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On joint spetral radii in loally onvex algebrasby
Andrzej Sołtysiak (Pozna«)Abstrat. We present several notions of joint spetral radius of mutually ommutingelements of a loally onvex algebra and prove that all of them yield the same value inase the algebra is pseudo-omplete. This generalizes a result proved by the author in1993 for elements of a Banah algebra.1. Notation and de�nitions. The term loally onvex algebra will al-ways mean a Hausdor� loally onvex spae over the omplex �eld C whihis a linear assoiative algebra with jointly ontinuous multipliation. We as-sume that a loally onvex algebra A has a unit e. The topology of A anbe given by a family P of seminorms whih satisfy the following onditions(see [7℄):(i) for every p ∈ P there exists q ∈ P suh that for all a, b ∈ A,

p(ab) ≤ q(a)q(b);(ii) for every p1, . . . , pn ∈ P there exists q ∈ P suh that for all a ∈ A,
max{p1(a), . . . , pn(a)} ≤ q(a);(iii) p(e) = 1 for all p ∈ P.For onveniene of the reader we reall some basi fats from the spetraltheory of loally onvex algebras as introdued by G. R. Allan in [1℄.Let A be a loally onvex algebra. An element a ∈ A is bounded if thereexists a non-zero omplex number λ suh that the set {(λa)n : n = 1, 2, . . .}is a bounded subset of A or, what is the same, (λa)n → 0 as n → ∞. Wedenote by Ab the set of all bounded elements of the algebra A. An importantrole in this theory is played by the radius of boundedness β(a) of an element

a de�ned by the formula
β(a) = inf{λ > 0: (λ−1a)n → 0 as n → ∞},2000 Mathematis Subjet Classi�ation: Primary 46H05, 46J05; Seondary 46H30.Key words and phrases: joint spetral radius, loally onvex algebra, bounded element.[73℄



74 A. Soªtysiakwhere as usual inf ∅ = +∞. Clearly a ∈ Ab if and only if β(a) < ∞. Moreoverfor eah a ∈ A and every non-negative integer n,(1) β(an) = β(a)n(see [10℄). Hene an element a is bounded if and only if an is bounded forall n. For bounded and ommuting elements a and b we have(2) β(ab) ≤ β(a)β(b).Let B denote the family of all subsets B of A suh that(i) B is absolutely onvex and B2 ⊂ B,(ii) B is bounded and losed,(iii) e ∈ B.For eah B ∈ B let A(B) denote the subalgebra of A generated by B, i.e.
A(B) = {λa : λ ∈ C, a ∈ B}.

A(B) is a normed algebra with the norm de�ned by
‖a‖B = inf{λ > 0: a ∈ λB}.The loally onvex algebra A is pseudo-omplete if eah of the normed al-gebras A(B) (B ∈ B) with the norm ‖ · ‖B is a Banah algebra. Notiethat pseudo-ompleteness is weaker than ompleteness or even sequentialompleteness (f. [1, Prop. 2.6℄). It is known (see [1, Cor. 2.11℄) that if thealgebra A is ommutative and pseudo-omplete then Ab is a subalgebra of A.Let A be a loally onvex algebra and let a ∈ A. The Allan spetrum of

a in A, denoted by σA
b (a), or simply by σb(a), is the subset of the extendedomplex plane C = C ∪∞ de�ned in the following way:(i) if λ 6= ∞, then λ ∈ σb(a) if λe − a has no inverse in Ab;(ii) ∞ ∈ σb(a) if and only if a 6∈ Ab.The spetral radius of a, rA(a) or simply r(a), is de�ned by

r(a) = sup{|λ| : λ ∈ σb(a)},where |∞| = ∞.It is well known (see [1, Cor. 3.9 and Thm. 3.12℄) that for an element aof a loally onvex algebra A we have σb(a) 6= ∅ and β(a) ≤ r(a). Moreover,if A is pseudo-omplete then σb(a) is losed (in C) and(3) β(a) = r(a).From (3) it follows that the spetral radius of an element a of a pseudo-omplete loally onvex algebra A does not depend upon the algebra, i.e. itstays the same in any (losed and unital) subalgebra of A ontaining a.Notie that (1) and (3) also imply that r(an) = r(a)n for every element
a of suh an algebra and eah non-negative integer n. From (2) and (3) weget r(ab) ≤ r(a)r(b) for bounded and ommuting elements a and b in A.



