STUDIA MATHEMATICA 177 (3) (2006)

Irreducible Markov systems on Polish spaces
by

KATARZYNA HORBACZ and TomASsz SZAREK (Katowice)

Abstract. Contractive Markov systems on Polish spaces which arise from graph di-
rected constructions of iterated function systems with place dependent probabilities are
considered. It is shown that their stability may be studied using the concentrating meth-
ods developed by the second author [Dissert. Math. 415 (2003)]. In this way Werner’s
results obtained in a locally compact case [J. London Math. Soc. 71 (2005)] are extended
to a noncompact setting.

1. Introduction and notation. In [1] Barnsley et al. considered the
evolution of distributions due to the action of randomly chosen transforma-
tions—so-called iterated function systems with complete connections. In
their paper sufficient conditions for the existence of an invariant measure
and stability are formulated.

In [7] A. Lasota and J. Yorke generalized the results mentioned above.
The novelty of their study consists in the use of the lower bound technique
developed earlier for Markov operators acting on L' spaces.

Recently Werner [13, 14] has extended iterated function systems with
complete connections to a more general setting. Indeed, he has studied graph
directed constructions on locally compact spaces with an open partition (see
also [8]).

Barnsley et al. and Werner tackled the problem of the existence of an
invariant measure from the probabilistic point of view. In this paper we
aim to show that Werner’s result may be obtained by functional analysis
methods even in the general case of complete separable metric spaces. In fact,
Werner’s assumption looks somewhat restrictive. For instance it rules out a
lot of processes defined on function spaces. Such spaces appear not only when
one studies Markov systems generated by partial differential equations (see
for instance [6]) but also in random processes describing various phenomena
in physics and biology (see for instance [5]). Although there are a huge
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number of results on Markov processes associated with random iteration of
maps (see [2-4, 9-11]), none of our results is covered by the existing theory.
Let (K, d) be a complete and separable metric space. Assume that K =
Uj-vzl K, where K1, ..., Ky are such that inf{d(z,y) : € Ky,,y € K,} >0
for m # n. We denote by L°(K) the space of all bounded Borel measurable
functions f : K — R, and by C(K) the subspace of all bounded continuous
functions. These spaces are equipped with the supremum norm. Moreover,
P(K) denotes the space of all Borel probability measures on K.
For each j € {1,..., N}, let
wjl,...,UJij ZKj — K
be a family of Borel measurable maps such that for each m € {1,...,L;},
there exists n € {1,..., N} such that wj,,(K;) C K,. Furthermore, for each
je{l,...,N}, let
DPj1y--- ’ijj . Kj i [0, 1]
be a family of Borel measurable probability functions, that is, p;,, > 0 for
all j,m and Zﬁf:l pjm(x) =1 for all x € Kj.
Following Werner (see [11]) we call V' = {1,..., N} the set of vertices,
and the subsets K1, ..., Ky the vertex sets. Further, we call

E:{(j7nj):j€{17"'7N}7 nj€{17"‘7Lj}}
the set of edges and we write
Pe :=pjn and we:=wj;, fore=(j,n)ec k.

For an edge e € E we denote by i(e) the initial vertex of e, that is,
i(e) = j if and only if e = (j, k) for some k € {1,...,L;}. The terminal
vertezx t(e) for e = (j,n) € E is equal to k if and only if w(K;) C K.

We recall that the quadruple G = (V, E,1i,t) is called a directed multi-
graph or digraph. A sequence (finite or infinite) (..., e_1,eq, €1, ...) of edges
is called a path if t(ex) = i(eg41) for all k.

For every j € V we denote by [(j) the smallest number, say k, such that
there is a path (eq,...,ex) with i(e;) = j and t(ex) = j.

A path c = (e1,...,en) is called a cycleif i(e1) = t(em). A cycle is called
simple if it does not contain any other cycle. Let [(c) denote the length of c,
ie,l(c)=mifc=(e1,...,em).

