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Banach—Saks properties in symmetric spaces
of measurable operators

by

P. G. Dopps, T. K. Dobps and F. A. SUKOCHEV (Bedford Park)

Abstract. We study Banach—Saks properties in symmetric spaces of measurable op-
erators. A principal result shows that if the symmetric Banach function space E on the
positive semiaxis with the Fatou property has the Banach—Saks property then so also
does the non-commutative space E(M,7) of 7-measurable operators affiliated with a
given semifinite von Neumann algebra (M, 7).

0. Introduction. A Banach space is said to have the Banach-Saks
property if each weakly null sequence contains a subsequence whose arith-
metic means converge strongly to zero. It is a classical result of Banach and
Saks [BS], and Banach and Mazur [Ba], that the spaces L,[0,1), 1 < p < oo,
have this property. In the case that p > 2, this result also follows directly
from the work of Kadec and Pelczynski [KP]. While it is a well known re-
sult of Kakutani (see [Di]) that any uniformly convex Banach space has the
Banach—Saks property, it was shown by Szlenk [Sz] that the non-uniformly
convex Banach space L1[0, 1) also has the Banach—Saks property. More re-
cently, the Banach—Saks property has been studied in the framework of
rearrangement invariant spaces [DSS], where it has been shown, in particu-
lar, that any separable Orlicz or Lorentz space on the unit interval has the
Banach—Saks property. While any Banach space with the Banach—Saks prop-
erty is necessarily separable, separability on its own is not a sufficient condi-
tion for the validity of the Banach—Saks property. Indeed, it is shown in [DSS]
that the separable part of each non-separable Orlicz or Lorentz space fails
to have the Banach—Saks property, as do certain separable Marcinkiewicz
spaces.

From a somewhat different viewpoint, the Banach—Saks property has
been studied in the setting of unitary matrix ideals (Schatten ideals) by
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Arazy [Ar]. If E is a separable symmetric sequence space, then it was shown
in [Ar] that E has the Banach-Saks property if and only if the associated
unitary matrix space Cg has the Banach—Saks property. Here Cg is the
space of all compact operators x on some separable Hilbert space for which
s(z) € E with norm given by ||z||c, = [|s(x)| g, where s(z) = {s,(x)}72, is
the sequence of s-numbers of z. The approach of [Ar] is based on the study
of shell block basic sequences in unitary matrix spaces. The purpose of this
paper is to show that this result of Arazy continues to hold in the more gen-
eral setting of symmetric spaces E (M, 7) of measurable operators associated
with a symmetric Banach function space F on the positive semiaxis.

A principal result of the paper (Theorem 2.13) shows that if the von
Neumann algebra (M, 7) is non-atomic, and if F has the Fatou property,
then E(M, 1) has the Banach—Saks property if and only if E(M, 7) has the
Banach—Saks property for disjointly supported sequences. This extends a
similar result in the commutative setting given in [DSS], where it is shown
that the assumption that E has the Fatou property cannot be omitted, and
this is in strong contrast to the situation in separable symmetric sequence
spaces, in which the Banach—Saks property and that for disjointly supported
sequences are always equivalent. It follows readily from Theorem 2.13 that if
the separable symmetric Banach function space E on the positive semiaxis
with the Fatou property has the Banach—Saks property then so also does the
non-commutative space E(M, 1) for all semifinite (M, 7) (Theorem 2.14).
Specialisation to the von Neumann algebra of all bounded linear operators
on a separable Hilbert space recovers the results of Arazy for unitary ma-
trix spaces associated with separable symmetric sequence spaces with the
Fatou property. However, our methods are completely different from those
of [Ar], and our approach is based on the systematic study of Banach—Saks
type properties in (commutative) rearrangement-invariant Banach function
spaces given in [DSS], combined with the study of (non-commutative) sym-
metric spaces of measurable operators using methods of real analysis [FK],
[CS], [CKS], [CSS], [DDP1-3]. A principal ingredient is a decomposition the-
orem (Proposition 2.7): if the von Neumann algebra (M, 7) is non-atomic
and if F is a separable space with the Fatou property, then each bounded
sequence in E (M, 7) contains a subsequence which is a norm perturbation of
the sum of an equimeasurable sequence and a sequence which is two-sided
disjointly supported and which converges to zero for the measure topol-
ogy. The ideas here go back to the paper [KP] in classical (commutative)
L,-spaces.

As a by-product of our approach, we show (Theorem 2.8) that if F
is separable and has the Fatou property, then each bounded sequence in
E(M,T) contains a subsequence with the property that the Cesaro means
of each further subsequence are convergent in the measure topology. This
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is a non-commutative analogue of a well known theorem of Komlés [Ko].
Finally, the difference between the purely atomic type I setting studied by
Arazy and the more general setting including non-atomic algebras studied
in the present paper yields the interesting consequence that if @ is an Or-
licz function for which the corresponding Orlicz space Eg is non-separable,
if (M, ) is non-atomic and if (N,o) is the von Neumann algebra of all
bounded linear operators on a separable Hilbert space equipped with the
canonical trace o, then Fg(M,7) does not embed isomorphically in the
unitary matrix space Fg(N,0) = Cpg,.

In the third section of the paper, we consider the (so-called) p-Banach—
Saks and strong p-Banach-Saks properties studied in [HRS], [RX] in the
setting of non-commutative L,-spaces. A principal result (Theorem 3.9)
is that if the commutative space E is p-convex and g-concave for some
1 <p<?2<g< o andif (M,7) is non-atomic, then each weakly null,
E-equiintegrable sequence in E(M, 7) contains a strong p-Banach—Saks sub-
sequence. We show further (Theorem 3.14) that if the Lorentz function
is regular, then a closed subspace X of the non-commutative Lorentz space
Ay p(M,T), 1 < p < 00, has the strong p-Banach-Saks property if and only
if X contains no isomorph of /. These results are new, even in the commu-
tative setting, and extend similar results in [HRS], [RX] for the special case
of non-commutative L,-spaces.

1. Preliminaries. In this section, we collect some of the basic facts and
notation that will be used in this paper. We denote by M a semifinite von
Neumann algebra on the Hilbert space H, with a fixed faithful and normal
semifinite trace 7. The identity in M is denoted by 1 and we denote by P
the complete lattice of all (self-adjoint) projections in M. A linear operator
x : dom(x) — H, with domain dom(z) C H, is said to be affiliated with
M if ux = zu for all unitary v in the commutant M’ of M. The closed
and densely defined operator x affiliated with M is called T-measurable if
for every € > 0 there exists an orthogonal projection p € M such the
p(H) € dom(z) and 7(1 — p) < €. The collection of all 7-measurable opera-
tors is denoted by M. With the sum and product defined as the respective
closures of the algebraic sum and product, M is a *-algebra. For €, > 0 we
denote by N (e, ) the set of all x € M for which there exists an orthogonal
projection p € M such that p(H) C dom(z), ||zp[le < e and 7(1 —p) < 0,
where || - || denotes the usual operator norm. The sets {N(g,d) : ¢,6 > 0}
form a base at 0 for a metrisable Hausdorff topology in Mv, which is called
the measure topology. Equipped with the measure topology, M is a com-
plete topological x-algebra. These facts and their proofs can be found in the
papers [Ne] and [Te]. For standard facts concerning von Neumann algebras,
we refer to [SZ], [Ta].
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We recall the notion of generalised singular value function [FK]. Given
a self-adjoint operator z in H we denote by e”*(-) the spectral measure of x.

Now assume that 2 € M. Then el*l(B) € M for all Borel sets B C R, and
there exists s> 0 such that 7(e!*l(s,00)) < 0o. For € M and t>0 we define

(2.1) pe(z) = inf{s > 0 : 7(el*!(s,00)) < t}.

The function p(z) : [0,00) — [0, 00] is called the generalised singular value
function (or decreasing rearrangement) of x; note that p(x) < oo for all
t > 0. For the basic properties of this singular value function we refer the
reader to [FK]; some additional properties can be found in [DDP1,2]. We
note that a sequence {x, } C M converges to 0 for the measure topology if
and only if y¢(zy,) — 0 for all ¢t > 0.

If we consider M = L (R", m), where m denotes Lebesgue measure on
the positive half-line R, as an Abelian von Neumann algebra acting via
multiplication on the Hilbert space H = Lo(R™,m), with the trace given
by integration with respect to m, then it is easy to see that M consists
of all measurable functions on R which are bounded except on a set of
finite measure, and that for f € M, the generalised singular value function
wu(f) is precisely the decreasing rearrangement of the function |f| (and in
this setting, p(f) is frequently denoted by f*). If M = L(H) and 7 is the
standard trace, then it is not difficult to see that M = M and that the
measure topology coincides with the operator norm topology. In this case,
x € M is compact if and only if lim; o p(2) = 0; moreover,

pn(z) = me(x), te€nn+1),n=0,1,2,...,

and the sequence {u,(x)}52, is just the sequence of eigenvalues of |z| in
non-increasing order and counted according to multiplicity.

By L°(R*,m) we denote the space of all C-valued Lebesgue measurable
functions on R* (with identification m-a.e.). A Banach space (E,| - ||,),
where E C LY(R™,m) is called a rearrangement-invariant Banach function
space if it follows from f € E, g € L°(R*,m) and pu(g) < p(f) that g € E
and ||g||g < ||f||g. Furthermore, (E,| - ||g) is called a symmetric Banach
function space if it has the additional property that f,g € F and g < f
imply that ||g|| g < || f]|£.- The symmetric Banach function space (E, ||| g) is
called fully symmetric if f € E, g € L°(RT,m) and ¢ < f imply g € E and
lgllz < ||f|lg- It is shown in [DDP2,3] that E is fully symmetric if and only if
E(M, 1) is an exact interpolation space for the couple (L!(M, 7), M). Here
g < f denotes submajorisation in the sense of Hardy-Littlewood—Pdlya:

(2.2) S,u,s(g) ds < Sus(f) ds for all ¢t > 0.
0 0

For the general theory of rearrangement-invariant Banach function spaces,
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we refer the reader to [KPS], [BeS], [LT], although in the latter two references
the class of function spaces considered is more restrictive.

Given a semifinite von Neumann algebra (M, 7) and a symmetric Banach
function space (E,|| - |[g) on (RT,m), we define the corresponding non-
commutative space E(M,T) by setting

(2.3) E(M,7)={z € M: pu(z) € E}.

Equipped with the norm |[z[|gm,ry = [[u(z)||E, the space (E(M,1),
|-l E(m,7y) is a Banach space and is called the (non-commutative) symmet-
ric space associated with (M, ) corresponding to (E, || - ||g). An extensive
discussion of the various properties of such spaces can be found in [DDP1-3].
The Kéthe dual E(M,7)* is defined to be the set of all x € M such that
xy € L1(M, 1) for all y € E(M, 7). With the norm defined by setting

24)  zllpwn < =sup{r(lzyl) : y € EM,7), |yl <1},
r e EWM,1)",

the Ko6the dual E(M,7)* is a Banach space. Basic properties of Kothe
duality, in the commutative setting, may be found in [KPS], [BeS] (where the
Kothe dual is called the associate space). In the non-commutative setting,
the reader is referred to [DDP3], where it is shown in particular that if E is
symmetric, then the space (E(M, 7)™, - ||gm,r)x) may be identified with
the space (E*(M,7),] - HEX(M’T)).

