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A remark on the topological entropies
of covers and partitions

by

PIERRE-PAUL ROMAGNOLI (Santiago)

Abstract. We study if the combinatorial entropy of a finite cover can be computed
using finite partitions finer than the cover. This relates to an unsolved question in [R)
for open covers. We explicitly compute the topological entropy of a fixed clopen cover
showing that it is smaller than the infimum of the topological entropy of all finer clopen
partitions.

1. Introduction. We consider a topological dynamical system (TDS)
(X,T) to be a continuous invertible map 7' : X — X on a compact metric
space X. In this work we focus our attention on the notion of topological
entropy for TDS that was first introduced in [AKMc]. Topological entropy
is formally defined for finite open covers but the same definition applies for
any finite cover as a combinatorial notion.

Let Cx be the set of finite covers of X and U,V € Cx. Then U is finer
than V (U = V) if for every U € U there exists V € V such that U C V.
The refinement of U and V is defined asUY VYV ={UNV :U e U,V € V}.

For U € Cx by standard subadditivity arguments the combinatorial en-
tropy of U with respect to T exists and is defined as:

1 1
(1.1) h(Z/{,T):A}i_r&Nng(L{év_l):]\ifré%ﬁlog/\/(u(gv_l).

Here N (U) is the minimal cardinality of a subcover of ¢ and U}~ =
\/Y]L_Ol T~"U. When U € Cx is a partition (we write U € Px) then N (U) is
just the cardinality |I/|, making the computations far easier.

In this work we study if the combinatorial entropy of a finite cover can be
computed using finite partitions finer than the cover. This can be stated as:
(1.2) hU,T)= inf h(a,T)?

ar-U

ac€Px
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From this moment on we restrict ourselves to a particular class of TDS
called shift dynamical systems. Given an alphabet D of D symbols we con-
sider the space Xp = D? of two-sided sequences {,}ncz (the full shift
space over D). This is a compact metric space in the product topology. The
shift map op : Xp — Xp defined as op({xn}nez) = {Tn+1}nez is a bi-
continuous function. So (Xp,op) is an invertible 0-dimensional TDS. Here
“O-dimensional” means a space with a countable base of open-closed sets.
From here on, when no confusion can arise, we shall denote op simply by o.

We do not prove or disprove equation (1.2), but we prove that for the
TDS (Xp, o) and the cover U (see (3.4) for definition) we have
(1.3) h(Ui,o) < inf h(a,o0),

a>U
aeP&D
where P is the set of finite clopen partitions of Xp. In the case of open cov-
ers the combinatorial entropy is also called topological entropy and equality
(1.2) was stated as an open question in [R]. This question relates, as many
others, to an analogous result for measure-theoretical entropy.

The equality (1.2) in question is motivated by a measure-theoretical
equality regarding measure-theoretical entropy first defined by Kolmogorov
in [K] in the setting of measurable partitions. A local variational principle
was established in [BGH]. Following this idea in [R] two notions of measure-
theoretical entropy for open covers were developed and the equality between
them was left as an open question. A consequence of [HMRY] and another
variational principle established in [GW] is that these two notions are one
and the same.

More precisely, for any open cover U and a T-invariant measure pu,

1
(14) h,(U,T):= Jivré% a>iz/1{1£71 ¥ H,(a) = ;g{ hy(o, T) =: b (U, T).
C_ME%X acPx
Here H,(a) = = 4cq #(A)log u(A) (with 0-1log0 = 0) and hy(a,T) =
inf yen N7V H, () 7).
It is a simple exercise to see that

YU eCx, NU)= min |

a>U
aEPx
and thus
. 1 N-1
(1.5) h(U,T) :]\1[%% min Nlog|040 |
aEPx

Notice that h), (U, T) is obtained as the combinatorial entropy simply by
replacing log || with H, () in equation (1.5). A similar replacement in the
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definition of i (U, T) gives the following combinatorial definition:

1
(1.6) rH(U,T) = inf, jivlé%ﬁlogmév—l\: inf h(a,T).
OAE_PX OéETPX

So question (1.2) can be restated as:
(1.7) YU €Cx, ht(U,T)=hU,T)?

