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Convergence at the origin of integrated semigroups
by

VINCENT CACHIA (Geneve)

Abstract. We study a classification of k-times integrated semigroups (for x > 0) by
their (uniform) rate of convergence at the origin: ||S(t)|| = O(t*) ast — 0 (0 < a < k).
By an improved generation theorem we characterize this behaviour by Hille-Yosida type
estimates. Then we consider integrated semigroups with holomorphic extension and char-
acterize their convergence at the origin, as well as the existence of boundary values, by
estimates of the associated holomorphic semigroup. Various examples illustrate these re-
sults. The particular case « = kK, which corresponds to the notions of Riesz means or
tempered integrated semigroups, is of special interest; as an application, it leads to an
integrated version of Euler’s exponential formula.

1. Introduction. In the theory of semigroups, convergence at the ori-
gin is a key property on which the standard classification in the well-known
treatise of Hille and Phillips [10] is based. In the more general theory of
integrated semigroups, introduced by Arendt [1], it seems that no such sys-
tematic study has been done. The aim of this paper is to describe and to
characterize the convergence at the origin of integrated semigroups. We cite
[2] as a general reference on the subject. In the first section we consider
general integrated semigroups, following [2, 8]:

DEFINITION 1.1. Let A be a (multivalued) closed linear operator on

a Banach space X with non-empty resolvent set o(A), and x > 0. The
operator A is called the generator of a k-times integrated semigroup if there
exist w > 0 and a strongly continuous function S : [0, 00) — £(X) having a
Laplace transform for A > w, such that (w,00) C p(A) and

oo
(1.1) R\ A) =X\ eMS@t)ydt (A > w).

0

In this case S is called the k-times integrated semigroup generated by A.
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The mention of multivalued operators is just a way to include degenerate
semigroups [13]. Hence in general R(\, A) is a pseudo-resolvent, which is not
necessarily the resolvent of a closed univalent operator. From this definition
one deduces that [8, Proposition 2.4]

t
x+ S S(s)Axds, x € dom(A),
0

tH

(1.2) SO = oD

and thus lim;_,¢ S(¢)z = 0 for z € dom(A), for any integrated semigroup of
order k > 0. However, at least when S(t) is simply the xth integral of some
Co-semigroup, the expected convergence at the origin is ||S(¢)|| = O(t")
as t — 0. Such an estimate has actually been proved for many non-trivial
r-times integrated semigroups, called tempered (see §5.1 below and [7, 5]).
In fact, we show that s is the highest possible power for the convergence at
the origin of a non-zero x-times integrated semigroup (x > 0). Therefore we
aim to study the s-times integrated semigroups satisfying ||S(t)|| = O(t*)
ast — 0 for a given 0 < a < k.

2. Hille-Yosida type estimates. Various generation theorems have
been proved with Hille-Yosida type estimates (cf. [1, Theorem 4.1], [8, The-
orem 3.4]). An improvement of these results provides a characterization of
the generators of k-times integrated semigroups satisfying ||S(¢)] = O(t%)
as t — 0 for some 0 < o < k.

THEOREM 2.1. Let {R(\)}aeqn be a pseudo-resolvent on a Banach space
X with (w,00) C 2 C C for some real w. For any k > a > 0 the following
are equivalent:

(i) There exist M >0 and a > max{w,0} such that

(A= wyrret! (R(A) > "

2.1
(2.1) ool Tt a+ 1)\ am

neNU{0}, A>a

< M.

1) For eac > there exist a (kK + 0)-times integrated semigroup

ii) F h ¢ 0 th ) 0)-ti ) d )
{Ss(t)}e=0 such that R(A\) = X0 (e A S5(t)dt (A > w), and a
constant M' > 0 such that

(2.2) 1S5() — Ss(s)|| < M'Jt — sttt > 5> 0.

In fact, this theorem appears as a particular case of a result on vector-
valued Laplace transforms (a simpler version of this result can be found in
[2, Corollary 2.5.4]).

THEOREM 2.2. Let r € C*((a,00),X), a,a« > 0 and w < a. Then the
following assertions are equivalent:
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(i) There exists M > 0 such that
()\ o w)n+a+1 (

(2.3) sup Tt ot D r")()\)H < M.

neNU{0}, A>a

(ii) For each § > 0 there exists a function Fs : [0,00) — X such that
F500) = 0, r(A) = X9 §o e MFs(t)dt (A > a), and there exists
M’ > 0 such that

(2.4) |F5(t) — Fs(s)|| < M'|t — s°t%*!, t>s5>0.

The proof of this result makes use of fractional integration techniques
and includes the following lemma.

LEMMA 2.3. Let r € C®((a,00),X) (a > 0) and 6§ > 0 be such that
A7 (N)|| is bounded as X — co. Then

o u— a—1
ra(N) = S (F(z))r(u) du
A

is a well defined function on (a,o0) for 0 < a < 0. Moreover, (74)3 = Ta+s
for0<a,f <6 and a+ B <6, and (ra)(”) = (=1)"rq—n forn <a <6
(with the convention 1o = r). If supys, NP (N)|| is bounded for each
n €N, then (14)™ = (r™), for alln € N and 0 < o < 8. If f is a function
such that fg =rg for some 0 < 3 < [0], then f =r.

