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On [? integrability and convergence of trigonometric series
by

D. S. Yu (Hangzhou and Antigonish), P. ZHOU (Antigonish) and
S. P. Znou (Hangzhou and Antigonish)

Abstract. We first give a necessary and sufficient condition for z77¢(z) € LP,
1<p<oo 1/p—1< v < 1/p, where ¢(x) is the sum of either ) 7, ax coskz or
> re, brsin kx, under the condition that {\,} (where A, is an or b, respectively) belongs
to the class of so called Mean Value Bounded Variation Sequences (MVBVS). Then we
discuss the relations among the Fourier coefficients A, and the sum function ¢(x) under
the condition that {\,} € MVBVS, and deduce a sharp estimate for the weighted modulus
of continuity of ¢(z) in L? norm.

1. Introduction. Let ILP, 1 < p < oo, be the space of all p-power
integrable functions of period 27 equipped with the norm

11, = ( § 1P dz)”.

—Tr

Write
f(z) = Zak coskzx, g(z)= Zbk sin kx
k=1 k=1

for those x where the series converge. Denote by ¢(x) either f(x) or g(x) and
let A, be the associated Fourier coefficients, i.e., A, is either a,, or b,. In this
paper, we first consider necessary and sufficient conditions for z=7¢(x) €
LP 1/p—1 < v < 1/p, and give an answer to Boas’ [2] Question 6.12, “What
condition is necessary and sufficient for x=7¢(z) € LP, 1/p—1 < v < 1/p,
when A, > 07”7, under some weak condition on the sequence {\,}.
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The definition below introduces a new class of sequences called Mean
Value Bounded Variation Sequences (MVBVS) which was first defined
n [10]:

DEFINITION. A nonnegative sequence A = {a,}72, is said to be a mean
value bounded variation sequence ({a,} € MVBVS) if there is a A > 2 such
that

TL
Z|ak—ak+1| < Z

=[A—

k
for all n = 1,2,... and some constant C(A) ependlng only upon the se-
quence A.

Our first main result is:

THEOREM 1. Let 1 < p < oo. If {\,} € MVBVS, then x~7¢(x) € LP,
1/p—1<~<1/p, if and only if

o0
(1) anﬂ”_?/\ﬁ < 0.
n=1

Theorem 1 answers Boas’ Question 6.12 under the condition that {\,} €
MVBVS. Answers under stronger conditions on {\,} were given earlier by
Chen ([3], [4]) for monotonic {A,}, Leindler ([6]) for “rest bounded varia-
tion” {A,}, Zhou—Le ([9]) for “group bounded variation” {\,}, and Yu—Zhou
([8]) for “non-onesided bounded variation” {\,}.

Throughout this paper, we use C to denote a positive constant indepen-
dent of the integer n; C' may depend on the parameters such as p, v, and A,
and it may have different values in different occurrences.

The next aim of this paper is to discuss the relations between the Fourier
coefficients \,, and the sum function ¢(x), under the condition that {\,} €
MVBVS. Let f € LP, 1 < p < oo and 1/p —1 < v < 1/p. Define the
weighted modulus of continuity of f in LP norm as follows:

w(f, h)p o= = w(f, h)py = up 277 (f (& 4+ t) = f(@))llp-

Our second main result is:

THEOREM 2. Let 1 < p < oo. If {\,} € MVBVS satisfies (1), then for
1/p—1<~vy<1/p, we have

n—1

(.d((b, 1/”)17,*\/ < Cn_l ( Z k2p+p’7—2)\z) + C( i kp+p7_2)\z) l/p'

k= k=n

1/p

The special case of this result, when v = 0 (non-weighted case) and {\,,}
is monotonic, was first given by Aljanci¢ [1]. Then the monotonicity condi-



LP? integrability and convergence of trigonometric series 217

tion on the sequence {\,} was weakened by Leindler [7] to “rest bounded
variation”, by Zhou-Le [9] to “group bounded variation”, and by Yu-Zhou
[8] to “non-onesided bounded variation”. Our Theorem 2 above is the first
result in the case of weighted modulus of continuity in L” norm. We also
weaken the condition on the sequence {\,} to the weakest condition so far
that {A\,} € MVBVS. See Zhou-Zhou-Yu [10] for details on the relations
between the classes of sequences mentioned above.

