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The John—Nirenberg type inequality for
non-doubling measures

by

Y OSHIHIRO SAWANO and Hirosur TANAKA (Tokyo)

Abstract. X. Tolsa defined a space of BMO type for positive Radon measures satisfy-
ing some growth condition on R?. This new BMO space is very suitable for the Calderén—
Zygmund theory with non-doubling measures. Especially, the John—Nirenberg type in-
equality can be recovered. In the present paper we introduce a localized and weighted
version of this inequality and, as applications, we obtain some vector-valued inequalities
and weighted inequalities for Morrey spaces.

1. Introduction. It is well known that the doubling property of the
underlying measure is a basic condition in the classical Calderén—Zygmund
theory of harmonic analysis. Recently, more attention has been paid to non-
doubling measures. It has been shown that many results of this theory still
hold without the doubling property.

Nazarov, Treil and Volberg developed the theory of singular integrals for
certain non-doubling measures (growth measures), satisfying a growth con-
dition given by (1.1) below, and investigated the analytic capacity on the
complex plane [3, 4]. Tolsa proved subadditivity and bi-Lipschitz invariance
of the analytic capacity, which had been left open for a long time [12, 13].
The research, stemming from their pioneer works using the modified max-
imal operator, has been developed in many ways. Tolsa defined for growth
measures the RBMO (regular bounded mean oscillation) space, the Hardy
space H'(p1) and the Littlewood-Paley decomposition [9, 10]. He also gave
his H'(u) space in terms of the grand maximal operator [11]. He estab-
lished a John—Nirenberg type inequality for his RBMO space. Deng, Han
and Yang defined Besov spaces and Triebel-Lizorkin spaces and the present
authors defined Morrey spaces and established some inequalities for growth
measures [1, 2, 7, 8].
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The purpose of the present paper is to introduce and prove a localized
and weighted John—Nirenberg type inequality for growth measures. The re-
sult can be applied to obtain a vector-valued sharp maximal inequality and
a weighted sharp maximal inequality for Morrey spaces.

We first recall some definitions and notations. By a “cube” Q C R? we
mean a compact cube whose edges are parallel to the coordinate axes. Its
center will be denoted by zg and its sidelength by ¢(Q). Q(x,) denotes the
cube centered at x and of sidelength [. For ¢ > 0, oQ) denotes the cube
concentric with @ of sidelength 0¢(Q). Throughout this paper we assume
that u is a positive Radon measure satisfying the following growth condition:

(1.1) w(Q(x, 1)) < Col™  for all z € supp(p) and [ > 0,

where Cp and n € (0,d] are some fixed numbers. We emphasize that pu is
not necessarily a doubling measure, that is, we do not assume the doubling
inequality 11(2Q) < Cu(Q) for every cube @ C R%. We denote by Q(u) the
set of all cubes @ C R with positive y-measure. We say that Q € Q(u) is a
doubling cube if 1(2Q) < 291 u(Q). Let Q(u,2) denote the set of all doubling
cubes. By the growth condition (1.1) there are a lot of big doubling cubes.
More precisely, given any Q € Q(u), we can find j € N with 2/Q € Q(u, 2).
Given @ € Q(u), we let @* be the smallest doubling cube R of the form
R=2/Qwithj =0,1,....Given two cubes Q, R € Q(u) with Q C R, we set

L(QRr)
5(Q.R):= | M%

UQ)
where QQr denotes the smallest cube concentric with @ and containing R.
The space of BMO type we use in the present paper is RBMO (regular
bounded mean oscillation) introduced by Tolsa [9], which is a suitable sub-
stitute for the classical BMO space. A function f € LL () is said to be in
RBMO if
1
1fllei= sup ——=V|f(2) = mo-(f)] du(x)
QEQ(1) IU’(i Q) Q
sy Imelf)—me(h)
QCR 1+46(Q,R)
Q,R€Q(1,2)

where mq(f) == pu(Q)~! SQ f(z)du(z), @ € Q(p). (Many other equivalent
norms may be found in [9, Section 2].) An advantage of RBMO is that it
satisfies the following John—Nirenberg inequality due to Tolsa.