Joint spetral radii 75We also need the notion of joint spetrum of elements in Ab. Let A be aommutative loally onvex algebra and let a = (a1, . . . , an) be an n-tuple ofelements of Ab. The joint spetrum of this tuple is de�ned as follows (f. [2℄):
σAb

(a) =σb(a) =σb(a1, . . . , an) =
{
(λ1, . . . , λn)∈C

n : e 6∈
n∑

j=1

(λje − aj)Ab

}
.Notie that for a single element a ∈ Ab this notion oinides with the Allanspetrum of a.It follows from [1, Lemma 6.6℄ (f. also [2℄) that for any n-tuple a =

(a1, . . . , an) of bounded elements in a ommutative pseudo-omplete loallyonvex algebra A,(4) σb(a) = {(ϕ(a1), . . . ϕ(an)) : ϕ ∈ M(Ab)},where M(Ab) denotes the set of all non-zero multipliative linear funtionalson the algebra Ab.From (4) it follows that the joint spetrum σb(a1, . . . , an) has the spetralmapping property on Ab with respet to polynomials, i.e.
σb(w(a1, . . . , an)) = w(σb(a1, . . . , an)),where w = (w1, . . . , wm) is an arbitrary m-tuple of polynomials over C in nindeterminates.If a = (a1, . . . , an) is an n-tuple of elements of a loally onvex algebra

A, then A(a1, . . . , an), or brie�y A(a), is the unital algebra generated bythese elements, i.e. A(a) is the smallest losed subalgebra of A ontaining
a1, . . . , an and the unit. If A is pseudo-omplete then so is A(a). Notie that
A(a)b = Ab ∩A(a). The algebra A(a) is ommutative if the elements aj arepairwise ommuting. Let a = (a1, . . . , an) be an n-tuple of mutually om-muting bounded elements of a loally onvex algebra A. Let σ̂(a) denote thejoint spetrum of a = (a1, . . . , an) in the algebra A(a), i.e. σ̂(a) = σ

A(a)
b (a).If A is pseudo-omplete we have(5) σ̂(a) = {(ϕ(a1), . . . , ϕ(an)) : ϕ ∈ M(A(a)b)}.2. Spetral radius and joint spetral radius. Let us reall severalnotions of spetral radius (see [3℄, [16℄) in loally onvex algebras.Let A be a loally onvex algebra and let a ∈ A. Consider the followingformulas:

r̂(a) = sup{lim sup
n→∞

p(an)1/n : p ∈ P},

r′(a) = sup{lim sup
n→∞

|f(an)|1/n : f ∈ A′},where A′ denotes the dual spae of A.



76 A. SoªtysiakIt is well known that r̂(a) = r′(a) = β(a) (see [1, Prop. 2.18℄) and more-over, if the algebra A is pseudo-omplete, then in view of (3),(6) r̂(a) = r′(a) = β(a) = r(a).Remark 1. W. �elazko in [16℄ proposed another de�nition of spetrumof an element of a loally onvex onvex algebra. Namely, let
σ(a) = {λ ∈ C : λe − a has no inverse in A},

σd(a) = {λ0 ∈ C : (λe − a)−1 is disontinuous at λ = λ0},

σ∞(a) =

{
{∞} if and only if (e − λa)−1 is disontinuous at λ = 0,
∅ otherwise.The extended spetrum of a is the set

Σ(a) = σ(a) ∪ σd(a) ∪ σ∞(a)and the extended spetral radius of a is
R(a) = sup{|λ| : λ ∈ Σ(a)}.The Allan spetrum σb(a) need not oinide with the extended spetrum