2. Proof of Theorem 1. Throughout this paper, we set \p = 0. We
need the following lemmas:

LEMMA 1 (Boas [2]). Let 1 <p<oo. IfA\,>0and1/p—1<vy<1/p,
then a sufficient condition for x=7¢(x) € LP is

(2) inﬁpv—?(i |A)\k|)p < 00
n=1

k=n

and a necessary condition is

(3) i”ﬁm_Q(i k_l)\k>p .
= s
LeEMMA 2 (Leindler [5]). Let p > 1, an >0, and 8, > 0. Then
(4) iﬂn(éak)p < ppilﬂ;—f’(gﬂk)paz,
(5) i_ojlﬂn(ki o) < ppiﬁ}b_p(éﬂk)paﬁ-

Proof of Theorem 1. Sufficiency. Suppose that (1) holds. For {\,} €
MVBYVS and sufficiently large n, there exists a A > 2 such that

oo 2it+lp [AQJTL]
(6) me <> Y A< CZ o > R
J=0k=2in k=[A—12in]
s¢ k)\kl
k=[x"1n] +

Thus,
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(7) Z - Q(me)

A]+1
<0 Z nPtrY—2 i M) <C i nPTPY—2 i M ’
- k+1/) — k
n=[A+1 k=[A"1n] n=[A+1 k=[A"1n]
<o 3 (3 Y eSS
- k - k
n=[A+1 k=[A—1n] n=1 k=n
<C Z nPHPr=2)(1-p) ( Z kp+m—2>p <%>p (by (5))
n=1 k=1

o0
<C Z np+m—2)\170r

n=1

Combining this with (2), we obtain the sufficiency.

Necessity. If x=7¢(x) € LP, then (3) holds. For {\,} € MVBVS, we
have, for all [n/2] +1 < k <mn,

n—1
A <Z|AA|+Ak<Z|AA|+Ak
i=k i=k
[AK] [An] /\
< 0 = > Nt+M<C D
i=[A"1k] i=[n/(2))]
and so
[An] [An]
Ak 2 Ak
< — < .
®)  Am<C > k+1+n Z <> P
k=[n/(2))] =[n/2]+1 k=[n/(2))]
Therefore,
Z P2\ < ¢ Z np+m—2< _’f>
n=[2A+1 n=[2\]+1 k=[n/(2)\)] k
oo oo )\ p
< pHpy—2 2k
<o Y ey )
n=[2X]+1 k=[n/(2X)]
< Cinzﬂrm—?(i ﬁ)p < 00
a n=1 k=n k ’

by (3). This completes the proof of Theorem 1.
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3. Proof of Theorem 2. Now we prove Theorem 2. First, we prove
two lemmas.

LEMMA 3. Let 1 < p < oo and {an} € MVBVS. Then for 1/p —1 <
v <1/p,

n—1 m n—1
n~P § :mm—2(§ :1/2|Aa,,|) <Cn~ p§ :U2p+m 2ap +C § :,/p+m 2ap
m=1 v=1 v=1 v=n

Proof. Let
. m, m is even,
m’ =
—1, mis odd.
For {a,} € MVBVS, we have
m logm/log2] 27 m
(9) D 1P Aa,| < Z > VAal+ > VAa
v=1 p=2i—1 v=[m/2]
[logm/log2] [X2771]

+C Z va, + mQ(am + amy1)
v=[m*/(2X)]
(Am/2]
<C Z vay + mQ(am + am+1)-
v=1
By applying (4) with 3,, = mP""2 a, = va, for v < n, and a,, = 0 for
v > n, we obtain (note that py — 2 < —1)

10) S (3 ) = 3 o (3w
m=1 v=1 m=1 v=1
< (o) et <OF vy
m=1 v=m

v=1
By applying (5) with £, = mP*?7=2 qa, = a, for v < n, and a, = 0 for
v > n, we deduce that (note that p +py —2 > —1)

[Am/2] [Am/2]
(11) Z mm—2( Z ya,,) <C Z mPPY— 2( Z a,,)
Am/2<n—1 v=m+1 Am/2<n—1
n—1

<C i mp+m—2< Z a,,)p < C’i V2p+p7_2a§.