THEOREM 1.1 ([10, Section 3]). Let f € RBMO and @ € Q(u).

(i) There exist positive constants C' and C' independent of f so that,
for every A > 0 and every cube Q,

< 00,
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3 '\
e € Q:[f(2) —ma-(f)l > A} = Cu( 5Q ) exp “17 )
(ii) Let q € [1,00). Then there exists a constant C' independent of f so
that, for every cube Q € Q(u),

1 1/q
(77 S = mar (i) < i
2 Q

The purpose of the present paper is to obtain a localized and weighted
version of Theorem 1.1(ii) (Theorem 1.2 below). As an application, we ex-
tend Theorem 1.1(ii) to a vector-valued inequality (Corollary 3.3).

To describe our theorem, we need to introduce two maximal operators

also due to Tolsa. For f € L} (1), the sharp maximal operator M*f(z) is
defined as

“f(x) = su ‘1 ) — mo+ T
M f(z) e Q) élf( ) —mq-(f)| du(z)
b s melh) —ma(f)]

TEQCR 1 + 5(@) R) ’
Q,REQ(11,2)

and N f(z) is defined as

Nf(x):= saup mq(lf]).
z€Q€EQ(1,2)

It is well known that N is a bounded operator on LP(u) with p > 1. We
denote by ||N||, its operator norm. Since for every @ € Q(u) the sequence
Q,271Q,272Q, ... contains infinitely many doubling cubes, we also have a
pointwise estimate |f(z)| < Nf(z) for y-a.e. * € R% Denote by N*, k € N,
the k-fold composition of the operator N. Throughout the paper a weight
w will be a non-negative function on R? satisfying the (mild) condition

(1.2) w e LP(u)  for some pg > 1.

For simplicity we denote {,w(z)du(z), E C R? by w(E). For a weight
function w satisfying (1.2), we define

[e.9]

(1.3) W(a) = 3 (28) FN*w(e), B> [Ny

k=1

The following theorem is the main result of the present paper.

THEOREM 1.2. Let 0 < a <1 and 1 < g < oo. Suppose that a weight
function w satisfies (1.2). Then, for every f € Li (1) and Qo € Q(p), there
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exists a constant C independent of f and Qo such that

(§ 1@ =m@u- (DI W@ du@) " <C (| M 5@y (@) du(x)
Qo 3Qo

1/q

2. Proof of Theorem 1.2. The letter C' will be used for constants that
may change from one occurrence to another. Constants with subscripts, such
as Cp and C1, do not change in different occurrences.

Generations of cubes. Here we shall define generations of cubes and in-
vestigate their properties. It is a local version of [11] and our construction
is based on a slightly modified form of the one given in [11].

LEMMA 2.1. The following assertions hold.

(i) For o> 1 and Q € Q(u), we have §(Q, 0Q) < Cylog p.
(ii) Let Q € Q(u). Then §(Q,Q*) < Cu2" 1 log 2.
(iii) Let Q € Q(u), ko € N and 6y > 0. Suppose that, for some 61 > 0,

(2.1) bo < n(Q) < u(2"Q) < b1
Then §(Q, 2 Q) < 2"log2 - 0;Cocp, where ¢, := Yo 2k,

Proof. Assertion (i) follows easily from the growth condition (1.1). We
prove (ii). Let Q* = 2" Q with k; € NU{0}. A dyadic argument shows that

0(2"1Q)
Ky 1(Q(2q,1)) dl n
5(Q,2MQ) = E(L) S TRt <2 2§ zsz

By the growth condition we have d — n > 0. The definitions of Q* and
doubling cubes imply 29714 (251Q) < u(28Q), k =1,...,k;. These obser-
vations yield

k w2 Q) & d—1\k1—k +1
1 < n . n—a— 1— < n .
3(Q,2"Q) <2"log?2 Q) kE: (2 ) < Cp2"" log 2

It remains to prove (iii). It follows from a dyadic argument and assump-
tion (2.1) that

