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Wave front set for positive operators and
for positive elements in non-commutative
convolution algebras

by

JoacHM ToFT (Vaxjo)

Abstract. Let WF, be the wave front set with respect to C°°, quasi analyticity or
analyticity, and let K be the kernel of a positive operator from C§° to 2’. We prove that

le # 0 and (ZL',(L’,&, _f) g WF*(K)7 then (x7y7£7 _77) ¢ WF*(K) and (%55:777 _f) g
WF.(K) for any y,n. We apply this property to positive elements with respect to the
weighted convolution

wsp o) = {ule - y)e) Bz, y) dy,

where B € C'* is appropriate, and prove that if (u x5 ¢, p) > 0 for every ¢ € C§° and
(0,€) ¢ WF.(u), then (z,£) ¢ WF.(u) for any .

0. Introduction. The aim of the paper is to discuss propagation of
singularities in terms of different types of wave front sets for distribution
kernels of positive operators, and for distributions which are positive with
respect to some non-commutative convolution. For example we prove that
kernels of positive operators in some sense are at most singular at the di-
agonal. As a consequence, a distribution which is positive with respect to
some (non-commutative) convolution is at most singular at the origin. In
particular we recover some results in [4, 12, 17, 18], where similar investiga-
tions were done for the usual convolution. We also recover some results in
[15] where the twisted convolution is considered.

The positivity properties related to our investigations in part go back
to [1], where Bochner proved that a function is positive definite if and only
if it is the Fourier transform of a measure with finite mass. Recall that a
(complex-valued) function u on R™ is called positive definite if it is contin-
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uous and for any finite sequences {x;} C R™ and {¢;} C C we have

Zu(xj — x)cicr > 0.

ok
The latter condition on u can be reformulated by means of the convolution
* between appropriate functions (or distributions) on R™. More precisely, it
can be proved that u is positive definite if and only if u is continuous and
(u* ¢, ) > 0 for every test function ¢ on R™.

By taking this fact into account, Bochner’s theorem can be formulated

in the following way.

Assume that w € C(R™). Then (u* ¢, ) > 0 for every ¢ € Cg°(R"™) if
and only if U is a positive measure of finite mass, and then

(0.1) (2m) 2| = Jlull e = u(0) (< o0).

Here and in what follows we use the standard notation for the usual
function and distribution spaces, and we let (-, -) be the extension of the
L? product from C§° to 2’ x C§°. (See e.g. [8].) Furthermore, we let the
Fourier transform on .#/(R™) be chosen in such a way that it takes the form

Fu() =a(¢) = (2m) " \u(w)e " da

when u € L1 (R").

As a consequence of (0.1), if u is a positive definite function, then the
total mass of @ only depends on the size of u at the origin. It follows by
straightforward approximations that the condition u € C'(R™) in Bochner’s
theorem may be replaced by the weaker condition that v € Z'(R") is a
continuous function near the origin (see e.g. [15] in the case of twisted con-
volution). The following “smooth Bochner theorem” is now a fairly simple
consequence of Bochner’s theorem (see e.g. [4, 12, 17] or [18]).

Assume that u € 2'(R™) is a positive definite function which is smooth
near the origin. Then it is smooth everywhere.

In fact, if u € 2’'(R™) is smooth near the origin and (uxp, ¢) > 0 for every
¢ € C°(R™), then the same is true with u replaced by (1 — A)Nu. Hence
Bochner’s theorem shows that (1 + |£]2)Vu(€) is a positive measure with
finite mass. Since N is arbitrary it is easily seen that the Fourier transform
of 4 must be smooth everywhere, i.e. u(z) = (%2u)(—z) is smooth, which
proves the assertion.

The smooth Bochner theorem can also be reformulated in terms of pos-
itive (semi-definite) operators. More precisely, assume that 7' is a linear
and continuous operator from C§°(R"™) to Z'(R"™). Then T is called posi-
tive (semi-definite) if (T, p) > 0 for every ¢ € C5°(R"™). By the kernel
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theorem of Schwartz there is a unique distribution K € 2'(R?") (the ker-
nel of T') such that (T'p,v) = (K,v ® ) for every ¢p,¢ € C§°(R™). For
convenience we let 2/ (R?") be the set of all distribution kernels of positive
operators from C§°(R™) to 2'(R™). This means that K € Z.(R?*") if and
only if K € 2'(R*") satisfies

(0.2) (K,o®@p) >0 forevery p € Cg°(R").

Since the kernel of the operator ¢ — wu * ¢ is equal to K(z,y) =
Ky(z,y) = u(z — y), it follows that u is a positive definite function if and
only if K, is continuous and belongs to Z/(R?"). Evidently, the smoothness
property for positive definite functions can be reformulated as:

Assume that K, € 2.(R?") is smooth along the diagonal x =1vy. Then it
is smooth everywhere.

In Section 2 we extend the latter result in several directions. For example
we prove that it holds for general K € Z/(R?"). These investigations are
based on techniques which involve different types of wave front sets. Roughly
speaking, the wave front set WF,(u) of a distribution u with respect to C*°
or €% = C (see Sections 8.1 and 8.4 in [8], or Section 1 below for the
definitions) gives information where the distribution is singular, i.e. where
it fails to belong to C> or €% respectively, as well as the directions of the
propagating singularities.

