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The bounded approximation property for the predualof the spae of bounded holomorphi mappingsbyErhan Çal�³kan (Istanbul)
Abstrat. When U is the open unit ball of a separable Banah spae E, we show that

G
∞(U), the predual of the spae of bounded holomorphi mappings on U , has the boundedapproximation property if and only if E has the bounded approximation property.1. Introdution. Let E and F be omplex Banah spaes, and let

L(E; F ) be the Banah spae of all ontinuous linear operators. Let 1 ≤
λ < ∞. A Banah spae E is said to have:

• the approximation property (AP for short) if given a ompat set K ⊂
E and ε > 0, there is a �nite rank operator T ∈ L(E; E) suh that
‖Tx − x‖ < ε for every x ∈ K;

• the λ-bounded approximation property (λ-BAP for short) if given aompat set K ⊂ E and ε > 0, there is a �nite rank operator T ∈
L(E; E) so that ‖T‖ ≤ λ and ‖Tx − x‖ < ε for every x ∈ K;

• the bounded approximation property (BAP for short) if it has the λ-BAP for some λ;
• the metri approximation property (MAP for short) if it has the 1-BAP.Clearly the BAP implies the AP. But the onverse is in general false. In [5℄Figiel and Johnson gave an example of a separable Banah spae with theAP whih fails to have the BAP. (See also Casazza [2℄.)Let U be an open subset of a Banah spae E, and let G∞(U) denotethe predual of the spae H∞(U) of all bounded holomorphi mappings on-struted by Mujia in [10℄. If U is a bounded balaned open subset of E thenMujia [10℄ proved that E has the AP (resp. MAP) if and only if G∞(U)has the AP (resp. MAP). In [1℄ the author proved that E has the ompatAP if and only if G∞(U) has the ompat AP.2000 Mathematis Subjet Classi�ation: 46G20, 46B28, 46G25, 46E50.Key words and phrases: Banah spaes, bounded approximation property, boundedholomorphi mappings. [225℄



226 E. Çal�³kanIn the present paper, we establish our notation and terminology in Se-tion 2, and in Setion 3 we give two basi results, one of whih haraterizesthe weakly ompatly generated Banah spaes with the BAP. In Setion 4we show that a Banah spae E has the λ-BAP if and only if eah m-homogeneous ontinuous Banah-valued polynomial on E of norm ≤ 1 anbe uniformly approximated on ompat sets by m-homogeneous �nite rankpolynomials of norm ≤ λm, for some 1 ≤ λ < ∞. In our main result we showthat a separable Banah spae E has the BAP if and only if G∞(U) has theBAP, where U is the open unit ball of E. This gives a partial solution for aproblem posed by Mujia in [10℄.I wish to thank Professor Jorge Mujia for many useful suggestions onthe exposition.2. Notation and terminology. The symbol C represents the �eld ofall omplex numbers, N the set of all positive integers, and N0 = N ∪ {0}.Unless stated otherwise E and F denote omplex Banah spaes. The letter
U denotes a nonvoid open subset of E, and UE is the open unit ball of E.The symbol Bλ

E , 1 ≤ λ < ∞, represents the subset of E onsisting of theelements of norm ≤ λ. We write BE instead of B1
E , the losed unit ball of E.The symbol τc denotes the ompat-open topology.Let L(E; F ) denote the Banah spae of all ontinuous linear operatorsfrom E into F . When F = C we write E′ instead of L(E; C).We denote by E ⊗ F the tensor produt of E and F .Let P(E; F ) denote the vetor spae of all ontinuous polynomials from

E into F , and P(mE; F ) the subspae of all m-homogeneous members of
P(E; F ). If F = C then we denote P(mE; C) by P(mE).A polynomial P ∈ P(mE; F ) is said to be of �nite type if it is a linearombination of funtions φm⊗y (φ ∈ E′, y ∈ F ), where φm⊗y(x) = φm(x)yfor all x ∈ E. Let Pf(

mE; F ) denote the subspae of all members of P(mE; F )whih are of �nite type, for every m ∈ N0.We denote by H∞(U ; F ) the Banah spae of all bounded holomorphimappings from U into F , with the supremum norm. When F = C we write
H∞(U) instead of H∞(U ; C).We refer to [3℄ or [9℄ for the properties of polynomials and holomorphimappings on in�nite-dimensional spaes, and to [7℄ for the theory of Banahspaes.3. The bounded approximation property in Banah spaes. Anoperator T in L(E; F ) is said to have a �nite rank if T (E) is �nite-dimen-sional. Observe that the subspae of all �nite rank operators T ∈ L(E; F )an be identi�ed with the spae E′ ⊗ F .