. k
0 n SpkQ) L, %S~y
Q2@ < 2Mox2- 3 gy < 2 oe2 b 22

§ 2" log2 . chocn,

which concludes the proof. =
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Given two cubes Q C R, we set

“C§R’ Q(zg.1) di

n 1’

S(Q, R) =
Q)

where Q® denotes the largest cube concentric with @ and contained in R.
We will treat a point = € supp(u) as if it were a cube with sidelength 0. So,

for z € supp(p) and some cube R 3 z, the notations d(z, R) and #® make
sense.
Let C; := Cp2" 1 log 2. Letting Qo € Q(u), we set Q1 := 2Q0

LEMMA 2.2. Suppose that Ag is large enough, say Ag > 3C1. Then, for
each x € Qo Nsupp(p) with 6(x, Q1) > Ay, there exists some doubling cube
Q C Q1 centered at x satisfying

10(Q, Q1) — Ao| < 2C1.

Proof. Let R be a unique cube of the form 27%291 k = 1,2,..., such
that

(2R, Q1) < Ay < (R, Q1).
Then
Ay < (R, Q1) = 6(R,2R) + 6(2R, Q1) < Colog?2 + (2R, Q1).
This implies 2C; < §(2R, Q1) and hence, by Lemma 2.1(ii), we conclude that
Q = (2R)" C Q1. It follows from Lemma 2.1(ii) again that 4 < 5(R, Q1) =

3(R, Q) +0(Q, @1) <201 + 3(Q, Q1) and that 6(Q, Q1) < §(2R, Q1) < Ao.
Thus, we obtain [6(Q, Q1) — Ag| < 2C;. =

Let m € N and A > 3C4. Then we set
2,4 = {z € QoNsupp(p) : 5(x,Q1) > mA}

and
Dai={Q € Q(1,2) : Q C Q1,29 € .4 and |6(Q, Q1) — mA| < 2C1}.

LEMMA 2.3. Assume that A is large enough. Let P € lA?mA and P’ €
ﬁm-l—l,A'

(i) Suppose that zp = zp:. Then 100P’ C P.

(i) Suppose that P NP’ # 0. Then {(P') < 3((P).

_Proof. (i) Suppose to the contrary that P C 100P". Then since 5(P, Q1)
= 0(P',100P") + 6(100P’, Q1) we obtain

(m+1)A —2C) < §(P',100P") +mA + 201 < Cylog 100 + mA + 2C.

This implies A < Cplog100 + 4C;. Thus, we have P D 100P" provided
A > Cy log 100 + 4C1.
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(ii) If 8¢(P") > £4(P), then P C 24P’. As a result, defining R :=
Q(zp,48((P")), we have P, P’ C 24P" C R C 72P’ C @1, and hence

(2.2) §(P',R) < §(P',72P") < C.
We now claim that

(2.3) s:=[6(P"", Q1) — 6(R,Q1)| < C.

We decompose s as

o(P'R1) ¢(RQ1)

s=| | w(Qzp, 1)) dl S w(Q(zp, 1)) ﬂ’
B " n l
oP'R) {(R)
oR
< (S /L(Q(Zp/,l)) dl
- n l
(PR
min{¢(P'?1),¢(RP1)} di
+ | (1(Q(zp ) = i(Q(ap, D)) e
£(R)
max{£(P’'®1) ¢(R1
e )}<u(Q(sz,l))  HQrD)\d
" n l

min{¢(P'91),0(R91)}
=: 81 + 82 + S3.

The integrals s; and s3 are easily estimated above by some constant C'. We
bound s9 from above by

v dl i~ dl
S w(Q(zpr, 1) A Q(zp,1)) T S (S XQ(zpr 1) AQ(zp 1) (T) dﬂ(x)>ﬁa
o(R) o(R) RY

where y g is the indicator function of a set E C R?. Let
2|0 := max{|z1],..., |zal}, x=(21,...,24) €RL
Then a simple geometric observation tells us that
XQ(zpr ) AQ(zp 1) () = 0
if I ¢ [min{|z — zp|so, | — 2P0 }, max{|z — zp|oo, [T — 2P/ |00 }]-

