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LP-L9 boundedness of analytic families
of fractional integrals

by

VALENTINA CASARINO and SiLviA SEccO (Torino)

Abstract. We consider a double analytic family of fractional integrals S7°“ along the
curve t — [t|, introduced for o = 2 by L. Grafakos in 1993 and defined by

(52 ) (s, 2) = P = 1w = 17— b2 — el du e <

1
(=)
where 1 is a bump function on R supported near the origin, f € C°(R?), z,v € C,
Rev>0,aeR, a>2.

We determine the set of all (1/p,1/¢,Rez) such that S2°* maps LP(R?) to LI(R?)

boundedly. Our proof is based on product-type kernel arguments. More precisely, we prove
that the kernel K'49 ., is a product kernel on R?, adapted to the curve ¢ — [t|*; as a

1

consequence, we show that the operator S*%%., 6,0 € R, is bounded on LP(R?) for
1 <p<oo.

1. Introduction. In this paper, we discuss LP-L? boundedness for a
double analytic family of fractional integrals, introduced, in the parabolic
case, by L. Grafakos in 1993 [Gr2]. More precisely, we consider the analytic
family of operators S7°* defined by

(ST ) (@1, 22) = at

@ VWle =170 (u = 1) f (21— t, 20 — wlt]*) du [t "
if Rey > 0, where the outer integral is interpreted in some appropriate
sense if Rey = 0. Here ¢ is a bump function supported near the origin
on R, f € C®(R?), 2,7 € C,Rey > 0, a € R, a > 2. Notice that for z = —1
and Rey > 0 the operator S7'” coincides with the fractional integration
operator along the curve ¢ — |t|*, which was studied in [RS] and in [Ch2].
Some authors recognized a product structure in this analytic family of
singular integral operators with convolution kernels supported on curves in
the plane. In particular, Grafakos pointed out that the failure of certain

2000 Mathematics Subject Classification: Primary 42B20; Secondary 47B38, 44A35.
Key words and phrases: fractional integration along curves, product kernels, strong
endpoint bounds.

[153] © Instytut Matematyczny PAN, 2008



154 V. Casarino and S. Secco

standard H'-L' estimates when Re z = —1 is due to this product structure,
while A. Seeger and T. Tao used it to obtain sharp Lorentz space inequali-
ties [Grl, SeeT]. Anyway, product structures for these problems go back to
Melrose and Greenleaf and Uhlmann [M, GU]J.

In this spirit, we prove here a strong endpoint bound for S7'* by using
the theory of product-type kernels, which was introduced by R. Fefferman
and E. Stein at the beginning of the eighties [F'S]. For the precise definition of
product kernels and a complete bibliography we refer the reader to a recent
paper by A. Nagel, F. Ricci and E. M. Stein [NRS]; we only recall here
that product kernels on R? are singular distributions, satisfying differential
inequalities and cancellation properties similar to those of the distribution
pv(mllxz ) -

More specifically, the question is for which p, ¢, Re z, Rey the operators
S7* are bounded from LP(R?) to L9(R?). Since a necessary condition for
S7% tomap LP to LY is that 1/p—1/q = Re~y/(a + 1), it suffices to consider
the set X, consisting of all (1/p,1/q,Rez) such that S7** is bounded from
LP to LY. When o = 2, Grafakos showed that the interior of the set Y5 of
all (1/p, 1/q, Re z) for which 7 := S maps LP(R?) to L¢(R?) boundedly
coincides with the interior of the closed tetrahedron ABCD with vertices
A=(0,0,-1), B=(1/2,1/2,-3/2), C = (1,1,-1), D = (1,0,0), and that
25 contains, moreover, the open faces ABD, BC D, and the closed edge BD.

Furthermore, he established some weak-type inequalities. More precisely,
he proved that no strong-type bound holds on the open segments C'D and
AD, that S maps the parabolic real Hardy space H' (that is, the Hardy
space on R? defined with respect to the non-isotropic scaling (x1,z3) +
(txq,t2x3) [CT1, CT2]) to weak LP on C'D and that, by duality, S7 maps
LP"! to parabolic BMO on AD.

Weak-type bounds on AB and CB are subtler. Grafakos proved LP¥'
results, by using methods in [Ch1]. He showed, in particular, that S7 maps
LP to LP?" on the open segment BC' and that, by duality, S7 maps L?? to
L* on AB. Then M. Christ showed the failure of endpoint L? bounds on AB
for S7%, o > 2 [Ch3]; finally, Seeger and Tao proved the sharp LP — LP:2
bound [SeeT].

Along the open segment AC' (that is, when Rez = —1 and Rey = 0)

Grafakos proved that 572 maps the parabolic Hardy space H' to L and
that it is not of weak type (1,1) when Im z # 0.

