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Regularity of the effective diffusivity of random diffusion
with respect to anisotropy coefficient

by
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Dedicated to Professor Jan Kisyniski on the occasion of his 75th birthday

Abstract. We show that the effective diffusivity of a random diffusion with a drift
is a continuous function of the drift coefficient. In fact, in the case of a homogeneous
and isotropic random environment the function is C°° smooth outside the origin. We
provide a one-dimensional example which shows that the diffusivity coefficient need not
be differentiable at 0.

1. Introduction. A simple model of diffusion in a complicated medium
is given by an It6 stochastic differential equation

(L1) dz(t) = V(x(t);w) dt + o(x(t); w) dw(t),
z(0) = xg

(see e.g. [9]). Here V(z;w) = 1V, -a(z;w), x € RY, where a(z;w) is a station-
ary, d x d matrix valued, random field given over a probability space ({2, F,P)
and o(z;w), © € R?, is the square root of the symmetric part of the field,
a*(z;w) = 3la(z;w) + a’ (z;w)]. The process (w(t));>o is a d-dimensional,
standard Brownian motion independent of the field a(-). The symmetric part
(a°(x)),era is assumed to be uniformly positive definite and sufficiently reg-
ular so that the solution of the stochastic differential equation exists; the
precise assumptions are formulated in the next section. The generator of
the random diffusion (z(t))¢>0 is a second order differential operator in di-
vergence form: L,f = 1V, - (a(z;w)V,f) for f € C3(R?). We adopt the

standard notation for usual function spaces: CJ*(R?) denotes the space of
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all C™-smooth, compactly supported functions, Cy(R%) is the space of all
bounded continuous functions, etc. It is well known from homogenization
theory that the process (x(t)):>0 satisfies both the law of large numbers
and the central limit theorem (see e.g. [10, 5]), i.e. z(t)/t tends a.s. to 0 as
t — oo, while x(t)/+/t converges weakly to a zero mean normal vector with
a non-degenerate diffusivity matrix D = [D,,]. Unfortunately, the matrix is
not given explicitly and its calculation is, in general, quite difficult.

Suppose now that an external force is added. As a result the particle
acquires a drift. The equation describing the motion in a constant external
force field is given by

dz(t) = [V(z(t);w) +v] dt + o(x(t); w) dw(t),

(1.2) 2(0) = x,

where v € R? is a constant vector. One can show that then z(t)/t — v a.s.
as t — oo. In addition, using a rather standard homogenization argument
(see Theorem 2.1 below), one can prove that (z(t) — vt)//t tends to a zero
mean normal vector with covariance matrix D(v) = [Dpq(v)].

In the present paper we are concerned with smoothness of the covariance
matrix with respect to the anisotropy parameter v. It has been shown in [6]
that the function v +— D(v) is continuous at 0. We prove (see Theorem 2.2
below) that in fact it is continuous for all v € R? Moreover, if the field
a(+) is statistically isotropic (see Definition 2.5), then the diffusivity is an
isotropic tensor in v and C*-smooth on R%\ {0}. As we explain in Section 6,
this result is not entirely intuitively clear. Not getting too technical at this
point, we only mention that a quite natural numerical scheme for computing
the derivatives of the solution of the corresponding cell problem (see (3.8)
below) does not imply the existence of the derivatives (see Remark 6.3). In
fact, as shown in the one-dimensional example (see Section 5), the diffusivity
coefficient D(v) may not be differentiable at 0.

2. Preliminaries and the statement of main theorems. Suppose
that (£2, F,P) is a probability space. We shall denote by (-)p the expectation
with respect to P. To describe the homogeneous random field (a(z)),cpa it is
convenient to assume that there exists an ergodic group (7;),cra of measure
preserving transformations on §2, i.e. P(7,(A)) = P(A) for all z € RY, and
A€ F and 7,(A) = A for all z € R? implies that A is P-trivial. We assume
that the group is measurable and stochastically continuous, i.e. (z,w) —
14(7,w) is jointly measurable for any A € F, and the unitary group 7 :
L*(P) — L2(P), x € R%, given by T, f(w) := f(7,w) is strongly continuous.
Denote by (-, -)p, || - |L2(py the scalar product and the corresponding norm
on L*(P). Let Dy, p = 1,...,d, be the L*-infinitesimal generators of the
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group in the directions €, := (0,...,1,...,0), p = 1,...,d. Let also V :=
(D1,...,Dy).

Let a : 2 — R% be a random matrix for which there exists a determin-
istic constant Ag > 0 such that

(2.1) a(W)E - € > Nlé?, Ve e RY and P-as. w.