Proof. The condition 0 < a < § ensures the convergence of the integral
in the sense of Bochner. Moreover, from ||r(\)|| < M/X® one deduces the
estimate

00 w— a—1 1 o—a—1
7o (V)] < §( F(B) %dug%g(l )t th_a dt
< M I'(0—a)
— M- (5)
IfOo<pB<dand a+ (G <0, then
TN T et
(Toc),@()‘) - /S\ F(ﬁ) S F(Oé) ( )d d
I YU Vot
= N TG
_OOT’U (,U_)\)a-l-ﬁ—l !
=) Ty

which means (74)3 = ra+3-
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Let n be an integer with n < a < §. Then the integral defining r, is n
times differentiable, which leads to (r4)™ = (=1)"rq_n. If n = a < §, one
obtains (r,,)™ = (=1)"r.

Let n € N be such that supy., A7||™ (\)|| is bounded. Then (™), .,
= (—1)"r, by n integrations by parts. Moreover, ((r(™)44,,)™ = (=1)"(r(),
by the preceding observation. Finally, (r4)™ = (r(™),.

Suppose that fg = 73 for some [ such that 0 < 3 < [0]; here and below, []
denotes the integer part function. Let ¢ = [0] — 3. Then (f3)e = (r5)e = 7[5

Moreover, since [§] € N, one has 7“[((%5}) = (-=1)0r and f[(&[f]) = (—1)llf,
Therefore f =7. =

Proof of Theorem 2.2. If o = 0, this is the real representation theorem
[8, Theorem 3.2]. Let now « > 0, and consider

T (u— Nt

(2.5) ra(N) = | o) r(u) du.

By Lemma 2.3 we have (r,)™ = (), and we deduce from (2.3) that for
each \ > a,

7 n+ « u— At
Ir ) < §\MF( ;(a)+ 2 (i_wi\zwﬁl du
I'in +« 11 _ n
SM(Ime)jL)é(l—t)a lmdt
n!
=Moo

Then for each element 2’ in the dual space X', by Widder’s classical theorem
there exists a unique measurable function f(-,z") satisfying ||e ™ f(-, 2’)||
< M ||«'|| such that

oo

(ra(\),2’) = S e Mf(t, 2 )dt, X>a.

0
In particular one observes that f(¢,2’) is linear in 2’. We now set 7(\) =
§o e Mt f(t,a") dt for A > a to obtain

(u— )"

1 (o, ¢]
Fa(N) o) § e f(t, 2') dt du

Il
Owgowgng
kﬁ
—~
~
H\
S~—

oo a—1
S (vt) e VM do dit
0
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where we have set v = (u — A)¢t. This shows by Lemma 2.3 that (r(\),z’) =
7(A) for A > a. Now for each 6 > 0 we set

Fs(t,2') = S)(t ;8;1 7 f(r,2") dr
(cf. [10, Theorem 6.2.4]), so that
(r(\),z') =0 Ogo e MFs(t, ") dt.
0
Similarly to the proof of [8, Theorem 3.2], one has
(26)  |Fs(t.a’) — Fy(s,a)| < % t— spPteeta]l, t> s3>0,

and there exists Fj5(t) € X” such that Fs(t,2') = (Fs(t), ) for all 2’ € X'.
Moreover, from the uniqueness theorem for the Laplace transform it can be
shown that actually Fj(t) € X for all ¢t > 0 (see [8]). The norm estimate of
F5(t) follows easily from (2.6).

To prove the converse implication, let 6 = 1 and let F} : [0,00) — X be
a function which satisfies (ii). Let 2’ € X'. Since 2’ o F} is a locally Lipschitz
continuous numerical function, it is differentiable almost everywhere. For
f(t,x') = (d/dt){F\(t),2), we obtain the estimate |f(t,z")| < M't%e“!||2’||
and

(r(\),2') = A | X(Fi (), 2"y dt = | e f(t,2") dt
0 0
for all A > max{w,0}. Thus we have
(e} [e.e]
(P A),2')| < | ere M f(t 2l dt < M| e teem O g |2/
0 0
r 1
<o LOFOE D,

(A — w)ntotl
which leads to the assertion (i). m

Now it follows easily that the exponent « in the convergence rate of a
non-zero x-times integrated semigroup cannot be greater than k:

COROLLARY 2.4. Condition (i) of Theorem 2.1 for a > k implies that
R(X) = 0: this means that a k-times integrated semigroup satisfying ||S(t)| =
O(t*) near zero with a > k is necessarily trivial: S(t) =0 for all t > 0.

Proof. Consider a pseudo-resolvent { R(\)} e satisfying (2.1) for some
a > k. It follows (with n = 0 in (2.1)) that supy., [MTER(\)|| < oo
for ¢ = a — Kk > 0. Then supy., |[AR(N)|| < oo, and by the resolvent
equation, limy_(AR(A) — I)R(u) = 0 for any fixed p. This shows that



204 V. Cachia

limy o0 AR(A)x = z for any = € ran R(u). However, limy_ . [|AR(A)|| = 0,
and thus ran R(u) is reduced to {0}. m

Arguing as in [2, Proposition 2.2.2] one can show that a weaker form of
the condition (2.1) is sufficient:

COROLLARY 2.5. In order to have the estimate (2.1), it is sufficient that
_ n+a+1 A (n)
. | B (H0)
A>a F(n+a+1) A"

for each n in an infinite subset of N. Moreover, if (2.1) holds for some a, K,
then it also holds for a + 6, kK + 9§ for any 6 > 0.

<M

If only the issues of growth of integrated semigroups are concerned, then
one can state a simpler version of Theorem 2.1.