We denote by [k1,. .., kar] the greatest common divisor of ky, ..., ka €N.

We call the family (Kj), We, pe)ece @ Markov system. A Markov system
is irreducible if and only if its directed graph is irreducible, that is, there is a
path from any vertex to any other. An irreducible Markov system is said to
have period p if the set of vertices can be partioned into p nonempty subsets
{h,..., 82, such that

i(e) € £2; = t(e) € 2541 mod p
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for all e € E, and p is the largest number with this property. An irreducible
Markov system with period 1 is called aperiodic.

Finallyy, C = {cj,...,cy} denotes the set of all simple cycles in
(Ki(e) y We, pe)eEE-

REMARK 1. If an irreducible Markov system (Kj(c), We, Pe)ecE is aperi-
odic, then

[l(c1),...,l(ep)] = 1.
Indeed, assume contrary to our claim that [I(c1),...,l(cp)] > 1. Let p > 1

be a prime number dividing each {(c;). By a simple induction on the number
of cycles we then show that the system is periodic with period p.

To define a Markov operator on £L°(K) associated with the Markov sys-
tem under consideration we extend p;,, onto the whole space K by zero; the
maps wj,, are extended arbitrarily.

We define a Markov operator on £(K) by

(1.1) Uf:=> pefow. forall fe LK)
eceE

and its adjoint operator on P(K) by

12)  \fdurv=\Ufdv forall fe LK) andv e P(K).
K K
REMARK 2. Observe that by the Lebesgue monotone convergence theo-
rem, U may be extended to all nonnegative Borel measurable functions (not
necessarily bounded).

For K unbounded, a continuous function L : K — [0,00) is called a

Lyapunov function if
lim L(z) =00
o(z,xg)—o0

for some g € X.

An irreducible Markov system (Kj(c), We, pe)ec is called weakly asymp-
totically stable if there exists an invariant measure pg € P(K), i.e., U*ug =
o and

lim § U (@) plde) = § f(2) po(da)
K
for all f € C(K) and pu € P(K).
For y € P(K) we denote by w(u) the set of all weak limits of subse-
quences of (U u)p>1.
We will assume that the Markov system (Ki(e), We, Pe) 18 contractive, i.e.,
there exists 0 < a < 1 such that

(1.3) Y pe(@)d(we (@), we(y)) < ad(z,y)

ecE
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for all z,y € K; and j € {1,...,N}. Finally, recall that a function f :
(K,d) — R is called Dini continuous if there is ¢ > 0 such that

c

S o(t)
t
0
where @ is the modulus of uniform continuity of f, that is,

b(t) = sup{|f(z) = f(y)| : d(2,y) <t, z,y € K}.
Our main results concerning irreducible Markov systems defined on Pol-
ish spaces are the following:

dt < oo,

THEOREM 1.1. Let (Ki(e),we,pe)eeE be a contractive Markov system
such that every pe is Dini continuous on Kjc). Then the system has an
invariant measure pig € P(K). Moreover the set w(u) is nonempty for each
p € P(K) and the set e piyw(p) is tight.

THEOREM 1.2, Let (Kj(c), We, Pe)ecE be an irreducible contractive Mar-
kov system such that pe| Kie) 18 Dini continuous and there exists § > 0 such
that pe|Ki(e> > 6 for all e € E. If, in addition, the system is aperiodic, then
it is weakly asymptotically stable.

2. Auxiliary lemmas. We start with two definitions. An irreducible
Markov system (Ki(e), We, Pe)eck 18 called globally concentrating if for every
g€ > 0 and every bounded Borel set A C K there exist a bounded Borel set
B C K and ng € N such that

(2.1) U™uw(B)>1—¢ forn>mng, ue P(A),

where U™ is given by (1.2).

The following lemma gives a condition which ensures that an irreducible
Markov system is globally concentrating. Its proof may be found in [12,
Lemma 2.4.2] where general Markov operators were considered.