Anyway, as a consequence of a real interpolation approach, it may be
reasonably expected that the operators S7“ are bounded on LP, for all
1 < p < oo, along AC. Here, we prove this fact in a direct way. More
precisely, we prove that for all & > 2 the operators S7'* are bounded on
LP, for 1 < p < oo, on the open diagonal AC and therefore on the open
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faces ACB and ACD as well; in this way we completely characterize the
set Y., which turns out to be independent of . Our proof relies on the
fact that the convolution kernel of S7'* along AC, Kz_gl’ﬂe, 0:=1Im~, is a
product-type kernel adapted to the curve z; — |z1|* on R2. Such kernels,
whose singularities are concentrated along the coordinate axis 1 = 0 and
the curve zg = |z1|®, have been recently introduced and studied by one
of the authors [Se|, who proved in particular the LP boundedness of the
associated convolution operators for 1 < p < oo. More precisely, we first
prove that the distribution H*¥, where p,v € R, p # 0, defined by

(H"Y, f) = 11%1+“|332| 1+w¢<w>’$ |71 sgn g f (w1, w2) day diy

for f € S(R?), is a product kernel on R?; then we show that K" w e Lip €ssen-
tially coincides with the kernel H*", Wlth p=0and v=p— aG adapted
to the curve xo = |21]%, so that, as a consequence of Theorem 1.3 in [Se],
57% is bounded on LP, 1 < p < oo, along the diagonal AC'.

It is worth noticing that if S*¢ i Were exactly a product of a Hilbert
transform on the parabola and a smgular integral in the vertical direction,
then the argument would be much simpler. Anyway, the S*° » turn out to
be more general product-type operators.

As underlined in a recent paper of A. Seeger and S. Wainger [SeeW],
the operators S7°“ provide a model family of operators in the class 7¢-°
defined by A. Greenleaf and G. Uhlmann in [GU], consisting of oscillatory
integrals with singular symbols.

—1+i

The authors would like to thank Fulvio Ricci for many stimulating dis-
cussions on the subject of this paper and the referee for helpful suggestions
and comments.

2. A particular product kernel. Let ¥ be an even smooth function
on R such that ¢ = 1 on [0,1/2] and ¢ = 0 on (1,00), with 0 <1 <1 on
(1/2,1) and such that ¢’ changes sign only once.

Take a, v € R, a > 2, y # 0. Define

(2.1)  (H"", f)
= lim SS!:C2| 1+w¢<—>|$1’_1+5+w8gnx1 f(z1, x2) dwy dzo
e—0t |21 |

for every f € S(R?).

We shall prove in Theorem 2.6 that H** defines a product kernel on R?
(see Def. 2.1.1 in [NRS]).

The proof of this result, which may be of independent interest, will be
divided into some lemmata.
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LEMMA 2.1. H*Y, defined by (2.1), is a tempered distribution.
Proof. For any f € S(R?) we have

. — 144 Z2 - i
(H"Y, f) = E£%1+SS|$2’ 1JF”L‘L1/1(|x1|Ol>|951| W sgn xy f (w1, @2) dy davy

G| I e

e—0
lz1]<1, |w2|<[z1|™  |z1]>1, [wa|<[w1 |

X |z1 |7 sgnay f (w1, 22) dzy dao

= lim (1154-125)

e—0t

Since 1) is even,
SS |zo|™ ”sz(W) 21| T sgn @y day dag = 0,
ENESHENER !
so that, after integration by parts with respect to xo, we may write

I]_7‘:_‘: SS |IE2’ I—H;LQ]Z)( x2 >|$1|—1+6+iysgn$1

«
T
lz1|<1, |z2|<|z1 | &l

x (f(21,22) — £(0,0)) dxy dxo

i
e e e ()
|1 |<1, |z2|<|21|™ i 1

X (f(.%'l, mg) — f(O, 0)) dxy dxa

N T L L L

/) xr1|%
(21 |<1, 2] <[ woo Nzl

X sgn i dry drs.

As a consequence of the mean value theorem, we find that

‘f, - il

for some positive constant ¢;, uniformly with respect to e € (0,1). An anal-
ogous computation shows that

el < 1" ool 1l 1) + = 1 llocll fll 1y < ’

[Toel < 7= Tl ||1/1 looll Flls) + 75 ] WHoonH 2lal+5) < 7T ’ | ~ || 1l 2fad+5)»

yielding, together with the previous estimate,
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6,11 < e = Cull e

where the constant C,, grows at most exponentially in . =

It is not hard to show that the kernel H*" defined by (2.1) coincides
with the function

(2.2) H®Y (21, 29) = |x2|™ 1+’“w<m)|$1]_1+i” sgn T1

on R?\ ({z1 = 0} U {x2 = 0}), so that we shall now prove that H*" satisfies
the right differential inequalities. We will need the following lemma.

LEMMA 2.2. For any positive integer 3 we have

2.3 aﬁ( ( 2 ))
2 o (v
B—l+1
_E: ﬁ 1y, Z2 ) B
Clﬁv 8 )<’x1‘a>’xl‘(a—l-l)ﬁ—al—i-a(sgnxl) ’

Proof. The proof goes by induction on the order 3 of derivation and it
is omitted. m

In the following the symbols C and C, will denote constants which may
vary from one formula to the other and that grow at most exponentially
in |o| when |o| tends to co. Here o may denote a set of indices, like, e.g.,
o = (B, p,v); in this case we require that C, grows at most exponentially
in |8, |ul,|v| when |B], |u|, |v| tend to oo. Such constants will be called of
admissible growth.