If E is a symmetric Banach function space on R, then E is separable if
and only if the norm on E is order continuous in the sense that 0 < f, |, 0
in E implies that || f-||g |, 0. In this case, the norm is order continuous (in
the obvious sense) on the non-commutative space F(M, 7). The symmet-
ric space F is separable if and only if the Banach dual E* coincides with
the Kothe dual E* of E. In this case, the dual space E* is a symmetric
Banach function space on R* and it follows from [DDP3, Theorems 5.6,
5.11] that the Banach dual of the space (E(M,7),|| - ||g,r)) is the space

(E*(M,7), || - |lB=(m,7))- If E is separable, then E is fully symmetric in
the sense that f € E, g € L°(Rt,m) and g < f imply that g € E and
lglle < fle-

We set

Mo :={z e M: p(z) — 0ast— oo},
Lo(M,7) = Mo N (Ly(M, T) + M),
and make the obvious remark that My coincides with M if 7(1) < co. For
brevity, we denote the space Lo(Lo (R, m)) by Lo[0, 00). By [DDP3, Propo-

sition 2.7], the closure of the space L1 (M, 7)NM in the space L (M, 1)+ M
coincides with Lg(M, 7). Moreover, for any symmetric Banach function
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space F on RT, the inclusions
L1<M7T)QMQE(M7T)7 EX(M7T)QL1<M77—)+M

hold with continuous embeddings. It is clear that the embedding F C
Ly[0,00) implies the embedding E(M,7) C M,. We remark that if E is
separable then E(M,7) C Lo(M,T).

If VV is a von Neumann subalgebra of M, then N will be called proper if
the restriction 7or of 7 to A is again semifinite. The first part of the result
below may be found in [DDP2, Theorem 3.5]. The second assertion follows
by a straightforward modification of the arguments of [CS, Lemma 4.1] and
[CKS, Lemma 1.3].

ProrosiTIiON 1.1. If = € Mo, then there exists a proper von Neu-
mann subalgebra M, C Loo(RT,m) with pu(z) € M,, a proper commuta-
twe subalgebra My C M and a positive rearrangement-preserving algebra
x-tsomorphism J, ofM onto /\/l whose restriction to the lattice of projec-

tions of M, is a Boolean algebra isomorphism onto the lattice of projections
of My and for which

Jo(p(z)) = |2|.
If , in addition, x is self-adjoint, and if (M, 1) is non-atomic, then M, may
be taken to be a non-atomic mazimal Abelian von Neumann algebra contain-

ing the spectral resolution of X, and the commutative von Neumann algebra
M, may be taken to be the commutative von Neumann algebra Lo, (RT,m).

If N C M is a proper von Neumann subalgebra, then the conditional
expectation

Env:LiM,T)+ M — Li(N,7nv) + N
is defined as in the commutative setting via the equality
v(En(@)y) =7(zy), @€ Li(M,7)+ M,y Li(N,7n) NN,

and an appeal to the fact that the spaces Li(N,7ar) + N, Li(N, 7)) NN
are dual in the sense of Kéthe. See, for example, [DDP3, Theorem 5.6].
The following is proved in [DDS, Lemma 5.1].

LEMMA 1.2. Let N C M be a proper von Neumann subalgebra. If E is a
fully symmetric Banach function space on RY, then Ex(x) € E(N,7x7) for
all z € E(M, 1) and

ww(En(@)y) = 7(xy), =€ EWM,T),yeEWN,v)" = E*N,7v).

2. The Banach—Saks property. It will be convenient to adopt the
following terminology.
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DEFINITION 2.1. Let X be a Banach space.

(a) A weakly null sequence {x,}22, C X is said to be a Banach—Saks
sequence if

Jm ot ] =0
j=1

for all subsequences {y;}2; C {xn}52;.
(b) X is said to have the Banach—Saks property if every weakly null
sequence in X has a subsequence which is a Banach—Saks sequence.

We remark that the classical formulation of the Banach—Saks property re-
quires that each bounded sequence contain a Cesaro summable subsequence,
and any Banach space enjoying this property is necessarily reflexive. See, for
example, [Di]. In reflexive spaces, the classical Banach—Saks property is eas-
ily seen to be equivalent to the (so-called) weak Banach—Saks property which
requires that each weakly null sequence should contain a Cesaro summable
subsequence. That the apparent strengthening of the weak Banach—Saks
property given in the preceding Definition 2.1(b) is, in fact, equivalent to
the weak Banach—Saks property is due to Erdds and Magidor [EM]. See also
[F'S] and [Ro].

Throughout this paper, unless stated otherwise, we shall always assume
that E is a separable symmetric Banach function space on R, that (M, T)
is a semifinite von Neumann algebra and that E(M, ) is the Banach space
of 7-measurable operators associated with (M, 7).

PROPOSITION 2.2. If E* C Ly[0,00) and if an,y € E(M,T) satisfy
an, <y, n €N, and a, — 0 for the measure topology, then ||an||grm,+) — 0.

Proof. Without loss of generality, it may be assumed that a) = a,, for
all n € N. Let K be the unit ball of EX(M,7) = E(M,7)*. Since K
is o(E(M,T1)*, E(M,T))-sequentially compact, and using the assumptions
that E is separable and that E* C L¢[0,00), it follows from [DScS, Theo-
rem 5.4(1)=(ii) and Proposition 2.2(iv)=-(vi)] that

lanll B, = Sup{ | wan)u(y)dt:ye K} —0
[0,00)
as n — oo. This suffices to prove the proposition. m

In what follows, it will be convenient to denote by || - ||+ the norm on
the space L (M, 7T) + M so that
1
||+ =\ ps(x)ds, @€ Li(M,7)+ M.
0
As noted in [DSS], the separable space Lo[0, 00) fails to have the Banach—
Saks property. However, as the following proposition shows, equimeasurable



132 P. G. Dodds et al.

sequences in Lo(M, T) contain subsequences with convergent Cesaro aver-
ages for all semifinite (M, 7).

PROPOSITION 2.3. If {z,}52 1 C Lo(M,T) and if p(zy) =p(x1), n€N,
then there exists a subsequence {xnpy}7e; C {Tn}ney and v € Lo(M,T)

such that
T - Z el

for all further subsequences {xm(k)}kzl C {l‘n(k)}kzl.
Proof. For each i € N, let

I; = [1 . 11> Uli —1,4).

N
N

10—
For each n > 1, we let M,, = M\, Mp = M|y, |, Jn = J|s,,| be as given by
Proposition 1.1 and let &, be the conditional expectation of (L; 4+ L )(R™)
onto (L1 + Loo)(My,). Since p(xy,) = p(z1), n € N, it follows that M,, =
My := M for all n € N, and so also &, = & := &. Let x,, = up|z,| be the
polar decomposition of x,, n =1,2,.... We set
zr(zi) - Jn(g(xfi))v t>2,n=>1,
and, using Proposition 1.1, observe that

2|2 = T (1)) T (E(x1,)) = Tn(E(pl@1)x1,))
so that
pllznl2?) = p(In(E(ulan)xn)) = plp@)xr),  i>2,n>1.
Since

sup 2021 Loy = 80P funln |20 | o aairy) < 9P [lzal 0|, 0 0

< (1) xr Nl £210,00)

and since Lo(M, 7) has the Banach—Saks property, it follows from a diagonal
argument that there exists a subsequence {z,,(;)}32; C {zn};2; such that,

for all 2 < i € N, there exists (Y € Ly(M, 7) such that

(2.5) lim — an(])zn(J) = z®

N—oco N

holds in Ly(M,7), and hence also in Li(M,7) + M, for all further sub-

sequences {Zp(j)}721 C {Tnk) trz1- We let {z,,)}521 C {Znw)}iZ, be a
fixed subsequence and set

1 N
':NZ mys  N=1,2,...,
k=1
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and let € >0 be given. We observe that, for every m=1,2,...,and M, N €N,

N m
1 i
lwn —warll4 < HN Z(ﬂfm(k) - Zﬂcm(k)zfn)(k)) H+
=1

k=1

1 M m ;
il Z (20 - Z Tt ot H
+ Zx( V- szm(k)zm(@

=11:=1

M m
+ me ZZ m<k>zm<k>
=1 k: i=1

+
Choose m € N such that
1/m

(2.6) 1/m<e, pm(@)<e, | ps(z1)ds<e.
0

Noting that

- @\ _
“(xm(k) _Z gcm(k)zm(k)) =H

i=1

oo

Uk|$m(k)| Z Zfrzl)(k))

t=m-+1

i=m+1 i=m-+1
and that
= (1) ifo<t<1/m,

i=m-+1

it follows that

m 1 m
(4) _ (4)
me(k> =D T ) H = | s ($m<k> - $m<k>zm(k)) ds
=1 0 =1

1/m 1
< S ps(z1)ds + S eds < 2e.
0 1/m
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Since

1 N m 1 N m

(1) (1)
N > (xmw) - xm<k>zm<k>) N > “(xmuf) -2 xmw)'zm(k))’
k=1 i=1 k=1 i=1
it follows further that
1 N
(2.7) H N xm(k) Z xm(k)zm(k)) H < 2¢,
k=1 i=1

and similarly

1 Y m i
EES U SR

for all M, N € N. Now observing that

0 - = Z Z xm(k)zm(k)

klll

-]

i=1

together with the same equality with N replaced by M, and using (2.5), it
follows that there exists Ny € N such that

> 2= ZZwmw)zm(k) Zw” ZZwmm)zm(k)
i=1

k 1i=1 k 1i=1
for all M, N > Ny. We obtain

SE

)

|lwn —w|l+ < 5e

for all M, N > Ny. Consequently, there exists € L1(M, ) + M such that

1 N
=D Tm(r) — &
N k=1

as N — oco. To show that x is independent of the subsequence {xm(k)}zozl,
let £ > 0 be given and suppose that m satisfies (2.6). By (2.7),

S S(s mwu

(@)
H N 2 m(k) - mew)?ﬁm(m) H <2
i=1 +
for all N € N. Letting N — oo, we obtam

-5

< 2¢
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for all sufficiently large m € N. This shows that the equality z = > .=, ()
holds in L1 (M, 7)+M. Since Ly(M, 7) is closed in Ly (M, 7)+M, it follows
that x € Lo(M, 1), and this suffices to complete the proof. m

Ifz e M , then the right and left support projections of x are denoted by
r(x), l(x) respectively. Note that if = u|x| is the polar decomposition, then
w*u = r(z) and uu* = [(x) (see, for example, [Ta]). The family {x;};ez C M
is said to be right (respectively, left) disjointly supported if r(z;)r(z;) =0
(respectively, [(x;)l(y;) =0) for all 4,5 € Z, i # j.

We shall need the following assertion that sequences converging to zero
for the measure topology contain subsequences that are approximately both
right and left disjointly supported. The lemma which follows is proved in
[CDS, Theorem 2.5] and, in the case that £ = L,[0,1), p > 1, is due to
Kadec and Pelczynski [KP].

LEMMA 2.4. If {z,}32, € E(M,T) converges to zero in the measure
topology, then there exists a subsequence {y,}>2; C {x,}52, and sequences
{pn},{qn} of mutually orthogonal projections in M such that

||yn _pnynQnHE(Mﬂ—) — 0.

The preceding lemma implies immediately the following non-commu-
tative extension of a variant of the Kadec—Petczynski lemma as given in
[HLR, Corollary 3.6].

COROLLARY 2.5. If Y C E(M,T) is a closed subspace, then one of the
following statements holds:

(i) The norm topology of E(M,T) coincides on Y with the measure
topology.
(ii) There is a sequence {y,}52, in the unit sphere of Y and a two-
sided disjointly supported sequence {d,}°°; C E(M,T) such that
[yn = dnllB(r,r) — 0.
The following observation is an immediate consequence of a well known
characterisation of weakly compact sets in the predual of a von Neumann
algebra due to C. A. Akemann.