Notice that the equalities (1.1) and (1.6) coincide for partitions and
h(U,T) < h™(U,T).

In the 0-dimensional case, by standard approximation arguments, (1.4)
implies that for every clopen cover U,

(1.8) h, (U, T) = élég hu(o, T).
a€PS
The main result in this paper proves that the topological equivalent of
equation (1.8) is false in general:

THEOREM 1.1. For any D € N and (Xp, o) we have

D
h(Uy,0) = log(m> < aigzgl h(a,0) =log2,
ae73§(D

where Uy = {U1,...,Up} and Uy = {{zn}nez € Xp : xo # d}.

2. Preliminaries. Since entropy is an increasing function on the set
of partitions endowed with the partial order >, the following topological
version of Lemma 3 in [HMRY] will be extremely useful in our calculations.
For U = {Uy,...,Up} € Cx define

(2.1) u = {{Al,...,AM} € Px :Vm e {1,...,M}, A, C Um}
Here A,, can be empty for some values of m and so |a| < |U| for a € U*.

LeMMA 2.1. Let (X,T) be a TDS, M € N andU = {U;,..., Uy} € Cx.
For every function G : Px — R such that o = 3 implies that G(a) > G(5)
one has

;ngl G(a) = alenlg* G(a).
a€Px
Proof. (<) Just notice that a € U* implies a = U.
(>) Consider N € Nand 8 = {By,...,Bn} = U. By definition for every
n € {1,..., N} there exists j, € {1,..., M} such that B, C Uj, .
There exist K < M and {41, ...,ix} such that {i1,...,ix}={j1,...,Jn}
and i £ ifk#1 € {1,...,K}.
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Define v = {Ay, ..., An} as follows:

A= |J Bn forke{l,... K}

ne{l,...,N}
Jn=lg

Ap =0 forme{l,... ., M}\ {i1,... ik}

By construction A4,, C U,, for all m € {1,...,M} and § > « so one has
G(3) > G(a). =

REMARK. Actually this result is stronger since we can assume that if
given {Aq,..., Ay} € U* there exists k € {1,...,M} \ {m} such that
Ay, C U then we can eliminate A, and replace A by A, U Ay C Uy
obtaining a coarser partition in U*. However, we will not be needing this
stronger result.

A basis for the product topology are cylinder sets. For M € N denote by
DM the set of M-words u on the alphabet D, that is, u = u; ...uy where
Uy € D forallme {1,..., M}.

The k-coordinate cylinder set corresponding to u € DM is defined as

[ulg = {{zn}tnez € Xp 1 xk ... Tppop—1 =1 ... up}e

Given u,v € DM we say that u overlaps v (u =< v) iff ug...up =
V1...0M—1-

Let G = (V, E) be a simple undirected connected graph that consists of
a finite set V' of vertices (or states) together with a finite set E of symmetric
subsets of V' x V called edges. The order of the graph is |V|. The degree of
a vertex is the number of edges using that vertex, and the minimal degree
of G is the minimal degree of a vertex.

A set S C V is dominant for G if for each v € V'\ S there exists u € S
such that (u,v) € E. The domination number of G, denoted by v(G), is the
minimal cardinality of a dominant set for G. A set S C V is total dominant
for G if for each v € V there exists u € S such that (u,v) € E. As before the
total domination number of G, denoted by v(G), is the minimal cardinality
of a total dominant set for G.

We state the following upper bound for the domination number, sufficient
for our purposes.

LEMMA 2.2 (see [AS]). If G is a simple undirected graph of order n and
minimum degree §, then

‘ .

v(G) < (I1+1log(0+1))n. m

[«

+1

3. Entropy of cylinder covers. On the full shift space (Xp, o), for
M € N, let Cys be the algebra generated by the set of cylinders of length M.
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Notice that for N < M we have Cn C )y since every N-cylinder is a finite
disjoint union of M-cylinders.