PROPOSITION 2.3. For any multi-index 3 = (b1, 52), B1,02 € N, there
exists a constant Cg ,,,, of admissible growth such that

(2.4)  |O01O2 HMY (w1, 29)]
< Cppplan| 7P w72 on R2\ ({1 = 0} U {z2 = 0}).

Proof. Take (x1,22) € R*\ ({21 = 0} U {xa = 0}). If (81, 32) = (0,0),
then

|H! (@1, 22)| < |21| ™o "MW lloo < o] a7
If 51 =0 and B3 # 0, the Leibniz rule yields

aa%H'u’V(l'lvan) = |x1|_1+iy SgN L1 Z 071,72,u|$2’_1_71+w Sgn T2

Y1+v2=052

_ €2
X |ay |02 (2 )<\:U1]O‘>
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On the set where 1 does not vanish we have |x1]|7%72 < |z9|772, so that

OFH" (w1, 2)| < a7 DT Jeqy el [l
M +y2=02
< Cyplma| o717,

When 1 # 0 and B2 = 0, by applying the Leibniz formula and Lemma 2.2
we obtain

O HMY (w1,22) = |aa| 0N ey gyl |7 (sgniay)

m+v2=5

S 141 T2 22
>t (05102255 ) e ()™
=1

so that

|8£11HN7V(:E1’$2)| S |$2|_1 Z |C'yl,'yz,u| |331|_1_,y1
M+r2=05
2
> ZCWQJ’xl‘a'yg—ozl—&-oa—(oa—i-l)’yg—&-oal—a

=1

72
< ‘x2‘_1‘$1’_1_ﬂ1 Z ’C“fl,"/z,v‘zc’m,l
=1

71+v2=051
-1 11—
= u,l/,ﬁ’$2’ |21] ﬁlv
where we have used, in particular, the fact that |zo|?27 ! < |g|@2-alte
and that |(072 1) (we/|21]®)| < Cy,, for some positive constant c,,; on
the set where v is not vanishing.

Finally, consider the case 81 # 0 # (2. By applying the Leibniz rule and
Lemma 2.2 we obtain

OUOZH" (w1,22) = D, Cyyppulwa| 777 W (sgnmg) ™
Y1+72=02
02

—l—aya+iv—>8 So—I+1 Z2
X e syl 1Zcz,52,a<<azz g >( ))

o
61+62=01 =1 ’$1|

‘x2’62—l+1
X |x1|(oc+1)62—ozl+oc <Sgn .%'1)

1461462
b

so that
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|851852H“’”(x1,x2)|

x1 7 X2
e e (D D oA

Y1+v2=052
62
(D tennaml (O sl 16l 514m))))
01+02=01 =1

= Cﬁ,ﬂ,y|$1’_1_ﬁl |x2|_1_62’

where we have used in particular the fact that

PR T2 W[l (53—1414+2)
(azi a’zyg )(’x1|a>‘ S (‘x2’|$1|_a)52*l+1+’72. -

We now have to prove some essential cancellation properties.

In the following, if 7 is a function of x; and ¢ is a function of z9, the
symbol 1 ® o will denote the function on R? defined by (1 ® 2) (1, z2)
1= 1(21)p2(z2).

Let ¢1(21) be any normalized bump function in C*(Ry,) (that is, ¢; is a
C! function on R supported on (—1,1), with C!-norm bounded by 1). Take
Ry > 0 and put ¢y g, (21) = @1(x1/R1). Then define the distribution Hy;",
on R;, by

<Hgil,/317¢2> = (H"", ¢1,r, ® ©2)

for any test function ¢y on Ry, .
The following result holds.

PROPOSITION 2.4.
i) The distribution HLY" . coincides with the smooth function
%1,R;

_ - X _ - X
o) = ol f (25 Yol s (5 ) o

|z1]*

on Ry, \ {0}. Moreover, for any positive integer (3 there exists a
constant Cg,, of admissible growth such that

(2.5) \652[{“”’ (22)| < Cgplxa| PP for all 23 € R\ {0},

P1,Ry
uniformly in o1, R1.

(ii) For any mormalized bump function o3 of class C1(Ry,) and any
Ry > 0 there exists a constant Cy, o of admissible growth such that

(2.6) [(HE,  P2.R2)] < Clia
independently of p1, Ri, @2, Ra, where ©a r,(x2) 1= pa(x2/R2).
Proof. Since it is not difficult to show that H{;", ~coincides with a C*°

function on Ry, \ {0}, we will only prove that it satisfies the differential
inequalities (2.5) and cancellation condition (2.6).
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Take any positive integer 5 and xo € R\ {0}.