In this context we prove in Section 2 the following:

Assume that K € ZL(R*™), £ € R"\ 0 and (v,z,§,—€) ¢ WF.(K).
Then (x>ya£7 _77) ¢ WF*(K) and (y7 L, 1, _5) §é WF*(K) fOT any y,1n € R™.
Consequently, if K is smooth (resp. real-analytic) along the diagonal x =y,
then it is smooth (resp. real-analytic) everywhere.

Furthermore, in Section 2 we prove that if K € .7/(R?*") and K#(&,n) =
IA((f, —n), then K € 2! if and only if K € 2.. Hence the latter wave
front result gives similar wave front properties for the Fourier transform of
elements in Z..

In Section 3 we apply these results to distributions which are positive
with respect to some non-commutative convolution, where, in contrast to
the usual convolution, a weight function is included in the definitions. More
precisely, let C*(R™) be the set of all smooth and complex-valued functions

on R"™ which are non-zero everywhere, and assume that B € C*(R?") and
u,p € C3°(R™). Then let

uxp p(w) = \ule - y)ely) Bz, y) dy

be the B-convolution of u and . The definition of xp extends in the usual
way to a continuous map from 2'(R") x C§°(R") to 2'(R™) N C*(R"). If
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in addition there exists a polynomial P, on R?” such that
(0.3) 0°B| +|B|™' < P,

for every multi-index «, then straightforward computations show that xp
extends to a continuous map from ./(R") x . (R") to ./(R™) N C*°(R").

We note that if B = 1 everywhere, then xp coincides with the usual
convolution. Assume instead that R?" is considered as the phase space with
variables X = (z,£) € R*™ and Y = (y,n) € R?", and let

(0.4) B(X,Y) = (2/n)"2e27XY) " where o(X,Y) = (y,&) — (x,7)

is the symplectic form. Then *p agrees with the twisted convolution .,
which is important in the theory of pseudo-differential operators, since pos-
itivity and continuity properties in Weyl calculus can easily be reformulated
in terms of positivity and continuity properties for the twisted convolution.
(See [7, 14-16] or the end of Section 1.)

For an arbitrary B € C*(R?"), we are especially concerned with the set
75 (R"), consisting of all u € 2'(R") such that (u *p ¢, ) > 0 for every
¢ € Cg°(R™). In particular, @{7  is the set of positive definite distributions.

Since the distribution kernel of the operator ¢ — w *p ¢ is equal to
Kpu(z,y) = u(z — y)B(z,y), it follows that u € Zp  (R") if and only if
Kp. € 2! (R?"). In particular, any smoothness or wave front property on
9! carries over to .@ﬁg’ 4> and in Section 3 we apply the results in Section 2
to prove the following:

Assume that B € C*(R*") is “appropriate”, u € P54 (R") and (0,§) ¢
WEF.(u). Then (x,§) ¢ WF.(u). Consequently, if u is smooth (resp. real-
analytic) near the origin, then it is smooth (resp. real-analytic) everywhere.

Here the condition that B should be “appropriate” means that some
extra assumptions are included, which depend on the wave front sets under
consideration.

In the last section we make some additional remarks on .7}, the set of
distributions which are positive with respect to the twisted convolution. In
[16] it is proved that if u € .7/ and (0,Y) ¢ WF(u) for some Y € R?*"\ 0,
then u € ./, (X,Y) ¢ WF(u) and (X,Y) ¢ WF(Z,u) for all X € R?".
Here WF' denotes the wave front set with respect to C* and %, denotes
the symplectic Fourier transform (see Section 1 for precise definitions). In
Section 4 we extend the latter property and prove that it also holds for other
types of wave front set.

Finally, we remark that there are other ways to define wave front sets of
different types (see e.g. [2, 9]).
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1. Preliminaries. In this section we recall the definition of wave front
set and present some facts which, in part, go back to [8]. We also recall some
facts on the twisted convolution.

We start by recalling the definition of the wave front set with respect
to C°(R™). Assume that u € .#/(R"™). Then the cone O(u) consists of all
& € R™\ 0 such that for some open conic neighbourhood I" of &y and each
integer N > 1, there is a constant C'y such that

(1.1) )| <cn(e)™, ¢erl

Here and in what follows we let (£) = (1 + |£]?)1/2. We also let Y(u) =
{£ e R"\ 0; & ¢ O(u)}. Furthermore, for each x € R"™ and u € 2'(R") we
set

(1.2) Yr(u) = ﬂ Y(xu),
where the intersection is taken over all x € C§°(R"™) such that x(z) # 0.

DEFINITION 1.1. Assume that u € 2'(R™). Then the wave front set of
u (with respect to C'°) is the set

WF(u) = {(z,£) e R" x (R"\ 0); § € Za(u)}.

The following lemma might be helpful when computing the wave front
set. We refer to (8.1.5) in [8] and its motivation for the proof.

