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Weierstrass division theorem in quasianalyti loal ringsbyAbdelhafed Elkhadiri and Hassan Sfouli (Kénitra)
Abstrat. The main result of this paper is the following: if the Weierstrass divisiontheorem is valid in a quasianalyti di�erentiable system, then this system is ontained inthe system of analyti germs. This result has already been known for partiular examples,suh as the quasianalyti Denjoy�Carleman lasses.Introdution. The Weierstrass division theorem is one of the entraltheorems in loal real analyti geometry. It was suessfully used to studythe geometry of semianalyti and subanalyti sets by �ojasiewiz [4℄, [5℄.It was also used in [3℄ with methods of model theory to give a proof ofGabrielov's theorem onerning the omplement of a subanalyti set. In thispaper, we onsider the problem of extending the Weierstrass division theo-rem to rings of germs, at the origin of R

n, of smooth quasianalyti funtions(without �at funtions). The �rst result on this problem was obtained byChildress [2℄ in a spei� situation. He showed that, for the partiular aseof the quasianalyti Denjoy�Carleman lass, if the Weierstrass division the-orem is true in a �xed quasianalyti lass, then the lass is analyti. In thispaper we extend the result of Childress to any quasianalyti loal ring ofgerms of smooth funtions. More preisely, let (Cn)n∈N be suh that eah Cnis a quasianalyti loal subring of the ring of germs, at the origin of R
n, of

C∞ funtions. For eah n ∈ N, Cn ontains the loal ring of germs of Nashfuntions and is losed under taking partial derivatives. We also suppose thatthe system (Cn)n∈N is losed under omposition. We prove that if the Weier-strass division theorem holds for C3, then for eah n ∈ N, Cn is ontained inthe ring of germs, at the origin of R
n, of real analyti funtions.1. Quasianalyti di�erentiable systems. Let X = (X1, . . . , Xn) bean n-tuple of distint indeterminates with n ∈ N. The ring of formal seriesin X1, . . . , Xn over a �eld K will be denoted by K[[X]], and the subring of2000 Mathematis Subjet Classi�ation: Primary 26E10, 32B05; Seondary 58C10.Key words and phrases: Weierstrass division theorem, quasianalyti lass.[83℄ © Instytut Matematyzny PAN, 2008
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R[[X]] of formal series whih onverge in some neighborhood of the origin in
R

n will be denoted by R〈X〉.Denote by An (resp. En) the ring of real-analyti (resp. smooth) funtiongerms at the origin of R
n, and by Nn the ring of germs, at the origin in R

n, ofNash funtions. Clearly, Nn ⊆ An ⊆ En for all n ∈ N, and An is isomorphito R〈X1, . . . , Xn〉Definition 1.1. A di�erentiable system is a sequene
C = {Cn; n ∈ N}suh that, for eah n ∈ N, Cn is a loal subring of En and the following hold:(C1) Nn ⊆ Cn ⊆ En;(C2) if ϕ1, . . . , ϕn ∈ Cm are suh that ϕ1(0) = · · · = ϕn(0) = 0, then forevery f ∈ Cn the omposition f(ϕ1, . . . , ϕn) belongs to Cm;(C3) ∂f/∂xi ∈ Cn for every f ∈ Cn and eah i = 1, . . . , n.Let
·̂ : Cn → R[[X]]be the map whih assoiates to eah f ∈ Cn its Taylor expansion. We onsiderthe following ondition:(C4) ·̂ is an injetive homomorphism.Definition 1.2. A di�erentiable system is alled quasianalyti if theondition (C4) holds.We say that the Weierstrass division theorem holds in the di�erentiablequasianalyti system (Cn)n if the following ondition is satis�ed, for eah

n ∈ N:(Wn) If f ∈ Cn and f̂(0, Xn) ∈ R[[Xn]] is nonzero of order d, then forevery g ∈ Cn there are q ∈ Cn and ri ∈ Cn−1, i = 1, . . . , d− 1, suhthat
g = qf + (rd−1X

d−1

n + · · · + r0).The following theorem is an extension of the main result of Childress'paper [2℄.Theorem 1. Assume that (W3) holds in the di�erentiable quasianalytisystem (Cn)n∈N. Then Cn ⊆ An for every n ∈ N.2. Proof of Theorem 1. For the proof of Theorem 1 we need a fewlemmas.Lemma 2.1. Under the hypothesis of Theorem 1, we have
C1 ⊆ A1.



