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Multiple solutions to a perturbed Neumann problem
by

GIUSEPPE CORDARO (Messina)

Abstract. We consider the perturbed Neumann problem

—Au+ a(z)u = a(z) f(u) + Ag(z,u) a.e. in 2,
{ Ou/dv =0 on 012,

where £2 is an open bounded set in RY with boundary of class C?, a € L>(£2) with
essinfoa > 0, f : R — R is a continuous function and g : 2 x R — R, besides being
a Carathéodory function, is such that, for some p > N, sup,<;|g(-,s)| € LP(§2) and
g(-,t) € L™ (£2) for all ¢t € R. In this setting, supposing only that the set of global minima
of the function %{2 — Sg f(t) dt has M > 2 bounded connected components, we prove that,
for all A € R small enough, the above Neumann problem has at least M + integer part of
M/2 distinct strong solutions in WP (42).

1. Introduction. In this paper we consider the Neumann problem

{ —Au+ a(x)u = a(z) f(u) + A\g(z,u) a.e.in £2,

P
(B5) Ju/ov =0 on 012,

where 2 C RY is a bounded and connected open set with boundary 942 of
class C?, a € L*>®(02) with essinf,co a(z) > 0, f : R — R is a continuous
function, g : 2xR — R is a Carathéodory function, supjy <, |9(-,?)| € LP(£2)
for some p > N, g(-,t) € L*°(£2) for all t € R, and A is a real number.

A rather interesting question which arises in connection with a pertur-
bation problem is to find conditions on ¢ and % in order that there exists
A > 0 such that, for each A € R with |A\| < )\, the boundary value problem

{ —Au = ¢(x,u) + M\p(x,u) ae. in §2,
Bu =0, on 02,

where B denotes the Dirichlet or Neumann boundary operator, admits at
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least M distinct solutions whenever so does the unperturbed problem

{ —Au = ¢(z,u) a.e. in §2,
Bu = 0. on 0f2.

Among the papers which treat the case of the Dirichlet problem (i.e.
B = I), we cite the most recent ones [4, 5]. In both papers the unperturbed
term ¢ is supposed to be odd with respect to the second variable while no
growth conditions are imposed on the perturbation term .

The case of the Neumann problem has been considered only recently,
first in [9] and then in [2]. Also in these papers a feature is the absence of
a growth condition on the perturbation term as in [4, 5], but the different
nature of assumptions on ¢ is also worth noticing, in particular no symme-
try properties are assumed. In both papers, variational methods are applied
(see [7, 8]). More precisely, the solutions of the problem are found to exist
as local minima of the energy functional associated to problem (Py). Our
approach is similar since it is based on Theorem 2.1 of [1], which is a con-
sequence of the general result stated in [7]. We focus on the same classes of
nonlinearities ¢ (the unperturbed terms) as in [9]. Hence we devote the rest
of this introduction to stating our result and comparing it with those cited
above.

Set

Af:{feR:%§2—§f(t)dt:inf (%t2—§f(s)ds>}.
0

o teR
Denote by [r] the integer part of the real number . Our result is as follows:

THEOREM 1.1. Suppose that the set Ay has at least M > 2 bounded con-
nected components in R. Then there exist @,b € R and \,o > 0 such that,

forall A € ]=\, [, problem (Py) admits at least M+[M /2] distinct strong so-
lutions in W2P(£2), ug’\) fori=1,...,M+[M/2], satisfying ug/\)(:n) € la, b
for a.e. x € £2, and |, ]Vuz()‘)(x)|2d:c <o.