We assume furthermore that the entries of the matrix a = [a,,] satisfy

d d
(2.2) ess Sup{|apq(w)| + Z |Diapg(w)| + Z |D,%lapq(w)|} < oo
k=1 k=1
for all p,q =1,...,d. For a given random matrix a we can define a homo-
geneous random field a(z;w) := a(T,w), (w,z) € 2 x RY. Similarly, one can
associate a random vector or scalar field with an arbitrary random vector or
variable.

2.1. The statements of main results. We now give the precise statements
of our main results. Their proofs are contained in the following sections.

Let (z(t))e>0 be the solution to (1.2). With no loss of generality we set
xo = 0. We assume that the standard Brownian motion (w(t)):>0 appearing
there is given over a certain probability space (X, W,Q). The trajectory
process is defined over the product probability space (2 x X, F@ W, P Q).
In our first result we give the law of large numbers and the central limit
theorem for the solutions of (1.2).

THEOREM 2.1. We have z(t)/t — v as t — oo, both a.s. and in L' with
respect to the measure PQ Q. In addition, there exists a d-dimensional, zero
mean Gaussian measure v, on R® such that for any f € Cy(RY),

([ (227) ), -

Here Eqg and (-)p denote the expectations with respect to Q and P, respec-
tively.

The quenched version of this result has already appeared in [6], where
an analytic proof, using Harnack estimates for linear parabolic p.d.e-s, has
been given. For completeness we present below (see Section 3) an argument
that reduces the central limit theorem to certain properties of correctors,
i.e. solutions of the resolvent equation (3.8), that can be verified when the
generator is a bounded perturbation of a normal operator (see Appendix B
below and also [4]).

Let D(v) = [Dyq(v)] be the diffusivity matrix of v,.

THEOREM 2.2. Suppose that the field of coefficients satisfies assumptions
(2.1) and (2.2). Then the function v — D(v) is continuous.
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The proof of this result is contained in Section 4.

2.2. Isotropic fields and C*°-smoothness of diffusivity. Let O(d) denote
the topological group of real orthonormal d x d matrices.

DEFINITION 2.3. Suppose that B : RY — R% is a d x d matrix valued
function. We say that the function is isotropic if

B(gz) = gB(z)g", xeR? geO(d).

We can think of B(z) as a linear operator acting on R%. An isotropic,
matrix valued function remains unchanged under the orthogonal change of
coordinates ' := gz, x € RY, where g € O(d). One can prove the following
characterization of the second order symmetric isotropic tensors.

PROPOSITION 2.4. Suppose that B : R — R® is a symmetric matriz
valued, isotropic function. Then there exist functions f1, fo : (0,00) — R
such that

(2.3) B(z) = fi(Jz])(Id =z ® Z) + fa(|z])T ® .
Here T ® 7 = [|z]| 2zpz,).

This is a well known result, especially in the physics and engineering
literature; for completeness we recall its proof in Appendix A. One can also
define a notion of statistical isotropy for a random matrix valued field.

DEFINITION 2.5. We say that a(+) is statistically isotropic if for any g €
O(d) the law of the field (a(gz)),cpa is the same as that of (ga(x)g?),cpa-

THEOREM 2.6. Suppose that in addition to assumptions (2.1) and (2.2)

the field of coefficients is statistically isotropic. Then the function v — D(v)
is O on R%\ {0}.

3. The proof of Theorem 2.1

3.1. Environment process, Dirichlet spaces and the law of large numbers.
The material discussed in this section is standard in probabilistic homoge-
nization theory. We shall refer a reader to either |7] or [8] for detailed proofs
of the results cited here (see also [4]).

A convenient tool, frequently used in homogenization theory of random
diffusions, is the so called environment process. It is an {2-valued stochastic
process describing the environment from the vantage point of the diffusing
particle (; := 7,;)(w). It can be shown that the process is Markovian. To de-
scribe its generator define the following function spaces. For a non-negative
integer m let C™(£2) be the space of all random variables F' that have all
partial derivatives D} ... D(TdF, mi + - -+ + mg = m, such that the corre-
sponding random fields are continuous and deterministically bounded. Define
also C*°(£2) :=,,>0 C™(£2). One can show that the measure P is invariant