Weierstrass division theorem 85Proof. Let f ∈ C1. Introdue a new variable T and put
g(X1, T ) = f(X1 + T ).We have g ∈ C2. By (W3), there are q ∈ C3 and r0, r1 ∈ C2 suh that(2.1) g(X1, T ) = (T 2 + Y 2

1 )q(X1, Y1, T ) + r1(X1, Y1)T + r0(X1, Y1).This yields the formal equation(2.2) ĝ(X1, T ) = (T 2 + Y 2

1 )q̂(X1, Y1, T ) + r̂1(X1, Y1)T + r̂0(X1, Y1)and then, after setting T = iY1,(2.3) f̂(X1 + iY1) = r̂0(X1, Y1) + iY1r̂1(X1, Y1).We put(2.4) u(X1, Y1) = r0(X1, Y1) and v(X1, Y1) = Y1r1(X1, Y1).Note that, by (2.1) with Y1 = T = 0,
f(X1) = g(X1, 0) = r0(X1, 0) = u(X1, 0).Hene, if u is proved to be analyti, f will be analyti as well.From (2.3), we have the Cauhy�Riemann equalities

∂û

∂X1

=
∂v̂

∂Y1

and ∂v̂

∂X1

= −
∂û

∂Y1

.Then, by quasianalytiity, these equalities are satis�ed by the funtions uand v themselves.The funtion given by F (X1 + iY1) = u(X1, Y1) + iv(X1, Y1) is thenholomorphi in a neighborhood of the origin in C. Then u and v belongto A2, and hene f ∈ A1.Let f ∈ R[[X1, . . . , Xn]] and S
n−1 be the unit sphere of R

n. If ξ ∈ S
n−1,write fξ(t) = f(tξ) ∈ R[[t]].Lemma 2.2 ([1℄). Let f ∈ R[[X1, . . . , Xn]]. Assume that fξ(t) ∈ R〈t〉 foreah ξ ∈ S

n−1. Then f ∈ R〈X1, . . . , Xn〉.Proof of Theorem 1. Assume that (W3) holds for the system (Cn)n. Let
f ∈ Cn. For eah ξ ∈ S

n−1, we have fξ ∈ C1. By Lemma 2.1, fξ ∈ R〈t〉 foreah ξ ∈ S
n−1. Hene by Lemma 2.2, f ∈ R〈X1, . . . , Xn〉 ≃ An.3. On the Taylor map. Let (Cn)n be a quasianalyti system. Thepurpose of this setion is to prove the following:Theorem 2. For every n ≥ 3, the injetion ·̂ : Cn → R[[X]] is notsurjetive.Lemma 3.1. Assume that ·̂ : C3 → R[[X1, X2, X3]] is surjetive. Then

(W3) holds for the system (Cn)n.



86 A. Elkhadiri and H. SfouliProof. Let f ∈ C3 with f̂(0, 0, X3) ∈ R[[X3]] nonzero of order d. Thenfor every g ∈ C3 there are q′ ∈ R[[X1, X2, X3]] and r′i ∈ R[[X1, X2]], i =
1, . . . , d − 1, suh that̂

g = q′f̂ + (r′d−1
Xd−1

3
+ · · · + r′0).By hypothesis, there exists q ∈ C3 suh that q̂ = q′ and there are rd−1, . . . , r0in C2 suh that r̂i = r′i for all i = 0, . . . , d − 1. Sine the system is quasiana-lyti, we have

g = qf + (rd−1X
d−1

3
+ · · · + r0),whih proves the lemma.Proof of Theorem 2. If ·̂ : C3 → R[[X1, X2, X3]] were surjetive, then, byLemma 3.1, (W3) would hold and, by Theorem 1, Cn ⊂ An for eah n ∈ N,whih ontradits the hypothesis of surjetivity.We do not know if the onlusion of Theorem 2 holds for the ase 1 ≤

n ≤ 2.Aknowledgments. The authors thank the referee for his preious re-marks.
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