of trigonometric polynomials of degree at most n.
Note that the existence of T € II,, such that

En(f)mw = 1f = Thll Ly (rw)
follows, for example, from Theorem 1.1 in [8, p. 59].

In the literature many results on such approximation problems have been
obtained, in particular, direct and inverse theorems for approximation by
trigonometric polynomials in weighted and nonweighted Lebesgue spaces.
The elegant presentation of the corresponding result in the nonweighted
Lebesgue spaces LP(T), 1 < p < oo, can be found in [40] and [8]. The best
approximation problem by trigonometric polynomials in weighted spaces
with weights satisfying the so-called A,(T)-condition was investigated in
[16] and [27]. In particular, using the LP(T,w) version of the k-modulus of
smoothness Qf/[w(-, f), k =1,2,..., some direct and inverse theorems in
weighted Lebeséue spaces were obtained in [16]. Generalizations of those
results to weighted Lebesgue spaces defined on the curves of complex plane
were proved in [19]-[21].

More general doubling weights, approximation by trigonometric polyno-
mials in the periodic case and other related problems were studied in [29],
[30], [31], [7]. Direct and converse results in the case of exponential weights
on the real line were obtained in [14] and [15]. Some interesting results con-
cerning best polynomial approximation in weighted Lebesgue spaces were
also proved in [9] and [10]. Detailed information on weighted polynomial
approximation can be found in the books [11] and [33]. Direct problems in
nonweighted Orlicz spaces were studied in [36], [41] and [39]. To the best of
the author’s knowledge there are no results on approximation by trigono-
metric polynomials in weighted Orlicz spaces. In this work we prove some
direct and inverse theorems of approximation theory in the weighted Orlicz
spaces Ly (T,w). In particular, we obtain a constructive characterization
of the generalized Lipschitz classes defined in these spaces. Note that the
moduli of smoothness used in [36] and [41] are connected with differences of
a function, and are inapplicable in the weighted cases. Therefore, we shall
use the moduli of smoothness 2%, (-, f), k=1,2,..., defined above.

Let Wi, (T,w) (r =1,2,...) be the linear space of functions for which
=1 i absolutely continuous and () e Ly(T,w). It becomes a Banach
space with the norm

(7) Hf”w&(?r,w) = o asrw) + Hf(T)HLM('E,w)'
Our main results are the following.
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THEOREM 1. Let Lp/(T,w) be a weighted Orlicz space with Boyd indices
0 <ay < Bu <1, and let w € Ayyq,,(T) N Ay, (T). Then for every
feWy(T,w) (r=0,1,2,...) the inequality

(8) En(f)mw < CESIG En(f") a0

holds with a constant ¢ > 0 independent of n.

THEOREM 2. Let Ly/(T,w) be a weighted Orlicz space with Boyd indices
0 <ay <Bum <1, andlet w € Ay, (T) N Ay, (T). Then for every
f € Ly (T,w) the estimate

1
< —— =1,2,...
(9) En(f)M,w = CQM7w<n+17f>7 k 1727 )

holds with a constant ¢ > 0 independent of n.

Let D be the unit disk in the complex plane and H;(D) be the Hardy
space of analytic functions in D. It is known that every function f € H;(D)
admits nontangential boundary limits a.e. on the unit circle T and the limit
function belongs to Li(T) [12, p. 23].

Let Ly (T,w) be a weighted Orlicz space on T and let Hps (D, w) be the
weighted Hardy—Orlicz class defined as

Hy(D,w) :={f € Hi(D): f € Ly(T,w)}.
Then from Theorem 2 we obtain the following result.

THEOREM 3. Let Hpy (D, w) be a weighted Hardy-Orlicz space with Boyd
indices 0 < an < By < Landletw € Ayjq,, (T)NAy g, (T). If 32720 a;(f)7
is the Taylor series of f € Hy(D,w) at the origin, then

n
. 1
k
(10) Hf(z)—jzzjoaj(f)zﬂu §c9M7w<n—+1,f>, k=1,2,...,

Ly (T,w)

with a constant ¢ > 0 independent of n.
Our inverse results are the following.