Effective diffusivity of random diffusion 273

for the process considered. The transition semigroup extends to a strongly
continuous semigroup on L?(P), and C2({2) is a core of the L?(IP)-generator
L®) of the process, given by the formula

d
(3.1) LYFw) = LOYF(w)+Y u,DF(w), FeC*),
p=1
where
1 d
(3.2) LOP(w) = 3 > Dp(apDyF(w)), F e C*1).
p,g=1
Suppose that L) F = 0. Since
d
1
33) 0=—(LWF F)p= 3 > (a5, DyF, DyF)p > 72 IDpF 725
pg=1

the above implies that VF = 0. Ergodicity of the group (Tx)xeRd of spatial
shifts implies that F' = const P-a.s. This in turn shows that the only bounded
functions that satisfy £()F = 0 are constant P-a.s. Thus, the measure P is
ergodic for the process ((¢)¢>0. Equation (1.2) reads

t
(3.4) w(t) = | ) (Co) ds + M (1),

0
where c[(f) (W) :==vg+ 3 Zzzl Dpapg(w) and

t
(3.5) M(t) = \o(¢)dw(s), t>0,

0
is a martingale of bounded quadratic variation. With the help of the ergodic
theorem and the law of large numbers for martingales (see e.g. Theorem
VIL9.2 of [2]), one can therefore conclude that lim; .o z(t)/t = (c("))p = v
both a.s. and in L.

Let L3(P) := [f € L*(P) : f L 1]. Define the Hilbert space H' as the

completion of H}, the subspace of L3(PP) consisting of those F' for which

d
(3.6) IFIZ = S Dy Pl < oo,
p=1
in the norm given by (3.6). The corresponding scalar product is the unique
extension of (F,G); := ZZ:1<DPF, D,G)p, F,G € H}. We denote by H™!
the Hilbert space dual to H'. Let Hy' C L2(P) consist of those F' € L3(P)
for which G — (F,G)p, G € H}, extends to a bounded linear functional
W(F) € H™' defined on the entire H'. The mapping ¢+ : Hy' — H™!is a
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linear embedding and

(3.7) |t(F)||-1 = sup (F,G)p < 0.
IGllh<1
We shall identify H 1 with the range of ¢ and omit the notation for the
operator.
Note that D,, p=1,...,d, extend to bounded linear operators from H 1
to L2(P). It can be checked directly that the operator A := Zzzl D? extends
from C?(f2) to a unitary mapping between H' and H~!.

3.2. Central limit theorem. In this section we prove that the laws of
((z(t) — vt)/\/i)t>0 converge weakly, as t — oo, to the law of a zero mean,
Gaussian random vector. We start with the cell problem, i.e. the resolvent
equation

(3.8) A= LY = ¢,
where A > 0 and ¢, := C;O)’ p=1,...,d. Observe that for any F € H&,
1 d
(cp, Fp = 3 Z<aquqF>lP’v
q=1

thus, by definition, each ¢, is in Hy '. Mulitplying both sides of (3.8) by
(p)

X p» integrating over IP and using coercivity (see (2.1)), we obtain

MUy + X3 < llepll-allx P,
which leads to the estimates
1
(3.9) sup [l < 5 -1
A€(0,1] 0
and
1
sup AlxllZae) < 1 Nl
A€(0,1] 0

In fact, more can be deduced: see (3.14) and (3.15) below.
Observe that

(3.10) LWF = LyF + BF,
where Lo, B are the closures of LoF := (A\o/2)AF + ZZZI vpDpF' and
d
1
(3.11) BF := > Dpl(apg — Mdpg)DyF],  F € C*(12),
pg=l

respectively. Note that
(3.12) (F,(=Lo)F)p < (F,(—LNYF)p < C.(F,(—Lo)F)p, VF € C?*(02),
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for some C, independent of F'. Using standard regularity properties of dif-
fusions one can easily verify that C?(f2) is invariant under semigroups gen-
erated by any of the operators Lo, Ly, B and B*. It is therefore a common
core for each of these operators (see Proposition 1.3.3 of [1]). Moreover, the
operator Lg is normal in the sense of the definition given in Appendix B.
One can also easily observe that there exists C' > 0 such that

As shown in Appendix B, the above conditions imply that

(3.14) )\11%1 )‘HXAvHL? @ =0
and

15 ®) = lim y\  exists in H.
(3.15) Xq Jim, Xy, exists in Hy

The latter is equivalent to the fact that quip) € L*(P),q=1,...,d, and

(3.16) AhIng qug\ P — = DyxP)

in the L? norm for ¢ = 1,...,d. Note also that in light of (3.9) we obtain

1
(3.17) P < o lewll-1-
0
Using (3.4) and (3.8) we can write
(3.18) wp(t) — vpt = Ry (t) + My (L),

where ]T([/p)\(t) = My(t) + Npa(t) and M(t) = (Mi(t),..., My(t)) is given
by (3.5) while