Σ(a). However, �elazko proved that r̂(a) = r′(a) = R(a) in a ompleteloally onvex algebra (f. [16℄; in fat it is enough to assume that the alge-bra is sequentially omplete). Therefore if a is an element of a sequentiallyomplete loally onvex algebra A, then
r̂(a) = r′(a) = β(a) = r(a) = R(a).The notion of spetral radius an be generalized to the ase of a �niteor bounded set of elements (see [4℄�[6℄, [8℄, [11℄�[15℄). We onentrate on thease of a �nite set of ommuting elements in order to keep links between jointspetral radius and joint spetrum. Let us reall the de�nitions of joint spe-tral radii used in the theory of Banah algebras. Let A be a Banah algebraand let a = (a1, . . . , an) be an n-tuple of pairwise ommuting elements of A.The geometri joint spetral radius of a, r(a), is de�ned as follows (see [5℄):

r(a) = sup{|λ|∞ : (λ1, . . . , λn) ∈ σH(a)},where |λ|∞ = max{|λj| : j = 1, . . . , n} and σH(a) denotes the Harte spe-trum of the elements a1, . . . , an. In fat, the Harte spetrum an be replaedby any other �reasonable� joint spetrum (f. [5℄, [9, Prop. 2, p. 288℄, and[14℄). The Rota�Strang joint spetral radius of a is de�ned as (see [12℄)
r̂(a) = lim

s→∞
max
|α|=s

‖aα1

1 · · · aαn

n ‖1/s,where α = (α1, . . . , αn) ∈ Z
n
+, |α| = α1 + · · · + αn, and ‖ · ‖ stands for thenorm of the algebra A. The Berger�Wang joint spetral radius is de�ned as(see [4℄)

r∗(a) = lim
s→∞

max
|α|=s

r(aα1

1 · · · aαn

n )1/s.



Joint spetral radii 77It was shown in [15℄ (f. also [9, Thm. 5, p. 290℄) that if a = (a1, . . . , an) isa ommuting n-tuple of elements of a Banah algebra A, then
r(a) = r∗(a) = r̂(a).Moreover, in [6℄ E. Yu. Emel'yanov and Z. Eran proved that all these radiiare equal to

r′(a) = sup{lim sup
s→∞

max
|α|=s

|f(aα1

1 · · · aαn

n )|1/s : f ∈ A′}.We propose the following generalizations of these formulas to the ase ofa loally onvex algebra.Definition. Let A be a loally onvex algebra and let a = (a1, . . . , an)be an n-tuple of mutually ommuting elements of A. De�ne
r(a) =

{
sup{|λ|∞ : (λ1, . . . , λn) ∈ σ̂(a)} if aj ∈ Ab for j = 1, . . . , n,

∞ otherwise;
r∗(a) = lim sup

s→∞
max
|α|=s

r(aα1

1 . . . aαn

n )1/s;

r̂(a) = sup{lim sup
s→∞

max
|α|=s

p(aα1

1 . . . aαn

n )1/s : p ∈ P};

r′(a) = sup{lim sup
s→∞

max
|α|=s

|f(aα1

1 . . . aαn

n )|1/s : f ∈ A′}.Remark 2. If the algebra A is pseudo-omplete, then the upper limitin the de�nition of r∗(a) an be replaed by the limit. To show this let
a = (a1, . . . , an) be an n-tuple of mutually ommuting elements of a loallyonvex pseudo-omplete algebra A. If all elements aj (j = 1, . . . , n) arebounded, then submultipliativity of the spetral radius for bounded andommuting elements implies

max
|α|=s+t

r(aα1

1 · · · aαn

n ) ≤ max
|µ|=s

r(aµ1

1 · · · aµn

n ) max
|ν|=t

r(aν1

1 · · · aνn

n )and by the standard tehnique (see e.g. [9, Lemma 21, p. 8℄) the limit of
max|α|=s r(aα1

1 . . . aαn

n )1/s exists.If the n-tuple a = (a1, . . . , an) ontains at least one unbounded element,say aj , then by (1) all of its powers as
j are unbounded and so r(as

j) = ∞ forall s. Sine
max
|α|=s

r(aα1

1 . . . aαn

n ) ≥ r(as
j)it follows that the limit of max|α|=s r(aα1

1 . . . aαn

n )1/s is ∞.Remark 3. In the de�nition of r̂(a) one an replae P by the set of allontinuous seminorms on A. This will not hange the value of r̂(a).