Bounded approximation property 227In [7, Theorem 1.e.4℄ Lindenstrauss and Tzafriri give a list of equivalentformulations of the AP for Banah spaes. The following analogous proposi-tion haraterizing spaes with the BAP an be proved easily (see also [2℄).Proposition 1. Let E be a Banah spae and 1 ≤ λ < ∞. The followingstatements are equivalent :(a) E has the λ-BAP.(b) BL(E;E) = Bλ
E′⊗E

τc .() For every Banah spae F , BL(F ;E) = Bλ
F ′⊗E

τc .(d) For every Banah spae F , BL(E;F ) = Bλ
E′⊗F

τc .(e) For every c > 0, every (xn)∞n=1 ⊂ E, and (x′
n)∞n=1 ⊂ E′ with
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∣
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≤ c for all T ∈Bλ
E′⊗E ,we have |

∑∞
n=1 x′

n(xn)| ≤ c.A ommon generalization of the notions of a re�exive and a separableBanah spae is given in the following de�nition.Definition 1. A Banah spae E is said to be weakly ompatly gener-ated (WCG for short) if there is a weakly ompat subset K of E suh that
E =

⋃∞
n=1 nK.For examples of WCG Banah spaes other than separable and re�exivespaes see [6℄.One an easily show that if E has the λ-BAP, 1 ≤ λ < ∞, then everyomplemented subspae of E with the projetion P has the λ‖P‖-BAP.Reall that a omplemented subspae of E is said to be 1-omplementedif the orresponding projetion has norm 1. Using Proposition 1 and [6,Theorem 2.1℄ we easily get the following haraterization of the BAP forWCG Banah spaes, whih we have not found in the literature.Corollary 1. Let E be a WCG Banah spae, and 1 ≤ λ < ∞. Thefollowing are equivalent :(a) E has the λ-BAP.(b) Every 1-omplemented subspae of E has the λ-BAP.() Every 1-omplemented separable subspae of E has the λ-BAP.One an also obtain results similar to Proposition 1 and Corollary 1 forthe bounded ompat approximation property (for the de�nition see [2℄).4. The bounded approximation property for the predual of thespae of bounded holomorphi mappings. In [13℄ Ryan onstruteda Banah spae Q(mE), m ∈ N, and a mapping δm ∈ P(mE; Q(mE))



228 E. Çal�³kanwith the following universal property: For eah Banah spae F and eah
P ∈ P(mE; F ), there is a unique operator TP ∈ L(Q(mE); F ) suh that
TP ◦ δm = P . The spae Q(mE) is de�ned as the losed subspae of all lin-ear funtionals v ∈ P(mE)′ suh that v|BP(mE)

is τc-ontinuous; it is alledthe predual of P(mE). (See also [11℄, or [10, Theorems 2.4 and 4.1℄.)The next result asserts that a Banah spae E has the BAP if and onlyif, for eah m ∈ N, Q(mE) has the BAP.Proposition 2. Let E be a Banah spae and let 1 ≤ λ < ∞. Thefollowing statements are equivalent :(a) E has the λ-BAP.(b) For eah Banah spae F and eah m ∈ N, BP(mE;F ) = Bλm

Pf (mE;F )