LEMMA 2.6. If {x,}52, C E(M,T) is weakly convergent and is left
disjointly supported, then {x,}5%, is weakly null.

Proof. Suppose that © € E(M, 1) satisfies x,, — x weakly in E(M, 7).
If z€ EIM,1)* = E(M,7)*, then z,z — zz weakly in L;(M, 7). If e, is
the left support of x,,, n > 1, then by assumption the sequence {e, }2° ; is

pairwise disjoint, and consequently, from the well known Akemann criterion
(see, for example, [RX, Theorem 4.14(i)<(ii)]), it follows that

|T(zn2)| = |T(enxnz)| < Sl;p |T(enxkz) — 0. m
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The subsequence splitting principle which follows shows that in separable
spaces with the Fatou property, each bounded sequence contains a subse-
quence which is a perturbation of the sum of an equimeasurable sequence
and a sequence which is left and right disjointly supported.

PROPOSITION 2.7. Suppose that E has the Fatou property, and suppose
that (M, 1) is non-atomic. Let {x,}52, C E(M,T) be a sequence of self-
adjoint elements with

sup ||z, pm,r) = C < 0.
neN

(i) There exists a subsequence {x,}°°, C {x,}52, which admits the

splitting

(2.8) T =Yp+2n+dn, n>1,
where {yn 1521, {zn 221, {dn}52, C E(M, 1) are bounded sequences
satisfying

(a) the sequence {y,}22, is equimeasurable, that is, u(y1) = p(yn)
for alin € N, and |yl ) < C;

(b) zn, — 0 for the measure topology and there exist sequences {py},
{qn} of mutually orthogonal projections in M such that z, =
Pnzndn for alln € N and sup,, ey || 20|l pom,) < 2C;

(©) lldall — 0.

(ii) If, in addition, E* C L[0,00) and the sequence {x,}5% is weakly
null, then the sequences {yn}o2 1, {zn 2, from (2.8) may be chosen
to be weakly null as well.

Proof. (i) It follows from the inequalities

sup ,U/t(xn) < C/HX[O,t)HEv t>0,

that the sequence {p(x,)}2°  is uniformly bounded on every interval of the
form [a, b] for all 0 < a < b < co. The Helly selection theorem and a diagonal
argument show that there exists a subsequence {x],}°°; C {z,}2°, and a
right-continuous, non-increasing function f : (0,00) — [0,00) such that
p(x!) — f almost everywhere on RT. Since FE has the Fatou property, it
follows that f € E and that || f||g < C.

We set

an(t) == pe(x)) — f(t), Vt>0,Vne€N.

Since F is separable, lim;_,o f(t) = limy— oo pe(2),) = 0, and since f, p(zy,)

are non-increasing for all n € N, it follows that a,, — 0 in measure.
Proposition 1.1 implies that there exists a rearrangement-preserving

mapping J,, : E — E(M,7) such that J,(u(x))) = |z,| for all n € N.
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We let z!, = u,|x] | be the polar decomposition and note that since x,, is
self-adjoint, u,, may be taken to be unitary. We now set

Yn = Uan(f)7 Wp = uan(an) = uan(,uf(x;) - f)? n € N.
It follows immediately that

x; = un|$;| = uan(,u(:L’;l)) = Yn + Wnp

and that
wyn) =f, neN

In particular,

lynllzimn = 1fle <C, Nlwallpomr < 2C

for all n € N. Since a,, — 0 in measure, we also have w,, = u,J,(a,) — 0 in
measure. By the separability of F, Lemma 2.4 shows that, by passing to a
subsequence if necessary and relabelling, there exist sequences {p, }, {gn} of
mutually orthogonal projections in M such that ||w, — ppwngnl| g ) — 0.
Setting z, = ppwng, and d, = w, — ppWw,q, for all n € N, it follows that
|lznllE(m,7) < 2C and ||dy||gm,-) — 0, as required.

(ii) From part (i), we may assume that the decomposition (2.8) holds for
the sequence {z,}5° ;. We set f = p(y1) and let

Qf) ={x€e EIM,7): p(x) <X f}.

Using the assumption that E* C Ly[0,00) and the separability of E, it
follows from [DScS, Theorem 5.4] that §2(f) is sequentially compact for
the weak topology on E(M, 1) induced by E(M,7)*. Passing again to a
subsequence if necessary, we may assume that {y,}52; C (f) is weakly
convergent, and using the assumption that {z,}>° ; is weakly null, we may
assume further that the two-sided disjoint sequence {z,}52 is weakly con-
vergent. It now follows from Lemma 2.6 that {z,}>2; is weakly null. This
implies that {y,}52, is also weakly null, and completes the proof of the

proposition. =

In the commutative setting, the preceding proposition is given in [DSS,
Proposition 3.2]. In the case that 7(1) < oo, part (i) of the preceding propo-
sition was established in [Su, Lemma 1.1 and Proposition 2.2]. If we ob-
serve that each equimeasurable sequence in the space L,[0,1), 1 < p < oo,
is Ly-equiintegrable (see Definition 3.3 below and the discussion following
it), this implies the classical subsequence splitting principle of Kadec and
Pelczynski [KP] which states that each bounded sequence in L,[0, 1) con-
tains a subsequence which is the sum of a sequence which is L,-equiintegr-
able and a sequence which is disjointly supported. More recently, it has been
shown by N. Randrianantoanina [Ran2| (see also [RX]) that if F satisfies a
non-trivial lower estimate then each bounded sequence in E(M, 7) contains
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a subsequence which splits as the sum of an E-equiintegrable sequence and a
sequence which is disjointly supported. In the case of finite trace, this result
is implied by the present Proposition 2.7(i), but in the case that the trace
is not finite, the subsequence splitting principles given by Proposition 2.7(i)
and [Ran2] are quite distinct.

The theorem which follows is a non-commutative analogue of the well
known theorem of Komlés [Ko]. For the special case that 7(1) < oo and
E = Ly, this result is proved in [Ranl] using somewhat different techniques.

THEOREM 2.8. Suppose that E has the Fatou property. If {x,}5,
C E(M,T) satisfies sup ||z, || g7y < 00, then there exists y € E(M,T)
and a subsequence {y,}52, C {x,}5%, such that for every further subse-
quence {yng iy © {om}n, the sequence of averages {X—y Yngry/MHe
converges to y in the measure topology.

Proof. 1t clearly suffices to assume that the sequence {x,} consists of
self-adjoint elements. We assume first that (M, 7) is non-atomic. By Propo-
sition 2.7(i) and passing to a subsequence and relabelling if necessary, we
may assume that u(x,) = p(zq1) for all n > 1. By Proposition 2.3, using
the fact that F is separable, there exists y € Lo(M, 7) and a subsequence
{yn}sz, € {x,}32, such that the sequence {d°) | Ynu)/n}o2, converges
to y in the norm of L1 (M, 7)+ M, and hence for the measure topology, for
all further subsequences {ynx)}721 € {¥n}ney- Since sup ||z, || o,y < 00,
and since F has the Fatou property, it follows from [DDP3, Proposition 5.14]
that y € E(M, 7).

In the general case, let

N :=M®Lx(0,1), 7n:=7Qm.

Clearly M ® x[o,1 is a proper von Neumann subalgebra of (N, 7x). We
may obviously identify the former subalgebra with M by considering the
mapping

6 M—N, 6(@) =29 0.
For the necessary details, we refer to [FK], [CS]. By the first part of the

proof, there exists a subsequence {y,}°>; C {z,,}22; and there exists z €
E(N,7zr) such that the sequence {>°,_; ¢(yn(x))/n}o>, converges to z for

the measure topology on N. It follows that the sequence {3 r 1 Uny /Yo

is Cauchy for the measure topology on M and hence converges to some
element y € M for the measure topology on M. Therefore we readily see
that z = ¢(y), and this implies further that y € E(M, 7). This suffices to
complete the proof of the theorem. m

The following lemma is given in [PSW, Lemma 5.3].
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LEMMA 2.9. Let {x,}°, be a sequence in Li(M,7) + M. If z € M
and y € Li(M, 1)+ M are such that x,, — = for the measure topology and
xn, — y for the weak topology on Li(M,T)+ M induced by Li(M,7)N M,
then © = y.

DEFINITION 2.10. A sequence {x,}32; € E(M,7) will be said to be
FE-equiintegrable at 0O if

li =0.
Jim sup ()X [0.5) | £

PROPOSITION 2.11. Suppose that (M, T) is non-atomic. If {x,}52, C
E(M,T), then the following statements are equivalent:

(i) {zn}52, is E-equiintegrable at 0.
(ii) limeep, 7(e)—0 SUPpen [|Znel| E(m,r) = 0.
(111) limeE'P,‘r(e)—>O SUpPy, eN ||eanE(M,~r) =0.
(iv) limeep, 7(e)—0 SUPLeN ||exne||E(M7T) =0.
Proof. The implications (i)=-(ii)=-(iv), (i)=(iii)=(iv) follow immedi-
ately from the submajorisations

p(ewe) < p(we),  plex) < p(w)X(o,r(e)
for each e € P and = € E(M, 1) (see [FK, Theorem 4.2(iii)]). To show that
(iv)=-(i), it suffices to assume that x} = x, for all n € N. If x € E(M) is
self-adjoint and § > 0, then it follows from the fact that (M, 7) is non-atomic

and Proposition 1.1 that there exists e € P commuting with = such that
7(e) = 0 and such that

1(@)X0,6) = p(xe) = plexe).

The implication (iv)=-(i) now follows readily from this observation and the
details are omitted. m

We shall need the following variant of Proposition 2.7.

PROPOSITION 2.12. Suppose that E has the Fatou property and suppose
that (M, 1) is non-atomic. Let {x,}>2, be a sequence of self-adjoint ele-
ments with

sup [|zn | E(m,7) < 00
neN

(i) There exists a subsequence {yn}o>, C {x,}02, and there exist se-
quences {v,}52 1, {wp}52, € E(M,T) such that y, = v, + Wy,
{wn }22 1 is E-equiintegrable at 0 and {v, }52, converges to 0 in mea-
sure.

(i) If {xn}22, is weakly null, then each of the sequences {v,}5 4,
{wn}221 may be taken to be weakly null.
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Proof. Passing to a subsequence if necessary, a standard argument based
on Helly’s theorem as in the proof of Proposition 2.7 yields the existence of a
non-increasing function f on (0, co) such that u(z,) — f almost everywhere.
Since E has the Fatou property, we infer that f € E. Observe that for all
0 < a<b< oo, it follows from the bounded convergence theorem that
(0 ) X[a,p) — fx[a vz — 0. Suppose that 8,,e, | 0 with 7, 6, < o0
and 0<d, <1 for all n € N. Passing to subsequences, we may assume that

lu(zn)X(5,,1) — XG0 |E <€ny, neN

We let z,, = u,|x,| be the polar decomposition, with w,, taken to be unitary
by the self-adjointness of x,,, for all n € N. Again by Proposition 1.1, there
exists a rearrangement-preserving mapping J,, : E — FE(M,7) such that
In(p(zy)) = |z, | for all n € N. We now set

Up = uan(M(xn)X[O,én))a Wp = uan(M(xn)X[én,oo))7 n € N.