LEMMA 1.2. Assume that xy € C3°(R™), N >1, are such that xn(x¢)#0
for every N > 1 and supp xn \, {zo} (i.e. the supports of xn decrease with
N and Ny suppxn = {zo}). Then X(xnu) — Zy(u).

Next we recall other types of wave front sets which are more related to
propagation of singularities in the context of analyticity and quasi analyt-
icity. From now on we assume that L = {Lj}x>0 is an increasing sequence
of positive real numbers such that

Lo=1, Lp>k, Liy <CLy

for some constant C' independent of k. If £2 C R™ is open, then ¢*(2) is the
set of all smooth functions f on R™ such that for every compact set K C 2,
there is a constant C'k such that

1D f(2)| < Cr(CLja)™

for all multi-indices a and = € K.

We note that if Ly = k when k > 1, then €7(R") coincides with A(R"),
the set of real-analytic functions on R™. More generally, if it is only assumed
that

1
(1.3) ;L—k = oo,
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then €%(R") is contained in the set of quasi analytic functions on R™.
(See [8].)

Next we recall the definition of the wave front set with respect to €. If
(1.3) is violated (i.e. " contains functions which are not quasi analytic),
then there exist non-trivial functions in €% NCG°. In this case, the wave front
set with respect to €% can be defined similarly to the wave front set with
respect to C'°°. In order to obtain a definition of wave front sets which fits
all situations we may as in [8] proceed as follows. Assume that u € 2'(R™)
and z € R™. Let ©%(u) be the cone of all & € R" \ 0 such that for some
open neighbourhood U of z, conical neighbourhood I" of &y, constant C' and
bounded sequence {un} in &’ (R™) such that uy = u on U, we have

(1.4) |7 (un)(©)] < C(CLn/IEDY, €€
We also set X (u) = {£ € R*\ 0; € ¢ OL(u)}. Then XL (u) = 0 if and only
if u € €F near z (see e.g. [8]).

DEFINITION 1.3. Assume that u € 2'(R™). Then the wave front set with
respect to €*(R™) of u is the set

WF(u) = {(z,€) € R" x (R"\ 0); £ € Iz (u)}.

If Ly =k for all k£ > 1, then WF[(u) is called the analytic wave front set of
u and is denoted by WF 4(u).

We recall that for every u € 2'(R™) and all permitted sequences L,

WF(u) C WFL(u) C WF 4(u).

The next lemma may be useful when computing the wave front set for
a distribution with respect to €~. The proof is omitted, since the lemma is
essentially a restatement of Lemma 8.4.4 in [8]. Here and in what follows we
let AL(£2) for 2 C R™ be the set of all sequences {xn}n>1 in C*(R™) such
that supp xy C {2 for every N > 1, and for every multi-index « there is a
constant C,, such that

(1.5) [D*xn| < Ca(CaLn)l, 1] < N.

LEMMA 1.4. Assume that w € 2'(R"™), K C R" is compact, and F is
a closed cone in R™ \ 0 such that WFL(u) N K x F = (). Also assume that
{xn}n>1 € AL(K). Then xnu is bounded in & if M is the order of u in
a neighbourhood of K, and

(1.4) |7 (xnu)(€)] < C(CLn/[ENY, €€ F,
for some constant C independent of N > 1.

We also need the following refinement of Lemma 1.4. Again the proof is
omitted since the result follows from the same arguments as in the proof of
Lemma 8.4.4 in [8].
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LEMMA 1.5. Assume that K C R" is compact and F C I" are cones such
that F' is closed and I" is open in R™ \ {0}. Also assume that {xn}n>1 €
AL(K) and {un}n>1 is a bounded subset of &'(K) such that (1.4) holds for

some constant C' independent of N > 1. Then
(1.4)" |Z (xvun)(€)] < C(CLn/IENY, €€F,
for some constant C independent of N > 1.
We also need the following converse of Lemmas 1.4 and 1.5.

LEMMA 1.6. Assume that K C R" is compact, U C K is an open neigh-
bourhood of xo € K, and & € I', where I' is an open cone in R™\ {0}.
Also assume that {xn}n>1 € AF(R"™) with |xn(z)| > ¢ when x € U for
some constant ¢ > 0 independent of N. If u € 9'(R™) and (1.4) holds with
un = XNU, then (xo,&) ¢ WFL(u).

In the proof as well as later on we let B,(a) denote the open ball with
centre at a and radius r.

Proof. Choose r > 0 such that Bs,(zo) C U. By the ¢*-calculus of [§]
there exists a sequence {tn}n>1 € AL(C(B,(z0))) such that

0<¢¥ny <1 and ¢y(z)=1 when z ¢ Bs.(x0).
(See e.g. the end of the proof of Lemma 8.4.4 in [8].) Then

on =Xn/(Wn + xn[?) € C5°(K)
satisfies (1.5) with xn replaced by ¢, and C,, replaced by larger constants
if necessary.
Now let vy = pnxnu = pyuy. Then {vyx} is a bounded set in &' (K).
If F'is a closed conic neighbourhood of & such that F C I', then Lemma
1.5 shows that
on ()] < C(CLn/IENN, ¢€F.