In view of this observation we obtain

1 1
s25C S lz—zpln |@— zp/|2 ()
RA\ P Pleo P’loo
|ZP’ - ZP|oo
SR W Pl

lz—zpr|oo2L(P")/2
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A routine dyadic argument gives

> |ZP’ - ZP|oo
<0 X ot )

£20 20— 1a(Pr) <o pr o <abe(pry 1T 2P15
|zpr — 2P|oo
=y =¢
This proves (2.3).
From the relation 6(P',Q1) = 0(P', R) + 6(P'%,Q1), (2.2) and (2.3) we
have
3(P', Q1) < 3(P', R) +[5(P"", Q1) — 3(R, Q)| + (R, Q1)
S S(Pv Ql) + 027
where Cy is some fixed big constant. Hence (m + 1)A < mA 4 4C; + Cs.
Thus, £(P') < £¢(P) provided A > 4Cy + Cs.

Let m € N and choose A large enough so that the conclusion of Lem-
ma 2.3 holds. From Lemma 2.2 there exists a map @, : {2, 4 — Dy, 4 such
that 2, (») = = for all x € §2,, 4. Fixing this collection {®, }men of maps,
we set Qg.m = Pp(z). Then by the definition we have

’g(Qz,val) - mA| < 201.

The cubes Qgzm, m € N, x € (2, 4, are called cubes of the mth generation
(relative to Qo). The set of all cubes of the mth generation will be denoted
by D, and the set J,,, Dy, will be denoted by D.

The weight W. Now we record some simple properties of the weight W
defined by (1.3). To begin with, we notice that N is subadditive and W
satisfies the so-called Aj-condition:

(2.4) NW(z) < 28W(zx) for p-a.e. z € RY.
Indeed,
NW(z) < Z 28)1 =i NI+, {Z 28)1 I Niw(z) — Nw(:c)}
7j=1 7j=1
< 26W (z).

Once we have established (2.4), the so-called Aso-property follows im-
mediately.

LEMMA 2.4. Let a € (0,1) and Q € Q(p,2). Then
We(E) o (HE))'
@ < e (@)

for all p-measurable subsets £ C Q.
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Proof. Using Holder’s inequality we have

W EB) = | W) du(x) < ([ W) dute)) ()
E E

<uo(33) (i@)
It follows from (2.4) that

Wo(E) < (CSJ NW (@) du(z) ) - (%)M = EATWHQ)- (%DH’

which proves the lemma. u

Proof of Theorem 1.2. Choose A large enough so that the conclusion of
Lemma 2.3 holds, and fix D, and D. Letting F'(z) := |f(z) — m(20y)(f)],
we consider the maximal function

NpF(z):= sup mq(F), x€Q.
reQ€ED
If x € Q1 lies outside UQGD @, it will be understood that NpF(z) = 0.

CLAM 2.5. For p-a.e. x € Qo Nsupp(p), we have
(25) £ (@) = mqoy- ()] < CM*f(x) + F(x),

(2.6) F(z) < C(M*f(x) + NpF()).

Proof. In view of §((Qo)*, (2Q0)*) < C the first inequality (2.5) is ob-
vious. To prove (2.6), first of all, we notice that, for p-a.e. x € Qo N

supp(u), there exists a sequence {Qj}72, of doubling cubes centered at
x with £(Qx) — 0 as k — oo and (see [9])

(2.7) lim mg, (F) = F(z).

k—oo
Fix 2 € Qo N supp() satisfying (2.7). If 6(z, Q1) = oo, then UQzm) — 0
as m — oo. Hence F(x) < NpF(z). If §(z,Q1) € (mA, (m + 1)A] for some

m € N, we have 6(Q, Qzm) < C for some sufficiently small doubling cube
Q) centered at x and contained in Q) ,,. Thus, we see that

mq(F) = mq(|f —maqy)-(f)])
< mQ(|f =ma(N)) +mQ(f) = mQum (NI + Mm@y (f) = m2qn)-(f)]

Imo(f) = mq, .(f)l
1+6(Q, Qo) )*m%vmﬂf — m(age)+ (f)])

< C<mQ(|f—mQ(f)|) n

< C(M*f(x) + NpF (z)).