THEOREM 2.6. Let {S(t)}+>0 be a k-times integrated semigroup with
generator A, a > 0, w < a and 0 < a < k. Then the following assertions
are equivalent:

(2.8) supt e Y| S(t)| < oo,
>0
()\ _ w)n+a+1 R()\, A) (n)
(2.9) sup sup < 00.
neNU{0} Aa || I'(n +a +1) A®

Proof. Suppose that the k-times integrated semigroup {S(t) }+>0 satisfies
(2.8). Then the associated resolvent is given by R(X, A) /A" = {* e MS(t) dt,
and thus

<R(i;A))(n)

for any A > max{w,0}.

Conversely, suppose that {S(t)};>0 is a k-times integrated semigroup

and that the resolvent of the generator satisfies the estimate (2.9). Then

by the Post-Widder inversion formula [2, Theorem 1.7.7] we have, for each
x € X,

n+1

Istte] < fim (%)
n—oo

n!'\ t

S S Mtn+aef(Re/\7w)t dt S M
0

I'n+a+1)
(A — w)ntatl

(R(A,A)x>(">
A A=n/t
I'n+a+1) (n

n+1
— )zl £ Mtz m
t

<l
— lin_igp n'(n/t _ w)n—f—a—f—l

3. Euler’s exponential formula for k-times integrated semi-
groups. For any once integrated semigroup, an integrated form of FKuler’s
exponential formula lim,, (I —tA/n)™™ = ¢4 has been established in [4,
Theorem 2.5]. We show here a generalization to k-times integrated semi-
groups (k € N), subject to some convergence condition at the origin.
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THEOREM 3.1. Let {S(t)}+>0 be a k-times integrated semigroup such that
1S(H)|| < Mt*e*t with k —1 < o < k and k € N. Let R(\) = A*S()\) be
the associated pseudo-resolvent. Then the k-times integrated Euler’s formula
holds in the strong operator topology: define F(t) = t7'R(t™1), 0 < t <
w™ Y then for any to > 0, F(t/n)" is Bochner integrable on (0,to) (for n
sufficiently large) and

I s "o
(3.1) 5 nlggog G F(r/n)"dr = S(to).
0

Proof. Here the integrals make sense as strong Bochner integrals (see e.g.
[2, Ch. 1.1]). From R(\)/A* = (" e S(t) dt, A > max{w,0}, one deduces
[4, Lemma 2.3] that Euler’s approximation for n sufficiently large can be
written as

n/T)FtL S e\ R
2 (R =W () Patame s
"0

where 7 > 0 and P, denotes the polynomial (for n > k)

i k (n—1)!
3.3 Por(N) =) (=D AT
(3.3 ) = 20 (P
One has to verify that Euler’s approximation F'(¢/n)"™ is Bochner integrable
near the origin ¢ = 0. This follows from the convergence condition at the
origin for the k-times integrated semigroup. For the [-term of the sum in
(3.3) one has the estimate (up to some factor depending on n, )

k+1 00 n—{—1
n nt —nt/r
() 1(5) e

M(n/T)nil+k T n—Il+a—1_—u a—k
_(n/r—w)“—”axu e “du=0(1T"")

0

as 7 — 0 (for given n, ). Thus one has ||F(7/n)"|| = O(t® %) as 7 — 0 for a
given n, and since o — k > —1, Euler’s approximation is Bochner integrable
near the origin. By using the representation (3.2) and by setting A = n/7
one has

to — k-1
(34) | % F(r/n)"dr
o0 n 00 —n)k-1
— | (TL—d)i)! | ar S(t)()‘t&_l))!()\t)"_k_le_)‘tPnyk()\t).
nty 0

By Fubini’s theorem and the relation
dk
n—k—1_—Xt _ n—1_—M\t
P (M)A e =k (A" e )
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(see [4, Lemma 2.4]), (3.4) is equal to

oo ntk_ltn_k_l o ()\ . nt_l)k_l dk

dtS(t) —4—m8— dN-C———0 2 (\nlemAY),
) dtS(0) (n—1)! ) T
0 nt!

0

Then by k — 1 integrations by parts, with all boundary terms vanishing,

Clo = g = T (T i
§) I F(r/n)"dr = =1 §) ' S(t)<t0> € '

Since S(t) is strongly continuous, this integral converges strongly to S(to)
as n — oo by an argument similar to the one in [4, Theorem 1.3] using the
Chebyshev inequality. =

4. Holomorphic extension estimates. In this section we consider
integrated semigroups with holomorphic extension into some sector in the
complex plane. We shall study norm estimates in this complex domain and
existence of boundary values, extending results from [3, 7].

4.1. Holomorphic integrated semigroups. We first state a generation the-
orem for holomorphic integrated semigroups, and for this it is convenient to
consider also k-times integrated semigroups that are not strongly continuous
at the origin:

DEFINITION 4.1. The closed (multivalued) operator A is said to generate
a r-times integrated semigroup {S(t) }+>0 in the extended sense if there exists
w > 0 such that (w,00) C p(A), t — S(t) is strongly continuous on (0, c0),

admits a Laplace transform S(\) for A > w, and A*S(A) = R(X, A) for
A>w.

We mention that if A generates a k-times integrated semigroup in the
extended sense, then A generates a r’-times integrated semigroup in the
sense of Definition 1.1, for any &’ > k.

DEFINITION 4.2. A k-times integrated semigroup (in the sense of Defini-
tion 1.1 or 4.1) is said to be holomorphic of semi-angle 0 if it admits a holo-
morphic extension into the open sector Xy = {z € C: 2z # 0, |argz| < 0}.