78 A. Soªtysiak3. Main resultTheorem. Let A be a pseudo-omplete loally onvex algebra and let
a = (a1, . . . , an) be an n-tuple of mutually ommuting elements of A. Then(7) r(a) = max

j=1,...,n
r(aj) = max

j=1,...,n
β(aj) = r∗(a) = r′(a) = r̂(a).Proof. Notie �rst that if aj 6∈ Ab for some j (j = 1, . . . , n), then in viewof (1), as

j 6∈ Ab for every positive integer s and by (6) we have
r(as

j) = β(as
j) = r̂(as

j) = r′(as
j) = ∞.This implies that all expressions in (7) are equal to ∞.From now on we assume that a1, . . . , an ∈ Ab. Let j ∈ {1, . . . , n}. Therelations

r(aj)
s = r(as

j) ≤ max
|α|=s

r(aα1

1 · · · aαn

n )imply(8) max
j=1,...,n

r(aj) ≤ r∗(a1, . . . , an).Let α = (α1, . . . , αn) be a multi-index with |α| = s. Sine
r(aα1

1 · · · aαn

n ) ≤ r(a1)
α1 · · · r(an)αn ≤ max

j=1,...,n
r(aj)

s,we have(9) r∗(a1, . . . , an) ≤ max
j=1,...,n

r(aj).From (3), (8), and (9) we obtain(10) max
j=1,...,n

r(aj) = max
j=1,...,n

β(aj) = r∗(a1, . . . , an).Now we prove that(11) r(a1, . . . , an) = r∗(a1, . . . , an).If λ = (λ1, . . . , λn) ∈ σ̂(a1, . . . , an), then λj ∈ σ
A(a)
b (aj) by (5). Therefore

|λj | ≤ r(aj) and
|λ|∞ = max

j=1,...,n
|λj | ≤ max

j=1,...,n
r(aj) = r∗(a1, . . . , an).Consequently,(12) r(a1, . . . , an) ≤ r∗(a1, . . . , an).Let α = (α1, . . . , αn) be a multi-index with |α| = s. The spetral mappingproperty of σ

A(a)
b implies that

σ
A(a)
b (aα1

1 · · · aαn

n ) = w(σ
A(a)
b (a1, . . . , an)) = w(σ̂(a1, . . . , an)),where w is the polynomial w(z1, . . . , zn) = zα1

1 · · · zαn

n . Take any λ ∈
σA(a)(aα1

1 · · · aαn

n ). There exists µ = (µ1, . . . , µn) ∈ σ̂(a1, . . . , an) suh that



Joint spetral radii 79
λ = µα1

1 · · ·µαn

n . We have
|λ| = |µ1|

α1 · · · |µn|
αn ≤ |µ|s∞ ≤ r(a1, . . . , an)s.Sine λ was an arbitrary element of σ

A(a)
b (aα1

1 · · · aαn

n ) we get
r(aα1

1 · · · aαn

n ) ≤ r(a1, . . . , an)sand �nally(13) r∗(a1, . . . , an) = lim
s→∞

max
|α|=s

r(aα1

1 · · · aαn

n )1/s ≤ r(a1, . . . , an).Equality (11) follows from (12) and (13).The next step in the proof is the inequality(14) r̂(a1, . . . , an) ≤ r∗(a1, . . . , an).Notie �rst that it is enough to prove that(15) r∗(a1, . . . , an) < 1 ⇒ r̂(a1, . . . , an) ≤ 1.Indeed, if we take an ε > 0 and the elements bj = (r∗(a1, . . . , an) + ε)−1aj

(j = 1, . . . , n), then r∗(b1, . . . , bn) < 1 and hene by (15) we get r̂(b1, . . . , bn)
≤ 1. But

r̂(b1, . . . , bn) =
r̂(a1, . . . , an)

r∗(a1, . . . , an) + ε
,whih gives

r̂(a1, . . . , an) ≤ r∗(a1, . . . , an) + ε,and sine ε > 0 was arbitrary, (14) follows.Now we proeed to the proof of (15). Let r∗(a1, . . . , an) < 1. By (10) wehave β(aj) < 1 for j = 1, . . . , n. Therefore as
j → 0 as s → ∞. This impliesthat for every seminorm q̃ ∈ P there exists s0 = s0(q̃) suh that for every