Since vy = u in By (xp), the last inequality means that (xo,&p) ¢ WF(u). =

REMARK 1.7. We note that for any sequence L = {Lg, L1,...} which
satisfies the required conditions, we can always find a sequence {xn}n>0
such that the assumptions in Lemma 1.6 are fulfilled. (Cf. Sections 1.4 and
8.4 in [8].)

We finish the section by giving some remarks on twisted convolution.
Recall that if u,v» € L'(R?"), then the twisted convolution of u and 1 is
defined by the formula

(w0 )(X) = (2/m)"2 Ju(X = YV)p(¥)e* 51 ay.
Here R?" is considered as the phase space with variables X = (z,§) € R2n

and Y = (y,1) € R™, and o(X,Y) = (y,£) — (x,n) is the (standard)
symplectic form on R?".
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The twisted convolution is briefly investigated in [7, 14-16], where con-
nections between twisted convolution and Weyl calculus of pseudo-differ-
ential operators, concerning positivity and continuity, are presented. Recall
that if u € .(R*"), then the Weyl operator for u is defined by

u®(a, D) f(x) = (2m) " N u((z +9)/2,€) f(y)e’ "™ dy d¢

when f € (R"). It follows that " (z, D) is continuous on .7 (R"). Fur-
thermore, the definition of u%(x, D) extends to any u € .#/(R?"), and then
u®(z, D) is continuous from . (R") to .//(R™). (See [8].)

In Proposition 1.8 below we point out some important links between
twisted convolution and Weyl calculus. Here and in what follows, .%, denotes
the symplectic Fourier transform, defined by the formula

Fou(X)=10(X) = W_RSU(Y)QQiU(X’Y) qy

when u € L'(R?"). Then .%, is continuous on .7 (R?") and extends in the
usual way to a continuous map on .#’(R?") and on L?(R?"). Furthermore,
Z2 is the identity operator. We also let ui(z) = u(—z) and u(z) = u(—x)
when u € Z7'(R").

PROPOSITION 1.8. Assume that u € .#'(R*") and v,w € .#(R®*"), and
that (0.4) holds. Then the following hold:

) (U k5 V) %6 W = U 4 (Vx5 w);

) Fo(U kg 0) = (Fou) %5 U = U %4 (Fov);

) u¥(z, D) > 0 if and only if Fou € S (R*™);

5) u?(z, D)v¥(x, D) = (21) ™ 2(u %y (Fyv))*(z, D).

2. Wave front set of kernels of positive operators. In this section
we discuss the properties of the wave front set of kernels of positive operators
from C§° to 2. Recall from the introduction that K is the Schwartz kernel
of a positive operator if and only if (0.2) holds. Also recall that 2. (R?") is
the set of all kernels K € 2'(R?*") of positive operators.

We start by discussing invariance properties of 2. (R?") under multipli-
cation with elements in .@{7 4 (cf. the introduction). Here and in what follows
it is convenient to set f-(z,y) = f(x —y) when f € Z2'(R").

PROPOSITION 2.1. Assume that K € Z.(R*) and f € 21 +(R™) N
C>(R™). Then f.K € Z.(R?").

REMARK 2.2. Assume that K € 2! (R?*") and ¢ € R™. Then Proposition
2.1 shows that if Kj(z,y) = ¢** Y& K(x,y), then K, € Z.(R*"), since
el 8 ¢ P14 NC™,
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Proof of Proposition 2.1. Let K1 = f,K. We first prove the assertion
when f = he = €% (€ 21 ,NC*). Let ¢ € C§°(R"). Then straightforward
computations yield

(K1, 0 @) = (K, (e ¥p) @ (e=i{-Ep)) >0,

and the assertion follows.

Next assume that f € @{’ L NC*® and p = fhas compact support. Since
w1 is a positive measure, the first part of the proof implies

0 < (2m) "2\ ((he) K, 0 ©P) du(€)
= ((%)’"/2(8}15 du(f))TK Y ® @) = (frK,p®9),

and the assertion follows in this case.

Finally, let f € 2], N C* be arbitrary. For every ¢ > 0, let f. €
21+ N C™ be defined by the formula f= fx(e -), where x € C°(R") is
fixed and satisfies 0 < y < 1 and x(0) = 1. Since fis a positive measure
with bounded mass, it follows that the same is true for f.. Furthermore, f.

has compact support and f. — f in C° as ¢ — 0. Hence by the first part
of the proof,

(21)  (fK,p©7) =l (f)-Kpep) >0 whenpe C5(R"). =

The next result concerns the smallest wave front set of elements in 2.,
i.e. the one with respect to C*°(R").

THEOREM 2.3. Assume that K € 2.(R?") and x,y,n € R™. If¢ € R"\0

and (.’IJ,LL‘,S, _g) ¢ WF(K)7 then (x7y7§7 —77) ¢ WF(K> and (yvxana _€> ¢
WE(K).

Proof. First note that the positivity of K implies that
(ﬂ)lan) = (K7 1/12 & E)

is a semi-scalar product on C§°. Hence Cauchy’s inequality holds for this
product, i.e.