It is clear that xz,, = v, + w,, n € N, and that v,, — 0 in measure. To show
that the sequence {w, } is E-equiintegrable at 0, let v, | 0. Without loss of
generality we may assume that 0 < o, + 0, < 1 and that || fx[o,a,)/|E < €n
for all n € N. Observe that
[[(wn)X[0,00) 12 = |1(1t(20) X (5,1,00) ) X [0,000) || 2

< Nin)X (6,60 +an) = SX6080+an) B+ [ FX (6060400 | E
< 2,

< lw(xn)xis,,1) — X lle + 11 X000 |2

for all n € N. From this, it follows readily that the sequence {w,}32 is
FE-equintegrable at 0.

Suppose now that the sequence {z,,}22; is weakly null. It follows from
[DScS, Theorem 5.2] that {u(z,)}52,; C E is relatively weakly compact. By
[Fr, 82G], it follows that {(vn)}nz1 = {1(Zn)X[0,6,) fne1 is relatively weakly
compact. Since p(v,) — 0 in measure, Lemma 2 9 shows that {u(v,)}22,
is weakly null. For all n € N, we denote by e/ respectively, the left and
right support projections of v,, and set

n? TL’

e=supe, Ver.
neN

It follows that

0<7(e

| A

i )+ 7(el) <225 < 00.
n=1 n=1

Since {v,}52, C eMe, we now deduce from [DScS, Theorem 5.4] that the
sequence {vy, }52 ; is relatively weakly compact in E(eMe, 7(e-e)) and hence
relatively weakly compact in E(M, 7). Since v,, — 0 in measure, it again
follows from Lemma 2.9 that any weak cluster point of {v,, }22 ; is necessar-
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ily 0. From this, it follows that {v, }22; (and hence also {w,}22 ;) is weakly
null. m

THEOREM 2.13. If E has the Fatou property and if M is non-atomic,
then the following conditions are equivalent:

(i) E(M,T) has the Banach-Saks property.

(ii) Each weakly null two-sided disjointly supported sequence in E(M,T)

contains a Banach—Saks subsequence.

Proof. We only need to prove that (ii) implies (i). Let {z,}32{ CE(M, 1)
be a weakly null sequence. We assume first that E* C L[0, 00). By Propo-
sition 2.7(ii), and passing to a subsequence if necessary, we may assume
that there exist weakly null sequences {y,}52, C E(M, 1) and {2,}52, C
E(M, 1) and a null sequence {d,,}>2; C E(M,7) such that

and such that
1(yn) = p(y1)  for alln € N,
with {z,}52, two-sided disjointly supported and z, — 0 in measure. By

assumption, {z,}°2; is a Banach—Saks sequence. Using Proposition 2.3,
Lemma 2.9 and passing to a further subsequence and relabelling if necessary,

we may assume that
1 n
— E wg — 0
n
k=1

in measure for every subsequence {w,}2>; C {y,}52,. Suppose then that
{wn}22, C{yn}2, is an arbitrary subsequence. Set

1 n
an::EkZ_lwk, n € N.

Since
p(wn) = pu(y1), neN,
it follows that
an < p(y), mneN.

Since a,, — 0 in measure, Proposition 2.2 now shows that ||a,| gz — 0. This
implies that {y,}22; is a Banach—Saks sequence and, since {z,}22; is a
Banach—Saks sequence, this suffices to establish the implication (ii)=-(i) in
the case that E* C L[0, 00).

We now assume that 7(1) = oo and that E* ¢ L[0,00). This implies
that Lo[0,00) € E*, or equivalently, that £ C L1[0,00). Using Propo-
sition 2.12, and passing to subsequences and relabelling if necessary, we
may assume that there are weakly null sequences {v,}>2 ;,{w,}>2, such
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that =, = v, + w,, for all n € N, with v,, — 0 in measure and {w,}52,
FE-equiintegrable at 0. Passing to further subsequences if necessary, it follows
from Lemma 2.4 and the assumption that E(M, 1) has the d-Banach-Saks
property that we may assume that {v,}>2; is a Banach—Saks sequence.

It remains to show that {w,}52; contains a Banach—Saks subsequence.

We set
1 n
= — E wg, n €N,
n
k=1

By Theorem 2.8, we may assume that there exists y € E(M, 1) such that
a, — y in measure, and since {w, }52; is weakly null, it follows that also
an, — 0 weakly. From Lemma 2.9, it follows that y = 0. We suppose that

lanllEm,r > €
for infinitely many n € N. By Lemma 2.4, it may be assumed that the
sequence {a,}5%, is both left and right disjointly supported. By [CDS,
Lemma 2.9], there exists a disjointly supported weakly null sequence { f,,}>2 ,
C E such that u(f,) = p(ay) for all n € N. Further, since a,, — 0 in mea-
sure, it follows that also f,, — 0 in measure. Without loss of generality, we
may assume that
[fnlle > e

for all n € N. Since the sequence {w, }°%, is E-equiintegrable at 0, there
exists > 0 such that

sup ‘|M(wn)X[o,5)||E <e/2.
neN
Since

p(fr)X[0,6) = H(an)X[0,5) < ( ZM W > X[0,5)

for all n € N, it also follows that

(2.9) sub [e(fr)x0.6) B <e/2.
ne
Since f,, — 0 in measure, we may assume without loss of generality that
(2.10) sup ps(fn) < 1.
neN
Set

by == an(l,oo)(|fn|)7 Cn = an[O,l](|fn’)a n € N.
It follows from (2.10) and (2.9) that
1bnlle < e/2

for all n € N. Since the sequence { f,,}°2; is weakly null, it follows from [Fr,
82G] that the sequence {c,}52 is relatively weakly compact in E. Since
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¢, — 0 in measure, Lemma 2.9 shows that {c,}22; is weakly null in E.
Consequently, {c,}72; is weakly null in L;[0,00) by the assumption that
E C L1]0,00). It follows from the well known Vitali convergence theorem
that |cull£,[0,00) — 0. Since p(c,) < 1 for all n € N and since p(c,) — 0
in measure, the separability of E implies that |[u(c,)xo,1)l|z — 0. Since
p(en) — 0 in measure, it follows that

l1(en)X1,00) | 0w = p1(cn) — 0.
Since ||(cn)X[1,00)ll2, — 0, we deduce that

lu(en)xo0)llLinLe. — 0
and consequently
l(en)Xp1,00) |l 2 — O

since Ly N Lo, embeds continuously into E. It now follows that ||c, ||z — 0
and, further, that

[ fnlle <e,

for all sufficiently large n € N, and this contradiction completes the proof
of the theorem. m

We remark that, in the previous theorem, the assumption that E should
have the Fatou property cannot be omitted, even in the case that M is
commutative, and 7(1) < oco. Indeed, it is shown in [DSS] that there exist
Marcinkiewicz spaces on the interval [0, 1) whose separable part fails to have
the Banach—Saks property. See the remarks following [DSS, Corollary 5.6].
However, it is well known that each bounded, disjointly supported sequence
in the separable part of any Marcinkiewicz space on [0, 1) contains a subse-
quence equivalent to the standard unit vector basis of ¢y. See, for example,
[To, Proposition 1]. Consequently, the separable part of any Marcinkiewicz
space on [0,1) satisfies the second assertion of the previous theorem, but
not the first.

We mention further that the commutative specialisation of Theorem 2.13
is stated in [DSS, Theorem 4.5]. However, the proof given there contains a
gap, and is valid only under the additional assumption that E* C L]0, o0),
as is also the case with [DSS, Proposition 4.2]. This gap is removed by the
commutative specialisation of the present proof of Theorem 2.13.

THEOREM 2.14. If E has the Fatou property, then the following condi-
tions are equivalent:

(i) E has the Banach—Saks property;
(ii) E(M,T) has the Banach-Saks property for every semifinite von Neu-
mann algebra (M, T).
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Proof. 1t clearly suffices to prove the implication (i)=-(ii). We assume
first that (M, 7) is non-atomic, and suppose that {z,}72; C E(M,7) is a
weakly null two-sided disjointly supported sequence. By [CDS, Lemma 2.6],
there exists a mutually disjoint, weakly null sequence {f,}3>; C E such
that u(fn) = p(zn), n > 1. It follows readily that

M(i fn(k)) = M(i Zn(k))
k=1 k=1

and this implies that

5ol =[5,

for any increasing sequence n(k), k € N. By assumption, the space E has
the Banach—Saks property and so {f,} is a Banach—Saks sequence. It fol-
lows immediately that {z,} is a Banach-Saks sequence. Now Theorem 2.13
implies that E(M, 7) has the Banach—Saks property.

In the general case, set

N =M®Ly(0,1), 7n:=7m,
and identify M with the proper subalgebra M ® x[o,1) via the mapping
¢:x— x@X|0,1], T € M.Ifz € EX(N,Tyr), then there exists y € E* (M, 1)
such that
EM@xj0,1 2 = Y @ X[o,1)-
Consequently, using Lemma 1.2, for all x € E(M, 1) we get

(T @m)((z @ Xj0,1))2) = (T @m)((z ® X[0,1))EMexp1)?) = T(zY)-
Noting that separability of E implies that E*(N,7nr) = E(N,7a7)*, and
that £ (M, 1) = E(M,1)*, it follows that the restriction of ¢ to E(M, 7) is
continuous for the weak topologies on E(M, 1), E(N, 7xr) respectively. This
implies that the restriction of ¢ to (M, ) preserves weakly null sequences.
Since (N, Tn) is non-atomic, and since

||x|‘E(M,T) = ||$®X[0,1)HE(N,T/\/’)7 WS E(MaT)a
the assertion of the theorem now follows from the first part of the proof. m

It is classical [BS], [Ba], [Sz] that if E = L,,, 1 < p < oo, then E has the
Banach—Saks property. Further, if E is a separable Orlicz or Lorentz space,
then also E has the Banach—Saks property [DSS] (see also Theorem 3.14
below). Consequently, in each case, it follows from Theorem 2.14 that the
space E(M, 7) has the Banach—Saks property for all semifinite (M, 7).

We remark that if M = B(H) is the algebra of all bounded operators
in some separable Hilbert space equipped with the standard trace, then the
space E(M,7) is simply the Schatten ideal (or unitary matrix space) Cpg.
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Here we identify the underlying symmetric sequence space with the linear
span in E[0, co) of the vectors e, = X[,—1,n), 7 € N. In this particular case,
Theorem 2.14 reduces to [Ar, Corollary 3.6]. In the case of trace ideals, the
approach of Arazy yields the stronger result that an arbitrary separable sym-
metric sequence space E has the Banach—Saks property if and only if the
Schatten ideal Cg has the Banach—Saks property. Suppose now that @ is an
Orlicz function. It has been shown by Rakov [Rak] that the separable part
13 of a non-separable Orlicz sequence space [3 always has the Banach—Saks
property. It then follows from Arazy’s result that the Schatten ideal Clo also
has the Banach—Saks property. However, it follows from [DSS, Theoren 5. 5]
that if Lg is a non-separable Orlicz space on any interval [0, «), 0 <a<oo,
then the separable part LY does not have the Banach—Saks property. Con-
sequently, we obtain the following remark.

PROPOSITION 2.15. If Lg is a non-separable Orlicz space, and if (M, )
is non-atomic, then L%(M,T) does not embed isomorphically in the trace

ideal Cpg .