s ≥ s0 and eah j = 1, . . . , n we have
q̃(as

j) < 1.Take any p ∈ P. There exists q ∈ P suh that for all x1, . . . , xn ∈ A,
p(x1 · · ·xn) ≤ q(x1) · · · q(xn).Thus for every multi-index α = (α1, . . . , αn) we have

p(aα1

1 · · · aαn

n ) ≤ q(aα1

1 ) · · · q(aαn

n ).Take q̃ ∈ P suh that
q(xy) ≤ q̃(x)q̃(y) for all x, y ∈ A.Set s0 = s0(q̃). Let αj = kjs0 + lj with kj, lj ∈ Z+ and 0 ≤ lj < s0, and let



80 A. Soªtysiak
Mj = max{1, q̃(aj), . . . , q̃(a

s0−1
j )} (j = 1, . . . , n). Then

p(aα1

1 · · · aαn

n ) ≤ q(aα1

1 ) · · · q(aαn

n )

≤ q̃(ak1s0

1 )q̃(al1
1 ) · · · q̃(akns0

n )q̃(aln
1 )

≤ M1 · · ·Mn = M.Consequently,
lim sup

s→∞
max
|α|=s

p(aα1

1 · · · aαn

n )1/s ≤ 1,whih gives r̂(a1, . . . , an) ≤ 1 and ompletes the proof of (15).Now we prove that(16) r′(a1, . . . , an) ≤ r̂(a1, . . . , an).For every f ∈ A′ there exist a onstant M > 0 and a seminorm p ∈ P suhthat
|f(x)| ≤ Mp(x) for all x ∈ A.Thus for eah multi-index α with |α| = s we have

|f(aα1

1 · · · aαn

n )|1/s ≤ M1/sp(aα1

1 · · · aαn

n )1/s.This implies
lim sup

s→∞
max
|α|=s

|f(aα1

1 · · · aαn

n )|1/s ≤ lim sup
s→∞

max
|α|=s

p(aα1

1 · · · aαn

n )1/s

≤ r̂(a1, . . . , an),whih gives (16).To onlude the proof we have to show(17) r∗(a1, . . . , an) ≤ r′(a1, . . . , an).Let λ > r′(a1, . . . , an). Notie that in view of (16), (14), and (10) suh a
λ exists. Take any f ∈ A′. Then there exists s0 suh that for every s ≥ s0and every multi-index α with |α| = s we have

|f(aα1

1 · · · aαn

n )|1/s < λ.In partiular for every j ∈ {1, . . . , n} and all s ≥ s0 we get
|f(as

j)|
1/s < λ.Hene

|f((λ−1aj)
s)| < 1.This implies that the sequene ((λ−1aj)

s)∞s=1 is weakly bounded, thereforebounded and λ ≥ β(aj). Finally,
λ ≥ max

j=1,...,n
β(aj) = r∗(a1, . . . , an).Sine λ > r′(a1, . . . , an) was arbitrary we get (17).



Joint spetral radii 81Remark 4. From the proof of the Theorem it follows that the equalities(18) max
j=1,...,n

β(aj) = r′(a) = r̂(a)hold true in any loally onvex algebra. Sine without the assumption of om-pleteness there is no satisfatory spetral theory for loally onvex algebrasone annot expet equalities in (7) in that ase.To see that (7) need not to be true in a non-omplete algebra it is enoughto onsider the algebra H(C) of entire funtions on the omplex plane withthe norm ‖f‖ = max{|f(z)| : |z| ≤ 1}. It is a ommutative normed algebrain whih
r(f) = max

j=1,...,n
r(fj) = r∗(f) = ∞for any n-tuple f = (f1, . . . , fn) ontaining a non-onstant funtion but (18)is �nite for suh an n-tuple.Remark 5. V. Müller ([8℄, [9℄) also onsidered formulas for the jointspetral radii of elements of a Banah algebra in whih the ℓ∞ norm in C

nis replaed by an ℓp norm (1 ≤ p < ∞).It is also possible to give analogous formulas in the loally onvex ase.We onjeture that a ounterpart of Müller's result ([8, Thm. 3℄) in a loallyonvex ase is also true.
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