τc.() For eah m ∈ N, Q(mE) has the λm-BAP.Proof. The proof of (a)⇒(b) is standard while (b)⇒() is a onsequeneof [10, Theorem 2.4 and Proposition 3.1℄. Finally, ()⇒(a) follows from thefat that Q(1E) = E (see [10, p. 871℄).We note that the impliation (a)⇒() was stated in [10, p. 885℄ withoutproof.The spaeH∞(U) also has a predual. In [10℄ Mujia onstruted a Banahspae G∞(U) and a mapping δU ∈ H∞(U ; G∞(U)) with the following uni-versal property: For eah Banah spae F and eah mapping f ∈ H∞(U ; F ),there is a unique operator Tf ∈ L(G∞(U); F ) suh that Tf ◦ δU = f .The spae G∞(U) is de�ned as the losed subspae of all linear funtion-als u ∈ H∞(U)′ suh that u|BH∞(U)
is τc-ontinuous; it is alled the predualof H∞(U).Now it is natural to ask whether there is a result similar to Proposition 2for G∞(U) onerning the BAP. In fat, in [10℄ Mujia posed the followingproblem (see [10, 5.9 Problem℄): Does G∞(UE) have the BAP whenever Edoes? We have no answer to this question in general, but we give a positiveanswer if E is separable. First we give a general relation between E and

G∞(U) in onnetion with the BAP.If U is a bounded open subset of a Banah spae E, then by [10, Propo-sition 2.3℄, E is topologially isomorphi to a omplemented subspae of
G∞(U). In the following proposition P ∈ L(G∞(U); E) will indiate therelevant projetion.Proposition 3. Let U be an open subset of a Banah spae E and let
1 ≤ λ < ∞. Consider the following statements:(a) For eah Banah spae F , BH∞(U ;F ) = Bλ

H∞(U)⊗F

τc.(b) G∞(U) has the λ-BAP.() E has the λ‖P‖-BAP.



Bounded approximation property 229(d) For eah Banah spae F and for eah open subset V ⊂ F ,
BH∞(V ;E) = B

λ‖P‖
H∞(V )⊗E

τc

.(e) IU ∈ B
λ‖P‖
H∞(U)⊗E

τc .Then we always have the impliations (a)⇔(b) and ()⇒(d). If , in addition,
U is bounded then (b)⇒() and (d)⇒(). If U is the open unit ball then also(d)⇒(e).Proof. The equivalene (a)⇔(b) follows easily from Proposition 1 and[10, Theorem 2.1, Proposition 3.1 and Proposition 4.9℄, and ()⇒(d) followsfrom Proposition 1 and [10, Theorem 2.1, Corollary 4.10 and Proposition 3.1℄.If U is bounded, we get (b)⇒() from [10, Proposition 2.3℄. Now bymodifying an idea of Mujia [10, p. 883℄ we shall show that (d) implies ().From (d), by using, [10, Theorem 2.1, Proposition 3.1 and Corollary 4.10℄,we dedue that

BL(G∞(U);E) = B
λ‖P‖
G∞(U)′⊗E

τcfor every Banah spae F . Let A ∈ BL(F ;E) be given. By [10, Proposition2.3℄ there are operators S ∈ BL(F ;G∞(UF )) and S ∈ BL(G∞(UF );F ) suh that
T ◦ S(y) = y for every y ∈ F . Then A ◦ T ∈ BL(G∞(UF );E) and thereforethere is a net (Bα)α∈Λ ⊂ B

λ‖P‖
G∞(UF )′⊗E

whih onverges to A◦T for τc. Hene
(Bα ◦ S)α∈Λ ⊂ B

λ‖P‖
F ′⊗E and BαS → A ◦ T ◦ S = A for the topology τc. Thus,by Proposition 1, E has the λ‖P‖-BAP.Finally, if U is the open unit ball of E then (d)⇒(e) follows from the fatthat IU ∈ BH∞(U ;E).Note that, if U is a bounded open subset of a separable Banah spae