A direct application of [2, Theorem 2.6.1] characterizes the generators of
holomorphic integrated semigroups in the extended sense:

THEOREM 4.3. Let A be a (multivalued) operator in a Banach space
X, with resolvent set o(A). Then the following assertions are equivalent for
w>0and0<6<m/2:

(i) The operator A generates a holomorphic k-times integrated semi-
group of semi-angle 6 in the extended sense S : Xy — L(X) such
that supe s, [e7*S(2)|| < oo for each 0 < ¢ < 6.
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(ii) The sector w + Xy /9 is included in o(A) and for each 0 < ¢ <0,
sup  [[(A = w)R(A, A)/A"|| < o0

A_w62¢+ﬂ/2

Moreover, if (1) or (ii) is satisfied, one has the representations
o

1 A
(41) R\ A) =X |eMS@H)dt and S(z)=-— | MCM,
0 271 o AR

where C' is an oriented path in w + Yy, /o, Tunning from ooe e tT/2) 1o
0oe! /2 with 0 < ¢ < 0 — |arg z|.

Let A satisfy one of the assertions (i), (ii) above. For each o € R we
consider the holomorphic function S, : Xy — L£L(X) defined by

(4.2) Sy(2) = % [ ers BAA) gy

O

Then for ¢ > K, S, is the o-times integrated semigroup with generator A
(in the sense of Definition 1.1), and S,_j = S for any 0 € R and k € N.
The case 0 = 0 is of particular interest, since the holomorphic function Sy
satisfies the semigroup equation Sy(z1)So(z2) = So(z1 + 22) by a standard
argument on Cauchy’s integrals. This motivates the following definition.

DEFINITION 4.4. Let S, be a holomorphic s-times integrated semigroup
generated by A and of semi-angle . We define
1
So(z) = 5— [ e R(), A) dx

21
C

where C' is an oriented path in w + Xy, /o, running from ooe~UPtT/2) 4o
00e!(?+7/2) with 0 < ¢ < 6 — |arg z|. The function Sy : Xy — L£(X) is called
the holomorphic semigroup associated to the holomorphic k-times integrated
semigroup Sy.

Notice that the function Sy is in general neither bounded, nor Laplace
transformable, thus Sy does not fit the standard definition of a holomorphic
semigroup. The behaviours of the holomorphic functions S, (for different
values of o) are related: we show how to deduce norm estimates and bound-
ary properties of the integrated semigroups S, (depending on o) from a
norm estimate of Sy in the complex domain. For simplicity we consider
holomorphic extension in the open right half-plane X /5.

We shall present the results from two points of view. In the first one
(Section 4.2) the starting point is an operator-valued function on (0, 00)
satisfying the semigroup equation and admitting a Laplace transform (we
then assume that there is a holomorphic extension), whereas in the second
one (Section 4.3) the starting point is a k-times integrated semigroup with
holomorphic extension.
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4.2. Laplace transformable holomorphic semigroups. In this section we
consider an operator family {T'(t)}:~0 C L(X) satisfying the semigroup
equation and having a Laplace transform. This allows us to identify the
generator A of the semigroup 7" with the generator of the once integrated
semigroup S1(t) = Sg T'(s)ds, and we also have R(\, A) = T(\).

Assuming that 1" admits a holomorphic extension, we show that certain
norm estimates for 7'(¢) in the complex domain are equivalent to related con-
vergence estimates at the origin for the integrated semigroups S,. Moreover,
for o sufficiently large, the holomorphic function S, admits boundary values
on 7R: it extends to a continuous function on the closed right half-plane.

THEOREM 4.5. Let {T'(t)}i~0 be a semigroup on X having a Laplace
transform with abscissa of convergence wgy. Then T\()\) 1s the resolvent
R(X\, A) of a (multivalued) operator A in X, with (wy,00) C o(A). More-
over, the following assertions are equivalent for any numbers v > 0 and

0<pg<:

(i) The semigroup T has a holomorphic extension into the open right
half-plane and for each o > ~ there exist M > 0 and w > 0 such
that

(4.3) IT ()| < Ml

2|

(Re z)th’

(ii) For each o > v, A is the generator of a holomorphic (a + [3)-
times integrated semigroup So1p in the open right half-plane, ad-
mitting boundary values on iR, and there exist M,w > 0 such that
|Satp(2)|| < Me“l#l|2]* for Rez > 0.

Rez > 0.

Proof. By [1, Proposition 2.2] the function T satisfies the resolvent equa-
tion, thus it is a pseudo-resolvent. It may happen that ker f()\) # {0}, but in
the theory of multivalued linear operators [13] its inverse is always defined,
and any pseudo-resolvent can be considered as the resolvent of a multivalued
operator. Since T'(A) is a univalent and bounded operator for A > wy, one
has (wg, 00) C o(A).

Suppose that (i) is satisfied for some v > 0 and 0 < # < 1. Since § < 1,
|IT(z)]| is locally integrable at the origin by estimate (4.3). Then we follow
an argument due to El-Mennaoui (cf. [5, Theorem 5.1]). For each o/ > 0 the
o/-times integrated semigroup generated by A is given by

1 e
F(O/)(S)(z—s) T(s)ds, Rez>0,

where the integral is absolutely convergent and does not depend on the
path from 0 to z in the open right half-plane. Without loss of generality, let
arg(z) > 0. We then consider the path consisting of two parts: the straight

z

(4.4) Su(2) =
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line segment [0, |z|] and the arc {|z]e : 0 < ¢ < argz}. We let S}, (z) and
Si,(z) be the integrals corresponding to the two parts, and estimate them
separately with the help of (4.3), for some « > ~. For the first part we have