3. p-Banach—Saks properties. We recall the following terminology
[HRS].
DEFINITION 3.1. Let X be a Banach space and 1 < p < oo.
(a) A weakly null sequence {z,}72; C X is said to be
(i) a p-Banach-Saks sequence if there exists a positive constant

C < oo such that

limsupn = /7

n—oo

S <c

for all subsequences {y,}52,; C {xn}nzl;
(ii) a strong p-Banach—Saks sequence if

w0
j=1

for all subsequences {y,}52; C {z,}52;.

lim n~/P

n—oo

(b) X is said to have the p-Banach—Saks property (respectively, the
strong p-Banach—-Saks property) if each weakly null sequence in X
has a p-Banach—Saks subsequence (respectively, a strong p-Banach—
Saks subsequence).

We denote by {r,}52; the usual Rademacher sequence on [0, 1) defined
by setting

rn(t) = sgnsin(2"nt), t€[0,1),n=0,1,....
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We recall [LT] that a Banach space X is said to have type p for some
1 < p < 2 if there exists a finite constant M such that for every finite
sequence {z;}7_; C X,

n 1 n 9 12 ”
2l oy = QUm0 )™ < M () ™

Let 1 < p,q < 0o. A Banach lattice X is said to be p-conver, respectively
q-concave, if there exists a constant M > 0 such that for every finite sequence
{ﬁj };‘L:l - X7

(k) ] < 23 host) ™
j=1

Jj=1

respectively
- 1/q - 1/q
(S tetie) ™ < M| (X esrr) -
j=1 j=1

The smallest such constant M is called the modulus of p-convezity, respec-
tively, modulus of q-concavity, of X. We remark that if 1 < p <2 < ¢ < o0,
and if E is a symmetric Banach function space on [0, co) which is p-convex
and g-concave, then the argument of [LT, Proposition 1.d.8] shows that there
exists on F an equivalent symmetric norm with moduli of p-convexity and
g-concavity both equal to 1. With this equivalent norm, [LT, Theorem 1.f.1]
shows that F is uniformly convex with modulus of convexity of power type
q and uniformly smooth with modulus of smoothness of power type p. It
follows, in particular, that F is reflexive.

We remark that it has been shown by Rakov [Rak] that if a Banach space
is of type p, 1 < p < 2, then it has the p-Banach—Saks property.

PROPOSITION 3.2. If E is p-convex and g-concave for some 1 < p <2<
q < 0o, then E(M,T) has the p-Banach—Saks property.

Proof. By passing to an equivalent rearrangement-invariant norm on F
if necessary, we may assume that E has modulus of p-convexity and modulus
of g-concavity both equal to 1. It then follows from [Xul] that E(M,7) has
type p. The assertion of the proposition now follows from the cited result of
Rakov. m

We remark that it follows from Theorem 2.13 (see also Corollary 3.7 be-
low) and the classical theorem of Szlenk [Sz] that L;(M, 7) has the Banach—
Saks property (in fact, as shown in [BD], any von Neumann algebra predual
has the Banach—Saks property). We note that Proposition 3.2 implies that
L,(M, 1) has the p-Banach-Saks property for 1 < p < 2. In the case that
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(M, 1) is finite, this was shown in [HRS, Proposition 4.6] quite indepen-
dently of Rakov’s result. It was noted further in [HRS] (see also [Su]) that
if (M, 7) is finite, then L, (M, 7) has the 2-Banach—Saks property for p > 2
and that this is best possible.

The definition which follows extends the classical notion of uniform equi-
integrability to non-commutative spaces of measurable operators.

DEFINITION 3.3. If K C E(M,7) is bounded, then K is said to be
E-equiintegrable if

sup{|lenzen|pr,} — 0
reK

for every system {e, }52; C M of projections with e, | 0.

The preceding definition was introduced by Randrianantoanina [Ran2]
(see also [Ranl]), although related notions had been earlier considered
in [CS]. If E = L1][0,00), then the well known criterion of Akemann [Ta]
(see also [RX]) asserts that the E-equiintegrable subsets of Li(M, ) are
precisely those which are relatively weakly compact. Equiintegrable sets in
the Haagerup L,-spaces have been studied in some detail in [RX] via ultra-
product techniques, but these methods do not apply in the present setting.

We observe that it follows immediately from Proposition 2.11 that any
bounded E-equintegrable sequence is E-equintegrable at 0 in the sense of
Definition 2.10 and that the two notions coincide if the trace (M, 1) is
finite. We note further that if the sequence {yx}7°; is equimeasurable, and
if 7(1) < oo, then {yx}32, is E-equiintegrable. In fact, the submajorisation
(see [CS)])

ye < 1(Y)X[0,r(e))
together with the equimeasurability of the sequence {yx}72, the finiteness
of the trace 7 and the separability of F immediately yields

sup lenyrenll B,y < l(y) X0, (e llE — 0

whenever e, | 0. It is clear that this assertion fails in the case of 7(1) = oco.

LEMMA 3.4. Let z € M and let e, f € M be self-adjoint projections.
(i) |ze] = ||zle| = e|zele.

(ii) If e < f, then p(ze) < p(zf).

Proof. (i) It follows from the equality

|ze|? = e|z|?e = Hz\e!Q

that |ze| = ‘|z|e‘ for all z € M. If p denotes the right support of ze (which
is the right support of |ze|), then it is clear that p < e and this implies
elzele = |ze|.
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(ii) If e < f € M are self-adjoint projections with e < f, then

u(ze) = ul|zle) = pule|z]) = u'?(|zle|z])
< w2 (|2l fl2) = w(fl2]) = nllzlf) = u(zf)- =
LEMMA 3.5. Suppose that M is non-atomic and that {x, }32; CE(M,T)
is E-equiintegrable. If
Tp =Yn +2n, nEN,

where the sequence {y,}22, is equimeasurable and {z,}5>, converges to 0
for the measure topology, then ||z, ||g(m,+) — 0.

Proof. We show first that

(3.1) HenznenHE(/\/lJ) = ||enZ:enHE(M,‘r) —0

for any sequence {e,, }°°; of projections for which Y > | 7(e,) < co. In fact,

lenznenllB(m,r) < 1(Vizner)zn(Vesner) | B,
<N (Vesner)Tn(Visner) | B,y + [9n(Viesner) | B,

< sup [|(Vizner) ;i (Vizner) | Bm,r)
J

+ 1(y)X0,2, 5, (e 25

where we have again used the submajorisation

n(ye) < ply)ple).
Since Vi>ner | 0, the assertion follows from the separability of £ and the

assumption that the sequence {z,,}52 is E-equiintegrable.
We show next that

(32) lznfrllEim,y = 0, llzpfallEr,ry — 0
for every sequence {f,}°2; C M of projections with sup,, 7(f,) < oo. Let

us first remark that, if z € E(M,7), if €, > 0 and if p, g are projections
with 7(1 —p), 7(1 — ¢) < ¢ and are such that

lzpllem,ny <& llz%dlleman <e,
then, setting e :=1— (1 —p) V(1 —gq), it is easily checked that 7(1 —e) < 20
and

lzellpm,ry <& l2%ellBm,r) <e
Since 2,z — 0 in measure, using the preceding remark and passing to a
subsequence and relabelling if necessary, we may assume that there exists a
sequence {e,}>2; of projections such that > 7 7(1 —e,) < oo and such
that

||znen”/\/1 - 07 ”Z:LQHHM — 0.
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By (3.1), we may assume that
(1= en)zn(l —en)llem,y — 0, (1 —en)zn (1 —en)llpm,n — 0.
If {fn}52, is any sequence of projections with sup,, 7(f,) < co then
|znfrllEcm,r) < lznenfulleir) + lenzn(1 = en) frllEm,n
+ (1 = en)zn(1 = en) full Bom,7)
[2nen foll Ly (mrynm + 11 fa(1 = en)znenln, (mmnm
+ (X = en)2n(1 = en)llBm,r)
max{1,sup 7(fr)}(|znenllm + lznenllm)

IN

IN

+ ||(]- - en)zn(l - 6n)HE(M,T) — 0.
The preceding argument applies equally with z,, replaced by z;, and shows
that each subsequence of each of the sequences {z, fn}52 1, {7} fn}52, con-
tains a null subsequence, and this suffices to establish (3.2).
Suppose now that there exists ¢ > 0 such that

(3.3) |znllB(Mm,7y > 26, mneN.
Since the sequence {z,}7° ; is E-equiintegrable, there exists a projection p

with 7(p) < co and such that
(3-4) sup [[(1 = p)za(1 = p)llpm,r) <e/8.
n

To see that this is the case, suppose that {es}aca is a mutually disjoint
family of projections such that 7(e,) < oo foralla € Aand ) . eq = 1.
By a similar argument to those in [Xu2, Lemma 5.7 and proof of Theo-
rem 5.1] (see also [Ran2]), there exists an at most countable subset {e,, }52
such that

Tn€a = €qln = Yn€a = €alyn = Zn€a = €aln = 0

whenever e, € {e,}>2,. Set e := > >  e,. Replacing M by eMe and

n=1
T by its restriction to eMe, we may suppose that e = 1. If we now set
Pn i= Y _p>n €k, then it is clear that p, | 0 and 7(1 —p,) < oo for all n € N.
Using the E-equintegrability of {z,}° ,, this clearly suffices to establish
(3.4). From (3.2), with f, taken to be 1 — p for all n > 1, and using (3.3),

we may assume that

(3.5) 11 =p)zn(1 = P)lBMm,r) =€

for all sufficiently large n € N. For all such n € N, it then follows from (3.4)
that

(3.6) (X =p)yn(1 = P)lE(M,r) = T/8.
Since E is separable, there exist positive real numbers r < s such that

(3.7) l(y)xpo,m e < /16, [lu(y1)X(s,00) |2 < €/16.
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Using the fact that (M, 7) is non-atomic, and the remark following Propo-
sition 1.1, for each n € N, there exist disjoint projections e%l),eg),e%?’) in
M such that
D) =r @) =s—r
(1= p)yn(1 —p) = (1 = p)ya(1 = ple!) + (1 = p)yn (1 — p)e?

+ (1= p)yn(1 —pe)

and
p((1 = p)yn(1 = pel) = p(u((1 = p)yn(1 = p))x(0,r))
< u(p(y1)X[0,m)),
(3:8)  u((1=p)yn(1 =p)el?) = p(p((1 = P)yn(1 = P))X[r.s))5
(1= p)yn (1 = p)e?)) = p(u((1 = P)yn (1 = P))X(s,00))

IN

M(ﬂ(yl)X[s,oo))‘
From (3.7) and (3.8), it follows immediately that

H(l _p)yn(l _p)egzl)HE(M,T) < 6/167
11 = D)y (1 = p)eP | pat,r) < £/16.
From (3.6) and (3.9), we obtain

(3.10) 1L = p)yn(1 = p)eP I prt,r) = 62/8

for all sufficiently large n. Since 7(p) < oo and since T(67(12)) = s —r for all

(3.9)

n € N, it follows from (3.2) that |z.p| ga,-) — 0 and Hzneg)HE(Mﬁ) — 0.
This in turn implies that

(311)  [(A=p)zn(1=p)ed | zmr) < 120eP [ Bmm +Hznpll BM7) = 0.
It now follows from (3.10) and (3.11) that
limsup [|(1 = p)(yn + 20) (1 = P) | BM,)

> limsup [|(1 — p)(yn + 2n)(1 _p)eg)HE(Mﬂ')
n

> limsup [[(1 — p)yn (1 — p)el? || prn,r) > 62/8.
n

This contradicts (3.4) and serves to complete the proof of the lemma. m

By taking y, = 0 for all n € N in the preceding Lemma 3.5, we obtain
the following consequence, which in the commutative setting reduces to a
well known theorem of Vitali. An alternative proof of this corollary may be
based directly on Lemma 2.4.
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COROLLARY 3.6. If {z,}22 CE(M,T) is bounded and E-equiintegrable,
then ||z || g,y — 0 if and only if x,, — 0 for the measure topology.