THEOREM 4. Let Ly(T,w) be a weighted Orlicz space with Boyd indices
0 <ay < PBu <1, and let w € Ay, (T) N Ayyg,, (T). Then for f €
Ly (T,w) and for every natural number n the estimate

1) A (5.7) < S BulDe + 3w B fasa ),

m=1

k=1,2,...,
holds with a constant c independent of n.

The following theorem gives a sufficient condition for f to belong to
W2 (T,w)
M\ W).
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THEOREM 5. Let Ly (T,w) and w be as in Theorem 4. If f € Ly(T,w)
satisfies, for somer =1,2,...,

(12) > mT T B (f)aw < o0,
m=1

then f € W (T,w).
From Theorem 4 we also have the following result.

COROLLARY 1. Under the conditions of Theorem 4, if f € Ly (T,w)
satisfies, for some a > 0,

En(f)mw=0m™ %), m=12,...,

then for any natural number k and 6 > 0,

O(5%), k> a2,
21,00, f) = O(6%1log(1/6)), k= a/2,
O(62"), k< a/2.

Hence if we define the generalized Lipschitz class Lip* a(M,w) for a > 0

and k:= [a/2] + 1 as
Lip* a(M,w) :={f € Ly(T,w) : Qﬁ/l,w(é, f) <cd®, 6 >0},

then from Corollary 1 we obtain the following

COROLLARY 2. Under the conditions of Theorem 4, if f € Ly (T,w)
satisfies, for some a > 0,

En(fMw=0(m™), m=12...,

then f € Lip* a(M,w).

Combining this with Theorem 2 we get the following constructive de-

scription of the classes Lip* a(M, w).

THEOREM 6. Let Ly (T, w) be a weighted Orlicz space with Boyd indices
0<ay < fu <1, andlet w € Ao, (T)N Ay, (T). Then for a > 0 the
following assertions are equivalent:

(i) f € Lip" a(M, w);

(it) Em(f)arw = O(m=).

REMARK 1. The assumptions

O<ay <fu<l and we Al/aM(T) N Al/ﬂM(T)

are important in our investigations. In particular, they guarantee the ex-
istence and boundedness of the operator o, (see Lemma 1) and also the
well-definedness of the k-modulus of smoothness Q]’T/LW(-, f) (k=1,2,...),
in terms of which we estimate the error of approximation in weighted Orlicz
spaces Ly (T,w).
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We use ¢, c1, co, ... to denote constants (which may, in general, differ in
different relations) depending only on numbers that are not important for
the questions of interest.

2. Auxiliary results. The following interpolation theorem was proved
in [4] (see also [2, p. 153]).

THEOREM 7. Let 1 < q < p < oo. If a linear operator is bounded in the
Lebesgue spaces Ly(T) and Ly(T), then it is bounded in every Orlicz space
L (T) whose Boyd indices satisfy 1/p < apr < By < 1/q.

Using this theorem we obtain the following result about the boundedness
of the linear operator oj, in weighted Orlicz spaces.

LEMMA 1. Let Ly(T,w) have Boyd indices 0 < apr < By < 1. If w €
At jan (T) N Ay, (T),then the operator oy, is bounded in Ly (T,w).

Proof. Since 0 < aps < By < 1, by Theorem 2.31 from [3, p. 58] we can
find numbers ¢ and p such that
1<qg<1/By <1/ay <p< o

and w belongs to A,(T) and A4(T). Then it follows from the continuity of the
maximal operator in weighted Lebesgue spaces [35] (see also [13, p. 110])
that oy, is bounded in L,(T,w) and Ly(T,w). In that case the operator
Ap, == wopw I is bounded in L,(T) and L,(T). Hence by Theorem 7, Ay, is
bounded in Ljs(T). This implies the boundedness of o, in Ly (T,w). =

COROLLARY 3. Let Ly/(T,w) have Boyd indices 0 < apy < Opr < 1. If
w e Al/aM<T) N Al/ﬁM(T)7 then

Ilbli% Hf - UthLM(T,w) =0
for f € Ly (T,w) and hence
%in(l)(?ﬁ/[,w(é, fl=0, k=1,2,....
Moreover
2100, ) < el fllzy )
with some constant c¢ independent of f.