2|

| r_
Mel?l Tz — 5|1 _g Cy
SL(2)| < ds < Mewl#l|z|o/ =8 2008
IS < Ty | e S M2 T
where Co/ 5 = SUPjg|<r /2 S(l] % du < co. For the second part we have
Mewlel 282 o ||

52/ < o' =1 targz _ itja’—1 dt.
IS < gy § 1A e e e

By observing that [e?®%* — ¢%| = 2sin(282=") and that cost > sin(282=1),
and by setting 6 = (arg z — t)/2 we obtain the estimate

2 Mewlzl O/—ﬂ (arg Z)/2 o /- a’—a—ﬂ—l
(4.5) 152 (2)|| < o) El | 2%(sing) do,
0

where the last integral is finite provided o/ > a + 3. Therefore for each
o/ > v+ 3 one can choose a > 7 such that o/ > a4+ 3 and then || S/ (2)| <
M el |z[°‘/_5 for Re z > 0. Moreover, the integral in (4.5) also converges for
arg z = /2, hence the integral (4.4) with z € iR defines bounded boundary
values for S, with the same estimate. Thus assertion (ii) is proved.

Conversely, suppose that (ii) is satisfied, and let « > «. For any integer
k > o + 3 we obtain, by integration of S, 3 (cf. (2.6)),

(4.6)  1Sk(z+h) = Se(2)|| < M(|z] + |n])*[n[F~o ezt
Then by Cauchy’s formula
k! Sk(¢) ko Sk(€) — Sk(2)
) 271 CS (¢ — z)kt1 271 c§ (¢ — z)ktl ¢

where C, denotes the path defined by the circle with centre z and radius
r = Re z/2. Then by (4.6) we have
2m

k! . .
< ity _ —ikt
TG < 5 é(Sk(zwe ) — Si(z))e dt”
71{7' 732: ’ 3wlz|/2 1983 ’z‘a 3w|z|/2
S 7“0“"6 (& S k1273 Mme R

which leads to (i). =

REMARK 4.6. In order that a strongly continuous (for ¢ > 0) semigroup
{T(t)}+>0 admits a Laplace transform, it is sufficient that S(l) |T(t)| dt < oc.

This follows from the observation that {"*' | T(¢)|| dt < | T(1)||" §; |7t dt.
In fact, for each ¢ty > 0, [|T(t)|| is exponentially bounded for ¢ > ty.



210 V. Cachia

REMARK 4.7. Let {T'(z)}Re »>0 be a holomorphic semigroup and «, 3> 0.
In order that there exist w, M > 0 such that the estimate (4.3) holds in the
open right half-plane, it is sufficient that such an estimate holds in the ver-
tical strip 0 < Rez < 1.

Proof. Suppose that (4.3) holds for some wp, My > 0 and 0 < Rez < 1.
Then for some M > My and w > wy we have

IT(2)|] < Me“'?l,  1/2 <Rez<1.
For any z = a + ib such that a > 1 we set k = [a] + 1 € N so that
1/2 < a/k < 1. Therefore 1/2 < Rez/k < 1 and we have

IT(2)|| < |T(z/k)||F < MFe?l?l < Melwtn Mzl Rez > 1.
This leads to an estimate of type (4.3) in the open right half-plane, with
possibly new constants M,w. m

4.3. Non-integrable estimates. The question arises: what could be de-
duced from an estimate of type (4.3) with 5 > 1 (which does not ensure
the integrability near the origin)? In this case we are not, in general, able
to express the resolvent of the generator by the Laplace transform of the
semigroup. To circumvent this difficulty we assume that the semigroup 7'(z)
is actually the derivative of some k-times integrated semigroup. The fol-
lowing result is an improvement of [2, Theorem 3.9.13], on the existence of
boundary values of holomorphic integrated semigroups.

THEOREM 4.8. Let A generate a holomorphic k-times integrated semi-
group Sy in the open right half-plane for some k > 0, and let T = Sy denote
the holomorphic semigroup associated to S, by Definition 4.4. Consider the
following assertions for a, 3,7,6 > 0:

(Eéﬁ) there exists wi, M1 > 0 such that

PE T
IT(2)]| < Mye“t? (Re 2)o75" Rez > 0.
(E%jé) there exists wo, Mo > 0 such that
1S,45(2)]] < Mae2Fl2]7) Rez>o0.
Then (Eé’ﬁ)é(Eiyé) fory>a and § > 3, and (Ei(;):>(E$’5).

Proof. If 8 < 1, then the result follows from Theorem 4.5. Now we
suppose that 5 > 1. By [2, Proposition 3.2.6], we may rescale the problem
and consider A — a instead of A (a > 0). Then the k-times integrated
semigroup generated by A — a is related to that generated by A as follows:

Su(t) = eS(t) Z() g’fj_s)lj)l ¢=955(s) ds.

0
Thus the estimate ||S(t)|] < Mt“e“t implies ||Sq(t)|| < Myt“e“=t for some
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M, > M and w, < w. This shows that the assertion (Ei s) for S, is equiv-
alent to that for S. For the associated holomorphic semigroup, 7'(z) is re-
placed by T,(z) = e"**T'(z) by the integral formula (4.1). Thus for a > w
the estimate (Eéﬁ) gives

a,—wr Rez
|“e

. L <M w;|Im z| |Z
(4.7 I, 2)) < Ml B

for some M,w;,w, > 0, which is again of the same type. From now on we
consider the rescaled problem and omit the mention of a. Thus without loss
of generality we may assume that A has a bounded inverse.