m=1 v=m v=1



220 D. S. Yu et al

Similarly,
n—1 P
(12) Z mm_2< Z l/al,)
n<im/2<X(n—1)/2 v=m+1
n—1 n—1
<C Z mp+m—2( aV)P <C Z Y2200,
n<Am/2<A(n—1)/2 v=m v=1
Also, by using Holder’s inequality, we get
[Am/2] » [An/2] .
(13) n°P Z mp+p’y—2< Z a,,) < C’nm_1< Z al,>
n<im/2<A(n—1)/2 v=n v=n
[An/2] 00
< OnpPtPr—2 Z ab < C Z Vp+m—2a§.
rv=n v=n
Combining (10)—(13) gives
n—1 [Am/2] » n—1 m »
(14) nprmp772< Z l/a,,) <nP Z mm*2<z VCL,,)
m=1 v=1 m=1 v=1
[Am/2] v
+nP Z mm_2< Z l/al,>
Am/2<n—1 v=m+1
n—1 »
o Y (5 )
n<Am/2<A(n—1)/2 v=m+1
[Am/2]

+nP p+mf2( V)p
n Z m ,,ZZ;L a

n<im/2<A(n—1)/2

n—1 oo
< Cn_pg VAPTPI200 4 O E VPP 2P
v=1 v=n

Finally, we estimate

n—1
(15) 0y w7 (am + ami1))
m=1

n—1 n—1 00
< 2n~P E m2p+m*2afn+np+m*2afl§Qn*p g 1/2p+p772a§+ E ,/p+pvf2a€_
m=1 v=1 v=n

We complete the proof of Lemma 3 by combining (9), (14), and (15).
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LEMMA 4. Let 1 < p < o0 and {an,} € MVBVS. Then for 1/p —1 <
v <1/p,

n—1 n
(16) n*pzmwmf?( Z y]AaV])p
m=1

v=m-+1
n—1
<Cn~ pz,ﬂpﬂw 2ap+czyp+m ZaP.
v=1 v=n

Proof. In a similar way to the proof of (8), we have for {a,,} € MVBVS,

[A(n+1)] a [A(n+1)]
v -1
Gn + apr1 < C Z V+1§Cn Z ay.
v=[n/(2))] v=[n/(2))]

Similar to the proof of Lemma 3, we obtain

n [logn/log2]—1 9i+1 n*
Z v|Aa,| < Z 27 Z |Aay, | + Z v|Aay,| 4+ n(an + ant1)
v=m+l j=[log(m+1)/log2]  v=27 v=[n*/2]
[An/2] A(n+1)]
<C Z a, +C Z ay
v=[(m+1)/(2X)] v=[(n=1)/(2))]
[An/2] A(n+1)] A(n+1)]
<C Z a, +C Z a,l,<C’ Z ay.
v=[m/(2))] v=[An/2]+ v=[m/(2))]

So we can split the left-hand side of the inequality in (16) into

n—1 n
(17) n—pZmPer—Z( Z V]Aayop
m=1

v=m+1
n—1 m p n—1 n—1 »
< CnP Z mp+m—2< Z a,,) +CnP Z mp+m—2( Z a,,)
m=1 y:[m/(Q,\)] m=1 v=m++1
n—1 A(n+1)]
—I—C'n_pZmerm_Q( Z a,,) =1+ I+ Is.
Evidently,
[A(n+1)]

(18) I3 < CpPtPr—2 Z ab < CZ = 2ap‘

v=n v=n
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From the proof of (11) of Lemma 3,

n—1
(19) I, <Cn7? Z VPP =2gp,
v=1
For I, we have
[22] m »
(200 n<onry w23 )
m=1 v=[m/(2)\)]
n—1 n—1 p
ron? Y (im0 Y )
m=[2\]+1 v=[m/(2))]
n—1 0
<Cn7? Z VP=2gP 4 O, < O Z yP TR0
v=1 v=n

Combining (17)—(20), we obtain (16).
Now we are ready to prove Theorem 2.

Proof of Theorem 2. We prove the theorem for the case when ¢(x) =
f(x). The case when ¢(z) = g(z) can be proved similarly. Let h = 7/(2n).
Since f is an even function, it is clear that

w/n

w(f,h)py < C sup ({ S :U_m’f(wit)—f(mﬂpdw}l/p

0<t<h 0

+{ | o f@xt) - f(:::)|pda;}1/p> = C sup (J1 + Ja).
©/n o<t<h

By Minkowski’s inequality,

w/n

%Jl < < S x P7

n—1
1 1
Za,,sin—vtsin r+ -t
2 2
0 v=1
w/n

i ( S x—pv‘ i aylcosv(z £ t) — cos l/x]‘p d:c)

N

P 1/p
dm)

