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A sufficient condition for the boundedness
of operator-weighted martingale transforms
and Hilbert transform

by

SANDRA PotTT (Glasgow)

Abstract. Let W be an operator weight taking values almost everywhere in the
bounded positive invertible linear operators on a separable Hilbert space H. We show
that if W and its inverse W' both satisfy a matrix reverse Hélder property introduced
by Christ and Goldberg, then the weighted Hilbert transform H : L3, (R, H) — L}, (R, H)
and also all weighted dyadic martingale transforms T, : L (R,H) — L% (R, H) are
bounded.

We also show that this condition is not necessary for the boundedness of the weighted
Hilbert transform.

1. Introduction. The question of finding vector analogues to the cel-
ebrated Hunt—-Muckenhoupt—-Wheeden theorem [9] has been studied inten-
sively in recent years. S. Treil and A. Volberg showed in [13] that a weight
function W taking values almost everywhere in the positive invertible d x d
matrices satisfies the vector Ay condition
(1) sup (W) 2w < ¢

ICRinterval
if and only if the Hilbert transform H defines a bounded linear operator on
the operator-weighted L2-space

L% (R,C%) = {f : R — C¢ measurable : S (W) f(t), f(t))dt < oo}
R

or equivalently, if and only if the weighted Hilbert transform
M MPHM?  LA(R,CY) — L2(R,CY)
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defines a bounded linear operator. Here, M‘%Q denotes the densely defined
multiplication operator with the matrix function W1/2, and (-); denotes the
average over the interval I.

There exists also a dyadic version of this theorem [13]: Let D denote the
collection of all dyadic intervals in R. For each o € {—1,1}P, let T,, denote
the dyadic martingale transform on L?(R,H) given by

fr=) a(Dhrfr.
1eD

Then a matrix weight function W taking values almost everywhere in the
positive invertible d x d matrices satisfies the vector A4 condition

(2) sup [|(W) 2 (w112 < ¢
I1eD

if and only if all weighted dyadic martingale transforms
MMPT, MY LR, C) — L2(R, CY)

are uniformly bounded.

Characterisations for the boundedness of matrix-weighted Hilbert trans-
forms on LP(R,C%) for 1 < p < oo were found in [10], [14].

A different approach via a matrix-weighted Hardy-Littlewood maximal
function was suggested more recently by M. Christ and M. Goldberg in [3].
They introduce the matriz reverse Holder property

(3) Vw2 @) w1 dz < C|I] (I C R interval)
I

and show that this implies the boundedness of a matrix-weighted maximal
function on LP(R,H) for p < r even in the infinite-dimensional situation,
namely when replacing C? by a separable Hilbert space H, and considering
a weight W : R — L(H) taking values almost everywhere in the bounded
positive invertible linear operators on H. It was shown in [8] that in the finite-
dimensional situation, the boundedness of the weighted maximal function
in turn implies the boundedness of the weighted Hilbert transform.

In the finite-dimensional situation, the vector As condition implies the
matrix reverse Holder property for some r > 2 [3], so that this approach
provides a new proof of the above mentioned result in [13].

The characterisation of the boundedness of the weighted Hilbert trans-
form and martingale transforms in the infinite-dimensional setting has
proved very difficult, even in the case p = 2. It was shown in [4]-[6] that the
operator versions of (1) and (2) are not sufficient for the boundedness of the
weighted Hilbert transform and the weighted dyadic martingale transforms,
respectively ((1) and (2) were shown to be necessary in [13]).
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In this paper, we show that even in the infinite-dimensional situation, the
matrix reverse Holder condition (3) for an operator weight W and its inverse
W1 for some r > 2 implies the uniform boundedness of all weighted dyadic
martingale transforms and the boundedness of the weighted Hilbert trans-
form on L?(R,H). We use a slightly different route from [3], [8]. Instead of
using the weighted maximal function, we show first that the weighted square
function operator is bounded and bounded below by means of a stopping
time argument from [11]. This gives us the uniform boundedness of the
weighted dyadic martingale transforms. The case of the Hilbert transform
then follows from a result in [12].