If g(a:,Ql) < A, we have N(Q, (2Q0)*) < C, and hence there exists a suf-
ficiently small doubling cube () centered at z and contained in ¢); such
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that
mQ(F) < mq(lf = ma(f)l) +mq(f) = mqy)- (f)] < CMEf(2).
These observations and (2.7) yield the claim. m

By keeping Claim 2.5 in mind, it is now clear that the theorem follows
from Claim 2.6 below.

CLAaM 2.6. We have
o 1/q 4 o
(§ NoF@) W (@) du(z)) " < o (] M f@)w (@) du(r)
Q1 Q1
We shall prove Claim 2.6 by means of the so-called good-\ inequality.

1/q

LEMMA 2.7. There exists a constant C such that
Wz € Q1 : NpF(x) > 2\, M f(z) < nA}
<Cn'T Wz € Q1 : NpF(z) > \}
for all \;n > 0.

Proof. Clearly, we may assume that n > 0 is sufficiently small. Fixing
n > 0 sufficiently small, we set

E\:={z € Qi : NpF(zx) > 2\, M*f(x) < nA},
2 = {IL’ €Q: NDF($) > )\}
For all z € E), we can select a doubling cube Q2 = Q. (2) m(z) € D, @z 3 =,

that satisfies mq, (F) > 3. If m(z) = 1, we have §(Qs, (2Q0)*) < C and
hence,

mq, (F) <mq, (|f —=maq., (f)])+Imq., (f)—maqy:- (f)] < CM*f(z) < CnA.
As a result we obtain Cn\ > %)\, which is not possible for sufficiently
small 7. Replacing (). ,, by a younger one if necessary, we may assume
that meq_ . (F) < 3X for any cube Q. > x with m < m(z).
Let Sy = Q(2),m(z)—1- We claim that mg, (F) > X if n is small enough.
Indeed, noticing 0(Q4, Sz) < 2A, we see that
mq, (F) <mq,(If —mq,(f)) + Imq, (f) —ms,(f)|
+ [ms, (f) = m@gq)-(f)]

< CM*f(x) +ms, (F)

< CnA+mg, (F).
This yields mg, (F) > 32X — CnA > X. Thus, we have
(2.8) 3N/2>mg, (F)> A

for sufficiently small 7.
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Notice that @, C 1—[1)051 by Lemma 2.3(i). By Besicovitch’s covering
lemma there exists a countable subset {x;};c; C Ey such that

(2.9) Exc|JSs, and ) xs,, <Cxa,.

jeJ jeJ
To simplify notation we write S; = S;; and @; = Q;. Now we claim the
following:

CLAaM 2.8. Ifn is small enough, then
W(S; NEy) < Cp'~*W*(S;)  forall j€J.
Let us temporarily accept Claim 2.8. Then (2.9) and the claim lead to
W(Ey) <) W(S;NEy) < Cp'~* ) WO(S;) < Cn'* W(£2y),
jeJ jeJ
which proves Lemma 2.7. =

We are left with the task of proving Claim 2.8.
Proof of Claim 2.8. By Lemma 2.4 it suffices to show that
1(S; N Ey) < Cnu(S;).

Let y € S; N E\. There exists a doubling cube Ry = Q. (y)m(y) € D, By 3 v,
that satisfies mpg, (F') > 2X\. We show that ((R,) < %E(Sj) whenever 7 is
sufficiently small. From Lemma 2.3(ii) we may assume that m(y) < m(z;).
By Lemma 2.3(i) if £(R,) > ££(5;), then Q. () m(y)—1 > S; O Q;. This and
the fact that m(y) — 1 < m(x]) imply 3\/2 > sz(y 7m<y)71( ). Notice that
mpg, (F') can be majorized by

mRy(’f — MR, (N + |mRy (f) - sz(y)7m(y)_1(f)|
+sz<y) m(y)— (’f mM(2Q0)* (N,

and consequently it can be bounded by CM? f(y) + maQ.., Thus,

-1 (F)-
BN/2 > mq. ) 1 (F) = mp, (F) = CM*f(y) > 2X — CnA.
Hence, if n < 1/3C, we must have ((R,) < 1€(S ). Thus,
ND(XgSjF)(Z/) >2X forally e S;NE,.
From (2.8) we obtain [ms; (f) — m(ag)+(f)| < 3A/2, and
Np(vss, (f —ms, (f)(y) > A2 for all y € ;1 By,
It follows from the weak-(1,1) boundedness of Np that

u(SjNEy) < ply € R : Np(xss, (f —ms, (£)(y) > A/2}

§ I ()l dp().
S;