If B = 0, since the map x1 — ¥(xa/|x1|*)|2z1 sgnx; is integrable
on the set {|z1| < Ry} and is odd, a standard application of the mean value
theorem yields

[HGy, (22)]

©1,R,

|—1+i1/

= |ag|

() i (o (5) o0 e

|z1| <Ry

_ X2 _ \xl\
<laetal ™ § o2l an
21| <Ry ! !

< 2| floclz2] T = Clara| 7Y,

uniformly with respect to Ry and (1. In the last inequality we have used in
particular the fact that ||p1]|cr < 1.
Assume now (3 # 0. By applying the Leibniz formula we obtain

Z 6517/327M’x2|_1+m_ﬁ1(SgnfU?)Bl
Br+B82=p

) —a x1 —1+iv
< § @022l (a2~ )ln s dey

|z1| <Ry

07, HYY, (22)] =

¥1,Rq

< Z |cg1,82,ul |x2|_1_ﬂ1 S
B1+62=0 |z1|<R1

@) (125 ) el

|21
T
— | - 0)|dx1.
X %(Rl) o1( )‘ T

Now observe that

aBz
020 (12| < Wl T2

|1 ]

and |¢1(x1/R1) — ¢1(0)| < |z1|/R1, whence

00, HEY @) < Y lepy ol 22l 7772190 5
B1+40G2=0 {z1:|z1|<R1}

< 2Cs,u 1Yl (gy) |22l 7170 = Cppla| 17

d.’El
) R

uniformly with respect to 1, R;. This proves (2.5).
It will now be shown that Hngl fulfills the right cancellation conditions

as well. Choose any normalized bump function 5 of class C*(R,,) and take
Ry > 0.
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With a change of variables we find
<H£1 Ry ) P2, R2> = R?R%u lim Jg,
e—0t
where

Ry a9 _ ;
J. = SS ||~ wa(Ra P |a) |1 Itetiv sgnxy o1(x1)pa(z2) dry dzs.
To estimate J., it is convenient to consider separately the cases Ry > RY
and Ry < Ra

If Ro > R, the proof is similar to the proof of (2.5). Set

RO&
A= { (o) €5 for| < 1, ool < T .
Ry
Then

1y _ Ry 9
= (222
X

(01(z1)p2(x2) — 01(0)02(0)) dwy dy.

Now an integration by parts with respect to zo yields

_ Sgn T2 7 1— a+5+w (RQ T2 >
J.=— o921 - —
= I el 0 7
X (p1(m1)pa(r2) — 301(0)@(0)) sgn x1 dxy do
sgnx ;
~J1EE i 22

A
= J. + Jé’.

B2 o ><p’2(m2)g01(x1)|x1|1+5+“’ sgn x1 dx1 dxs
In order to bound J. we use the mean value theorem and observe that
[p1(21)p2(22) — 1(0)2(0)]
< lpa(@1) = p1(0)] |pa(z2)] + @1 (0)] [p2(22) — ¢2(0)
RY RY
< (Il + o Yorllellealln <ol (14 —) < 2],

where we have used in particular the fact that 0 < R{'/Rs < 1 and that
[etllers zller < 1. Thus

c . c

en oW § (] de)lal e < S,
1z o<1 o p

HET fag| <l

uniformly with respect to ¢1, 2, Ri, Ra, €
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A similar estimate may be obtained for |.J”|, since

¢OO — 3
Wleo o fgaller § ( § dea)len

(2.8) |JI] < nre
\xl\gl

ROL
|z2|< 7L |2 |
1 C
S R
R at+e oyl

W oo

uniformly with respect to ¢1, w2, R1, R2, . By combining (2.7) and (2.8)
we finally get

C
ol < 12 <

Let us now consider the case Ry < R{. Set

Ry R
Ay = {(901,962) cR%: || < 133—1’ |za| < R—; !961!“}7

1/a

R
Ay = {(xl,{L‘g) eR?: 2 < ‘.%'1‘ <1, ‘.%'2’ < 1}.

We may now rewrite J. as
i r2 Ro _ ;
Jo = (“+SD\9€2\ 1+W¢<’x e Ra)!xﬂ et
A1 Ag
x sgnxy p1(x1)pa(z2) dry dy
=i Jeg, Ay + Js,AQ-

The estimate of |.J; 4, | is obtained by integrating by parts with respect to z2
and then repeatedly applying the mean value theorem. Since the reasoning
is similar to the estimate of |J.|, we omit it and we only state that

[ Je.ar| < CFul,

uniformly with respect to @1, 2, Ri, Ro, €
In order to estimate J. 4,, we rewrite it after an integration by parts
with respect to x5 as

rx2|"“|x1|—1—a+€+"”<am¢>(

xI9 R2
‘ ‘a Ra

sgn xo

Jeas == |}
Ao

> pa(r2)p1(71)
X sgn x1 dr dxo

_ SgL X2 r2 Ro et
__SS i | IW¢<‘ e Ra>¢2(x2)<ﬁ1<m1 |z [T

Az
x sgn i dry drs.
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At this point it is easy to check that both integrals above are uniformly
bounded by C/|ul, so that
[ Jel < [Jeoar | + [e,a0] < CF |l

where C' may depend on «, independently of ¢1, 2, R1, Re, €, and this
concludes the proof. =

Let @2(x2) be, as in Proposition 2.4, any normalized bump function in
CY(R,,). Take Ry > 0 and set, as above, @a g,(z2) := pa(x2/R2). Then
define the distribution H/""p on Ry, by

<H£2VR ’901> = <HH7V’ P1® 902,32>

_ hm“\xﬂ Lbe+iv gom ) ’“'Hw?ﬁ(,ﬁa)
1

)
X 1 (1‘1)(,02 <R2) dml dm‘g

for any test function ¢ on Ry, .
To conclude our proof that H*¥ defines a product kernel on R? we only
need the following cancellation property.