LEMMA 2.1. An drreducible Markov system (Kj(e), We, Pe)eck is globally
concentrating if there exists a Lyapunov function L, bounded on bounded
sets, such that

(2.2) UL(z) <aL(z)+b forzxeK,
where a,b are nonnegative constants and a < 1.

An irreducible Markov system (Kj (), We, pe)eck is called semi-concen-
trating if for every ¢ > 0 there exist « > 0 and {zi,...,z5} C K such
that
S
(2.3) lim inf U*”u( B(xj,s)) >a for € P(K).

n—00
1

J
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LEMMA 2.2. Suppose that (Kj(), We, Pe)eck 5 a contractive Markov sys-
tem with an average contracting rate 0 < a < 1 such that the family
{K1,..., KN} is an open partition of K. Then (Kje), We,pe)eck s glob-
ally concentrating. Moreover for every € > 0 there exists a bounded Borel
set B C K such that

liminf U™u(B) > 1—¢  forall p € P(K).

n—oo

Proof. We show that the assumptions of Lemma 2.1 are satisfied. Choose
xzj€ Kjfor j=1,...,N. Set L(x) = d(x,x1) for z € K. Then

Zpe «Tl)

eckl
< Z Pe(m)(d(we(ﬂf)7 w6($i(e))) + d(we(xi(e))7 ‘Tl))
eckl

< ad(z,x1) + amaxd(x],xl) + max d(we(xj),z1) forxe K.
JeV eck, jeVv

Hence (2.2) holds with
b= aIJTlEH{;{d({L‘],xl) + %,%Evd(we(%) ,T1). m

Now we may formulate the following corollary:

COROLLARY 2.1. Let (Kj(), We, pe)eck satisfy the hypotheses of Lem-
ma 2.2. If (K, d) is a metric space in which sets of finite diameter are rela-
tively compact, then:

(i) the sequence (U**u)g>1 is tight for all p € P(K);
(ii) the Markov system (K;(), We,Pe)ecr has an invariant Borel proba-
bility measure po;
(iii) the invariant probability measure pg is unique if and only if

1 n
lim — Zng(ac) = S gduy  forallz € K and g € C(K);
n—oo n
k=1 K
(iv) we have
N
S d(z, ;) po(dr) < oo  forallz; € Kj, j=1,...,N.
j=1K
Proof. (i)—(iii) easily follow from Lemma 2.1 and from Lemma 2.4.2 and
Theorem 5.1 in [12]. On the other hand, from the proof of Lemma 2.1 and
an induction argument it follows that for fixed z; € Kj,
b

UML(x) <a"L
() < " L(2) +

)
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where L(z) = d(z,z;) and n € N. Let po € P(K) be a unique invariant
measure. Then
S d(z, xj) po(der) = limsup S d(z,z;) U™ po(dx)

n—oo

K K
b
= 1jmsups U"L(z) po(dz) < hmsupg [a )+ —] po(dx)
<
~“1l—-a <00

by the Lebesgue monotone convergence theorem. Hence (iv) follows. =

From now on we will assume that p., e € F, is Dini continuous and let
P, be its modulus of uniform continuity. Set ¢ = ) . ®. and observe that
C

dt < oo for every ¢ > 0.

o:,;

Then the function ¢ : [0,00) — [0, 00) given by

t)=t+ i d(a"t)
n=0

satisfies
D(t) + (at) < @(t) fort>0.
Moreover, we easily check that:
e ¢ is continuous and ¢(0) = 0;

e ¢ is nondecreasing and concave;
o o(t) >0 for t > 0 and lim;_,o p(t) = oo.
We denote by F,, the family of all continuous functions f : K — R such
that |f(x)] <1 and |f(z) — f(y)| < p(d(x,y)) for all z,y € K, where
~ {d(x,y) if x,y € Kj for j € {1,...,N},

d(z,y) =
(@) max(c,d(z,y)) otherwise,

with ¢ > 0 such that ¢(c) > 2. It is obvious that d is a metric on K equivalent
to d. The definition of d looks somewhat sophisticated but it allows us to
verify nonexpansiveness merely on one element of the partition of K.