For any integer k such that A generates a k-times integrated semigroup
Sk one has, by iteration of (1.2),
dk
dtk

=1
(k—1)!
+-FtAz+x, =< dom(AF).
Since by hypothesis A generates a k-times integrated semigroup, the identity
(4.8) holds for any integer k > x. Hence T'(t)x = C%Sk(t)a: is Laplace
transformable for x € dom(A*) and k > &, and we have, for each z €
dom(A¥),

(4.8) Si(t)z = S(t)Arz + A=y

o

R\, A)x = S e M (w)zdu, N> —wr,

which leads to

n, N\ ) A (n—1)
RN, A) x =1 R(M A) x
N —Au un—l
—(S)e (n_l)!T(u)xdu, n=12,....

Let z = t + is with Rez = t > 0. Since T'(z) is a holomorphic semigroup,
ranT(z) C dom(A*) for each k € N, in particular for k > . Then we have,
by setting A = 0 and z = T'(2)y, for any y € X,

0 n—1
AT (2)y = S (:_ ] T(u+2)ydu, n=1,2,....
0 !

Then by the estimate (4.7) one obtains

Mewils| OSO o1 lu+2z|* e
(n—1)!

0 (u+t)> (u+t)
We observe that 1 < |u + z|/Re(u + z) < |z|/Re z for all u > 0. Now choose
n>1ande € (0,1) and set ' = 3 — [B] +¢. By observing that (u+1t)~" =
(u+ )" (u + )7 < u~F+et=F for all u,t > 0, one finds that, for all
x € X,

—wyr (u+tt)

AT (2)y]| < 7 llyldu, n=12...
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B M|Z‘a6wi|5| 0 B e—wr(utt)
42 < P Ve S
0
|Z|a€wi|s|€_th
< M,W lyll.

By (4.8) one deduces that for each § > § — [3], there exist M,w > 0 such
that _ .
||S[ﬁ](Z)H < W-

By choosing 3’ < 1 it follows that the integral

z /
(z=¢*!
—F S d
(S) Ty Q) de
converges for Rez > 0 and o/ > 0; moreover, it clearly coincides with the
holomorphic ([3] 4 o’)-times integrated semigroup generated by A. By using
an estimation method similar to that used for the proof of Theorem 4.5, one
finds that for each o > o + &, S[g]+« admits boundary values on iR and

there exist My, w > 0 such that
ISig)4erll < Molz| e, Rez >0,
which is (Eg’a) by settingy =o' — 3 >« and § = [8] + 3 > 6.

The converse implication (E3 5) = (Bl

iy 5) is proved exactly as in Theo-
rem 4.5. m

We now complete the study by establishing estimates for all functions
Se, similar to (ng 5)- We mention that a holomorphic (v + J)-times inte-
grated semigroup satisfying (E,% 5) is always obtained by integration of some
holomorphic §-times integrated semigroup in the extended sense. This prop-
erty is not satisfied by integrated semigroups without holomorphic extension
(see Proposition 5.1).

COROLLARY 4.9. Let A generate a holomorphic k-times integrated semi-
group in the open right half-plane and suppose that estimate (Eéﬁ) holds.
Then for each v > a, d > 3 and 0 < v+ 6,

(Eg,%é) there exists ws, Mg > 0 such that

|2
(Re z)vto—o’
For each 0 > (3, Sy is a holomorphic o-times integrated semigroup with
generator A, with exponential bounds in each sector Xy, 6 < w/2.

1S5 (2)|| < Mzewsl?! Rez > 0.

For each 0 > a+ 3, iA is the generator of a o-times integrated group:
e9m/28 (it) for t > 0 and €'97/28,(it) for t < 0, with bound Me“I!|t|7=9,
t € R, for each § > (5.
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Proof. By Theorem 4.8, the estimate (Eéﬂ) implies (E,a(;) for any v > «
and 6 > . Similarly to the implication (ii)=-(i) in Theorem 4.5, we deduce
that (E,%):(Eg’ma). Then it follows that S, is exponentially bounded in
each sector Xy, 6 < 7/2, for o > f3.

If 0 > a+ [, then one can choose v > « and § > 3 such that 0 = v+

and S, satisfies (Eg,d)‘ Now we show that

(4.9) Ve Ms,(tydt= | e 8,(2)dz
0 (0,00€%9)

for 0 < 6 < 7/2 and X in some domain to be Speciﬁed. Let us close the
integration path consisting of the segments [0, R], [0, Re'] by the arc I'p =
{|z|e" : 0 < t < 0}. We have to estimate the integral on I'p:

6
| €728, (2) dz|| < (e BORE||S, (Re™) || R dep.
I'p 0

Let n € (0,7/2). Then Re(Ae®¥) > |A|cosn for any 0 < ¢ < 6 and for any
A such that —7/2 +n < arg\ < 7/2 — 6 — 1. Therefore for such A the
integral on I'p is bounded by My#RYT1efw2=IAlcosn) " and thus tends to 0
as R — oo provided || is sufficiently large. This leads to the equality (4.9)
for the specified values of A.

Since {;”e~* S, (t) dt coincides with the holomorphic function R(A, A) /A7

(for Re A > wy, the abscissa of convergence), one deduces that
[o.¢]

A7 S e_Aethg(ewt)ew dt = R(\, A) = e R(\e® | Ae'?)
0
for any A such that the integral is defined. Hence

[e.9]
R(p, e A) = 7900 S e M8, () dt,
0
which means that {e~?S, (¢?t)};>0 is a o-times integrated semigroup with
generator ¢ A. Since the same is true for § = 7/2 and § = —7/2 one
concludes that ¢A generates a o-times integrated group. =

REMARK 4.10. In fact, Theorems 4.5 or 4.8 could be stated in the more
general case where the analyticity sector Xy has a semi-angle < 7/2: in the

estimates one just has to replace Re z by dist(z,0Yy), where the boundary
0%y is eTR, .