PROPOSITION 2.5.

(i) The distribution H“’ R, Coincides with the function

(29)  HYp( >=|:c1|-1+1”sgnw1§ra:zrl*’“w( | >¢< >d‘””2

|z1]® Ry

on Ry, \ {0}. Moreover, for any positive integer [3 there exists a
constant Cg ;.o of admissible growth such that

(2.10) 07 HE o (2)] < Copwalna| 7 for all 2 € R\ {0},

uniformly in s, Rs.
(ii) For any mormalized bump function o1 of class C'(Ry,) and any
Ry > 0 there exists a constant Cy, o of admissible growth such that

(2.11) [(H}) Ry 1,R:)] < Cpa

independently of p1, R1, p2, Ra.

Proof. First of all, observe that the integral on the right-hand side of
(2.9) is absolutely convergent. Thus (2.9) follows from a routine application
of Fubini’s theorem.

It will now be shown that H Hov R satisfies the right differential inequali-
ties and cancellation condltlons
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If 1 € R\ {0} and 8 = 0, integrating by parts we obtain

2 —1+ip (952)
x — | dx
S w<|$1|a>’ 2‘ ©2 RQ 2

[HY g, (21)] = Jaa |

p2,R2
|z2]<|z1 [
_ x| _ T2
| ] st @0 (2 ) (2) e
lzo | <z [ K 2
|£L‘2’m T2 1 , xT9
+ S —— sgn T2t — | 5 ¥ dzo
|z2| <]z | i |:L‘1| e R2

1|7 _
< ] Vo ool =22 das
[z2|<|z1]®
Y
| ¥l s
2
{oal<ler = os]<Ra)

~1
< g+ = § an,)

] (wal<Fa

2(11%lloo + [1%"[l0)
|1l
uniformly with respect to Rs and o.

If B # 0, one first applies the Leibniz rule, (2.2) and an integration by
parts to obtain

+

| /\

1|7t = Cp |~

B2
O3 HE  (51) = Y ey pyulmr |7 (s ) Z ¢
B1+0B2=0
i S8 L2 Pa=lt1y,
(=] Il G, 0 ( )
|| <|z1|* i ’$1|

x§2 [+1
X ’«Tl‘ (a+1)B2—al+2a (‘02< >d$2
l
] (| L
2 m ‘37110‘ ’xll(a—&—l)ﬂg—al-‘y—a

[z2|<|z1|~
_ iy HP2—l+
S |5172‘ ZM ( x1 ¢)(|$1|a)

|z2| <|z1|™
Ba—I1+1
”32 Lo
X |$1|(a+1),827al+a Ry P2 <R2>d$2).
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Set now
= Bo—I+1
= s (0 ) (2 ) |
7 lzal<|z]e | |z1]™
r Ba—I+1 L2
cg, 1= sup |(Ogy0 ) <—> ‘
- |z2| <]z | e ‘xl‘a

Then it is easy to check that

1 1
O H @Ol < 7 30 el a7 el
B1+p2=0 =1

/ —Ba—a
X (cﬁ%l S |z |72 dao
|za|<|z1]*

+ (B2 =1+ 1)cpy S || 7727 day

|z2] <[z [

C
+ —?;J S ]xl\_ﬁQ dx2>
|z2| <R

|2y | TP = O pualza | 1P,

independently of Ro and ¢o.
Finally, (ii) coincides essentially with (2.6), which has been proved in
Proposition 2.4. u

As a consequence of the previous lemmata and propositions, we obtain

THEOREM 2.6. The distribution H*", defined by (2.1), is a product ker-
nel on R2.

3. A problem of fractional integration. Let ¢ be a bump function
as defined at the beginning of Section 2, that is, an even smooth function
on R such that ¢ = 1 on [0,1/2] and ¢ = 0 on (1,00), with 0 <1 <1 on
(1/2,1) and such that ¢’ changes sign only once. Following [Grl] we define
a family of analytic distributions D,, Rez > —1, as

(D., f) = @Mu 1 — 1) () du

for all f € C°(R). It is straightforward to check that D, may be extended to
all z € C. Take now a € R, a > 2. Define an analytic family of distributions
K2*, for v and z in C with Rey > 0, in the following way:

(3.1) (K22, f) = D), £ ult ) 5
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We remark that, if Rey = 0, then
ore At
(K22, f) = L § (D= (), (8, ult]*) 17—,
E—
where Imy = o, for every f € C2°(IR?). Observe moreover that K,'® depends
analytically on both v and z.