LEMMA 2.3. Let the assumptions of Theorem 1.1 hold. Then the operator
U given by (1.1) satisfies U(F,) C Fo.

Proof. Fix f € F,. We have

Uf@)| = [ pel) flwe@)| < Ypela) =1 forwe K.

ecE eclk
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Further, from (1.3) it follows that

Wﬂ@—Uﬂwh{E}u@ﬂw@D—Eﬁuwﬂ%@D

ecl eckE
< Z [pe(@) — pe(y)] + Zpe ) f(we(@)) = fwe(y))]
eclk eck
< B(d(z,y)) + D pel@)p(d(we(z), we(y)))
ecE
for z,y € K;, j=1,...,N. Since ¢ is concave and nondecreasing,

Uf(z) = Uf(y)] < S(d(x,y)) + plad(z, ) < p(d(z,y)) = ¢(d(z,y))
forz,ye K;,j=1,...,N.
If x and y are in different K, then
Uf(@) = Uf()] <2 < p(e) < p(d(z,y)),
which finishes the proof that U(F,) C F,. =

LEMMA 2.4. Let the assumptions of Theorem 1.2 hold. Then the irre-
ducible Markov system (K;(c), We, Pe)ecE 5 Semi-concentrating.

Proof. Lemma 2.2 shows that there exists a bounded Borel set B C K
such that

liminf U™ u(B) > 1/2  for all p € P(K).

n—oo

Without loss of generality we may assume that B; = BN K; # () for j =
.,N. Fix € > 0. Choose an integer m € N such that o (diam B) < ¢
Further, let n > 0 be such that

(I14+n)"a™diam B < e.
Fix x; € Bj, 5 =1,..., N, and define C' C K by

N
C = U U B(we,, 0+ 0 we, (x),€).

j=lei,..em€E
Now (1.3) implies that for every y € K there exists I, C E™ such that
d(we,, © -+ 0 We, (5), Wey, © -+ 0 Wwey (y)) < (14 n)"a™d(z,y)
for (e1,...,em) € I, and
7’] m
5 ) b0 owa ) = (1)
(e1,....em)€Ely N

This can be shown by an analysis similar to that in the proof of Lem-
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ma 6.3.1 in [12]. Observe that for every y € B; and (e1,...,emn) € I, we
have we,, 00w, (y) € C. Set

()
a==-——] .
2\1+n
By induction and the definition of C' for each n € N we obtain
Ut u(C) > | 1o(we,, o -+ 0 we, (y))

K
<N peay) Do (Wepy 0+ 0 we, () U p(dy)
(e1,....em)€EIy
n \"
> 1
_<1+77> U™u(B) for ue P(K)

and consequently
Iminf U™ u(C) > a  for p € P(K),
n—oo

which finishes the proof. =

LEMMA 2.5. If an irreducible Markov system is aperiodic, then for every
k,l €V there existm € N and (e1,...,en), (€1,...,6m) such thati(e;) = k,
i(e1) =1 and t(em) = t(en).