U € Cx,, is an M-cylinder cover it U € Cy for every U € U. Denote the
set of M-cylinder covers by C%D, and let P%D be the subset of M-cylinder
partitions.

For U € Cx, and M € N, define

(3.1) MU, o) = m}l}/{l h(a, o).
aeﬁ)fﬁfD
Clearly for all i € Cx,, and M € N, WML (U, o) < WM (U, o), and
2 + := min AM >ht .
(3.2) hy (U, o) J\r?é%h U,0) > K" (U, 0)

Given M € N denote by Eﬂg the set of M-labellings of D, that is, func-
tions £ : DM — {1,...,D}.

For a = {Ay,...,Ap} € PY define Lo € LY by Lo(w1...20) = d iff
[21...20]o0 € Ag. For any £ € LM define ap = {A;,...,Ap} € P%D by

Ag= U [z]lo forde{l,...,D}.

zeDM
L(x)=d

Clearly there is a one-to-one correspondence between ﬁ%/[ and parti-
tions in P%D with at most D atoms. To be explicit, o,y = a for a =

{Al,...,AD}E’P%D, and E(aﬁ)zﬁfOI"ﬁEﬁ%.
LEMMA 3.1. For all M € N, and o = {Ay,..., Ap} 6739(/; and N € N,
ol = {La(uh) ... Lo(@™) :ul,. . N e DM
for u™ < u" ! and 0<n<N-1,[}.

Proof. Fix N € N.

(<) Forany () # A € ol !, there are unique d; ...dy €{1,..., D} and
To...xnyn—2 € DVTM=1 such that [zg... 2Ny 2)0 € A= ﬂivzl o Ay, .
So [Tn—1-..Tpntm—2]0 € Ay, forallne{1,...,N}.

By definition then

£a(x0...1:M,1) . -»Ca(fol . ...’L’NJFM,Q) == dl .. .dN.

(>) Consider u!,...,u" € DM such that u” < u"*! for 0 <n < N — 1.
Define z = 1 ...xn41—1 € DVTM~1 by
ug, ne{l,...,N—1},
€T =
" w e, nE{N,N+M -1}

By definition of L,, for all n € {1,..., N}, [Tn ... Znym—1]o € Ag, (un) and

SO [a;l .. -«TN—i-M—l]O € 07]2[:—01 O'_nA[:a(un). [
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Given £ € LY define iz : DM — P({1,...,D}) as
(3.3) ic(u) ={L(v):v e DM v =<u}.

In the following lemma we establish a simple combinatorial condition for
a partition in 73%3 with at most D atoms to have entropy greater than log 2.

LEMMA 3.2. For £ € LM, if {u e DM : |ig(u)| =1} = 0 then for all
N e N,

HL@l). ...y ot .. u e DM

and u" < U for 0 <n < N — 1} > 2N,

Proof. Start with u® € DM. There exist u®!,u%? € iz (u®) such that
L(u®1) # L£(u%?). This proves the case of N = 1.

As before for i = {1,2}, there are w042 ¢ i (u%%) such that
L(u%51) £ £(u%%2). This proves the case of N = 2 using {u® 1y 40120
u® 21992 40224021 The same argument works for larger N. m

The cover U defined in Theorem 1.1 can be rewritten as
(3.4) U, = {[d]g : d € D}.

Using the previous lemmas we prove the following theorem.

THEOREM 3.3. For all N € N and D (with D > 1), h}f (U1, 0) = log2.

Proof. Fix M € N. By Lemma 2.1 to compute hM (Uy, o) we consider
only partitions in U. For any o = {A1,...,Ap} € Ui N P%D and u € DM
we have |iz_ (u)| > 2 and so {u € DM : |iz_ (u)| = 1} = (. From Lemmas 3.1
and 3.2 we conclude that o)) '] > 2V for all N € N.

