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Hausdorff dimension of sums of sets with themselves
by

T. W. KORNER (Cambridge)

Abstract. There is no non-trivial constraint on the Hausdorff dimension of sums of
a set with itself.

1. Introduction. Throughout this paper we work on the circle T = R/Z
but similar results hold on T™ and R”. All measures will be Borel measures
and |I| denotes the length of an interval I. If E C T we write

n
Ep=E+-+E= {Zlej:ej eE}.
n J=
Readers unused to the convention should also note that, if £ C T and § > 0,
we write
E+[-4,d={e+t:ec E, |t| <d}.

DEFINITION 1.1. The Hausdorff dimension of an FF C T is the infimum
of the set consisting of 0 and all those o > 0 having the following property:
Given any ¢ > 0, we can find a collection Z of closed intervals such that

UIQE and Zmage.
I€T 1€

Hausdorff dimension is translation invariant and so the Hausdorff dimen-
sion of Ep,; 1) must be at least as large as the Hausdorfl dimension of Ej,).
The object of this paper is to prove the following theorem.

THEOREM 1.2. Given a sequence a; with 0 < o < a1 < 1, we can
find a closed set E' such that E;) has Hausdorff dimension a; for each j > 1.

Our argument can be easily adapted to prove the following variation.

THEOREM 1.3. Given a sequence o; with 0 < oj < ajy1 < 1, we can find
a closed set E such that Ej;) has Hausdorff dimension a; for each j > 1.
If agt1 = 1 we can choose E so that, in addition, Ey 1) = T but Ep,
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has Lebesgue measure zero. Alternatively, we can choose E so that E; has
Lebesgue measure zero for all j.

2. Preliminaries. It is often relatively easy to prove upper bounds for
the Hausdorff dimension of a set by providing a suitable cover of intervals,
but relatively hard to prove lower bounds. We obtain lower bounds by using
the following well known result (see Section 6.2 of Falconer’s elegant text [1]).

THEOREM 2.1. Let E be a bounded closed set and 1 > o > 0. If we can
find a probability measure p with support contained in E such that
du(x) d
I <o
T2 Ty

then the Hausdorff dimension of E is at least a.
We shall use an elementary observation.

LEMMA 2.2. Let1 > 3 > a > 0. Let g be a piecewise continuous positive
function. If we define g, for n*=Y8 > 2. by the conditions

. _ —1 71/5
a if lt —rn Y <n , T €L,
gn(l‘) { o f| | o

0 otherwise,
where
(r+1/2)/n
Qrn = S g(l‘) dJL‘,
(r=1/2)/n
then
Ssgn(w)gniy) di dy — ”g(ff)g(zi) de d
e 1T =l |7yl
as m — 00.

Proof. We show that, in fact,
2l =yl 7
uniformly in . To this end, observe that, if 107! > § > 0, then

S 9n(7) dr — S g() dr

|z — y|*

|z—y|>d lz—y|>6

uniformly as n — oco. Next note that

S 9()

o < gl | el dr =
la]<6

2gloe 510 g
l—«o

lz—y[|<o
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as § — 0. Finally observe that simple estimates give |a,,| < 2n"%71| g||oo
and
(03

gn\T _ 1
(2 g <ol | gl Y

|z —yl || 1 rons

T
jo—y|>8 la] <8n—1/ I

1—
< 2||glloon/" 7 8 ey 4llglloo 51-a
< 0 — ol
< %na/ﬂ_l + %61—0: =0
1—a T
as & — 0 and 7 — 00. =

We shall prove Theorem 1.2 by a Baire category argument. We use the
Hausdorff metric dr defined in the next lemma.

DEFINITION 2.3. Consider the space F of non-empty closed subsets of T.
We set

dr(E,F) =sup inf |e — f| + sup inf |e — f].
eck feF feF eckE

It is well known that (F,dr) is a complete metric space. (See, for ex-
ample, [2, Chapter II, §21, VII and Chapter III, §33, IV].) We need the
following observation.

LEMMA 2.4. Let j be a strictly positive integer and let K > 0. Sup-
pose that E(n) is a closed subset of T such that there exists a probability
measure [, with

dpin () dpin (y) <K

supp fin & E(n)m and S S |33 — y‘a

T2
Then, if E € F and dr(E(n),E) — 0 as n — oo, there exists a probability
measure [ with

<K.

du(x)d
suppu C Ep; and S SW
T2 y

Proof. Since the set of probability measures is weak-star compact, we
may suppose, by extracting a subsequence, that p, — p weak-star. Since
dr(E(n), E) — 0 we have dz(E(n)[;), E;) — 0 and supp u C Ej;). Since