Using the theory of vector BMO functions, we also show that the reverse
Holder property is not necessary in the infinite-dimensional case, even with
r=2.

2. Weights with reverse Holder property and decaying stopping
time

DEFINITION 2.1 ([3]). We say that an operator weight W : R — L(H)
has the matrixz reverse Holder property if there exist constants C > 0 and
r > 2 such that

VW2 (@) (w1 de < 1}
I
for all intervals I C R.

DEFINITION 2.2. We say that an operator weight W : R — L(H) has
the dyadic matriz reverse Hélder property if there exist constants C' > 0
and r > 2 such that

JIW2(@) (w2 de < Ol1]
I
for all dyadic intervals I € D.

Such weights satisfy in particular the (dyadic) vector Ay condition (1), (2).
Furthermore, for each operator-valued weight and each interval I C R, one
has the elementary inequality

@) [ 2w <
(see [13], [3)).
For each I € D, let D(I) denote the collection of all J € D with J C I.
Given I € D and A > 1, let J) 1(I) denote the collection of all maximal
dyadic subintervals Iy of I such that

5) I

f v W@y w1 da:H >\
I
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or

> A

(©) Hi [ W)Y 20 () (W) 2 de
N i

We write Jyo(I) = {1}, TIae) = Ujeg, T (J) for k=1, F(I) =
f)\71<1) = D(I)\UJEJ(I) D(J), and f)\jk(I) = UJEJA,kfl(I) f(J) for k > 1.

Note that with this notation, for each I € D, D(I) is the disjoint union
of the Fy (), k € N. Somewhat loosely, we will write |JJ(I) for the set

Usesnd €1 and [T(D)] for |Uyerr -

LEMMA 2.3. If W and W~ both have the dyadic matriz reverse Hélder
property, then for sufficiently large A, there exists a constant ¢, 0 < ¢ < 1,
such that

\Tawk(D)] < F|I|  forallT €D, keN

(i.e. Tn(I) is a decaying stopping time in the sense of [11, Section 3.3]).

Proof. The proof is an adaptation of the proof of the Weight Lemma
3.17 for scalar weights in [11].

We first introduce an auxiliary stopping time G. For I € D, let G(I)
denote the collection of all maximal dyadic subintervals J of I such that (5)
holds. We show that G is a decaying stopping time for sufficiently large A.

Note that
(W12 W (@) (W2 < Ay

in the sense of an operator inequality almost everywhere on G = I'\|JG(I).
Therefore,

(M) W@y =W 2T Awe)wh) )
GI GI
< NG WY < NG (W)
by (4).

It is enough to show that there exists a constant a > 0 (indepen-
dent of I) such that |G!| > «|I|. Assume towards a contradiction that
this is false. Then there exists an interval I € D such that |G| < |I]/2)
and

S W(z)dx <
GI
Let G(I) = {I;};- Then

(W)rl1].

N =
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(®) S § W) de = 1)~ § Wa)de > S 1107);.

J Ing GI
However, one also has
@ > | W) ds
J In;
= O W ) v
J Ix;
I Il <20 Y Tl
J J
and therefore
(10) Il 2 2111
J
By the dyadic matrix reverse Holder property, for some p > 1 we have

(1) ol > § w2 W)y w b )/?|P da

I 112w @) w12 P da

(012w W) dr) = 30 111,

> IAJ' J

C
Z!IM\ < ﬁ\f\
J

Choosing A > (4C)Y/P~1 we obtain a contradiction to (10). This proves that
for A > (4C)Y/P=1 there exists a constant 0 < ¢ < 1 such that |G(J)| < ¢|J]
for all J € D. It then follows by induction that [GF(J)| < ¢*|J| for k € N
and J € D.