(2.2) (K, @) < (K9 ©9)(K, ¢ @)

for all v, 9 € C(R™).

Let now ¢ € C5°(R™) be such that ¢(0) # 0, and let ¢, = ¢(- — )
for x € R™. Choose zp and & # 0 with (zo, zo, &0, —&0) ¢ WF(K), and let
Yo € R™,

X = Qo @ Pyos X1 = Prg @ Pagy X2 = Py @ Py
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By the Cauchy—Schwarz inequality we get

(23)  IFOE)E =0 = (K, (e’ 9) @ (el M)
< (K, (96 9) @ (et ) (K, (0yeit ™) @ (pyeil-m))

By choosing ¢ with support small enough, it follows from the assump-
tions that for some conical neighbourhood I of £, we have

(24) |Z(aK) (&, &) <COn{((éL&) ™Y, G,&LellN=12,....

Furthermore, since y2K has compact support,
(2.5) | F (x2K) (1, m2)| < C(nu, )™, m1,me € R,

for some M < oo.

Next let ng € R™ be arbitrary, choose r > 0 such that Bsy,.(§) C I,
and let Iy be the smallest open cone in R?" \ 0 which contains the ball
B, (&, —mo) in R?". Then there is a constant ¢ > 0 such that [¢| > ¢ when

(‘5777) S Br(f(), —n()) ThlS gives
(2.6) ClE, - <l <& —n)l,  CInl <], (& —n) € Tb,

for some constant C' > 0.
Hence a combination of (2.3)-(2.6) gives

| F (XK) (&, - < Z (1K) —E)F (x2K)(n, —n)

< CCNiar (€)M < 'Oy ()™ < C"Cn((&,m)) ™

when (£, —n) € Ip. This proves that (§o, —mo) ¢ X(xK). If x is replaced
by Xo = Py, @ Pz,, then similar calculations yield (no, —&) ¢ X (xK). This
proves that (x():y()v"g()a _770) ¢ WF(K) and (y07$0>7707_§0) ¢ WF(K)7 and
the result follows. m

As an immediate consequence of Theorem 2.3 we have the following.

COROLLARY 2.4. Assume that K € Z,(R?*") N C®(U), where U C R?*"®
is an open neighbourhood of the diagonal x = y. Then K € C*(R").

Next we discuss wave front properties with respect to €%. The following
result corresponds to Theorem 2.3.

THEOREM 2.5. Assume that K € 2.(R?") and x,y,n € R™. If¢ € R"\0
and (fI,', €z, 57 _5) ¢ WF*(K)7 then (.Z', Y, "57 _77) ¢ WF*(K) and (y7 z,n, _g) ¢
WF.(K), where WF, stands for WF1, or WF 4.

For the proof we need the following lemma.

LEMMA 2.6. Assume that Uy, Us C R™, {pn} € AE(Uy) and {in} €
AL (Us). Then {on @ Yn} € AL(Uy x Up).
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Proof. This follows immediately from Proposition 8.4.1 in [8] and its
proof. =

Proof of Theorem 2.5. 1t suffices to prove the assertion for WF . Choose
xo,& € R™ with & # 0 and (zo, zo, &0, —&0) ¢ WFL(K), and set U, =
(z,y) + U, when U C R?" and x,y € R". From the assumptions it follows
that there is a neighbourhood U C R?" of the origin, an open conical neigh-
bourhood I" of &y, a constant C' > 0 and a bounded sequence {Kxy}n>0 in
&' such that Ky = K on Uy, 5, and

(27) [ F (Kn)(& —m| < C(CLn/I(EmDY, &mel
Next let yo € R™ be arbitrary, and choose 7 > 0 such that Bag,, (0) C U.
Also let oy € C§°(R™) be such that {ony} € AX(Bs,(0)) and pn(z) = 1
when z € By, (0). Then it follows from Lemma 2.6 that if
XN =¢n (- —20) ®on (- — o),
then {xn} € AL(Ba,(20,%0)), and for some ry > 0,

(2.8) xn(z,y) =1 when (z,y) € Bry(z0,0)-

By (2.3) we get

(2.9) |\ Z(XNK) (& —n)* < FOanK) (€ —6)F (xonK)(n, —n)]
where

X1,N = ¢N(- —20) @ oN(- —Z0), Xx2N =¢N(" —Y0) ®eNn(- — Yo)
Since {x1.n} € AL(Ba(70,70)), Lemma 1.4 implies that (2.7) holds for
Ki n = x1,8vK, with I' replaced by a smaller conical neighbourhood of &y if
necessary.

Next let 19, 7 and I be as in the proof of Theorem 2.3. Since x2 y K is
a bounded set in & (U(y, 4,)), it follows that (2.5) holds when x2 = xa2,v, for
some constants C' and M independent of N. By repeating the arguments in
the proof of Theorem 2.3, a combination of (2.5)(2.9) now gives

| Z (XK (&) < C(CLn/|(& =)V M2 (¢,—n) € I,
for some constant C' independent of N. Since xy = 1 in By, (xo, o), Lemma
1.6 shows that (xq,yo, &0, —10) ¢ WF(K). If xn is replaced by

XoN =¢n(- —Y0) ®en(- — o),
then similar arguments show that (yo, zo,n0, —§0) ¢ WFL(K). =
As an immediate consequence of Theorem 2.5 we have the following.