At this point we may introduce the family of convolution operators with
kernel K7'® defined by (3.1), that is,

(32)  (S7)rw) = (K2 # f)(a1,22)
= S(Dz(u), f(ﬂj’l — t,ZEQ _ U’t|a)>’t|'7 %

A necessary condition for S7°” to be a bounded operator from LP(R?) to
L4(R?) is that 1/p — 1/q = Rey/(a + 1), so that we may define the set

11
Yo = {(E, g,Re z) : S7% maps LP(R?) to LI(R?) boundedly}.

In order to determine Y, we shall use the following lemma.

LEMMA 3.1. Let A, 0, a and € be real numbers, with o # 0, a > 0, |A| > 1
and 0 < e < 1. Then

‘t‘ig+€

| e — dt’ <q,,

[t|l<a
where C, denotes a positive constant, of admissible growth in o, independent
of € and .

Proof. First of all, assume A > 0 (the other case is analogous) and
observe that
Aa

o [0 N ig—e [ iy gigte—]
7= S e’ Tdt:—Qz)\ . S sint -t gt
[t|<a 0

Now, if Aa < 2, we obtain

Aa

7| <2 | tedt < C.

0

If Aa > 2, we integrate by parts twice to obtain [Z| < C,.
PROPOSITION 3.2. The operator S7“ maps L' to L™ if Rey = a + 1

and Re z = 0.

Proof. The proof is similar to that of [Gr2, p. 655] and it is omitted. =

In order to obtain an L?-L? estimate for 57 at the height Re z = —3/2,
we compute the Fourier transform of the distribution K 193”72 .- Here we use
the methods of [Grl] and [Gr2].
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The most interesting situation occurs when ¢ # 0 and «a > 2. To treat
this case, we introduce the distributions

(3.3) Gl_g;/?ii97]v(§1,£2) = S L_3/2+i0(£2|t’a)e—i(51t+52|t\a
[t|<N

where 0 20,0 € R, ¢ >0, N > 0and L,, r € C, is an even smooth function

on the real line, defined as

72”1\/7? AT s ) (v v
Fo TR, veR

t 10+¢€
) L dt,

L.(v):=

LEMMA 3.3.

10+e,a

(a) For every o # 0 and 6 € R the limit lim._0 N— o0 G_3/2+i97N exists

almost everywhere on R?.
(b) There exists an admissible constant Cp o, such that

(3.4) G50 (€1, 6] < Coa ol 71 + [&1] [€2] 71/
for almost all (&1,&2) € R2, for a > 2, uniformly with respect to
e>0and N > 0.

Proof. (a) Let & # 0. By setting N’ = [&|V2N, X = [&| 71/, 2 =
sgn &9, we obtain

Gi—g?:r/giie,zv(gh £2)

) ) o tig-i—a
= ( S + S )’§2|7(w+€)/aL73/2+z’9(’ﬂa)eﬂ()\tﬁﬂt‘ i dt
[t|l<a  a<|t|<N’
= I; + (,z/,N”
where the positive constant a = ag ,, Will be chosen later.
We shall now compute the limit of I, which may be rewritten as
) e ., |t|iete
I = 5 —(io+e)/« L (e e*ZEZM — L (0 671/\t| | dt
a 3/2+i0 3/2+4i6 P
[t|<a
e—i)\t -1 )
+ | L_3240(0) — jt|'ete dt)-

[t|<a

Now, by applying the mean value theorem and the dominated convergence
theorem it is easy to see that I/, converges, when ¢ — 0, to

. —ip/a N —i « i ¢ io
(3.5) io|&2| o/ ( S (L73/2+i9(’t| Ye ealt|* _ L73/2+i9(0))6 At | L dt
[t|<a

e—i)\t -1 io
+ | L73/2+i9(0)f’t| dt ).

[t|<a
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In order to estimate I/ \,, we use Lemma 3.2 in [Grl], stating that
Ly(v) = C7“|U|_T_1 + R(v),
where R(v) = O(|v|™™) for all M > 0 as |v| — oo, and Rer < 0. Thus

tig—i-a
(3.6) S L_3/94i0(|t|*)e™ (AeFealtl®) Ldt
a<l|t|<N’

’t|iQ+E
t

_ S Ce’t‘a/Q—iHae—i()\t-i-Eg\ﬂo‘) dt

a<|t|<N’
, oy [t]%@
+ | Rogpp(ft)e il )%dt-
a<[t|<N’

Since R_3/51i0([t|*) = O([t|=M) for all M > 0, it is easy to check that the
limit

o+
lim el Gt | Rogyp(l)eOrtel T gy
e—0, N—oo ¢ t
a<|t|<N’
exists and is equal to
—io/a R ¢ —i(At+ea|t|*) ’ﬂig dt
(3] S 37200 ([t[")e n
a<|t|<oo
To compute the limit of the main term in (3.6), note that
[ jefer2-ivae-itresio jt['ete gt
a<|t|<N’
dt

_ S ta/271+€+i(gfa9)67i52 t (efi/\t + el/\t)

t’
a<t<N'

After a routine integration by parts, it is not hard to conclude the proof
of (a).