1/p

< t{ Wgn P ( nz:lyay)p da:}l/p
a 0 v=1
+ C’{ i 3W/§2m) x—m‘ i a, cos ux‘p dx}l/p
m=n3r/(2(m+1)) v=n
=: Ji1 + Jio.
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By Hélder’s inequality, we have (note that 2p +py—2>p—1>0)

n—1
(21) Jnn < Cn~1-1/rty Z va,
v=1
s Up /2 itz (0-1)/p
< Op /ety ( Z V2p+m—2a113) (Z VT)
v=1 v=1

n—1 1/p
<Cn! ( Z V2p+p7_2a€> .
v=1

The condition that {\,} satisfies (1), i.e., {a,} satisfies (1), implies that
lim, . a, = 0. By Abel’s transformation, with the same argument as in
the proof of (6), we obtain

(0] m o0 m o0 a
‘ZaycosnySZa,,—i-(m%-l) Z | Aay| gZaV—l—m Z Vl’

v=n v=n v=m-+1 v=n v=[A"1(m+1)] v+
Set B, = mP'72, a,, = 0 for v < n, and «,, = a,, for v > n. Then by (4),

(o] m P o]
(22 S (3a) <03 mrr iy,
m=n v=n m=n
Note that
o (o) a P
ptpy—2 il
@) a0y )
m=n v=[A"1(m+1)]

< Z mpPTPY—2 ( f: %)p

n<m<in—1 v=[A"1(m+1)] v
e p & p
T Z mp+m—2( Z @) + Z mp+pv—2< Z a_,,)
n<m<in—1 v=m v m>An = v

[An]

cor( 8 apieSwes(Sey

v=[A"1(n+1)] v=m

[An]

o o P
a
<Cn7? E VPIPI20P 4 O E mp+p72( E —V>

14
v=[A"1(n+1)] m=n v=m

(by Holder’s inequality)
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n—1 0o P
a

<Cn7? E VATP2b 4 O E VPP 2gp 4 E mP TP 2( E —V)
v=1 v=n m=n v=m v

n—1 00
<Cn7P E :V2p+p772a£ +C E :yp“”*za{j,

v=1 v=n
where in the last inequality, we have used the following inequality:
a P >
PIREOIEIED SEAD BEH LS B2
v=m v=n

which can be deduced from (5) by taking 3, = mP™P7=2 a, =0 for v < n,
a, = ay /v for v > n. Thus, it follows from (22) and (23) that

n—1 oo
(24) Ji2 < Cnil(ZVQPJFP’Y*Qal}z) 1/p + C(ZVerp’Y*Qa{j’) ]./p'
k=1 k=n

Denote by Dy(z) the Dirichlet kernel of order k. Following Leindler [6], we
have

Jp < { —m’ ZAal, v(xtt)—D (x))‘p dx}l/p
m/n
{ 7§ —m‘ Z Aa,(D,(z+t)—D (x))‘pdx}l/p
w/n v=n+1
=: Jo1 + Joo.
Now
n—1 w/m
()P <cd | —mz | Aay (D, (z £ t) — D, (2))|P da
m=lr/(m+1)
n—1 m n—1 n
cor{ S (S aal) + S w2 (3 vaad))
m=1 v=1 m=1 v=m+1

Hence, it follows from Lemmas 3 and 4 that

n—1 1 00 1
(25) Jop <Cn7t ( Z VQpJFm_Qa’;) v + C( Z Vp+p7_2a§) /p.
k=1 k=n
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For Jyo, we have

w4/ (2n) o

Jag < { ﬂ/§2n) ‘ ,,:zn;rl |Aa,| |Dy(x)"p d:c}l/p

<c| S jaalf{ | erran)”

v=n+1 w/(2n)
<O 1+y-1/p %
< Cn S E iy (6)
k=[A~1(n+1)]
n—1 o)
14+vy-1/ Ak 14+y-1/ Ak
< Cnp TP Z k—i—Cn7 pzk.
k=[A=1(n+1)] ke=n
By Hoélder’s inequality,
n—1 n—1
pltr=1/p Z % < nlﬂ—l/p( Z k2p+mfza£)1/p
k=[A"1(n+1)] k=A"1(n+1)]
» ( 75:1 i (—3—;_-5-12/17)17 ) (»=1)/p
k=[A—1(n+1)]

n—1 1/p
< C'n_1<21/2p+m_2a§) ,
v=1

and
o0 (o) (o]
W U (3 2ol ) Y (SR =/
k=n k=n k=n
> 1/p
<c(y )
rv=n
Therefore,

1/

n—1 0o
1/
(26)  Jyp<Cn7! ( 3 y2p+m—2a§) "y c( 3 yp+m—2ag) g
v=1 v=n

Combining (21)—(26), we complete the proof of Theorem 2.
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