The key assumption of the above theorem is the existence of distinct

connected components of the set A; in R. This assumption has been used
for the first time in [9]. For the reader’s convenience, we recall that theorem:

THEOREM A (]9, Theorem 1]). Let f: R — R be a continuous function
such that

im @:
(0 |£1\~oo 3 0

Assume that the set Ay has at least M > 2 connected components. Then,
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for every a € L>(S2) with essinfp o > 0, for every
1 e ¢
2)inf | = — t)dt
o> o) ot (5 - r0)

and for every Carathéodory function g : 2xR — R such that supj¢|<, [9(+, €)]
€ LP(82) for some p > N and all s > 0, there exists \* > 0 such that, for
each A € 10, \*[, the Neumann problem (Py) admits at least M + 1 strong
solutions in W2P(£2), M of which belong to the set
! u(@)? "
{u € W2P(9) : 5 | [Vu(@))? do + | a(z) (T - | o dt) dr < g}.
02 2 0

The sublinearity assumption (f) on the nonlinear term f motivated some
of our investigations. Here, in particular, we show that the requirement of
sublinear behaviour for f near oo can be dropped provided that the con-
nected components of the set Ay are bounded. Moreover, exploiting the fact
that, in our setting, g(+,t) € L*°({2), we are able to prove the existence of at
least M +[M /2] strong solutions to (Py), for A small enough, when Ay has M
connected components. So, in our setting, the number of solutions is greater
than what it is ensured by Theorem A. This fact is worthy of being stressed
in view of the result recently proved by Anello which we quote below:

THEOREM B ([2, Theorem 2]). Let [a1,bi],...,[arn,by] be M com-

pact pairwise disjoint real intervals, D a set containing Uf\il[ai,bi], and
f:D — R a continuous function satisfying
max{F(a;), F(b;)} < max F(§) (i=1,...,M),
£€las,bi]

where F(t) = %tQ - Sg f(s)ds. Then, for every Carathéodory function g :
2 x R — R satisfying supsep g(+,t)| € LP(£2) for some p > N, there ewist
A,0 > 0 such that, for every X € [—\,A], there exist M strong solutions
u{‘,...,ug\}) € W2P(02) of problem (Py) satisfying ug/\) € lai, b;| for a.e.
re€Randi=1,...,M, and

max S(|Vu§)‘)|2 + ]ug)‘)|2) dx < o.
€{1,...,.M} 0

2. Proof of Theorem 1.1. For i = 1,..., M, denote by |[a;, b;] the
bounded connected components such that
M
Ap 2 Jlai, b
i=1
and a1 < by < ag <by < - - <aypy <by. It is easily seen that, for all 1 <4
< M, there exist ¢;, d; € R such that [a;, b;] C [¢;, di], [¢i, di] N [civ1, dig1] =0
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and
ci < flei), di> f(di).
First, we prove that there exists A; > 0 such that, for each A € |—A1, A1],
problem (P)) has at least three solutions with values in [c1, da].
We consider the truncations of f and g to [c1,d2], defined as follows:

ft) ife <t <ds, glz,t) ifer <t <dy,
fit) = fler) ift<e, gi(z,t) =4 g(w,e1) ift <ey,
f(dg) if t > do g(a;, dg) ift > do.

W12(£2) is endowed with the norm
1/2
I oz = (IVOR+ §at@)] - P)
2 N

which is equivalent to the usual one. Then we define the functionals ¥ and
® on W2(02) by
1 u(z)
() =5l ez = § (] a@hi() dt)dz,
Q0
b(z) = — S ( S g1(x,t) dt) dx.
Q0
It is well known that ¥ and @ are well defined, weakly sequentially lower
semicontinuous and continuously differentiable on W12(£2). Moreover, a
critical point of ¥ + A® is a weak solution in W2(£2) of the Neumann
problem
(Ps) —Au+ a(z)u = a(x) fi(u) + Agi(z,u) a.e.in £,
A Ju/ov =0 on 012.
Suppose that w is a weak solution of (P; ). The function @ : {2 — R defined
by
w(z) if ;g <w(z) < do,
w(x) =< if w(z) < ey,
d2 if ’LU(:L’) > dQ,

belongs to W12(£2). So, by exploiting the fact that w is a weak solution of
(P1,)), one obtains