Sﬂﬂiﬂﬂﬁﬁghmmqgﬂﬁgﬂﬁﬂﬁ

<K
o=yl T ool d e —yl®

TQ
we are done. m

LEMMA 2.5. Let 0 < oj < ajp1 < 1 and K; > 0. Let G be the collec-
tion of closed sets E such that, for each j > 1, there exists a probability
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measure fi1; with

duj(x) dp;(y)

< K.
lw—ylw

supp uj C Ejy and S S
T2

Then G is a closed subset of (F,dr).
Proof. Immediate from Lemma 2.4. u

As matters stand, G could be empty. However, if E is the union of a
finite collection of closed intervals (for example if E = T), then, if we take
T to be the uniform probability measure on F and set

dr(x) dr
Kj:lJrH (z) (y)
|z — y[
T2
we will have E € G.

From now on, the «o; will form a fixed sequence satisfying the conditions
of Lemma 2.5 and the K; will be a fixed sequence chosen so that

1

Kj>H|$—y|

T2
If dg is the restriction of the metric dr to the space G, we now know that
(G, dg) is complete and non-empty. Theorem 1.2 thus follows from its Baire
category version.

THEOREM 2.6. The set of E € G such that Ej; has Hausdorff dimension
a; for all j > 1 is of second category in (G,dg).
We can now reduce the proof of Theorem 2.6 to the following lemma.

LEMMA 2.7. Let n > 0 and n > 1. Then the set £ of E € G such that
there exist a finite collection T of closed intervals with

U 12 E[n] and Z ‘I’a"+n <n
IeT Iez
is dense in (G, dg).
We supplement Lemma 2.7 with a simple observation.

LEMMA 2.8. Letnn > 0 and n > 1. Then the set £ of E € G such that
there exist a finite collection T of closed intervals with

UJI2E, and > |1]*7 <y
IeT IeT
is open in (G, dg).
Proof. Observe that if

U ID E[n} and Z ’I’an_i_ﬁ <mn,
IeT 1€l
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then, if > 0 is small enough,
ST+ =000 <y and | JT+][-0,6]) 2 Fy

IeT IeT
whenever d(F, E) < 6/n. Thus £ is open. =

Proof of Theorem 2.6 from Lemma 2.7. Let us write £(j, m) for the set
of E € G such that there exist a finite collection Z(j, m) of closed intervals
with

(%) U I2Ey and Z 7] F/™ < 1/m.

I€Z(j,m) 1€Z(j3,m)

By Lemmas 2.7 and 2.8, Z(j,m) is open and dense, so

o0 [e.e]
H=(][)EGm)
j=1m=1
is of second category in (G, dg).

If F € H and j > 1 then the definition of G together with Theorem 2.1
tells us that Ej;) has Hausdorfl dimension at least a;. However, Ef; also
obeys the conditions given in (%), so E}; has Hausdorff dimension at most
aj and we are done. m

3. Proof of the main lemma. Up to now, the use of Baire category
has allowed the argument to flow smoothly. We get our hands dirty in the
statement and proof of Lemma 2.7, which forms the central step of our
argument.

As often happens with complicated constructions, the reader may find it
easiest first to get a rough idea of how Lemma 3.2 follows from Lemma 3.1
and Lemma 2.7 from Lemma 3.2. It may also be helpful to run through the
proof of Lemma 3.1 with m = 0 and then look at how much of the proof of
Lemma 2.7 goes through with m = 0.

LEMMA 3.1. Let §,n > 0, and n,m > 1. Write
A={r:n+m>r>1}

Suppose E1,. .., Enim are each the finite union of non-trivial closed inter-
vals such that whenever L C A, and L contains j elements with n > j > 1,
there exists a piecewise continuous positive gy, : T — R with

supngg<UEr> . SgL(:c)dazzl, H%‘q%@dmdy<lfj.
e UL T2 o =yl

Then, given any subset P of A containing exactly n members, we can find
E1, ..., Enim, each the finite union of non-trivial closed intervals, together
with piecewise continuous positive functions gy, : T — R corresponding to
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every L C A containing at least one and at most n elements, having the
following properties:

(i) d]:(ET,NET) <0 foralll <r<n+m.

(i) D oreq Br 2 Xoreq Er whenever Q C A contains at least n+1 mem-
bers.