COROLLARY 3.7. Suppose that E has the Fatou property and that (M, 1)
is non-atomic. If {x,}52, C E(M,T) is weakly null and E-equiintegrable,
then {x,}22, contains a Banach—Saks subsequence.

Proof. 1t follows from Proposition 2.7 and Lemma 3.5 that we may, in
addition, assume that the sequence {z,,}5° ; is equimeasurable. Passing to
a subsequence and relabelling, we may assume by an appeal to Theorem 2.8
that there exists y € Ly(M, 1) + M such that

n
-1
n E T;—y
J=1

in measure. Since {z,}2%; is weakly null, so also is {n~! D1 Tt
From Lemma 2.9, it follows that y = 0. We now observe that the sequence
{n=1 > =12 }psq is E-equiintegrable. Indeed, for any sequence {e,}o2; of
projections in M with e, | 0,

k
en (k:_l Z a;j> en
j=1
It now follows from Corollary 3.6 that

-1
n T — 0,
H]z:l JHE(M,T)

and this suffices to complete the proof. m

sup
keN

< sup |le,x e — 0.
E(M.T) _jegﬂ ndj nHE(M,T)

If E = L1]0,00), then, via the Akemann criterion (see the remarks fol-
lowing Definition 3.3), the preceding Corollary 3.7 is a non-commutative
extension of the classical theorem of Szlenk [Sz|, and the method of the
preceding corollary is quite different from the lifting argument based on
Theorem 2.13. We remark, however, that the commutative specialisation of
Corollary 3.7 is valid under only the assumption that E is separable, without
requiring that E have the Fatou property. See [DSS, Theorem 4.10].

Before proceeding, we recall that a sequence {x,, }2° ; in a Banach space X
is called unconditional if there exists a constant K > 0 such that

n n
i=1 =1

for all n € N and for all scalars cyq,...,¢, and ai,...q, with |a;| = 1 for
all 1 < ¢ < n. Such a sequence will be called K-unconditional. A set W
in a Banach space X is said to be seminormalised if there exist constants
0 < Cp; < 0y < oo such that C7 < ||z||x < Cy for all z € W. We shall
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need the following consequence of a well known result due to Brunel and
Sucheston. See [BrS1,2], [HRS].

LEMMA 3.8. Let {x;}32, be a seminormalised weakly null sequence in a
Banach space X. There exists a subsequence {y;}52, C {z;}32; such that,
for every k > 1, the sequence {y]}?ik 18 4-unconditional.

THEOREM 3.9. Suppose that (M, 1) is non-atomic. If E is p-convex
and g-concave for some 1 < p < 2 < q < oo, then each weakly null,

E-equiintegrable sequence in E(M,T) contains a strong p-Banach—Saks sub-
sequence.

Proof. 1t is clear that we may assume in addition that z} = x, for
all n € N. Let us note first that it follows from [LT, Theorems 1.f.10 and
1.c.4] that E is separable and has the Fatou property. Using Proposition 2.7
and appealing to Lemma 3.5, it is readily seen that we may, in addition,
assume that the sequence {x,, }>2 ; is equimeasurable. It is clear that we may
assume that ||z,[ g, = |71l B, > 0 for all n € N. Since M is non-
atomic, by Proposition 1.1 there exist rearrangement-preserving mappings
Jp + B — E(M,7), n € N, such that J,(u(z,)) = |zn|; let uw, be (self-
adjoint) unitary operators such that x,, = u,|z,| for all n € N. Given € > 0,
and using the separability of E, there exist 0 < 6 < A < 0o such that

l1(z1)(X[0,6) + X[a,00)) lE <&, neEN.

Setting e, = Jn(X[s,4)), observe that z,e, = e,z, for all n € N, that
N(xneﬂ) = M(:u(l'l)X[é,A))? n €N,
and that
w(@n (1l —en)) = p(u(r1))(X0,6) + X(A00)), nEN
It follows immediately that

(3.12) sup [z, (1 = en)ll B,y <&

Since the sequence {z,}52 ; is E-equiintegrable, and using the same argu-
ment as in the proof of Lemma 3.5, we may assume that there exists a
projection e € M with 7(1 — e) < oo such that

(3.13) lexnell g,y <&, neN.
By (3.12), it follows that
lexn (1 —en)ell ) < llzn(l —en)llpmr) <& nEN,
and consequently, by (3.13),
(3.14) lexnenel| g,y <26, neN.
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Further, observe that

(3.15) sup || znen (1 — €)|lpm < sup [|[znen|lm = ps(w1).-
neN neN

Using Lemma 3.8, and passing to a subsequence if necessary and rela-
belling, we may assume further that the sequence {mn}ffz & 1s 4-unconditional
for each k > 1. Given n > 1, let k € N satisfy 2#~1 < n < 2*. Since

k—1
DL
i=1

n—1/p Inn

| nl/7In2 0
BE(M,T) nl/P1n?2 HleE(Mﬂ—) — 0,

it will suffice to show that

n
(3.16) lim n*l/PHZ o
i=k

n—oo B(Mr)

whenever n, k € N satisfy k¥ < n < 2¥. From the assumption that {:En}ik:k
is 4-unconditional, it follows that

(3.17) Hg X; B(M.r) < 4“21‘17”1‘

Setting f =1 — e, it is clear that

HZ ‘L2(01) E(M,1))
< HZ x; (1 — ei)ri‘
i—k

n
+ H E %Z‘@l‘fﬂ'
i=k

We now estimate each of the summands on the right hand side. It follows
from the given assumptions on E and from [Xul] that F(M,7) is of type p.
Using (3.12), (3.14) and letting M,, denote the constant in the definition of
type, we obtain

a1 [ Sn e
i=k
(3.19) Hzn: ex;e;er;
i=k

It follows from the fact that 7(f) < oo and from [LT, Remark 2, p. 133] that
(3.20) Lq([0,7(f))) € E[0,7(f)),

L2([0,1),E(M,7))

n
—i—H eT;eer;
La([0.1). E(M,7) Z; Lo, BT

+H Tie;er; .
L2(10.1). E(M.7)) ;f T a0, BMT)

< M,(n — k)P,
Lo([0,1), E(M,7)) p )

< 2M,(n — k)'/Pe.
L2([0,1),B(M,7))
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with embedding constant C; = C1(7(f)) which depends on 7( f). For brevity,
we denote by (M7, 7f) the von Neumann algebra fM f equipped with the
(finite) trace 7(f - f). Since z;e; € M, i € N, Lemma 3.4(i) shows that, for
all we [0,1),

‘Zazer, ‘ e MI C LM 7Ty C BE(MT, 7).

Since q > 2, it follows from [Fa] that L,(M/,77) has type 2. Let M> denote
the type 2 constant. Using (3.15), (3.20), we obtain

3.21 H o fr :H -
( ) ;xzezfrz Ly([0,1),E(M,T)) ;‘Tzelfrz

n
<Cy Hzxieifri
i=k

L2([0a1)’E(Mf7Tf))

L2([0,1),Lq(MT,71))

n ) 1/2
< MyCy (Z HxieifHLq(Mf,Tf)>
i=k

< MpCr( sup aieif| s ) (n — k)2 ( )1/

k<i<n
< MaCipus (1) (n—k)' 2 (f)1/.
Passing to adjoints, we obtain similarly

(3.22) Hzn: Jxieier;
i=k

If we combine (3.17), (3.18), (3.19), (3.21), (3.22), it follows that

n
> i
i=k

for all n € N. Since p < 2, this yields

limsupn™ /pHZ:E’

n—0o0

< MyO K (n — k)Y 20 ( )V,
Lo,y S M2OE (= R) ()

S 12Mp€ + 8CIM2M5(.Tl)T(f)l/qnl/2_1/p

E(M,T)

< 12Mpe.
M)T)

As ¢ > 0 is arbitrary, the assertion of the theorem follows. m

LEMMA 3.10. If {x,}32, C M converges to 0 in measure, and if p > 0,
then there exists a subsequence {y, 5%, C {x,}2, such that n=/? Z L w;
— 0 in measure for all further subsequences {w,}°2 ; C {y,}>2 ;.

Proof. Tt will suffice to show that if € > 0, § > 0 are given, and if
N (e, 9) is the corresponding neighbourhood of 0 for the measure topology,
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then there exists a subsequence {y,, }°°; C {z,}>2, such that, for all further
subsequences {wn}721 € {yn}nls,

n
n’l/prj € N(g,0)

j=1
for all sufficiently large n € N. The assertion of the lemma then follows from
a diagonal argument, since the measure topology has a countable base of

neighbourhoods at 0.

Let € > 0, § > 0 be given. Since x,, — 0 in measure, it follows from a
straightforward argument that there exists a projection e € M with 7(1—e)
< § and a subsequence {y,}2%; C {x,}5°; such that ||ypello < 277! for

all n € N.If {w, }52; C {y,}22, is any further subsequence, then

n
)] <o <o
(o.0]
j=1

for all sufficiently large n € N, and, together with the above remarks, this
suffices to complete the proof of the lemma. =

We may now state the following complement to Theorem 3.9.

THEOREM 3.11. Let E be p-convexr and g-concave for some 1 < p <2 <
q < oo. If{x,}52, C E(M,T) is weakly null, then there exists a subsequence
{yn}o, C {x,}5, such that n='/? > j—1wj — 0 in measure for all further
subsequences {wn 1521 C {yn}o2 ;.

Proof. By the same argument as in the final paragraph of the proof of
Theorem 2.14, we may assume in addition that (M,7) is non-atomic. It
will suffice to show that if ¢ > 0 is given and N(e,¢) is the corresponding
neighbourhood of 0 in M for the measure topology, then there exists a sub-
sequence {y,}2%, C {z,}22, such that the sequence {n~1/? D i1 Wikl
is eventually in N (g, ) for all further subsequences {w,}52; C {y,}52 . If
this is the case, then the assertion of the theorem will follow from a diagonal
argument, since the measure topology has a countable base at 0.

From Proposition 2.7, we may assume that

Ty = Yn + Zn, nEN7

where {y,}52, is equimeasurable and z, — 0 in measure. Since E is re-
flexive, it follows that E(M,7) is reflexive [DDP3]. Passing to a subse-
quence if necessary, we may assume that {z,}>2 ; is relatively weakly com-
pact. By Lemma 2.9, we may assume that {z,}2°,, and so also {y,}52,
is weakly null. By Lemma 3.10 applied to {z,}°°;, we may assume that
n~1/p Z;; z; — 0 in measure. We may therefore assume further that
{z,}5% is equimeasurable so that pu(x,) = p(zy) for all n € N. It is also
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clear that we may assume z,, = x, for all n € N. By the continuity of the
embedding of E(M,7) into M, there exists n > 0 such that

(3.23) r€ EM,7), |zllpom,-) <n = x € N(g/2,6/2).