E whih has the AP, but does not have the BAP (see [5℄), then G∞(U) hasthe AP [10, Theorem 5.4℄, but does not have the BAP by Proposition 3. Wedo not know, in the preeding proposition, if the impliation ()⇒(b) is truefor any Banah spae E, i.e., whether or not G∞(U) has the BAP whenever
E does. As stated above, we have an a�rmative answer for E separable.Before proving this result we need some preparation.If E has a Shauder basis (en)∞n=1 then En := 〈e1, . . . , en〉 denotes thesubspae generated by e1, . . . , en, and Tn : E → En the anonial projetion,for eah n ∈ N. If U is an open subset of E then we set Un := U ∩ En foreah n ∈ N.The following lemma, due to Mujia [8℄, plays an important role in theproof of Theorem 1 (see also [4, Lemma 3.1℄).Lemma 1 ([8℄, [4℄). Let E be a Banah spae with a Shauder basis.Let U be a balaned onvex open subset of E. Then there are three inreas-



230 E. Çal�³kaning sequenes (An)∞n=1, (Bn)∞n=1 and (Cn)∞n=1 of open subsets of U with thefollowing properties:(a) Cn ⊂ Bn ⊂ An for every n, and ⋃∞
n=1 Cn = U .(b) Tn(An) ⊂ Un ⊂ An for every n.() Bj ∩ Un is a ompat subset of Aj ∩ Un for every j and n.(d) Tn(Cj) ⊂ Bj ∩ Un whenever n ≥ j.(e) For eah ompat subset K of U and balaned onvex open neighbor-hood of zero V in E suh that K + V ⊂ U , there exists n0 ∈ N suhthat K ⊂ Cn and Tn(x) ∈ x + V whenever x ∈ K and n ≥ n0.The proof of the following result was suggested to us by Professor JorgeMujia. This greatly simpli�ed our original proof.Theorem 1. Let E be a Banah spae with a monotone Shauder basis.Then H∞(UE)⊗F is sequentially dense in (H∞(UE ; F ), τc) for every Banahspae F .Proof. Let f ∈ H∞(UE ; F ) be given. We may assume, without loss ofgenerality, that ‖f‖ ≤ 1. Sine, by hypothesis, E has the MAP (see, for exam-ple, [7, p. 38℄), by [10, Proposition 5.7℄ we have BH∞(UE ;F ) = BH∞(UE)⊗F

τc .Hene, there exists a sequene (hn)∞n=1 ⊂ BH∞(UE)⊗F suh that
(∗) ‖hn(y) − f(y)‖ < 1/n for all y ∈ Bn ∩ Un.Sine ‖hn‖ ≤ 1 for every n, the sequene (hn)∞n=1 is equiontinuous (see [9,Proposition 9.15℄). It follows from (∗) that (hn(y))∞n=1 onverges to f(y) forevery y ∈ D =

⋃∞
n=1(Bn ∩ Un). As E has the MAP, it is easy to see that

D is dense in UE by Lemma 1. As (hn)∞n=1 is equiontinuous, it follows that
(hn(y))∞n=1 is a Cauhy sequene in F for every y ∈ UE (see the proof of [14,Theorem 3℄).De�ne h(y) = limhn(y) for every y ∈ UE . Sine (hn)∞n=1 is equiontinu-ous, h is ontinuous (see [9, Lemma 9.10℄). Sine h(y) = f(y) for every y ∈ D,and D is dense in UE , it follows that h(y) = f(y) for every y ∈ UE . Now,from equiontinuity of (hn)∞n=1, it follows that (hn)∞n=1 onverges to f uni-formly on ompat subsets of UE (see [9, Proposition 9.11℄). This ompletesthe proof.Using a result of Peªzy«ski we obtain the following stronger version ofthe previous theorem.Corollary 2. Let E be a separable Banah spae with the BAP. Then
H∞(UE) ⊗ F is sequentially dense in (H∞(UE ; F ), τc) for every Banahspae F .Proof. By a result of Peªzy«ski [12℄ there exists a Banah spae M witha Shauder basis, and a Banah spae N , suh that M = E ⊕ N . We mayassume that M has a monotone Shauder basis. Now, UE ⊕ N is an open