Let S, (-, f) (n =1,2,...) be the nth partial sum of the Fourier series of
fe Ll(T), i.e.

a0 | :
Sn(z, f) = 5 T ké_l(ak cos kx + by sinkx).
Then [1, Vol. 1, pp. 95-96]

Su(e, £) = = § £ Dol — 1) di
T
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with the Dirichlet kernel
1 n
Dy, (t) == 3 + ;cos kt

of order n. Consider the sequence { K, (-, f)} of the arithmetic means of the
partial sums of the Fourier series of f, that is,

Kn(x,f) — SO(xvf) + Sl(xzf) + 4+ Sn(xzf)
n+1
with Ko(ZL', f) = So(ZL', f) = aO/Q‘
It is known [1, Vol. 1, p. 133] that

. n=0,12...,

Kol f) = = F(0)Fu(e — 1)t
T

where
n

Dy.(t)

=0

1

F.(t) :=
n+1 ‘

is the Fejér kernel of order n (for more information see [1, Vol. 1, pp. 133—
137]).

Since the linear operator K, is bounded in Ly(T,w) and Ly(T,w) (see
[38], [35], also [13, p. 109]), the proof of the following result is similar to that
of Lemma 1.

LEMMA 2. Let Ly(T,w) have Boyd indices 0 < ap < By < 1. If w €
A jan (T) N Ay, (T), then the operator K, is bounded in Ly (T,w), i.e.

(13) ||Kn('vf)||LM(T,w) < CHf”LM(T,w)a f € LM(T,W),
with a constant ¢ independent of n.

Now we can state and prove the Bernstein inequality for weighted Orlicz
spaces.

LEMMA 3. Let Ly(T,w) have Boyd indices 0 < apr < By < 1. If w €
A1jan (T) N Ay g, (T), then for each trigonometric polynomial T,, of degree
n the inequality

(14) I Tl L ps(me) < enl|Toll Ly (row)
holds with a constant c independent of n.
Proof. We use Zygmund’s method (see [1, Vol. 2, pp. 458-460]). Since

To(2) = S, Ty) = % [ 70 () Do — ) s
T
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by differentiation we get

1 1
T (x) = —— S To(u)D)(u—x)du = —— S To(u+ 2)D.(u) du
T T

1 n

== S T (u+ ) (Z k sin ku) du.
T k=1

Noting that
n—1
STn(u+x)stin(2n—k)udu: 0

T k=1

we have

n n—1
T (z) = 1 S To(u+ a:){z k sin ku + Z ksin (2n — k:)u} du
T k=1 k=1

3

n—k
n

3| -

1 n—1
1STTTL(u—|—nv)27”LS.in7”Lu{5 —i—% cosku} du

1
=2n— S T (u+ x) sinnu F,—1 (u) du.
™
T

Since Fj,_; is nonnegative, this implies

1T4e)| < 20 | 1T+ )] s ()

T
1
= 2n— S | T (w)| Froo1(u — x) du = 2n K, 1 (x, |T,|).
77
T

The last inequality and (13) yield (14). =

REMARK 2. The Bernstein inequality in L,(T,w) was proved in [29]
for more general doubling weights. Generalizing it to more general weights
is not our goal in this work and the above inequality is sufficient for our
considerations.

Taking the boundedness of the linear operators f +— S, (-, f) and f — f
in L,y(T,w) into account [17, 18] and using the method of proof of Lemma 1,
one can show that

(15) 1S Allzare) < lfllp@eys 1w < el @

and as a corollary we obtain

(16) Hf - Sn(v f)HLM(']I‘,w) < CEn(f)M,wa En(f)M,w < CEn(f)M,wa

where fis the conjugate function of f € Ly/(T,w).
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LEMMA 4. Let Ly (T,w) have Boyd indices 0 < apy < By < 1. If w €
A jan (T) N Ay, (T), then the class of trigonometric polynomials is dense
in Ly (T,w).

Proof. Let Ly (T) be an Orlicz space with 0 < ap < By < 1. Then
Ly (T) is reflexive. On the other hand, from the method of proof of Theorem
4.5 in [24] and Lemma 4.2 in [22], it can be deduced that the conditions w €
A jay (T)andw € Ay /g, (T) imply that w € Ly(T) and 1/w € Ln(T). Then
the space Ly (T,w) is also reflexive [25, Corollary 2.8] and by Lemmas 1.2
and 1.3 in [23] the class C(T) of continuous functions is dense in L/ (T, w).