As observed earlier, the given assumptions on E imply that E(M, ) has
type p, with constant M,. Since F is separable, there exist 0 < J < A < o0
such that

(3.24) l4(21) (X (0,6) + X12,00)) | EM,7) < 11/16M,.
As in the proof of Theorem 3.9, there exists a sequence {e,}>>; C M
of projections such that x,e, = e,x, for all n € N and such that
(xnen) = p(p(@1)x(s.4));

(3.25)

p(zn (1 = en)) = p(p(z1)(X(0,6) + X[4,00)))
for all n € N. Since {z,e,}}2, is equimeasurable, it is simultaneously
bounded, and hence relatively weakly compact, in F(M, 7) and in La(M, 7).
Since {z,,}52 is weakly null, and passing to a further subsequence if nec-
essary, we may assume that there exists a € E(M, 1) N La(M, 7) such that
{znen}se, converges weakly to a in E(M,7) and in Lo(M,7), and such
that {x,(1 — ey,)}52,; converges weakly in E(M,7) to —a. By (3.24) and
(3.25), observe that

(3.26) lall B,y < 1inngi£f 21 = en)ll B,

= nlLII;O |z (1 — en)HE(M,T) < 77/16Mp-

By passing to a further subsequence, we may assume that the weakly null
sequence {z,(1 — e,) + a}>2, satisfies the assertion of Lemma 3.8. Given
n > 1, let k € N satisfy 28~ < n < 2*, and observe that

1 n
15 e -l
7| Sleit-e)ral
k—1 n
= nl/p ‘ ]Z::(Uﬁj(l —e)t a)HE(M,T) * nl/p jZ::k(xj(l Tt a)HE(M,T)
Inn 9+ 1 Hi( (1 )+ )H
X5 — €; a
— nl/PIn?2 n nl/p = J J E(M,T)
<ozt |31 - e+ o
— z:i(l—e;)+a
77 nl/p i J J E(M,T)

J:
for all sufficiently large n € N. Using now the fact that the sequence
{z;(1—¢€;)+ a}?k:k is 4-unconditional, from (3.24)—(3.26) and the fact that
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E(M, ) is of type p with constant M,,, we obtain

(3:27) nl/p HZ (z;(1 )+ G)HE(M,T)
1/p
<o (Z”% ) + ol )
< 4M, p uax lz;(1 —e;) + all g,y < 4Mp2n/16M, < /2.
<j<

It now follows that

1
nl/P

E(M,T)

ima — ;) +a)

J:
for all sufficiently large n € N. This in turn implies that

n

(3.28) @i —e) +a) € N(e/22/2)

for all sufficiently large n € N. By Proposition 3.2, the space Lo(M,7) has
the 2-Banach—Saks property, and so there exists a constant C'(6, A) > 0 such

that
n
nfl/QHZ(xjej —a ‘
j=1

for all n € N. Thus,

< C(9,A
LQ(M’T) ( )

n~ /P < C(5, A)ynl/2= 1/

g%_a(

for all n € N and this implies that n~1/? Zj ((zje; —a) — 0in Ly(M, 1)
and hence also for the measure topology. Consequently,

L2(M ’T)

n

n~ PN (wje; —a) € N(e/2,¢/2)

j=1
for all sufficiently large n € N. Together with (3.28), this shows that

n~l/r Za:j € N(g,¢)
j=1
for all sufficiently large n € N, and this completes the proof of the theorem. m

If X C E(M,7) is a closed linear subspace, then a sequence {x,}7
C X is said to be almost disjointly supported if there exists a sequence



158 P. G. Dodds et al.

{yn}2, € E(M, ) which is right and left disjointly supported such that
|0 — YnllE(Mm,7) — 0 as n — oo.

PROPOSITION 3.12. Suppose that E is p-convex and q-concave for some
1 <p<2<qg<oo, that (M, 1) is non-atomic and that X C E(M,T) is a
closed linear subspace. If X does not have the strong p-Banach—Saks prop-
erty, then X contains a seminormalised almost disjointly supported sequence
which converges to zero in measure.

Proof. Suppose that {z; };";1 C X is a weakly null sequence which con-
tains no strong p-Banach—Saks subsequence. Passing to subsequences if nec-
essary, and appealing to [Ran2], we may assume that

ry=y;+z5, Jj=1,

where {y;}52,,{2;}32, are bounded sequences such that {y;}22, is F-equi-
integrable and {z;}72 is two-sided disjointly supported. Since £(M, T) is re-
flexive, we may assume that {z; 521 is weakly convergent, and hence weakly
null by Lemma 2.4. It follows that we may now also assume that {?/j}?il
is weakly null. By Theorem 3.11, we may assume that n~1/? Sr_ixk — 0
for the measure topology. By Theorem 3.9, we may assume further that
{y;}52, is a strong p-Banach—Saks sequence. It follows that {z,};2 con-
tains no strong p-Banach—Saks subsequence. Let €5 | 0. There exists § > 0
and an increasing sequence n(k) T oo such that

3.29 k *UPH H > k>1
(3.29) (I DIC LR

n(k—1)
S ol Ysa k21
= e

n(k)
3.30 B~ max{ |3 i |
(3.30)  n(k)™/" max{ 2 9lener

It follows from (3.29) and (3.30) that

n(k)

3.31 B | >5/2, k>1.
gan a7 s zem ke
j=n(k—1)+1
We define the sequence {w;}32, € E(M,T) by setting

wy = n(k)~L/P Z zj, k>1
j=n(k—1)+1

It is clear that {wy }%2 ; is two-sided disjointly supported. As shown in [CDS,
Lemma 2.6], there exists a pairwise disjointly supported sequence { f,}2° ; CE
such that

N(fn) = :U(Zn)a n > 1.
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It follows readily that

i3 et - u(jZ:chl =) = (D)

j=1

J=1
for every n > 1 and every finite sequence cq,...,c, of scalars. Since F is
p-convex, we obtain

(3.32)  lwrllBa,n

n(k) n(k)
—ae) |3 | =ew| S g
. (M,7) o E
j=n(k—1)+1 j=n(k—1)+1
n(k) 1/p
<a®) (N IEIE) S Myswplzles, ke,
j=n(k—1)+1 Jen

It follows from (3.31), (3.32) that {w,}°>; C E(M, 1) is seminormalised. If
we now set

n
Up i=n"4/P E zj, n>1,
Jj=1

then the sequence {u,}2>,; C X converges to zero for the measure topol-
ogy and ||u, — wn| gam,7) — 0. This suffices to complete the proof of the
proposition. m

We now consider the case that E is a Lorentz space Ay, = Ay 5[0, @),
1 < p < o0, on some interval [0,a), 0 < a < oco. We suppose that v is a
positive concave function on [0, c0) with ¥(0+) = 0 and ¥ (c0) = co. The
Lorentz space Ay, 5, is the space of all measurable functions f on the interval
[0, ) such that

1/p
1 llop = ( § nryraw) ™ <o
[0,0)

From [KPS, Lemma II.5.1], the space Ay ), is separable, and it follows
directly that A, , has the Fatou property. Further, since Ay, is the p-
convexification [LT] of the 1-convex Banach lattice Ay 1 = Ay, it follows
that Ay , is p-convex. The Kéthe dual /12 is the Marcinkiewicz space My,
consisting of all measurable functions f on [0, «) such that

t
1 £llar, = sup w(t)" | pa(f) ds < 0.
0<t< 0
It is easy to see that if & = oo, then Lo, C My = AZ if and only if
lim¢ o0 ¥(t)/t > 0. Equivalently, A} C Lo if and only if lim; .o 9(t)/t = 0.
The concave function ¥ will be called regular if there exists a constant k > 1
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such that ¥(2t) > ki (t) for all ¢ > 0. It is shown in [Re] (see also [Dil], [No])
that Ay, is g-concave for some ¢ < oo if and only if 1) is regular.

While various special cases of the lemma which follows are known, we
include details for the sake of completeness.

LEMMA 3.13. Let {x,}72, C Ay [0, ) be seminormalised and disjointly
supported. If o < 0o, or if @« = 0o and x,, — 0 in measure, then {x,}5>,
contains a subsequence equivalent to the unit vector basis of l,.

Proof. In the case that @ < oo, the lemma is proved in [FJT, Theo-
rem 5.1]. The argument in the case that o = oo is similar. It is well known
(cf. [KPS, Lemma II 2.1 and Theorem II 3.4]) that if 2 € Ay ,, then

oo

ella,., =sup(§ 2o o) d¢(t))1/p
0

where the supremum is taken over all measure-preserving mappings o of
[0, 00) into itself. If A C [0,00) is any measurable subset, we denote by |A|
the Lebesgue measure of A. We may assume that [|2,[/4, , < 1foralln € N.
Let &, | 0. We may assume that |{|z,| > e,}| < &,. We set

Yn = TnX{|zn|>en}> Zn = Tn — Yn, n € N.

It is clear that suppy, < e, and |z,| < &, a.e. for all n € N. We may
assume that inf ||y,|[4, , > 20 and that inf [|z,[[4, , > 20, for some ¢ > 0.
By separability of F, we may assume that z, is compactly supported and
we set s,, = supp z, for all n € N. Observing that

Hzn”/lw,p < Enw(sn)l/pv n €N,

we may assume that s, T, oco. Passing to a subsequence and relabelling if
necessary, we may assume there exist measure-preserving transformations

On : [Oagn) — Supp Yn, Wn : [07 Sn) — Supp zpn

such that
| lynoon(®)P dy(t) > o7, | lzncwn ()P dip(t) > o7
[5n+175n) [Snflysn)

for all n € N. It is clear that we may assume that £; < s1. Let now o be any
measure-preserving transformation on [0, c0) such that o coincides with o,
on [e,41,6,) and with w,, on [s,_1,s,) for all n € N. Let {a,})_; be any
finite scalar sequence. We obtain
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En Sn

n=1 En41 —

On the other hand, since Ay, is p-convex and therefore satisfies an upper
p-estimate, we deduce that

N N 1/p
S, = (i)™
n=1 n=1

and this suffices to conclude the proof. m

THEOREM 3.14.

(i) If 1 < p < oo, then Ay (M, T) has the Banach-Saks property for
all semifinite (M, ).
(ii) If 1 < p < 2 and if ¥ is reqular then, for all semifinite (M, 1),

(a) Ay (M, T) has the p-Banach-Saks property;

(b) a closed linear subspace X C Ay, ,,(M,T) has the strong p-Banach—
Saks property if and only if X contains no subspace isomorphic
to lp;

(¢) if (M, ) is non-atomic, then a weakly null sequence {x;}32; C
Ay p(M, T) which is Ay p-equiintegrable has a strong p-Banach—
Saks subsequence.

Proof. (i) By the commutative specialisation of Theorem 2.13 (see also
[DSS, Theorem 4.5]) and by Theorem 2.14, it will suffice to show that if
{zn}22, € Ay p is weakly null and disjointly supported then {x, }7°, con-
tains a Banach-Saks subsequence. We may suppose that sup,, ||z, 4, , < 1.
If p > 1, then Ay, is p-convex and therefore satisfies an upper p-estimate.
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In this case, there exists a constant M > 0 such that

n
Hn_IijH gMnl/p_1 — 0.
j=1 Awﬁp

Consequently, {x,}>°; is a Banach—Saks sequence. We may then suppose
that p = 1. If & < o0, or if @ = oo and lim;_, ¥(t)/t > 0, then it follows
from [CSS, Theorem 1] that the sequence {x,};2; is Ay-equiintegrable.
Since {z, }52, is disjointly supported, this implies that ||z,[|4, — 0 so that
{z,}52, is a Banach-Saks sequence.