Let us now write Gy(J) to indicate which A we are using in the definition
of our stopping time. Notice that for each interval K € Gyy2(J), there exists
K e G32(J) with K C K. To see this, let L C J be the unique dyadic interval
in Gy(J) such that K C L. Writing

J v 2w @) w2 da

Thus

= (WP W W ) (W) da
K
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we obtain
N2 < (WD 2y e (w2

< [ h2wh i wh Y2

1 125 12 g
Ry LA v

< WO w2 | v AW ) da

K

m

<2\ H [ w1 2w @) w 1), de

L
by (4), which yields

| w1 @)y, de

— > A
|}

Consequently, there exists K D K such that K € J\(L) C Ixn2(J). There-
fore |Gox2(J)| < |G3(J)] < ¢’?|J|. By iteration, it follows that by choosing A
sufficiently large, we can assume that |Gy(J)| < 3|J| for J € D.

_ We now define a second auxiliary stopping time G. For J € D, let
G(J) be the collection of all maximal dyadic subintervals of J such that
(6) holds.

Using now the reverse Holder property of W~ we find that also Gisa
decaying stopping time for sufficiently large A. Again, by choosing A large
enough, we can assume that |Gy(J)| < 1|J| for J € D.

This means that for A large enough,

AN IGW) + 1G] < 511 (T €D)

Thus J» is a decaying stopping time. =

3. The weighted square function

THEOREM 3.1. Let W : R — L(H) be an operator weight such that W
and W= both have the dyadic matriz reverse Hélder property. Then the
weighted square function operator

Sw: LARM) — LXRH), [ Y (WO PWY2f) (),
IeD

is bounded and invertible.
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Proof. We will first show that the operator
T: L2(R7H) - LQ(R7H)7 f ZW1/2 _1/2f]hf( )
1eD

is bounded, following the steps of the proof of Theorem 6.1 in [11].

We choose A > 1 such that J)(I) is a decaying stopping time, and write
just J(I). First note that for almost every x € J\|J J(J),

WYY Ww (@) (w2 < A1y

and
(WYY @) (W)Y < Ay,
therefore
1
(12) T I < (WO PW@)w )i < Aty

by (4). Let f € L?(R, H) have finite Haar expansion. We can assume without
loss of generality that f is supported in [0, 1] and has mean 0. We write Jj
for Jx([0,1]), and Fj, for Fi([0,1]). For j € N, write

Aif =Y hifx= Y. > fihs= Y A,

KeF, [€7;-1 JEF(I) I€Tj1
—1/2 —1/2
Mif=> (W) V72 fihy = > Z V72 kg = > Mf
JEF; I€J;-1 JEF(I I€Tj1

and

Tif =TA;f =W )M;f = 37 W) 30 (W), fsh

I1eJ;—1 JeF(I)
= > W@)Mif.
1€,

Then 322, Ajf = fand 3332, T;f = T'f. We will show that the T} satisfy
the conditions of Cotlar’s lemma.

Each M7 f has support in I, so T} f has support on the disjoint intervals
in J;_1. We write

TP =\ ITfIPde= | \Tf1Pde+ | |T5fI° da
UJj-1 U JJi-1\U J; U J;

and estimate the terms separately.
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First note that
(13) | T fIPde = > VT f)P da
UZi\UJ; JETi—1 NU T ()
= | W Py w2 M ) da
JeJi—1 J\NUIT W)

S § I R@w IR Py f)? de

JeTj-1 NUIT ()

<x S0 Iwh My g da.

JeJi—1 I\NUIT(J)
Note that for each J € J;_1,

(14) H<W‘1>}1/2MJfH?=H<W‘1>}1/2 S R g

IA

KeF(J)
<C Z WY WL il < ONAL I

KeF(J

since for K € F(J), one has
1
WY W W) = o 0w @) de <
K
Using the disjointness of the J € J;_1, we obtain
(15) | IT5 £1I? de < CNZ(|14; £
UJi-1\U J;

Now we consider the other part:

(16) S ITfPae= 3 S (e X w0 e
UJ

JeTj_1Ieg(J) I KeF(J)
xp VD DR [LCHED D Pl TN
JeTj_1Ieg(J) I KeF(J)
Z Z 1/2 1/2H H 1/2 Z W >1/2thKH do
JeJJ 11eg(J KeF(J)
<N Y [ASFIP = 202|411
JeJj—1