Let f € Ly(T,w) and € > 0. Since C(T) is dense in Ly (T,w), there is
a continuous function fy such that
(17) 1f = follLyr(rw) < e

By the Weierstrass theorem, there exists a trigonometric polynomial Ty such
that
|fo(x) —To(z)] <e, ze€T.

Using this and formulas (3), (5) and the Holder inequality we get
1fo = Toll Ly (1) = [I(fo — To)wll Ly (m)

= sup{{ 1o(0) ~ Roele(o)lg@)l s < lolcn < 1)

< esup{ [ w(@)lg(@)] dz : gl r) < 1}
T

< esup{[|wllz,, 97y 19170 < 1} < ellwllzy m.
which by (17) yields
1f = Tollprw) < IIf = follyrw) + 1fo = Tollpy(rw) < X+ [[wllz,,cm)e;
and the assertion is proved. m

COROLLARY 4. Let Ly(T,w) have Boyd indices 0 < apr < Sy < 1. If
w € Aya,, (T)N Ayp,,(T), then the Fourier series of f € Ly(T,w) con-
verges to f in the norm of Ly(T,w).

Proof. By Lemma 4 we have E,(f)amw — 0 (n — o00) and then the
assertion follows from (16). =

LEMMA 5. If w € Aj/q,,(T) N Ay, (T) and f € Wi (T,w), then
D100, f) < 6”25 56, f7), k=1,2,...,
with some constant ¢ independent of 6.

Proof. Consider the function
k

g(x) == H(I —op,) f(2).

1=2
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Then g € W2, (T,w) and
k k

(I = on)g(@) = (T - ahl>(r[2<f —on)f(@)) = [0 - e)sta).
Hence
k 1 h1
[ = on) (@) = g(z) — o, (2) = g(x) — T | g(z+1)at
i=1 1 . —hi
= o _§u l9(x) — g(z +1)]d
1M
=~ §H lg(x + 1) — 2g(x) + gl — t)] dt
1 hit u
T § éjug"(x+s)dsdudt.

Now, according to (1), (5) and Fubini’s theorem and moving the supremum
under the integral sign we have

i

k 1 hit u
Hil_[l(lg’”)f‘ La(Tw) 8_hl‘ éésug (+s) deUdt‘ Lar(Tw)

1 hit u

= —SupS SS S g (z+s) dsdudt‘w(x)|l(:r)|d:v
8 00

<1 g[hﬁ § (o + 5) ds| du de|w (@)1 (2)] d

- 8l p’JT 00 —ug '
1 hit u

= gy, S (S) (S)LST _Sug"(m + s) ds|w(x)|l(z)| dx} du dt
1 hit u

< 8 S Hsups S g"(x + s)ds w(x)|l(x)]dm} du dt
an

o "

~ 8hy (S) §)H_§ gl +s) ds‘ Lae(T) B F

—1h1t21u” d du dt

_8_h1§)§ " ﬂ_sug L e)ds ey

where the suprema are taken over all I € Ly(T) with ||I||* Iy(r) < 1. Taking
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into account the boundedness of o, we see that

k 1 hl t
= ‘ =\ )2ulloug” du dt
HH( Lar(Tw) 8h1 (S)(SJ loug HLM(T,w)
hit
! 4 AT
< e g V20l ey o dudt = chF g1, 0
00

On the other hand, ¢” = Hfzz(l — op,)f"” by the definitions of g and oy, .
Then from the last inequality we conclude that

Qr,(8,f) = sup HH — on,) f‘

20 M
< sup chillg"[|L, (Tw)
0<hi<s 11523 L (Tw) 0<hi§6
1<i<k 1<i<k

=625 L6, 1) m

0<h; <6 Ly (Tw)

2<i<k

k
~eit s | TTU-en)s”
i=2

COROLLARY 5. If f € W2K(T,w), then

D100, 1) < [ FE Iy (n)
with some constant ¢ independent of ¢.
For f € Ly(T,w) and § > 0, the K-functional is defined as
K0, f; L (T, w), Wi (T, w))
= nf{|[f = Gl ) + 10 Ly : ¥ € Wig(T,w)}.