Bounded approximation property 231subset of E ⊕ N = M . Let σ : x ∈ UE 7→ x + 0 ∈ UE ⊕ N and let π :
x+y ∈ UE ⊕N 7→ x ∈ UE . If f ∈ H∞(UE ; F ), then f ◦π ∈ H∞(UE ⊕N ; F ).By Theorem 1 there exists a sequene (hn)∞n=1 ⊂ H∞(UE ⊕ N) ⊕ F whihonverges to f ◦ π in (H∞(UE ⊕ N ; F ), τc). Hene the sequene (hn ◦ σ)∞n=1lies in H∞(UE) ⊕ F , and onverges to f ◦ π ◦ σ = f in (H∞(UE ; F ), τc).To attain our main result we need the following proposition whih showsthat sequential onvergene on H∞(U ; F ) for the topology τc implies sequen-tial onvergene on L(G∞(U); F ) for the topology of pointwise onvergene.Proposition 4. Let U be an open subset of a Banah spae E and let
F be a Banah spae. If H∞(U)⊗F is sequentially dense in (H∞(U ; F ), τc),then for eah T ∈ L(G∞(U); F ) there exists a sequene (Tn)∞n=1 ⊂ G∞(U)′

⊗ F suh that Tn(u) → T (u) for every u ∈ G∞(U).Proof. Let T ∈ L(G∞(U); F ) be given. Then by [10, Theorem 2.1℄ thereexists a orresponding mapping f ∈ H∞(U ; F ) and hene, by hypothe-sis, there is a sequene (fn)∞n=1 ⊂ H∞(U) ⊗ F suh that fn → f for theompat-open topology τc. By [10, Theorem 2.1 and Proposition 3.1℄ thereis a orresponding sequene (Tfn
)∞n=1 ⊂ G∞(U)′ ⊗ F .We laim that Tfn

(u) → T (u) for every u ∈ G∞(U). Let u ∈ G∞(U)and ε > 0 be given. By [10, Corollary 4.12℄ there exist (αi)
∞
i=1 ⊂ l1 and

(xi)
∞
i=1 ⊂ U suh that u =

∑∞
i=1 αiδU (xi), where δU is the bounded holo-morphi mapping given in [10, Theorem 2.1℄ for whih Tfn

◦ δU = fn forevery n ∈ N, and T ◦ δU = f . Let m be any positive integer and onsider
um :=

∑m
i=1 αiδU (xi). Sine fn onverges to f for the topology τc, and (xi)

m
i=1is a ompat subset of U , there is an n0 ∈ N suh that

sup
1≤i≤m

‖fn(xi) − f(xi)‖ ≤
ε

m sup1≤i≤m |αi|for all n ≥ n0. Hene, for eah m ∈ N we get
‖Tfn

(um) − T (um)‖ =
∥

∥

∥

m
∑

i=1

αi(Tfn
(δU (xi)) − T (δU (xi)))

∥

∥

∥

≤
m

∑

i=1

|αi| ‖(Tfn
◦ δU (xi) − T ◦ δU (xi)‖

≤ sup
1≤i≤m

|αi|
m

∑

i=1

‖fn(xi) − f(xi)‖

≤ m sup
1≤i≤m

|αi|
ε

m sup1≤i≤m |αi|
= ε,for all n ≥ n0. Therefore

‖Tfn
(u) − T (u)‖ = lim

m→∞
‖Tfn

(um) − T (um)‖ ≤ εfor all n ≥ n0, whih ompletes the proof.



232 E. Çal�³kanNow from Corollary 2 and Proposition 4 we obtain our main result.Corollary 3. A separable Banah spae E has the BAP if and only if
G∞(UE) has the BAP.Proof. Let E be a separable Banah spae and suppose that E has theBAP. Let I be the identity mapping on G∞(UE). Then by Corollary 2 andProposition 4 there exists a sequene (Tn)∞n=1 ⊂ G∞(UE)′ ⊗ G∞(UE) suhthat Tn(u) → I(u) for every u ∈ G∞(UE). Sine G∞(UE) is also a separa-ble Banah spae (see [10, Remark 2.2℄), by a haraterization of the BAPfor separable Banah spaes (see, for example, [9, Theorem 27.4℄), we on-lude that G∞(UE) has the BAP. Sine the onverse impliation follows fromProposition 3, the proof is omplete.Hene, the above result provides a positive answer to the problem posedby Mujia in [10℄ in the ase of separable Banah spaes.
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