>|Q

LIS
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Recall that S; is doubling. Noticing that

V1) = ms, (f)] dpu(z)

53,

< {ir - (Dl du(@)+u(S))m s g 1. (F) —ms; (f)] < Cudu(S)),
53,

we conclude that p(S; N Ey) < Cnpp(S;). =
We return to the proof of Claim 2.6.
Proof of Claim 2.6. Lemma 2.7 implies that
Wz e @Qq: NpF(x) > 2\}
<On' Wz € Q1 : Npf(z) > A} + Wz € Q1 : M f(z) > nA}.

Multiplying both sides by ¢A9~! and integrating against A, we have, after a
change of variables,
L

%(S QT 'We{z € Qy : NpF(z) > )x}d)\)l/q
0
L
< (Onl—a {ax™'We{z € Q1 : NpF(z) > A} dA)l/q
0
=5 (s )

When 7 is sufficiently small, we can bring the first term of the right-hand
side to the left-hand side. As a consequence it follows that
L 1 1/q
(g AWz € Qr - NpF(z) > A} dA)
0

< 0§ M)W (2)° du(:n))l/ g

Q1

Letting L — oo, we obtain the claim. =

3. Application to vector-valued inequalities. Applying Theorem
1.2, we can obtain some vector-valued inequalities. To formulate them we
adopt the following notation. For a sequence {f; }3";1 of p-measurable func-
tions and q,r > 1, we write

I1£5(x Z’“H—(Zm )
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and
1y 20 ) o= (§ 550 = ) dta)

Rd
First of all, we need the following result (see [5, Theorem 1.7]).
LEMMA 3.1. Ifq,r € (1,00), then
INfj = LI )| < Corll f5 = LA™, -
PROPOSITION 3.2. Let q,r € (1,00) and let {f;}32, C Ll (). Then
there is a constant C' independent of {fj}?; so that, for every Qo € Q(u),

(5 145 = migu- (5 : V7 dn@) " < o § 168 gy 11 dptay) .

Qo 2Qo

Proof. We may assume that f; = 0 for sufficiently large j by the mono-
tone convergence theorem. Take 1 < s < min(q,r) and let t := q/s, u :=r/s.
Take « slightly smaller than 1 so that 1 < 1/a < min(¢/,u). We shall esti-
mate

(31) L= (§ 150) = miguy () < U1 dite)) ™
Qo
= (T 115@) = miguy- (B 21 d)) ™
Qo

by a duality argument.
Take a vector-valued weight (w1, ws, . ..) supported on Qo and satisfying

L= [1fj(@) = mqoy(F;)I° wi(@)* : 1" du(=),
(3.2) Qo

g« L )| = 1.
Then it follows from Theorem 1.2 and Holder’s inequality that

(33) 1< | IMEf(e)° W)™ : 1Y]| du(e)

3Qo
1/t o /¢

< (§ Iaeg@ et au@) - (§ W@ ) dut)

2Qo 2Qo

2 2

where we have set
W) == (28)" FNFw;(x)
k=1

and used the fact that w;(x) < Wj(x). Take for 3 the constant Cyp gy in
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Lemma 3.1. Then Lemma 3.1, the definition of W; and (3.2) yield

o ot 1/at’
@) (] @) du(a))
3Qo
au/ ot 1/ed!
= (§ w5 1ot au()) T < c
2Qo

Piecing (3.1), (3.3) and (3.4) together, we obtain the desired conclusion. m

The following corollary is a vector-valued extension of Theorem 1.1(ii).