COROLLARY 2.7. Assume that K € 2.(R?>") N €L (U), where U C R?"
is an open neighbourhood of the diagonal x =vy. Then K € €%(R?™).

Next we discuss wave front properties for the Fourier transform of ele-
ments in 2! N.7".
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THEOREM 2.8. Assume that K € 2,(R*") N . (R?") and y,&,n € R™.

~

If £t e R"\ 0 and (§, &, x,x) ¢ WEL(K), then (§,—n,z,y) ¢ WF.(K) and

(n,—&,y, %) ¢ WF,(K), where WF, stands for WF, WFL, or WF 4.
Theorem 2.8 is an immediate consequence of Theorem 2.3, Theorem 2.5
and the following result.

PROPOSITION 2.9. Assume that K € #'(R?*") and let Kz(£,n) =
K(¢&,—n). Then K € Z.(R*) if and only if Kz € Z,(R*"). In particu-
lar, if K € 2L(R?"), then (2.2) and the Cauchy-Schwarz inequality

(22 (Ko@) < (K,p03)(K,¢® )
hold for every ¢, € ./ (R™).

Proof. Assume that K € Z). Then (2.2) holds for all ¢, € C§°, and by
a simple approximation argument it also holds for all ¢, € .. By Fourier’s
inversion formula it now follows that

(Ko@) =(K,p09) = (K (F 'p)®F 1p)>0.

This proves that K € Z.. The result now follows from Fourier’s inversion
and the obvious fact that K € 2. if and only if K € 2. =

REMARK 2.10. In view of the assumptions in Theorem 2.8 and Propo-
sition 2.9 we note that if K € Z,(R*) and Ky(z,y) = ¢(x — y) K (z,y) for
some ¢ € .Z(R") such that ¢(0) # 0, then Theorem 2.9 in [16] shows that
K € #'(R?") if and only if K, € .7 (R?").

REMARK 2.11. Theorems 2.3 and 2.5 do not give any non-trivial infor-
mation when K is the distribution kernel of a partial differential operator
with smooth coefficients.

In fact, any such K can be written as

K(z,y)= Y aa(@)sy(x —y).

la]<N
In particular, K (z, y) is equal to zero, and hence real-analytic, outside = = y.

REMARK 2.12. Proposition 2.9 can be considered as a generalization of
Bochner’s theorem. In fact, assume that u is a positive definite function or
distribution, i.e. K(z,y) = u(z — y) belongs to 2., N.#" (see Remark 3.6
in Section 3). Then Proposition 2.9 shows that K#(£,n) = u® §(§,n — &)
belongs to Z.. This is the same as saying that u is a positive measure.

3. Wave front set of positive elements in convolution algebras.
In this section we apply the results from the previous sections to elements
in @j’g’ +(R™). To that end we prove that the singularities for such elements
are strongest at the origin.
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More precisely, we have the following.

THEOREM 3.1. Assume that B € C*(R*™), u € D5 +(R") and § € R™\0.
Then the following hold:
(1) if (0,&) ¢ WF(u), then (x,&) ¢ WF(u) for every x € R™;
(2) if (0,€) ¢ WFL(u), and in addition B € €% (R?"), then (z,¢) ¢
WEFL(u) for every x € R™;
(3) if (0,€) ¢ WF 4(u), and in addition B € A(R*"), then (x,&) ¢
WF 4(u) for every x € R™.

REMARK 3.2. Assume that B = 1 everywhere. Then assertion (3) of
Theorem 3.1 was proved by Yoshino in [17]. (See also [18].)

The proof of Theorem 3.1 is based on the following lemma.

LEMMA 3.3. Assume that uw € 2'(R™), f1 € C*(R™) and fo € C*(R™) N
€F(R™). Then
(3.1) WF(fiu) = WF(u), WFL(fou) = WF(u),
and

WE(ur) = {(2,4,¢, =€) (& —y,€) € WF(u)},
WFL(UT) = {(xvyafu _g) ) (1’ - yag) € WFL(“’)}

Proof. The assumptions imply that 1/f; € C* and 1/f, € C* N €L,
Hence (3.1) follows from the inclusions WF(f; u) C WF(u) and WF(f2u)
C WF[(u), which are immediate consequences of the definitions and the
results in Section 1. (See also [8].)