(2.1) S Vw(z)V(w(x) —w(z)) de + S a(z)w(z)(w(z) —w(x)) dx
0 0
e

= [ a(@) fi(w(@))(w(z) - w()) dx

Q
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Taking into account that

| Voo(2)V(w(z) - w(x)) dz = 0,

(9}
from (2.1) it follows that
22) | IV@w(@) —w(@)Pdz + | af —w(z))? dz
(9} (9}

= | a(@)(fi(w(z)) - 0(2))(w(z) - w()) do

Q

0
< | lesssupa)(Fler) — er) + Mgl en)](w(e) — e1) da
{w<er} @
+ S [(essginf a)(f(d2) — d2) + Ag(x, da)](w(x) — da) dz.
{w>d2}

There exists A* > 0 such that, for all A € |[—=A*, \*[
(esssup @) (f(c1) —c1) + Ag(z,c1) >0
9}

and
(eSSQinf a)(f(da) — d2) + Ag(x,d2) < 0

for a.e. x € £2. Hence, from (2.2), it follows that w(z) = w(x) for a.e. z € (2.
So every weak solution of (P; ) is a weak solution of (Py) provided that
A€ =M AL

Now, we note that the function F; : R — R defined by

Filt) = 57 - Sf1< )ds

reaches its global minimum at every point of the set [a1, b1] U [ag, ba]. Con-
sequently, the constant functions

b
wi(z) = %T—h (reandi=1,2)
turn out to be two distinct points of global minimum for the functional ¥.

Fix 71,79 € R such that, for i = 1,2,

(2.3) bi ; i ( S a(x) dm) i <r;
Q

< [min{(di —b),(a; — i)} + bi — az} ( S a(x) dl‘) 1/2.

2
9]
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It follows that
(2.4) re+re < le — w2\|a7W1,2(Q).
At this point, in order to apply Theorem 2.1 of [1], it remains to show that,
fori=1,2,
(2.5) U(w;) < inf U (w; + v).
”UHQ’WI,Q(Q):'N
Arguing by contradiction, suppose that
U(w;) = inf V(w; + v).
”U”a’wl,Q(_Q):T'i
Then there would exist a sequence {v,} with ||vp|lq,w12(2) = 7 for n € N
such that

(2.6) Y(w;) = lim ¥(w;+ vy)

n—oo

.1
= hrglo 3 (HwiHZ,WW(Q) + H’UnHi’Wl,Q(Q))

n w; (z)+vn ()
+ S a(z)wi(z)v,(x) doe — S ( S a(z)f(t) dt) dx.
Q Q 0

Consequently, up to a subsequence, v, — o; weakly in W12(2) as
n — oo, for some v; € WhH2(02) with [Villa,w12(2) < 7i- Owing to the
Rellich-Kondrashov compact embedding theorem for W12(§2), by (2.7), one
has

1 1
@7) W) = 5wl g + 57+ | a@ui@)n () do
2

2
w; (2)+v; ()
— S ( S a(z)f(t) dt) dx
2 0
> 2 [ VB d + 3 | o) (wi(e) + () do
(9} 2
wi(@)+7:(x)
| ( | a@re dt) dz
2 0

Taking into account that ¥(w;) is a global minimum for ¥, from (2.8) it
follows that

(2.8) |VU;(z)] =0 for a.e. x € 12
and
(2.9) S ox)52 (z) dz = r?.

n

By (2.8), v; is constant, {2 being connected.
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Moreover, (2.8) also implies that
wi(x) +vi(z) € [a1,b1] U |ag, ba]
for a.e. x € 2 and i = 1,2. This leads to a contradiction in view of (2.9)
and (2.3). So, (2.5) is proved.
By Theorem 2.1 of [1], there exists A > 0 such that, for each A € |-\, [