Consider o = {A4;, A;} e Uf N'PYL with i, € {1,...,D}, i # j. Clearly

la’ ™| < 2V and so for such o we have | 1| = 2V.

By (3.1) this proves that for every M € N, WM (Uy,0) =log2. =

4. Topological entropy of U{;. In this section we compute the topo-
logical entropy of the cover ;.
For N €N, k € Z and u € DV define
N—1
[l = () [wnslrse

n=0

We state the following simple lemma without proof.

LEMMA 4.1. For allk € Z, M € N and u,v € DM,

. [ulk if wmak # Vmak for all m e {1,..., M},
[ule N (0]} = 0 B
if Uik = Uik for some m € {1,..., M}.
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Proof. Left to the reader. m

Notice that Uy := (U1)) ' = {[u]§ : w € DN} for all N € N. In Lemma
4.3 we compute a lower bound for N'(Uy) by a simple counting argument,
and an upper bound by translating the problem to finding the minimal
cardinality of a total dominant set for a finite undirected graph.

For N € N we define the simple undirected graph Gy = (Vn, En) by
setting Vy = DV and given u,v € DV, (u,v) € Ey < ¥n € {1,...,N},
Up, F Un.

LEMMA 4.2. For each N € N, § C Vy is a total dominant set if and
only if {[u]§ : u € S} is a subcover of Uy.

Proof. (=) Given v € DV since S is a total dominant set there exists
u € S with (u,v) € En. By Lemma 4.1 we have [v]o N [u]§ = [v] and so
{[u]§ : v € S} is a subcover.

(<) Take any v € DV. Assume that S is not a total dominant set. Then
there exists v € DY such that (u,v) ¢ Ex for all u € S. Once again by
Lemma 4.1 we have [v]o N [u]§ =0 and so {[u]j : u € S} is not a subcover. =

LEMMA 4.3. For all N € N,

(L)N < N(Uy) <2(1 +NlogD)<DL)N.

D-1 -1

Proof. (>) Given N € N the number of words of length N is DV. The
total number of different words that belong to any U € Uy is (D — 1)V, So
at least [DN/(D — 1)™] elements of Uy are needed to obtain a subcover.

(<) From Lemma 4.2 we know that N (Uyx) = v(Gn). It is clear that
|Vn| = DV and every node has degree (D — 1)"V. From Lemma 2.2 and the
fact that v(G) < 2v(G) for any graph G (just add one neighbour to each
element of a dominant set and you obtain a total dominant set), we have

1(Gn) < (1+log((D — )™ +1))D¥

(D—-1)N+1

D N

Now we are ready to prove the main result.

Proof of Theorem 1.1. For D € N, D > 2, consider (Xp,o) and the
cover Uj. From Lemma 4.3 and Theorem 3.3,

D
h(Uy, o) = log<ﬁ> <log2 = h}(lh,0).
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5. Conclusions and open questions. Theorem 1.1 shows that it is not
possible to compute the topological entropy of clopen covers by just using
finer clopen partitions. Since in the 0-dimensional case it is not clear that
the combinatorial entropy of any measurable partition can be approximated
using clopen partitions, this does not answer question (1.7). However, it is
interesting that both in the measure and topological setting h and h, are

computed over a set of partitions with atoms in the o-fields Z/{év ~1 with
N € N. That is, given Y € Cx and N € N let Pé,v be the set of partitions
with atoms in the o-field generated by Mév ~1. A consequence of the work
done in [R] is that

. . 1
h(U,T) = jnf a;;ﬂgfl ~ loglal,

aE'PZf{V
_ . . 1
hy, U, T) = ]%[Ig\] atlbrltfg” N Hy(a).
aEPl])’

In the topological case Theorem 1.1 proves that this is false for A since
the o-fields (Lll)év ~1 with N € N generate the topology. It is natural to ask
if this is also false in the measure-theoretical setting. This can be stated as
the following question:

+ — inf i ?
(5.1) hy, (U, T) ]\1[1%% ;ng/ hu(a,T) 7
ozEPZf,V
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