THEOREM 8. Let Ly(T,w) be a weighted Orlicz space with Boyd indices
0<ay <fu <Ll Ifwe Ay, (T)N A g, (T), then for f € Ly(T,w)
and k=1,2,... the equivalence

(18) K (8%, f; Lar(T,w), Wif (T, w)) ~ 25,5, f)
holds, where the implied constants are independent of 9.

Proof. Let 1 be an arbitrary function in W2F(T,w). By (6) and Corol-
laries 3 and 5 we obtain

Q0. F) = 25 (0 f =+ 1) < 2% (0, f — ) + 2%, (5,9)
<allf =Yloy e + 0252k||¢(2k)||LM(T,w)-

If we take the infimum over all ¢ € W2F(T,w), then by definition of the
K-functional we get

281,08, f) < K (8%, f; Ly (T, w), Wi (T, w)).
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For the proof of the reverse estimate consider an operator Ls on Ly, (T,w)
given by

du t
(Lsf)(x) = HS (r+s)dsdtdu, x=€T.
00—
Then
d2
g2 (Lef) = _(I— os)f
and hence
a2k c
(19) WLI(;:W(I—U&)IC, k=1,2,....

The operator Ls is bounded in Ljs(T,w). Indeed, applying Minkowski’s
inequality and the boundedness of o, in Ly (T,w) we get

3 bu t
1Ls 1l ray < ggg | Tre+9 dsHLM(M dt du

du
3
53852tuatfuLM ry dt du

du

3
e 5l flLasre) | § 2t dt du = c| 1Ly (-
00

Define another operator Alg’ by
AR =T — (I - LY.
Then A% f € W2(T,w) for f € Ly(T,w) and furthermore, by (19),

d2k 2k

LM(T,(.«))

da2k 6f d 2kL5f

LM(T,w)
¢ k
= 5@”(1— 05)" Fll Ly (7,0)-
This inequality and the definition of Qﬂw(é, f) yield

d?*
(20) 62k dx2k A(Sf < C‘Q]ITLUJ((S’ f)

L]W (T,w)

Since

k—
I—LEk=(1- L(;Z
7=0



160 D. M. Israfilov and A. Guven

and Lg is bounded in L/ (T,w), we have

1= g lsre = | ( kiéLf;) (I - L«S)gHLW
-

< cll(I = Ls)gll L ()

du t
3
=c 5—3“ S[g—g(~+s)]dsdtdu
00—t L (Tw)
3c oY 1 ¢
< = QtH— lg—g(-+s)]ds dt du
manler e

3c
53SS2t||( = 00)9 Ly (70) dt du
2 du
< 5—3 Sup ||(1 _O't)gHLM(TW)SSQtdtdu
00
=c sup H( —01)9l Lar(Tw)
0<t<é

for every g € Ly (T,w). Applying this inequality k& times in
I1f = A5 Fll () = I = LY fllpys ey = 12 = LEYT = L fllp ()

we obtain

1f=AF Fllpagere) < e sup ([(T—ou)(I = LE " flloy )
0<t1<d

<cy sup sup ||(I—o0¢,)(I —o0u,)(I = LY 2 flln0rw)
0<t1 <6 0<t2<d

k

<. <e sw [T -0,/
0<tj§6 1_‘[1 !
1<5<k

=% (5, f).
Lag(Tow) c M,w( f)

Since AXf € W2F(T,w), from the last inequality, (20) and the definition
of the K-functional, we conclude that

K(52k7 f; LM(va)v W]%f(’]rv w))

< ”f A f”LM Tw)+5 chﬂ,w(&f)v

Ly (Tw)

d 2k f
which gives the reverse estimate and completes the proof. =

3. Proofs of the theorems

Proof of Theorem 1. Let y 3 (ay cos kx+by sin kx) be the Fourier series
of f and Sy (z, f) be its nth partial sum, i.e.,
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n

Sp(z, f) = Z(ak cos kx + by sinkx).
k=0

It is known that the conjugate function fv has the Fourier expansion

o

Z(ak sin kx — by cos kx).
k=1
If we set
Ag(z, f) := ag cos kx + by sin kzx,

then by Corollary 4 we have

k=0

in the norm of L/ (T,w). Since for k =1,2,...,
Ag(z, f) = ay cos kx + b sin kz

—akcosk:(m—i—E — E) +bksmk<m+ﬂ _ E)