In order to prove the first equality in (3.2) we let v(z,y) = (u®1)(z,y) =
u(z). In view of Theorem 8.2.4 in [8], the result follows if we prove that

WF(v) = {(z,9,£,0); (z,§) € WF(u)}.
Let x(z,y) = x1(z)x2(y), where x1, x2 € C5°(R"). Then

Z (xv) (&) = F (xaw)(€)xa2(n)-
Since Yo is rapidly decreasing, and |.Z (y1u)(€)| < C(&)M when ¢ € R,
for some constants C' and M, it follows that (¢, ) € Y(xv) if and only if
¢ € X(u) and n = 0. This proves the first equality in (3.2).
The second equality follows by similar arguments, using Theorem 8.5.1
instead of Theorem 8.2.4 in [8]. m

Proof of Theorem 3.1. (1) Let K = wu,.B, and assume that (0,&) ¢
WF (u). Then it follows from Lemma 3.3 that

(z,2,§,=¢) ¢ WF(ur) = WF(K).

Since we have K € 2!, Theorem 2.3 implies that (z,0,{, —¢) ¢ WF(K), i.e.
(x,0,€,—&) ¢ WF(u,). Hence (3.2) shows that (x,&) ¢ WF(u).

(3.2)
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Assertions (2) and (3) follow by similar arguments, using Theorem 2.5
instead of Theorem 2.3. The details are left for the reader. m

Next we list some consequences of Theorem 3.1. The first result concerns
smoothness near the origin. (See [4, 12, 17] or [18] in the case of standard
convolution, i.e. the case when B = 1.)

COROLLARY 3.4. Assume that B € C*(R*"), u € I+ R"), and U C
R™ is an open neighbourhood of origin. Then the following holds:

(1) if in addition u € C*(U), then u € C*(R");
(2) if in addition B € € (R?") and u € €*(U), then u € €L (R™);
(3) if in addition B € A(R?*") and u € A(U), then u € A(R").

By combining Theorem 2.3 with Theorem 3.1, we are now able to prove
the following generalization of Proposition 2.1.

PROPOSITION 2.1 Assume that K € ZL(R*") and f € 2] ,(R") are
such that

(3-3) {(z,2,8, =) € WF(K); (0,-¢) € WF(f)} = 0.

Then f, K is uniquely determined as an element in 2'(R*") by the pull-
back of the tensor product fr ® K by the diagonal map (z,y) — (x,y,x,y).
Furthermore, f;K € 2.(R?").

Proof. By Theorems 2.3 and 3.1 it follows that

{(.Ti,y,f, —77) € WF(K)a (.fC,y, —fﬂ]) € WF(fT)} = q)

Hence K = f. K is well-defined in view of Theorem 8.2.10 in [8]. This proves
the first part of the proposition.

It remains to prove that f;K € Z.. Let €; > 0 be a sequence which
decreases to zero as j goes to infinity, and set x; = 5;")((- /€j), where

x € C3°(R™) is chosen such that {xdz =1 and X is non-negative. Also let
fj = fxx; and fj+ = (fj)-. If the pullback and the distribution in Theorem
8.2.4 in [8] are chosen as (z,y) — (z,y,z,y) and f;r ® K respectively, then
[isK — frK in 9’ as j — oo. Since f] = (27‘(’)”/25{\]“]?18 a non-negative
measure, it follows that f; € @{7 4+ N C*. Hence Proposition 2.1 shows that
[i-K € 2. This gives

(K, p©9) = lim (f;-K,¢ @) 20
when ¢ € C§°. Hence fK € 2., and the proof is complete. u

COROLLARY 3.5. Assume that u € P  (R") and f € 2]  (R") are
such that

(3-4) {(0,8) € WF(u); (0,=¢) € WF(f)} = 0.
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Then fu is uniquely determined as the pullback of the tensor product f ® u
by the diagonal map x — (x,x). Furthermore fu € @]'37+(R").

Proof. The result follows immediately from Lemma 3.3, Proposition 2.1
and the fact that fu € 75 , if and only if fru,B € Z;. =

REMARK 3.6. Some other properties for 75 , can be found in [16] when
B € C*(R*"). For example, let 5 ,(R") = P (R") N '(R"). Also
assume that for each multi-index «, there is a polynomial P, such that (0.3)
holds. Then it is proved in Section 2 of [16] that 75 , (R") = .5 , (R"). In
particular, if B = 1, then “the classical” Bochner—Schwartz theorem follows.

Here, as in the proof of Theorem 2.3, an important idea for the proof is
that if u € 5 ,, then the map (p,1) — (u*p ¢,¢) defines a semi-scalar
product on C§°(R™), which in particular implies that the Cauchy—Schwarz
inequality holds, i.e.

(3.5) [(uxp 0, ¥))? < (uxp @, ) (usp P, 0).

REMARK 3.7. There are several extensions of the Bochner—Schwartz the-
orem concerning the standard convolution (i.e. the case B = 1 in Remark
3.6), especially in the theory of hyperfunctions. (See e.g. [3-5, 10, 12, 13,
17, 18].)

4. Applications to positive elements in the twisted convolution
algebra. In this section we apply the results of the previous section to the
twisted convolution algebra. (Cf. Section 1.) From the definition it follows
that the twisted convolution is equal to *p with B as in (0.4), which is non-
zero and real-analytic everywhere. Consequently, all positivity results in the
previous sections are valid for the twisted convolution. However, by taking
into account the special structure of the twisted convolution it turns out that
regularity at the origin for positive elements does not only impose similar
regularity for such elements globally, but also for the Fourier transform of
such elements. Such questions were carefully investigated in [16], and the
considerations in the present section can be viewed as a continuation of
that discussion.