5. Examples

5.1. The optimal convergence case o = k. Many examples of integrated
semigroups have been shown to exhibit such behaviour. These integrated
semigroups are also called tempered, and they admit bounded Riesz means.
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The typical example is the Gaussian semigroup Tj(z) = €*4» in LP(R"),
which satisfies the estimates [2, (3.61) and (3.62)]

oy |z\ n|l/p—1/2| ]z| n|l/p—1/2|
o () < T oy s( )

Rez Rez
for Rez > 0 and 1 < p < oo. For the Schrédinger group, similar results were
obtained in [5]. We mention here a particularly interesting result, which is
taken from [9, Theorems 4.2, 4.3], it shows that the convergence at the origin
is optimal for a large class of differential operators. Moreover, the associated
k-times integrated semigroup admits boundary values only for sufficiently
large k.

PROPOSITION 5.1. Let A be a differential operator on LP(R™) (1<p<00)
with mazimal domain and symbol of the form ia(§), where a(§) is a real,
homogeneous, elliptic polynomial on R™. Then A generates an a-times inte-
grated semigroup S(t) on LP(R™) satisfying ||S(t)| < Mt for some M > 0
and all t > 0, whenever a > n|1/2—1/p|. Moreover, if the symbol of A is of
the form £il€|™ for some m > 0 with m # 1, then A generates an a-times
integrated semigroup: if and only if « > n/2 for p = 1 and for p = oo, if
and only if « >n|1/2 —1/p| for 1 < p < 0.

In particular, for any x > 0 there is a generator of a k-times integrated
semigroup with optimal convergence rate which does not generate a o-times
integrated semigroup for o < k.

Another situation where the optimal convergence takes place is for the
fractional powers of an operator. Let B be an operator in X such that
(—00,0] C o(B) and supy<o(1 — A)[|R(A, B)|| < co. Then (following [2, Th.
3.8.1]) the fractional power

B_Z:42<SA_GKAJﬂdA Rez > 0,
271 ”
(where I' is a smooth path in o(B) going from coe™® to ooe®® for some
0 > 0) defines a holomorphic semigroup on X, and satisfies the estimate

|sin 7z

B~ < M , 0<Rez<l.

sin(m Re z)
We thus have an estimate of type e*/*l|z|/ Re z (cf. Remark 4.7). By Theorem
4.5, for each x > 1, the associated k-times integrated semigroup admits
boundary values which satisfy an estimate near the origin with the optimal
exponent k.

The property a = & is a useful hypothesis for various other results on
integrated semigroups, e.g. [8, Theorem 4.1].

5.2. The intermediate case 0 < o < k. It seems that no example outside
the optimal convergence case has been explicitly described. The following
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one is inspired by [11, §1.8.1], and illustrates all different cases by varying
the parameter 3. Let us consider the Banach space X = LP(R) x LP(R) for
some p € [1,00], with norm ||(u,v)|| = |Jull, + [|v]|p, and 5 > 0. We define a
multiplication operator A on X by the matrix

—(1 2 g
o= (O
0 —(1+2?)
where 2 € R, I denotes the identity 2 x 2 matrix, and N = (J}). It
follows that a(x)” = (=1 — 22)"I + n(—1 — 22)"!|z|® N and then e'*(*) =
e~ t+2®) ([ 4 t|2|PN) for each z € R and ¢ € C.

(5.1) ) = —(1+ 231+ |z|°N,

LEMMA 5.2. The multiplication operator T(t) associated to e*(*) is
bounded on X for Ret > 0 and 3 > 0. The operator-valued function t — T(t)
1s holomorphic in the open right half-plane and satisfies the semigroup equa-
tion T'(t+s) = T(t)T'(s). Moreover, one has the estimate
‘t‘efRet ‘t‘efRet
(Ret)P/2 (Ret)P/?
where Cg = (3/2)82¢=B12. If 0 < B < 2, {T(t)}res>0 is a holomorphic

Co-semigroup; if 2 < B < 4, it is of class (1, A); if B = 4, it is still Abel
summable; and finally if B > 4, the resolvent set of A is empty.

max{l,Cg } < HT(t)H <1+ C/g

Proof. The argument is based on the following equalities for Ret > 0:

t(lJer)‘ _ Sup |t|6_ Ret
z€R (Re t)ﬁ/z
]t’ei Ret
# (Ret)B/2’
where Cp = sup, yP/2e=v = (3/2)P/2¢=8/2. This gives lower and upper
bounds for the norm of the multiplication operator e'®®) If 0 < 3 < 2, the
convergence at t — 0 is easily verified and we have a Cyp-semigroup.

From the expression of a(z) we see that (A — A)~! is the multiplication
operator by the matrix (A—a(z)) ™' = A+14+22) "+ |25 (A +14+22)72N.
This shows that p(A) = C\ (—oo,—1] for 0 < 5 < 4 and p(A) = () for 5 > 4.
Furthermore, for 8 < 4 one has limy_,ooc AR(A\, A)f = f for each f € X,
which means that T'(¢) is Abel summable [10, §10.6]. When 5 < 4 it is also
integrable near the origin, thus it is in the class (1, A). m

(5.2) sup |z||te” (2 Ret)9/2—o" Ret
z€R

The semigroup {7'(t) }ret>0 satisfies the estimate (Ellﬂ/Q_l). Ift ¢ Rand
(B > 0, the operator norm of T'(t) becomes infinite as Ret — 0, which shows
that {T'(t)}Rret>0 has no boundary values on iR. However, Theorem 4.5
applies for § < 4 and shows that the associated k-times integrated semigroup
admits boundary values for sufficiently large «.
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LEMMA 5.3. Let 0 < 3 < 4. For each k > [3/2, the operator A generates
a holomorphic k-times integrated semigroup with boundary values on iR.
Moreover, one has the estimates (for some M > 0): ||S«(2)|| < M|z|* if
0<3<2, and ||Se(2)|| < M|z|"t5=P/2 jf2 < g < 4.