(b) It suffices to prove that both |I;| and |I]y,| are bounded by
Co,a,0lP(&1,&2)| for some function p satisfying

[p(1,&2)| < Chapléal /(1 + [&1] - 2] )
for almost all (&1, &2) € R%. By arguing as in (a), we see that
|12] < Cl 0ol /(1 + |A]).

Since |€2] 75/ < |&] 71/ for || < 1, the right bound for |I] is proved.
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In order to estimate |I” \,|, observe that the main term on the right-hand
side of (3.6) may be written as

N’ N’
S _ta/2—1+s+i(g—a6')ei()\t—sgto‘) dt + S ta/2—1+5+i(g—a0)e—i()\t—i-sg t%) dt

a a
= I+ + I_.
If |\| < 20:a®~ !, integrating by parts we obtain
Nl
| = ‘ S (/2= 14e+i(o—ab) yi(At—ert®) dt‘
< é(N/fa/Qﬂs + a_a/2+5
N/

+ [ (V(=a/2+e)2+ (o —af)? -t71 + | At/ dt).

a

For a > 2 the integrals above converge and
|I+| < Cﬁ,g,a,a(l + |)‘|)’

uniformly with respect to € and N’. An analogous estimate may be proved
for |I_|.
Consider now the case |A| > 2aa®~!. It is convenient to rewrite I as

1 1
Ay gt 21Aly aoT
(g_;)a_ (%)0‘_ N/

< S + S + S )ta/2+€1+i(ga9)ei(x\tsg t) dt
(Bhar (@

o

Iy

a

=1 41?4 1.

)

To estimate IJ(rl , we integrate by parts to obtain

oy
ta/272+5

0] < (L) Erla/z-149 X aa/Hﬁ_ . (5a ‘
A —|A[/2] A — egcva® 1] S A —epatr 1
x (V(a/2—=1+¢e)2+ (0—ab)? - |X—ea0t® | + ala — 1)t 1) dt.
By using the inequalities
A= A/20 > IN/2, A —e200®7 > aa® Y
IA[/2 < |A — 20t < 3|N|/2,

we finally get
(3.7) |L(rl)‘ < Chpa.0
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3)

An analogous estimate may be proved for the integral I}’
ing by parts and using the inequalities

. Indeed, integrat-

A=2X[| = A —eaN T = SN

o 3
§ta_1 <A —epat® < 5 ot

we obtain in a similar way
3
(3.8) RIEY/ IS

independently of ¢ and N’.

In order to estimate If), we observe that it is an oscillatory integral with
phase

o(t) = (0 — abf)Int + A\t — e9t”.

By choosing the constant a such that a > max{|o — af|"/(*=2) 1}, we have
1" (1) > (J\|/20)(@=2/(@=1) 5o that a routine application of van der Cor-
put’s lemma yields

2 e/2(a—
(3.9) 1] < Cogaal /20D,

By collecting (3.7), (3.8) and (3.9) we conclude that |I,| is bounded by
C(;,Q’a7a|)\|€/ 2(e=1) for some admissible constant Co,p,a,a- Since similar esti-
mates hold for |I_| and for the remainder in (3.6), we conclude that

’ aN/’ < C@ag‘§2‘ E/Oc(1+ ‘)\‘5/2 a— l))

a.e. in R2. Since for |\ > 2aa®~! we have |\|~5/2(@=1) < ||, it is easy to
conclude that

G 5o v (€1, €2)| < Coapléal /(1 + &) €2 7)
for almost all (&1, &2) € R?, uniformly with respect to e >0 and N > 0. =

PROPOSITION 3.4. The operator S7'* maps L? to L? if Rey = 0 and
Rez = —-3/2.

Proof. We shall first consider the case v = ip, 0,0 € R o # 0 and
we will prove that the Fourier transform of the kernel K" is given

-3 /2+ 0
by lim. 0 N—oo Gl_g?jr/Ziw N> Where the distributions Glegr/z j‘_z o.N have been

studied in the previous lemma.
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Let f be any Schwartz function on R? and o > 2. Thus

—

Koo Koo “
(K 3/2+z6’f> (K 3/2+i97f>
‘ ’z’Q—i—s

= il_f)%s (D_3/24i9(u), Ft, ult]®)) 2— dt
— 10+¢e
= lim lim S SS D—3/2+i€(§2’t|a)f(fl,52) —i61t d&y dés |t| 4 "

e—0 N—oo
[t|<N

=lim lim | |} (&, 8%) L 3240(&lt")e e @1 dg, dé

e—0 N—oo
[t|<N

= lim Tim [§ G759, (6.6 /(6. &) d dés,

e—=0 N—oo

where we have used the fact that D, (v) = e ™ L. (v). Observe now that, as
a consequence of Lemma 3.3,