2k 2k 2k 2k
rmrT rTo T
= akCOS(k~T + 5 7) + kaHl(k.%’ + > 7)

rmw roe roe\ . rw
= ay, [COS (k:ac + 7) cos 5 + sin <k:c + 7) sin 7]
+ by, {sin <k:x + %) cos % — cos <l<:1: + %) sin %}
T
—cosg{akcosk(x—i- Zk) —i—bksmk<x+ 2]{:)}
rmw
+ 51n?[ak51nk<x+ 2k> —bkcosk‘<:n+ 2k>]

rw 0
—Ak(x—f—ﬁ,f)cos——f—flk(x—k ,f>s1n?

and

we get

Ap(x, f7) = k" Ay, <m+ ,f>
xr+ —

D Aw(x, f) = Ao(x, f)+cos—ZAk<
k=0
+sin%;Ak<x+;—Z,f>

=)
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e 1, T
:Ao(x’f)jLCOS?ZT_kT Ak<x+ﬁ,f>

k=1
. T s k iy
+ sm72T—r Ak<x+ ,f)
k=1
e 1 " T 1 ~r
= Ao(z, f) + cos > Z % Ap(z, f) + sin > Z x Ag(z, f)
k=1 k=1
Then
f@) = Su(z, f)= > Ap(x, f)
k=n+1
o= 1 . B N ~r
= cos Z r—kAk(x,f( ) +sin— Z x Ap(z, f1).
k=n+1 k=n+1
Taking into account that
— 1 — 1
D1 A0S = 3T 1Sk 1) = Sia (6, £)]
k=n+1 k=n+1

—AISk(0, £) = FO0)] ~ (8110, £) = SO O]}

)
>
k=n+1
)
2

- i_; (r)y _ p(r)
k:nH(kﬂ" <k+1>r>[5k<97f ) = )]
and
N r s 1 1 0 .
EHFAM s k:zﬂ<k_ R 1>T>[Sk<9’f( DEFII0)
GO ) = FO )

by (16) we have

1
Hf—Sn(‘af)HLM(T,w) (k;_ B
k=n+1

)usk(-, F9) = FOl L r

+

( ||S ( )) _f(T)HLM(T,w)

1

+1)

> 1 . _

Z ( m)rskc,f‘”)—fmyLM(m
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1 ~ ~
S . fr)y _ ¢
" (n+1)" 15 £7) = PN 2 ro)

(11 (r) _ (r)
< Cl{k:zn;_l(kr (]C T 1)T)Ek(f )M,w + (n T 1)7“ En(f )M,w}

raf 3 (- g )BT e+ e BT

k=n+1

Since the sequence {E,(f)as.} is decreasing, using (16), we finally con-
clude that

Hf_STL('vf)”LM(T,w)
) = /1 1 1
S ClEn(f )M,w{ Z (H - (k‘ T 1)r> + (n+ 1)r}

k=n+1
mwed & (5~ @1r) o)
+e2En(f)u, k;m woGe ) Ty
< esEn(fY")u, k:zn;rl Py +(n—|—1)’" ("),
_ 2 (r)
= g1y T e

Since En(f)mw < IIf = Sn(, f)llLy(Tw), this gives (8) and completes the
proof of Theorem 1. m

COROLLARY 6. For f € W}, (T,w) the inequality

c
E(f)mw < m

holds with a constant c independent of n.

Hf(r)HL]v[(T,w)

Proof of Theorem 2. Let ¢ € W2 (T,w). Then by subadditivity of the
best approximation and Corollary 6, we have

En(f)M,w = En(f - 1/} + w)M,w < En(f - w)M,w + En(l/})M,w
1 2k
< {17 = Vllamar + gy O lrarn
Since this inequality holds for every ¢ € WF(T,w), by the definition of the
K-functional we get

En(f)M,w < CK( ! 2k7f;LM(T7w)7W]%4k(T7w)>'

(n+1)
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According to Theorem 8, this implies

1
En(f)M,w S CQJI{\:LW <n—H’ f>7

which completes the proof. m

Proof of Theorem 3. Let Y22 7j( f)e¥* be the exponential Fourier
series of the boundary function of f, and S, (z, f) be its nth partial sum,
i.e.,

n ..
Sn(x, f) = D w(He’.

j=-n
Then for f € Hi(D), by Theorem 3.4 in [12] we have

aj(f), 7=>0,
0, j<o.