¥ + AP has at least two local minima uf\l), ug\z) with ||ug\2) — Wil|g,wr2(0) <

ri (i = 1,2). Moreover, ¥ + A\ satisfies the Palais—Smale condition (see
Example 38.25 in [12]), so Theorem 1 of [6] implies the existence of a third

critical point uf\3) distinct from uf\l) and ug\Q). Set A\ = min{\*, X} For each
A€ =M, A uf\l),uf),uf\?’) are weak solutions to (P)). Furthermore, for
|A| < A1 and ¢ = 1,2, one has
210) | 1vulV (@) da < [uM|2 20
2
< 1 |12 N 2 < 52
= szua,wlyz(m + [y w”LHlev?(Q) =05

)

where o; does not depend on A. Put @ = max{o1, 02}. Note that uy" satisfies
(uf) + AB(uf) = (),

where

c(A) = wigg t;{l}lﬂ }(W(ﬁb(t)) +AD((1)))

and
Iy = {¢ € C([0,1], H) : (0) = u{™ and 9 (1) = u$V}.

For every A € |—A1, A\1[, the function ¢y : t € [0,1] — ug)‘) + (1 - t)ug\)
belongs to I'\. Moreover, by (2.10),

sup sup [[¢a(1)] < 20.

[A|<A1 t€[0,1]

So, exploiting the fact that ¥ is the sum of the norm squared and a se-
quentially weakly continuous functional and that @ is sequentially weakly
continuous, one has

(2.11) sup ¢(A) < sup sup (F(Yx(t)) + AP(¥a(1)))
[A]<A1 [A|<A1 t€[0,1]
< sup ¥(v)+ A sup P(v) < oo.
lvl|<2& vl <25
If
sup [ug”|| = oo,

[Al<A1
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there would exist a bounded sequence {A,} C ]—A1, Ai[ such that Hué)‘")H
— oo as n — oo. Consequently, we would have

lim ¢(\,) = lim (@ (u{™) + AB(u™))
> lim (@ (u$™)) + A min{0, B(u§™)}) = oo,

contrary to (2.11). In order to complete the proof, we can repeat the argu-
ments used above for any distinct couple of intervals [a;, b;] and [a;+1, biy1].
Hence, for i = 1,...,[M/2], there exists A\; > 0 such that, for each \ €
=i, Ail, (Py) has three distinct solutions with values in [021 1,do]. If M
is odd, it is easy to prove that there exists Ajpr/9141 > 0 such that, for
A € |=A/21415 Apy2)+1l (Pa) has a weak solution with values in [cr, da].
Put A = min{\,..., Auj2} if M is even, and A =min{\,..., Ay} if
M is o(f\l)d The conclusion follows by taking into account that a weak solu-

tion u;” is a strong solution which belongs to W%P?(£2) because the right

hand side a(-) f(u} () + Ag(-, u ( )( )) belongs to LP(£2) (see [11, 3, 10]).

3. A typical application. We now give an application of Theorem 1.1
to the problem considered in Proposition 1 of [9].

Let ¢ : [0,00[ — R be a C! periodic function such that a = o[ ¥
< 1(0), and consider the Neumann problem

= () ) )

ou/ov =0 on 012,

where (2, «, g are as in the introduction and v € ]0, 1[.
So, the function f: R — R is as follows:

3 Yol 1 1 ;
so={ -+ am=a (¥ () () <)) 0020
0 ift=0.
Since v € |0, 1], f is continuous. Moreover,

S Do | e (+(g5) o) ero

if € =0.
= {eean() o

Owing to the periodicity of 1, Ay has infinitely many bounded connected
components. So, by Theorem 1.1, for every M > 2, there exists Ap; > 0 such

Hence,
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that, for each A € ]=Aaz, Ays[, the above problem has at least M + [M/2]
distinct solutions, ul()‘) for i = 1,..., M + [M/2]. Each solution ug)‘) takes
values in a bounded interval which does not depend on A € |=Aps, Ays[. The
same stability property holds for their norms in W12(£2).
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