(310) |G 5% N (&1, &) f (61, )]

< Coagl€l /(1 + &l [~/ (1. €2)
for almost all (&1, &) € R?, uniformly with respect to e > 0 and N > 0. It is
easy to check that the function on the right-hand side of (3.10) is integrable
on R?, so that by the dominated convergence theorem we obtain

(K805 500 /) = || lim lim GS5% (&1, f (&1, &2) déq dEo.

e—0 N—oo

‘ ’z’Q—i—s
dt

For the case a = 2 we refer the reader to [Gr2, p. 655].
We shall now prove that

(3.11) |Ki_gé72+w(£1,£2)] < Cqy, foralmost all (&1,&2) € R?

for some constant C, g , of admissible growth.
As a consequence of Lemma 3.1 we have

[(3:5)] < Clap.o

for a.a. (£1,&2) € R?, so that we only have to show that the limit of the main
term in (3.6) is bounded. This is not hard, after a standard integration by
parts.

The case v = ip, 0 = 0, is similar and easier and we do not treat it
here. =

The following proposition yields boundedness of S7"* on the closed seg-
ment AE \ {A} and, by duality, on the segment EC \ {C} as well, where

= (2/3,1/3,—1). The proof is similar to the proof of Proposition in [Gr2,
pp. 656—658], and therefore we omit it.
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PROPOSITION 3.5. The operator S}’ maps LP to L?P for all 3/2<p< oo
if Rey=(a+1)/2p and Rez = —1.
Consider now the distribution H#** defined by (2.1). In Theorem 2.6 we

proved that H*" is a product-type kernel on R2. Define now a distribution
H by the formula

Sﬁ(l’l, I‘Q)f(l‘l, 1‘2) dxl da?g = SH(I‘l, ZEQ)f(SL’l, o + |ZE1|a) d:l?l d:l?g

for every function f € S(R?) and o > 2. We say, in analogy to [Se, Def. 1.2],
that H is a product-type kernel adapted to the curve x1 — |r1|® on R2.

Since f(x1, 22 + |21]%) belongs to C2(R2), the kernel H is a well defined
distribution, singular along the coordinate axis x1 = 0 and the curve x5 =
1]

S. Secco recently proved ([Se, Th. 1.3]) that the convolution operator
T: f— fx H defined on the Schwartz class can be extended to a bounded
operator on LP(R?) for all 1 < p < co. Her result yields the boundedness of
the operator S7°“ on the open segment AC, as the following theorem shows.

THEOREM 3.6. The operator S maps LP to LP for all 1 < p < oo if
Rey =0 and Rez = —1.

Proof. 1f 6 =0, then
S f (w1, 2) = hH(l)Sf(ﬂ?l — Ly = [H) e =
e—
It is a well known result ([SW]) that $°%4® maps L? to L? for all 1 < p < co.
If § # 0, then the convolution kernel K'%%,,) may be written as

. 1 i *
io,0 . _ a —1+Z6 2 _
<K—1+i9’f> - F(ZG/Q) il_r,%xx ’xQ ’xl‘ ‘ w<|x1|a 1)

X |ay |TIHEFIem00) son gy f (a1, o) divy divo

and it essentially coincides with the kernel H*" | defined by (2.1), with u = 6,
v = o — af, adapted to the curve x1 — |z1|*. Thus Theorem 2.6 and [Se,

Theorem 1.3] imply that Si@iiie maps LP to LP forall 1 <p <oo. m

Finally, we completely characterize the set X, defined above.

THEOREM 3.7. For Re~y > 0 the analytic family of fractional inte-
grals S maps LP to LY if and only if (1/p,1/q,Rez) belongs either to
the interior of the closed tetrahedron ABCD with vertices A = (0,0, —1),
B = (1/2,1/2,-3/2), C = (1,1,—1), D = (1,0,0), or to the open faces
ABD, BCD, ACD, or to the closed edge BD \ {B}.

For Rey = 0 the integrals S7'* map LP to LP if and only if (1/p,1/p,
Re z) belongs to the open segment AC or to the open face ACB U {B}.



Analytic families of fractional integrals 173

Proof. Propositions 3.2 and 3.4 yield, respectively, boundedness at D
and B. By interpolation, 57’ maps L? to L¥ on the closed edge BD.

As mentioned before, Proposition 3.5 implies boundedness along AFE \
{A}, so that, by interpolating this segment with B and D, we prove bound-
edness on the open face ABD, and therefore, by duality, on BCD as well.

In the light of Theorem 3.6, S7"* maps LP to LP along the open seg-
ment AC. Thus, by interpolating with B and D, we obtain boundedness on
the faces, respectively, ACB and ACD (the latter, in particular, was not
covered by the results in [Gr2]). Moreover, interpolation between AC and
FE yields boundedness on the open face ACE, so that interpolating between
ACFE and B and D we finally fill the interior of the closed tetrahedron.

For the proof of the necessity, we refer the reader to [Gr2, p. 659] and to
the Introduction above. m
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