0w =1

Let T¥ € II, be the polynomial of best approximation to f € Ly (T,w).
Then (15) and Theorem 2 for every natural number n yield

W@—gwmﬂmmxﬂmﬂ—gwmww

= Hf - Sn(‘af)”LM(T,w) = ||f - T;lk +T: - Sn(‘af)HLM('JT,w)
SN = Tollnarrw) + 1Sn (T — Nl L (Tw)

L (T,w)

* 1
< CHf - TnHLM(T,w) = CEn(f)M,w < CQJI&,w<n—H)f>' L]

Proof of Theorem /. Let f € Ly(T,w) and let T,, € IT, (n =0,1,2,...)
be the polynomial of best approximation to f.

Let also n be a natural number and ¢ := 1/n. By the subadditivity of
QJI?/[ w(57 ')7

(21) 10 (8, 1) < 1,(8, f = Togen) + 257,(8, Tos 1)
for any j =1,2,..., and by Corollary 3,

(22) Q0 (0, f = Toier) < erllf — Toier || 1y (1) = €1 Egier (f) aro-

Using Corollary 5 and Lemma 3, and noting that the sequence {E,(f)aw}
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of best approximations is decreasing we get

“QMw(6 T23+1) < 6252kH 23+1HLM (T,w)

2k) 2k) 2k) 2k
< et [T = Ty + Z 172 = T )
=0

< 035%{”73 Toll Lps (T +Z2(Z+1 | Tyier = Toi |l Ly (10 }
=0

J
< 635%{1?1 )t + Eo(Farw + > 202 By (f)are + Egi(f)M,w)}
i=0

J
< C4 k E() M,w + Z Q(H—l)QkEQi(f)M,w}

a2
{

J
= 40 Bo(Hmrw + 22 B1(f)are + Z Q(ZH)%Ezi(f)M,w}-

i=1

Since
90
(23) Q(HU%Egi(f)M,w < otk Z m2k71Em(f)Mw
m=2t"141
for ¢ > 1, the last inequality yields
(24)  £25;,(8, Tym+1)
27
< 0452k{E0(f)M,w + 22 By (F)ar + 2% Z m2r_1Em(f)M,w}
m=2

27
< 6552k{E0(f)M,w + ) mz’"_lEm(f)M,w}-
m=1

Selecting j such that 2/ < n < 2/*1 from (23) we have

20402 By (Par _ 209 By (Fa

E2j+1(f)M,w = 2(j+1)2k = an ’
24k z 2k—1
S o Z m= B (f) Mw
m=27—"141

Now combining (21), (22), (24) and the last relation we obtain the inequality
(11) of Theorem 4. m
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Proof of Theorem 5. For the polynomials of best approximation we ob-
tain

(25) 1 Toitr — Toill ppy (o) < T2t = flloyrw) + 1f = Toill Ly (r )
= Egit1 (f)M,w + Eoi (f) Mw
< 2By (f) s < 202 By (f) it
and hence using the Bernstein inequality (14) we have
260) 1T = T nasrey < 6620 Ty = Tyl m)
< 072(H1)2TE2i(f)M,w-

Now recalling the definition (7) of the norm in W37 (T,w) and by (25),
(26) and (23) we get

oo
D Ty — Toillwar (r.w)
i=1

E'qg

2
1 Toit1 — Toi|| £ py (7o) + Z ||T21+1 TQ(i T)HW]%}"('JT,w)
=1

2 V2 B (F)arw + cr Z 2002 B (f)
1 =1

0o 00 20
=cg Z 2(i+1)2rE2i (f)M,w < 08247" Z( Z m2r71Em(f)M,w>

i=1 i=1 m=2i—141

@
Il
—

&

)

oo

which by the condition (12) of Theorem 5 implies that

o
Z [Tyi+1 = Toillwzr (rw) < 00
i=1
and hence
| T5it1 — TQiHW]%}(’JT,w) —0 asn— oo.
This means that {T5 } is a Cauchy sequence in W2r (T, w). Since Th: — f in
Ly (T,w) and W37 (T,w) is a Banach space we have f € W2I (T,w). u
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