(iii) We can find a finite collection Z(P) of intervals such that
—1
+m
D an+n n
J 12(UB),, wa ¥ pm<a("")
Iez(P) rep I€Z(P)

(iv) If L C A contains j points with n > j > 1, then

supngC<UE)H SﬁL(m‘)dmzl, SSMdazdy<Ku
reL T

|z —y[
Proof. Let d(x, E) = inf.cp |z — e|. We set (B, = oy, +1/2, take

P E, +[-6/2,6/2] P
" Uaa/vz<spela/N = N7V /N + N7V i r € P
and define g;, by the conditions

~ a if |z —q/N| < N~1/bBn,
gL(JZ):{ L,q,N | q/N| <

0 otherwise,
where
(a+1/2)/N
argN = S gr(x) dx.
(g—1/2)/N

Provided the integer N is large enough, conclusions (i) and (ii) hold
automatically whilst (iv) follows from Lemma 2.2. Finally, we observe that

g=1 T#p
and
N

Ula/N = nN=6n /N + nN=10] D ( U ET)[

n]

— — n+
|lg/N — N~V /N + nN VBT
q=1

—N. (QnN—l/Bn)an _ (Qn)an+77N_77/(2,6n) <n
provided that N is large enough. =

It is easy to deduce a very slightly stronger result.

LEMMA 3.2. Let §,1n1 >0, and n,m > 1. Write

A={r:n+m>r>1}
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Suppose E1,. .., Enim are each the finite union of non-trivial closed inter-
vals such that whenever L C A, and L contains j elements with n > j > 1,
there exists a piecewise continuous positive gy, : T — R with

suppgr € (rL€JLEr>[j], §rgL($)d$:1, §T§dedy<ffj.

Then we can find El, e ,En+m, each the finite union of non-trivial closed
intervals, together with piecewise continuous positive functions gr : T —
R corresponding to every L C A containing at least one and at most n
elements, having the following properties:

(i) dr(E., E,) <8 for all 1 <7 <n+m.
(ii) EreQ E,.D ZreQ E, whenever Q C A contains at least n+1 mem-
bers.

(iii) Whenever P C A contains exactly n members there exists a finite
collection Z(P) of intervals such that

U IQ(UET)M and Z

-1
|Tjentn < 5(" + m> .
1€Z(P) rep 1€Z(P) m

(iv) If L C A contains j points with n > j > 1, then

~ = ~ gr(z)gr(
supng§<TL6JLEr>m, 1SrgL(:L‘)alx:L %§dedy<[(j.

Proof. Apply Lemma 3.1 repeatedly with P every possible subset of A
with n elements. =

We need one further remark.

LEMMA 3.3. Suppose 1 > > 0 and E € G. Then we can find F' € G with
dg(E,F) < § such that F is the finite union of non-trivial closed intervals
and there exist piecewise continuous positive gj : T — R such that

ng(x) dr =1, suppg; C Ej,
T T2

forall 7 > 1.
Proof. Let
A(z) = max (0,261 — 267 1z|)).
We know that there exist probability measures p; with

dpj(@) dus(y) _ p

supp i C B and || o —gl =

TQ
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and we have chosen

K;>\ | dx: dy.

1
o |z =yl

Thus, if we set F' = E +[§/2,—-0/2] and g; = A * uj, we have the required
result. m

Proof of Lemma 2.7. By Lemma 3.3 it suffices to show that given n > 1,
d, n > 0 and F satisfying the conclusion of Lemma 3.3, we can find an F' € £
with d(F, E) < 6.

Since E contains non-trivial intervals, we can find an m > 1 such that
Elpym) =T. Write E, = Efor 1 <r <n-+m,

A={r:n+m>r>1}

and, if L C A contains j elements with n > j > 1, set g1, = g;.

Now choose E and g7, so that the conclusions of Lemma 3.2 hold. We
set ' =J"*™ E,. By Lemma 3.2(i),

dj:(E, Er) <0

for all r and so dx(E, F) < 0. If we write I" for the collection of subsets of A
with exactly n elements then

U(Ua),=(Ur),=r

so, by Lemma 3.2(iii),
U U 12F and > Y 1<
Pel’ I€Z(P) Pel’ I€Z(P)

Thus, if F € G, then F € £.
In order to show that F' € G, we shall find piecewise continuous positive
functions f; : T — R such that

Sfj(ac) dr =1, supp f; C F, Hf|]x( )fj‘< v) dedy < K;

for all 7 > 1. We split our task into three parts.
If 1 <j<n,weset fj =gy, ;3 and use Lemma 3.2(iv), together with
the observation that

i j
(,LJIE’”)U} = @f)m =l

Ifn+1<j<n+m,weset fj = g; and use Lemma 3.2(ii) to show that

J J
supp f; = suppg; C By =y E=) E C) E CFy.

r=1 r=1 r=1
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If j > n+ m + 1, we observe that the same calculation shows that
T = E[n+m} c F[ner]a
SO Flpym) =T and Fj;; =T. Weset f; =1. =

I should like to thank the referee for several improvements to the pre-
sentation.
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