Here, we use that for K € F(J), hk is constant on each I € J(J). Alto-
gether, there exists a constant A > 0 such that || T} f||* < A||A; f|*. We will
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now show that there exist 0 < d < 1 and a constant A > 0 such that for
any k > j,

(17) VT £17 do < AdE7)|A; 112
U JTk—1

Note that M f is constant on each J € J;. We write M; f(J) to indicate
the value of M;f on such an interval J. Thus

V oITfPde= > VWY@ M f ()| de

U Jk—1 JeTjIeT—;1(J) 1

=3 > I da

JeJ; 1€Tk—j-1() 1

=Y 3 M)

JET; I€T—j-1(J)

=3 (X WM (), M ()

JET; I€Th_j 1(J)

)OO (Lt Ve (D DI UN [l ve|

JeJ;_1Jeg(J) I1€Tk—j-1(J)

IN

X W=y W) R RO M ()P

XX whAmmwh

Jedj1 Jeg(J) 1€Tk—j-1(J)

IN

< (w52 W) SRR Y2 () )P
<Y 3§ KWW @)W de (W) M ()
JeJj_1JeT (U Tk—j-1(J)

Now we employ first Holder’s inequality, the reverse Holder property (2.1)
and Lemma 2.3 to continue with the estimate:

VTP de
U Jk-1
_ 1/p
<2 Y Y ( i w 1)},/2W1/2(x)\|2pdx)
JeJi—1Jeg (1) UTk—j-1(J)
X T a (DM 20 () |2
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<2\ Z Z ( X H<W71>‘1]/2W1/2(x)”2pd$>1/p

Jegi_1Jeg () UTk—j-1(J)

x (k=IO =V (W) 2 £ ()2

<OV NS W) M ()2
JeTj—1 JeT(J)

= 22O (PR N Ty P da
Jegi-1UJW)
< CVPaN3 (PRI A f )2

by (16). Here, p = r/2 > 1, and 1/p + 1/p/ = 1. Choosing d = /¥, we
obtain the statement.

Boundedness of T' now follows from Cotlar’s lemma (see e.g. [11, 2.4]),
since T}, f is supported on |J Jx—1, and the T;' have orthogonal ranges.

It remains to be shown that Sy is bounded. Let M%Q be the densely de-
fined multiplication operator with the operator function W1/2 on L2 (R, H),
let Dy be the densely defined operator on L?(R,H) which is given by
Dyweh; = <W>}/2eh1 for each I € D and e € H, let D;VI be the densely
defined operator on L?(R,H) given by Dljvleh[ = <W>I_l/2€h[ for I € D,
e € H, and let Dy,-1, D;V1_1 be defined correspondingly.

With this notation, we have shown that T = M%le;,l extends to a
bounded linear operator on L?(R, H). Since W~ satisfies the vector Ay con-
dition, Dy,—1 Dy defines a bounded invertible linear operator on L?(R, H).

It follows that Sy = Dyy—1 M%z is a bounded linear operator on L?(R,H)
and has a bounded inverse SV_V1 = M%lev_Vl,l = S;V,IDI;}D;VI,l. n

4. Boundedness of the weighted dyadic martingale transforms
and of the weighted Hilbert transform. We can now prove our main
result.

THEOREM 4.1. Let W : R — L(H) be an operator weight.
(1) Suppose that W and W' both have the dyadic matriz reverse Hélder
property. Then for each o € {—1,1}P, the weighted martingale trans-

form M‘;,I/QTUM%Q defines a bounded invertible linear operator on
L?(R,H), and the norms of these operators are uniformly bounded.
(2) Suppose that W and W1 both have the matriz reverse Hélder prop-

erty. Then the weighted Hilbert transform ]\4‘,_[,1/2HM;[52 defines a
bounded invertible linear operator on L*(R,H).
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Proof. Tt suffices to show (1), since the case of the Hilbert transform
then follows from [12] together with the fact that the matrix reverse Holder
property 2.1 implies the dyadic matrix reverse Holder property 2.2 for all
translations and dilations of W and W~1.