We may therefore assume that o = oo and that lim_, o, 9 (t)/t = 0. By
the commutative specialisation of Proposition 2.7 (see also [DSS, Proposi-
tion 3.2]), passing to a subsequence and relabelling if necessary we set

Tn = Yn + 2n,

where the sequences {y, }°2 1, {z,}32; are disjointly supported, {y,}52 is
equimeasurable, and {z,}°2; converges to 0 for the measure topology. The
condition lim;_,» ¢(t)/t = 0 implies that /1:; C Ly[0, 00) and so by Propo-
sition 2.7(ii), we may assume that each of the sequences {y,}>2,{zn}52,
is weakly null. We may also assume that {z,,}5; is not a Banach—Saks
sequence, and for ease of notation, we assume that there exists § > 0 such
that

3.33 —1H H 5> 0
(3.33) n Zx] A >0 >
j=1
for all n € N. We set
1 — 1 & 1 &
Xn = — j 5 Y,=—- j 5 Lp = — j

for all n € N.
We show that ||, |4, — 0. We set f = pu(yn), n € N, and observe that

1 t
(V) = _f(_>, t>0,neN.
n’\n

It follows that

o0

1Yalla, = S %f(%)wU dt = S F(s)0' (ns) ds

0

for all n € N. Now, since 0 < ¢’ is non-increasing,

fd'(n-) < fof
for all n € N. Since lim; ., ¥(t)/t = 0, it follows from the concavity of
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that lim; o 9’(t) = 0. The dominated convergence theorem now implies

oo

Yalla, = § f(s)¢/(ns)ds — 0.
0

It now follows from (3.33) that || Z,||1, > d/4 for all sufficiently large n € N.
Let ¢ | 0. We may assume there exists an increasing sequence n(k) T oo
such that

n(k) n(k+1) 5

1 —1
n(k+1) HZZJ-’AW <eg, nk+1) H Z ZjHAw >3

j=1 j=n(k)+1
If we set
n(k+1)
Z,=n(k+1)"1 Z 2
j=n(k)+1

then the sequence {Z],}7°; is disjointly supported, seminormalised and con-

verges to 0 in measure. By Lemma 3.13, {Z/ }>°, contains a subsequence
equivalent to the unit vector basis of I;. From this, it follows that {Z] }5%
is not weakly null, and this implies that the sequence {z,}5°, is not weakly
null, which is a contradiction.

(ii)(a) This follows from Proposition 3.2 and from the remarks preceding
Lemma 3.13.

(ii)(b) Assume first that (M, 7) is non-atomic. It is clear that if X
contains a subspace isomorphic to l,, then X does not have the strong p-
Banach—Saks property. Conversely, if X does not have the strong p-Banach—
Saks property, then it follows from Proposition 3.12 that X contains a semi-
normalised almost disjointly supported sequence {z,}52; which converges
to 0 in measure. The argument in the proof of Proposition 3.12 shows that
the sequence {z,}>2 ; is equivalent to some disjointly supported seminor-
malised sequence {g,, }7> in Ay , which converges to zero in measure. That
{gn}22, and consequently also {z,}>° ;, contains a subsequence equivalent
to the unit vector basis in [, follows from Lemma 3.13. The assumption that
M is non-atomic is now removed as in the proof of Theorem 2.14.

(ii)(c) This follows from Theorem 3.9 and the remarks preceding Lem-
ma 3.13. =

The preceding theorem extends several results proved in [HRS, Theo-
rem 4.6] for the special case that Ay, , = L,[0, 1], and appears to be new,
even in the commutative setting. The assertion of (i) for p = 1 is given in
[DSS, Theorem 5.7(i)], but the proof given there is valid only in the case of
finite intervals.



164

[Ar]

[Ba]
[BS]

[BD]
[Bes]

[BrS1]
[Brs2]

[CDS]

[CKS]

[CSS]
(CS]
[Di]

[Dil]

[DDP1]
[DDP2]
[DDP3]

[DScS]

[DSS]
[EM]
[Fa)
[FK]

[FJT]

P. G. Dodds et al.

References

J. Arazy, Basic sequences, embeddings and the uniqueness of the symmetric
structure in unitary matriz spaces, J. Funct. Anal. 40 (1981), 302-340.

S. Banach, Théorie des opérations linéaires, Monograf. Mat. 1, Warszawa, 1932.
S. Banach et S. Saks, Sur la convergence forte dans les champs LP, Studia Math.
2 (1930), 51-57.

A. Belanger and J. Diestel, A remark on weak convergence in the dual of a
C*-algebra, Proc. Amer. Math. Soc 98 (1986), 185-186.

C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Bos-
ton, 1988.

A. Brunel and L. Sucheston, On B-convex Banach spaces, Math. Systems The-
ory 7 (1974), 294-299.

—, —, On J-converity and some ergodic super-properties of Banach spaces,
Trans. Amer. Math. Soc 204 (1975), 79-90.

V. 1. Chilin, P. G. Dodds and F. A. Sukochev, The Kadec—Klee property in rear-
rangement invariant spaces of measurable operators, Israel J. Math. 97 (1997),
203-219.

V. L. Chilin, A. V. Krygin and F. A. Sukochev, Uniform and local uniform
convexity in spaces of measurable operators, Math. Proc. Cambridge Philos.
Soc. 111 (1992), 355-368.

V. I. Chilin, A. A. Sedaev and F. A. Sukochev, Weak compactness in Lorentz
spaces, Uzbek Math. J. 1 (1993), 84-93 (in Russian).

V. I. Chilin and F. A. Sukochev, Weak convergence in non-commutative sym-
metric spaces, J. Operator Theory 31 (1994), 35-65.

J. Diestel, Geometry of Banach Spaces—Selected Topics, Lecture Notes in Math.
485, Springer, Berlin, 1975.

S. J. Dilworth, Special Banach lattices and their applications, in: Handbook of
the Geometry of Banach Spaces, Vol. 1, W. B. Johnson and J. Lindenstrauss
(eds.), Elsevier, Amsterdam, 2001, 497-532.

P. G. Dodds, T. K. Dodds and B. de Pagter, Non-commutative Banach function
spaces, Math. Z. 201 (1989), 583-597.

—, —, —, Fully symmetric operator spaces, Integral Equations Operator Theory
15 (1992), 942-972.

—, —, —, Non-commutative Kothe duality, Trans. Amer. Math. Soc. 339 (1993),
717-750.

P. G. Dodds, G. Schliichtermann and F. A. Sukochev, Weak compactness in
rearrangement invariant operator spaces, Math. Proc. Cambridge Philos. Soc.
131 (2001), 363-384.

P. G. Dodds, E. M. Semenov and F. A. Sukochev, The Banach—Saks property
in rearrangement invariant spaces, Studia Math. 162 (2004), 263-294.

P. Erdés and M. Magidor, A note on regular methods of summability and the
Banach—Saks property, Proc. Amer. Math. Soc. 59 (1976), 232-234.

T. Fack, Type and cotype inequalities for non-commutative Ly-spaces, J. Oper-
ator Theory 17 (1987), 255-279.

T. Fack and H. Kosaki, Generalized s-numbers of T-measurable operators, Pacific
J. Math. 123 (1986), 269-300.

T. Figiel, W. B. Johnson and L. Tzafriri, On Banach lattices and spaces hav-
ing local unconditional structure, with applications to Lorentz function spaces,
J. Approx. Theory 13 (1975), 395-412.



[FS]
[Fr]
[HRS]
[HLR]
[KP]
[Ko]

[KPS]

[LT]
[Ne]
[Noj
[PSW]

[Rak]

[Ran1]
[Ran2]
[RX]
[Re]

[Ro]

[5Z]
[Su]
[S7]

[Tal
[Te]

[To]

Banach—Saks properties in spaces of operators 165

T. Figiel and L. Sucheston, An application of Ramsey sets in analysis, Adv.
Math. 20 (1976), 103-105.

D. H. Fremlin, Topological Riesz Spaces and Measure Theory, Cambridge Univ.
Press, London, 1974.

U. Haagerup, H. P. Rosenthal and F. A. Sukochev, Banach embedding properties
of mon-commutative LP-spaces, Mem. Amer. Math. Soc. 163 (2003), no. 776.
R. Haydon, M. Levy and Y. Raynaud, Randomly Normed Spaces, Travaux en
Cours 41, Hermann, Paris, 1991.

M. I. Kadec and A. Pelczynski, Bases, lacunary sequences and complemented
subspaces in the spaces Lp, Studia Math. 21 (1962), 161-176.

J. Komlés, A generalization of a problem of Steinhaus, Acta Math. Acad. Sci.
Hungar. 18 (1967), 217-229.

S. G. Krein, Yu. I. Petunin and E. M. Semenov, Interpolation of Linear Op-
erators, Transl. Math. Monogr. 54, Amer. Math. Soc., Providence, RI, 1982;
Russian original: Nauka, Moscow, 1978.

J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II, Springer, Berlin,
1979.

E. Nelson, Notes on non-commutative integration, J. Funct. Anal. 15 (1974),
103-116.

S. Ya. Novikov, Cotype and type of Lorentz function spaces, Mat. Zametki 32
(1982), 213-221 (in Russian); English transl.: Math. Notes 32 (1982), 586-590.
B. de Pagter, F. A. Sukochev and H. Witvliet, Double operator integrals,
J. Funct. Anal. 192 (2002), 52-111.

S. A. Rakov, Banach—Saks exponent of certain Banach spaces of sequences,
Mat. Zametki 32 (1982), 613-625 (in Russian); English transl.: Math. Notes 32
(1982), 791-797.

N. Randrianantoanina, Non-commutative subsequence principles, Math. Z. 245
(2003), 625—644.

—, Sequences in non-commutative Lp-spaces, J. Operator Theory 48 (2002),
255-272.

Y. Raynaud and Q. Xu, On subspaces of non-commutative Ly-spaces, J. Funct.
Anal. 203 (2003), 149-196.

S. Reisner, A factorization theorem in Banach lattices and its application to
Lorentz spaces, Ann. Inst. Fourier (Grenoble) 31 (1981), 239-255.

H. Rosenthal, Weakly independent sequences and the Banach—Saks property, in:
Durham Sympos. on the Relations between Infinite-Dimensional and Finite-
Dimensional Convexity (Durham, 1975), Bull. London Math. Soc. 8 (1976),
22-24.

S. Stratild and L. Zsidé, Lectures on von Neumann Algebras, Editura Academiei,
Bucharest, and Abacus Press, Tunbridge Wells, 1979.

F. A. Sukochev, Non-isomorphism of Lp-spaces associated with finite and infi-
nite von Neumann algebras, Proc. Amer. Math. Soc. 124 (1996), 1517-1527.
W. Szlenk, Sur les suites faiblement convergentes dans I’espace L, Studia Math.
25 (1965), 337-341.

M. Takesaki, Theory of Operator Algebras I, Springer, New York, 1979.

M. Terp, L”-spaces associated with von Neumann algebras, notes, Copenhagen
Univ., 1981.

E. V. Tokarev, Subspaces of certain symmetric spaces, Teor. Funktsii Funk-
tsional. Anal. i Prilozhen. 24 (1975), 156161 (in Russian).



166 P. G. Dodds et al.

[Xul] Q. Xu, Convexité uniforme des espaces symétriques d’opérateurs mesurables,
C. R. Acad. Sci. Paris Sér. I Math. 309 (1989), 251-254.
[Xu2] —, Analytic functions with values in lattices and symmetric spaces of measurable

operators, Math. Proc. Cambridge Philos. Soc. 109 (1991), 541-563.

School of Informatics and Engineering

The Flinders University of South Australia

Bedford Park, 5042, Australia

E-mail: peter,theresa,sukochev@infoeng.flinders.edu.au

Received August 1, 2005
Revised version October 25, 2006 (5718)