Proof. Fixk,l € V. Let (ef,..., e’;) and (el . .. ,eé) be pathsin (V, E, 1,t)
starting from k, [, respectively and containing all successive cycles from C.
Assume that t(e];) = t(eé). If p = ¢, then the proof is complete. Con-
versely, assume that p > ¢. Since [I(c1),...,l(ca)] = 1, there exist integers

mi,...,mys such that
M
Y mjl(c;)) =p—q.
j=1

Let J C {1,...,M} be such that m; < 0 for j € J and m; > 0 for
je{l,...,M}\ J. Adding to (e¥,..., el;) the cycle composed of the cycles
c; taken m; times for j € J, and similarly adding to (e}, .. .,eé) the cycle
composed of the cycles c¢; taken m; times for j € {1,..., M} \ J, we finish
the proof of the lemma. =

3. Proofs

Proof of Theorem 1.1. From Lemma 2.3 it follows that the Markov sys-
tem (Ki(e),we,pe)ee E is semi-concentrating. Thus the statement of Theo-
rem 1.1 follows from Theorem 5.5 in [12] and Lemma 2.1. =

Proof of Theorem 1.2. From Theorem 1.1 it follows that U* admits an
invariant probability measure. In view of Lemma 2.4, from Theorem 5.4 and
Remark 5.1 in [12] it follows that to finish the proof of stability it remains to
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show that for every € > 0 there is § > 0 such that for every p1, us € P(K)
there exist a bounded Borel set A C K with diam A < ¢ and n € N satisfying

(3.1) Uui(A) > p  for j=1,2.

Fix ¢ > 0. According to Theorem 1.1 there is a compact set Ky C K
such that

i(Ko) >4/5 forallie |J w(w).
pEP(K)

By the Aleksandrov theorem there exists a sequence (my,),>1 such that for
each open set G with Ky C G,

liminf U u;(G) > 1/2  for j =1,2.
n—oo

Consequently, there exist k,! € V and a subsequence (my,)n>1 0f (my)n>1
such that

(3.2) lgggéfU pi(Gr) > 5N
and

_ 1

. lim inf U*™" —

(33) iminf U™ p2(G2) > 5o

for arbitrary open neighbourhoods Gy, Gs of I~(k = KoN Ky, I?l = KoN Kj,
respectively. By Lemma 2.3 we choose m € N such that for k,l € V there
exist paths (€1,...,em), (€1,...,6n) satisfying i(e1) =k, i(e1) =1, t(em) =
t(ém) and m < m. Let Fj, = wg,, o- - -owg, (K;) and F} = w, o---ows, (K)).
Set Fp = Fj, U F} and observe that Fy C Kyg,,). We easily check that

P *Mp+m ~ 1 m 1 m .
(3.4) hnnllol.}fU i (G) > ﬁé > ﬁé for j =1,2

and for every open neighbourhood G of .
Choose an integer n € N such that

a" diam Fy < /3.
For every path (ey,...,ey) in the given diagraph define
T(er,mmen) (X) = Py (T) -+ Pe,, (We,,y © - 0 wey () for x € K.
For z € Fy and (eq,...,e,) such that i(e;) = t(€,,) we define
O(el,...,en)(m) = {y € Kt(em) : d(wen O+ 0 We (x)v We,, © * O Wey (y)) < 5/3}
Define
O, = ﬂO(el,...,en)(l’) for x € Fp,

where the intersection is taken over all paths (ei,...,e,) in the directed
graph (Kj(), We, pe) starting from t(e;,). Since Fp is a compact set there is
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a finite covering
q
Fy C U Omj.
j=1
Set G= Ui=, Oq;. We are going to show that (3.1) holds with B=6""/(2Nq).
Indeed, by (3.4) there exists M € N such that
~ 1 -
*M+m = sm -
U wi(G) > 2N6 for j =1,2.

Therefore there exist O1 = O, and Oz = Oy, such that
J ! 5

2N q
By (1.3) and the definition of O and Oz we find a path (e},...,e}) such
that

UM, (05)

A =we, 0 0wer (O1) Uwey, 0+ 0 wer (O2)

satisfies diam A < . Finally,

U*M—i—m—l—n'uj(A)
= Y | La(we, 0 owe, )7,z (W) U™ (dy)
(e1yeesen) K
1 ~ 5n+ﬁ1
> 0. Mg = _ -
>0 2N6 /q 5Ng for j = 1,2,

which finishes the proof. =
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