Proof. For 3 < 4 the result follows directly from Theorem 4.5. The case
(B = 4 requires more attention. In fact, an explicit calculation gives the once
integrated semigroup of generator A: for ¢ > 0, Si(t) is the multiplication

operator associated to the matrix
t

si(x,t) = Sem(x) dr
0
1 — e t(l+a?) _te—t(4a?) _ o—t(14a?)
1422 1+ 22 * (14 22)2

Hence by (5.2), S1(t) is a bounded operator for ¢ > 0 and 0 < 5 < 4. Then
S1(t) has a bounded holomorphic extension to the open right half-plane,
which admits boundary values for ¢t € iR whenever 0 < 3 < 2. Moreover,
by observing that for Ret > 0, (1 + 22) 7|1 — e~ t(1+2*)| < |¢| uniformly for
x € R, we obtain ||S1(¢)|| < 3|¢| for Ret > 0 whenever 0 < § < 2. For
2 < 3 < 4, one has an estimate ||S;(t)|| < M|t|eRe/(Ret)?/>~1 (for some
M > 0). Hence for 3 = 4, S1(t) is a holomorphic once integrated semigroup
(only in the extended sense if p = 00), and thus Theorem 4.8 applies. By
using directly the estimate ||S1(z)|| = O(|z|/Rez) for Re z > 0, one obtains
by integration the estimate |z|"~! for S.(z), K > 2. =

I+z|°N

In conclusion, this example illustrates the full range of convergence rate
for integrated semigroups. Let us restrict ourselves to the once integrated
semigroup {Si(t)}+>0: for 0 < 3 < 2, we have the optimal exponent 1; for
2 < 8 < 4 we have the exponent 2 — 3/2; and for § = 4 the operator norm
|S1(¢)|| does not tend to 0 (strong convergence still holds provided p < c0).
Finally, for 8 > 4 the fact that o(A) = () makes the theory of integrated
semigroups unusable, and shows that Theorem 4.8 does not apply here.

5.3. A singular semigroup. The following example shows that Theorem
4.5 can be used in more pathological cases, where the associated semigroup
is not Abel summable. Here the semigroup {7'(¢)};~o is such that Xy =
U;so ranT'(t) is not dense, which implies that it is not strongly continuous;
it is inspired by [6, Example 1.26]. Let X be the Banach space C[0, 1], and
B > 0. We define for each ¢t > 0 the bounded operators Tj(t) on X by

[T5(t) f1(x) = 2'[f(z) = f0)(~In2)’], 0<z<1, [Ts(t)f](0) =0.
The function ¢ — Tj(t) satisfies the semigroup equation and has a holomor-
phic extension into the half-plane Re z > 0. If 8 = 0, then the semigroup is
degenerate. If 3 > 0, T'(t) is one-to-one but its range is not dense: in fact,
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Xo = {f € X : f(0) = 0} is the subspace of strong continuity, and the
restriction of T'(¢) to X is a Cp-semigroup. Moreover, T'(t) is singular when
t tends to 0: one has
sup [*"7(1 = (=In2)”)| < |T()| <1+ sup [ (=Inx)?],
O<z<1 0<z<1

which leads to a bound of type (Rez)™? for the operator norm ||T(z)| for
Rez > 0.

If B < 1, Theorem 4.5 applies: the associated k-times integrated semi-
group is bounded for x > [, admits boundary values, and satisfies the
estimate (for some M > 0)

1Su(2)| < M|25%,  Rez> 0.
The resolvent of the generator is

[R(X, Ap) fl(@) = T5(\) = (A = Ina) [ f(z) = (~ Inx) f(0)].
This shows that ran R(\, Ag) is not dense in X and that limy .o, AR(X, Ag) f
= f holds only for functions f such that f(0) = 0. Therefore {Tj3(t)}+~0 is
not an Abel summable semigroup.

If however 3 > 1, no resolvent can be associated to Tz. In fact, the numer-
ical function (Tj3(t)f,d,) is Laplace transformable for each Dirac measure
dz € X' (z # 0). Thus the resolvent, if defined, should coincide with

| e UTs(t) £, 60) dt = (A = Ina) ' [f(2) — (= Inz)” f(0)].
0
But this expression does not define a resolvent operator for § > 1: for § > 1

it is not bounded, and for 8 = 1 the resolvent equation is not satisfied.

5.4. Concluding remark. In view of the special properties of hermitian
integrated semigroups [12], the question arises whether there are holomor-
phic x-times integrated semigroups for x > 1 that are not obtained by in-
tegration of some holomorphic once integrated semigroup (in the extended
sense). In other words, is it possible that the associated holomorphic semi-
group satisfies (Eclyﬁ) with 4 > 1 and not with § = 1?7 As far as we know,
the examples of such highly singular semigroups cannot be associated to
holomorphic integrated semigroups (for example: the generator has empty
resolvent set, see e.g. [10, §20.5]).
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