By Theorem 3.1,

My T, My = My Dl Ty Dy MY? = S5, Sy

extends to a bounded invertible operator on L?(R, H) for each 0 € {—1,1}7. u

5. A counterexample to the necessity of the reverse Hoélder
property
THEOREM 5.1. There exist an infinite-dimensional Hilbert space K and
an operator weight W : R — L(IKC) such that the weighted Hilbert transform
M%zHMV}l/z . L2(R,K) — L2*(R,K) is bounded, but the matriz reverse
Hélder condition 2.1 does not hold for W.

Proof. Let 'H be an infinite-dimensional separable Hilbert space, and
consider an operator weight of the form

(18) W:R— L(H&H), W(t) = V(1)V(t), where V(1) = <1“ B(t)>,

0 1y

where B is a weakly integrable £(H)-valued function.

An easy calculation (see [7], [4]) shows that then the Hilbert transform
defines a bounded linear operator LY, (R, H & H) — L}, (R,H & H) if and
only if the commutator [H, B] defines a bounded linear operator L?(R, H) —
L2(R,H).

Now notice that for each interval I C R and each = € I,

—101/2 —1\1/2
(19) W =H W) w7
= o((W1) W (2)) = o((V'V* 1) V¥ (@)V (2))

= o(V(@)(VTIV* ) V() = V(@) (VIV* T V()|
and
(20)  V(e)(VVTh V()

_ <1H B(x)) <1H+<BB*>] —(B>1> < 1y o)
0 1y (B, 1 ) \B* @) 1x

:< . B<w>—<B>I>
B*(x)— (B 1y )

Here, ¢ denotes the spectral radius. In particular, || <W‘1>}/2W(a:) (W‘1>}/2||
> [|B(z) = (B)1l-
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This means that the matrix reverse Holder condition 2.1, even with r = 2,
implies the norm BMO condition

1
(21) sup  — | | B(z) — (B)]| dz < 0.
ICR interval |I| I
However, it is known that boundedness of the commutator [H,B] on
L?(R,’H) does not imply that the norm BMO condition (21) for B holds,
since L£(H) is not a UMD space (see [1]). m

REMARK 5.2. We can give an easy concrete example for an operator-
valued L£(H)-valued function B such that [H, B] defines a bounded linear
operator on L?(R,H), but B does not satisfy the norm BMO condition
(21). This can be done by using the known fact that {*°(BMO) (the space
of uniformly bounded sequences of BMO functions) does not coincide with
BMOyorm (I°°), the space of [*°-valued BMO-functions ¢ in the sense of uni-
form boundedness of the expressions

sp = {19(6) — o d
ICR interval ‘I’ I
(see also [2, Theorem 2.6] for the dyadic setting). Via (18), this yields a
simple example of an operator weight as in 5.1.

Let (ex), k € N, be an orthonormal basis of the infinite-dimensional
separable Hilbert space H and let e; ® er be the corresponding rank 1
orthogonal projections.

Let b: R — C, b(t) = xj—1,1)(t) log[t| + 1. For N € N, k € {0,..., N},
let bN,k :R—C, bN’k(t) = b(t — k/N)

Let By = (bno,---,bnn). Then {* By(t)dt = 0 and |By(t)]e >
log N for all ¢t € (0,1), so

1
(22) BN lBMOworm (1) = glOgN, but || Byl BM0) = [IbllBMO = C

for all N € N and some absolute constant C'.

Via the isometric embedding [*° — L(H), (ar) — > peq aker ® ek, we
can think of the By as operator-valued functions. In this case, [H, By] is
the block diagonal operator with the commutators [H, by x] on the diagonal,
so its norm is equivalent to || By||;(mnmo)- On the other hand, the BMO-
norm of By in the sense of (21) is just || BN ||BMOuom (i) SO (22) together
with the formation of suitable infinite direct sums gives us the required
counterexample.
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