COROLLARY 3.3. Let f; € RBMO. For any cube Qo € Q(p) and q,r €
(1,00), there exists a constant C' independent of f; such that

1/q
(s 1 1) = mo () P du(e)) < € sup 322500 .

N( Q ) Qo z€R4

We apply Proposition 3.2 to obtain a sharp maximal inequality on Mor-
rey spaces.

Let k>1,1<q¢<p<ooand f €Ll
to the Morrey space MY (k, p) provided

(35) 1 Mykop)l = sup u(kQ)(§ 5 ()2 () < .
Q

(). Then we say that f belongs

loc\H

QeQ(n)
By applying Hélder’s inequality to (3.5) it is easy to see that
LP(p) = Mp(k, p) € My, (k, ) € M, (k, )
for 1 < g2 < q1 <p<oo. Let ky > ko > 1. Then M} (ky, u) and ME(ka, 1)

coincide as sets and their norms are equivalent. More precisely (see [7, Propo-
sition 1.1]),

k
17 Myl < 17 M3 ] < Ca 1= ) I+ MiGE )

Nevertheless, for definiteness, we will assume k = 2 in the definition and de-
note Mg (2, 1) by Mg(p). For a sequence { f;}22 of y-measurable functions,
we also write

£ = MGQT il = (115 = 271 M) |
The following proposition is a vector-valued extension of [8, Corollary 1.5].

PROPOSITION 3.4. Let {f;}72, C Ll (w). Suppose that 1 < q < p < o0,
r € (1,00) and there ezists an increasing sequence of concentric doubling
cubes Iy C Is C --- such that

(3.6) klim mr,(fj) =0 foralljeN and U I, =R%
o k=1
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Then there exists a constant C' independent of { f; j=1 such that
£ = MEQT, )| < CIMEf5 = MBI, ).

Proof. We may again assume that f; = 0 for sufficiently large j. Letting
R € 9Q(p), we shall estimate ,u(QR)l/p_l/q(SR £ (x) = 179 du(z)) /2. We
begin by reducing the matter to the case when R € Q(u,2). It follows from
Proposition 3.2 that

p(2R) a1y v )
R

1/q
p @R V(15— mpe () 017 ) (R VP (7) - |
R

1/q
< CuR)Mr (S ML )T dn) - p(R) s (f) U

3R
2
< CMEf;  MEQT, )|+ p(R) VP e () < U1
So we concentrate on estimating
(3.7) p(R)VPlmpe(f5) : 17)].

We choose doubling cubes inductively. Let Ry = R* and Ry,41 = (2Rn)",
m € N. Let d be the distance between the center of Ry and that of I;. We
select m; € N so large that ¢(R,,,) > 2d and there exists some I, k € N,
such that R,,, C I, Rpm,+1 € I, and

(3.8) p(R)YP g, (f5) 17 < || IMEf 17 ME ()]

Then a simple geometric observation shows that R,,, C I, C Ry,+3 and
hence

(3.9) d(Rmy, L) < 0(Rpmy, Riny+3) < C.
Fori=1,2,... we put
M; :={m e Nn[l,mi]: 2 ' u(R) < u(Rm) < 2'u(R)}.
Deleting all empty sets from {M;}i=12, .., we obtain {M;}i=;, i, . Set

a(ig) :=min M;,,  b(ig) :=maxM,;,, k=1,...,K
Then we notice that Ry; ) = R, -
For k=1,...,k" — 1, from Lemma 2.1(iii) we see that

O (Raip)s Bogi))s 0(Ry(in)s Ragir, 1)) < C,
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and hence 0(Ry(,), Ra(iy,,)) < C. This implies that
p(R)Pllmp, ., (f;) —mnr (f;): "]

< o ik/p M(Ra(ik))l/p 1/‘1( S M f(x) 1 ||qdu(:1:))
R

a(ipyq)

a(ig)
< C2TWPMEf s MEQT, -
Similarly, from (3.9) we also have
n(B) P lmp,,  (f5) = ma (f) U < C27 /P ||MEf; - MEQT, ).
Applying the triangle inequality to (3.7), we finally have
p(R)YP|lmpe(f;) : 1|

K —1

< p(R)MP Y lmg, ., (i) = mey, () 1]
k=1

iet1)

+ u(BYP{lm,, () —ma,(f) U+ lm, () < V1))

< C(o 27N Mg AW )|+ (R Pl () 5 )
k=1

< C|[MEf; e MEAT, ).