For example, the WF case in the following theorem is a restatement of
Theorem 4.14 in [16]. Here recall from the introduction that .7} (R*") =
Dp, +(R?") when xp is the twisted convolution. (Note that this implies that
S C " in view of Remark 3.6.)

THEOREM 4.1. Assume that u € | (R?") and that Y € R*\ 0. If
(0,Y) ¢ WF.(u) and X € R?", then (X,Y) ¢ WF.(u) and (X,Y) ¢
WEF.(Z,u), where WF, stands for WF, WF or WF 4.
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Proof. We have to prove the assertion for WFz, and WF 4. Since B(X,Y)

e20(X.Y) g real-analytic, the latter assertion is a consequence of the
former.

In order to prove the assertion for WF we observe that the assertion is
invariant under the choice of Fourier transform. Hence we may assume that
the symplectic Fourier transform has been used in the definition of wave
front set. Assume that (0,Yp) ¢ WF(u), and that Xo € R?" is arbitrary.
Then (Xo,Yy) ¢ WF(u) in view of Theorem 3.1, and from the definitions
and Lemma 1.5 there is an open neighbourhood U of the origin and a conical
neighbourhood I' of Yy such that

|76 (upn)(Y)| < C(CLN/IY )Y, {on} € AH(U),

where the constant C' is independent of V.
Next choose r > 0 such that Bs,.(0) C U and

(4.1)  Jarg(e2 X0y — arg(e?0(X2¥2))| < 7/8  when
X1, X5 € By (Xo), Y1,Y2 € Bo(0).
Also let {pn} € AF(B.(0)) and {¢n} € AY(B,(Xo) be sequences of non-

negative functions such that ¢y (X) = ¥n(X + Xo) = 1 for every N and
X € B, 5(0). Finally, let ¢ = 1y, and

ony =e 2V oy iy =27y vy = PNy,

XN = UN *o ON, X1,N = PN *o PN, X2, N = ON *o O
Then {xn} € AF(B2r(Xp)) and {x;n} € A¥(By,(0)) for j = 1,2, and by
(4.1) there exists a constant ¢ > 0 such that
XN(X +Xo)| Z¢, Dan(X)[=ze  |xen(X)|zc
for every N and X € B,(0).
By Proposition 1.8, (3.5) and straightforward computations we get
| o (@xn)(V)]? = (7008, o+ &)

= |(@ YNy *o BNy = |(w,dny %0 Eny)I”

A

< (u, oNy *o ON,Y ) (U, FoUN Y *o U¢N,Y)

= (U, pNy *o PNY) (U BNy *o ONY).
Since

—2ic(Y,-) ~ —2io(Y, )=

PN)Y *¢ PNY = € PN *¢ PN = € X1,N>

¢NY*U¢>NY—€ 200 G s dy = e 27Dy

by straightforward computations, it follows that

X2N7

(u, Ny *0 PNy) = Zoanuw)(Y), (4, 0Ny %o ONy) = Fo(xanu)(Y).



Wawve front set for positive operators 79

From the above estimates we get
|75 (v (V)? < Zo (xa,8u) (V) F o (x2,nu)(Y).

It now follows that (1.4) holds with uny = xnyu. Hence (Xo, Yp) ¢ WF (1),
and the assertion follows. m

As a consequence of Theorem 4.1, if u € .7/ (R*") N C>°(U), then u and
u belong to C°°(R?"). A stronger result in this context is (1) in the following
refinement of Corollary 3.4 in the case of twisted convolution.

THEOREM 4.2. Assume that U C R?" is an open neighbourhood of the
origin. Then the following hold:

(1) ifu e SLR™)NC®(U), then u € L (R?");
(2) ifue SL(R*™)NECE(U), then u and U belong to € (R*™) N7 (R*™);
(3) if u e SLR*™) N A(U), then u and @ belong to A(R*™) N .7 (R>™).

Proof. Assertion (1) follows immediately from Theorem 3.13 in [16]. The
rest is an immediate consequence of Theorem 4.1 and (1). m

REMARK 4.3. Assume that K (X —Y) = u(X —Y)e??XY) belongs to 7.,
i.e. u € L. Then the Fourier inversion formula gives that ., K(X,-Y) =
u(Y — X)e?@XY) (See the introduction and Remark 3.6.) Hence, Propo-
sition 2.9 asserts that v € .| if and only if @ € . On the other hand,
the last property follows immediately from the definitions, which in partic-
ular implies that Proposition 2.9 does not give any non-trivial information
for elements in .| . Consequently, Theorem 2.8 does not give any further
information compared to Theorems 2.3 and 2.5 in the case of twisted con-
volution.

REMARK 4.4. A question which arises here is whether the condition
WF(u) = WF(u) = 0 (i.e. u,u € C*) for a distribution u implies that
indeed u € .. The answer is negative. In fact, if u(z) = €/’ then v, €
C>* NS\ .. We refer to [6] for a brief investigation of such questions.
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