The proof is now complete. =

4. Application to weighted inequalities. Applying Theorem 1.2, we
can obtain a weighted sharp maximal inequality for Morrey spaces. For a
weight w, we define the norm of the weighted Morrey space M%(w, p) as

— 1/q
1f s Mbw, pll = sup p(2Q)"7~ 14 ( [ |f (@) w(w) du(z)) ",
QeQ(n) Q
I<g<p<oc
The following proposition is a weighted version of [8, Corollary 1.5].

PROPOSITION 4.1. Let 1 < ¢ < p < 00,0 < a < q/p and w, W be
the same as Theorem 1.2. Suppose that f € Ll () and there exists an

increasing sequence of concentric doubling cubes Iy C Iy C - -+ such that
o0
. d
(4.1) klirgomfk(f):o and kL_JIIk:R .

Then there exists a constant C' independent of f such that

If = MEW®, )| < CIIMEf = MEWS, ).
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Proof. The proof is similar to that of Proposition 3.4. We shall estimate

w0 ([ | F @ W) du@) . R e o).
R
It follows from Theorem 1.2 that
(2R (§ ()W (@) da)
R
< @R[ £(2) — e (£ W (2)" d(z))

R
+ (R (R mpe (f)]

< CpR (| M @)W (@) duz))
R
+ (B (R mpe (f)]
< CIIMEF = MEW, )| + p(R)P=H AW (R) T e (£)].

So the task is reduced to proving

(4.2) u(R)VPHIW S (R) Y- (f)] < C|IMEf 2 MEW®, ).

Take k € N so large that
p(R)P AW (R, [y ()] < |[MEF 2 MW, ).

We will use the same definition and notation from the proof of Propo-
sition 3.4. For k = 1,...,x" — 1, we recall that 0(Rq,), R < C,
6(Ra(i ), Ix) < C and, for k =1,..., ', we have

We(R 0 W (Ray))

w@e < 0 g e

by Lemma 2.4. Combining these observations, we obtain
Il,L(R)l/p_l/an(R)l/q’mRa(ik)(f) - mRa(ikH)(f)|

WR 1/q
=t rea( ) Mg (0 = mag, (O

W(Ryi)) )”q
M(Ra(ik))l_a

XM,y (F) —me

(Mol

ik+1))

<C 2—(1/p—a/q)ikﬂ(Ra(ik))l/p—a/q (

(Nl

a(ipiq)
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fo! ) 1/
< 02—(1/p—a/q)ik'u(Ra(i ))1/10 <W (Ra(zk))> 4q 1
F M(Ra(zk)) /J’(Ra(zk))

x| Mf(x)du(x)

Ra(ip)

' 1/q
< C2*(1/17*(1/@%”(3&(%))Up*l/q< S Mﬁf(x)qw(m)a dM(@)
Ra(ik)
—(1/p—a/q)i . o

where we use Wa(Ra(zk))/:u’(Ra(lk)) < (W(Ra(lk))/:u’(Ra(lk)))a and (24)
Similarly, we also have

p(B)PV W (R g, (f) =, (6)]
—(1/p—a/q)K' . a
< Q2 WP/ M F 2 ME(W, ).
Recall that 1/p — a/q > 0 by assumption. Applying the triangle inequality
to (4.2), we finally have
K =1

(4.2) < p(RYYPHIWH(R)VN " Jmp,, () = m,,, ()]
k=1

a(ipgiq)

+ u(R) P (R g, (f) = ma, ()] + [ma, (51

< (Yo Wl ) ngtf : MuWe, p)|
k=1

+ u(R)VP W (R) Y9 my, (f)]
< C|MEf = MEWS, ),
which is our desired estimate. =
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