Npa(®) = x P (G) = X (Go) — SN ) (Cs) ds
0

Note that by Itd’s formula,

(3.19) M (1) = (& + VXPDo(G) dus), >0,
0

The remainder term is

t
Rpa(t) = X3 (Go) = x0(¢) + AN x (¢ ds

0

Let
t

My(t) = (& + Vo (G) dw(s), > 0.
0
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From the above and (3.19) we see that the quadratic variation of (1, (Np A(t) —
M (1)) equals
t
(3:20) (M —My)e = §a(C)(VXS), = VXP)(G) - (VXS = VX)) () ds
0

for any A > 0. Thus, in light of (3.15) and (3.16), the martingales (M)\( t))e>0
converge, as A — 0+, in the Hilbert space norm induced by the quadratic
covariation, to M( ) = (Ml( ) - Md( )), t > 0. As a consequence, also
R, \(t) — Rp(t) in L?(P) as A\ — 0+ for p=1,...,d. Note that

By(1)
Vi

:\}i[ﬂp7,\(t)—M()+xg\p3)(C) AP () + A éxM(@ s|.

Thus, using an elementary estimate (37, a;)> < 437, a? and (3.20), we
obtain from (3.21)

(3.21)

1
S (BoRy(1)r < 4(a* (VX! = VX)), V), = VxP)e

4
2 2+ QA ey

Substituting in the above estimate A = 1/t and using (3.14) and (3.16), we
obtain

(3.22) lim % (EqR>(t))p = 0.

t—o0

By virtue of the ergodic theorem,

<Mp, Mq>t =

~+ | =

[a*(¢)(@ + VP (C) - (&g + VXD (G)) ds — Do)

as t — 00, both a.s. and in L' for each p,q¢=1,...,d. Here,
(3.23) Dpq(v) := (a*(ép + vXq() )) €q + VXz(;q)>lP>‘

Using the central limit theorem for martingales with stationary and er-
godic increments (see e.g. Theorem 5.4 of [3]), we conclude that the laws of
M (t)/+/t converge weakly to the law of a normal random vector as t — oo.
Applying the decomposition (3.18) together with (3.22), we can justify the
central limit theorem for (x(t) — vt)/\/t as t — oo. The limiting law is
that of a normal random vector with zero mean and with covariance matrix

D(v) = [Dpq(v)].
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4. The proof of Theorem 2.2. Suppose that FE(dk) is the spectral
resolution corresponding to the group (75),cga- It is an L?(P) orthogonal
projection valued Borel measure defined on (R B(R?)) such that T, =
(e E(dk) for x € R% For a given ¢ € L*(P) one can define a numeri-
cal, finite, Borel measure e,(A) := (E(A)¢, ¢)p for A € B(R?). It is called
the spectral measure of ¢. In fact, the definition of the spectral measure can
be extended to the elements of the spaces H*!. Let By be a subfamily of sub-
sets A € B(R?) that are separated from 0, i.e. dist(0, A) > 0, and bounded,
i.e. there exists R > 0 for which A C B(0, R).

PROPOSITION 4.1. Suppose that ¢ € H' or ¢ € H~'. Then there exists a
unique measure ey, also called the spectral measure of ¢, such that eg({0})=0
and for any sequence (¢n)n>1 in HE or in Ho_l that converges to ¢ in the
respective norm we have

(4.1) Tim e, (A) = eg(A)  for all A € Bo.
In addition, for ¢ € H' we have

(42) 117 = §1KI* eg(dk) < oo,

while for ¢ € H™1,

4.3 ol =4

Conversely, suppose that ¢ € L?(P) has spectral measure eq that satisfies
either (4.2) or (4.3). Then it belongs to H' or H1, respectively.

Proof. The group (T}),cre can be extended to act as a Cy group of
unitary maps on H'. Its spectral resolution E'(dk) allows us to define the
spectral measure e(lb(dk) := (E(dk)¢, ¢)1 corresponding to any ¢ € H'.

Note that for ¢ € H} we have
(4.4) ey(dk) = |k eg(dk).
Indeed, we then have T,¢ = {e*® E'(dk)¢. Hence, for any f € S(R?),

(@ Tepde,0) = (k) ey(ar),

where f(k) := {e* f(x)dr denotes the inverse Fourier transform of f. On
the other hand, the left hand side of the above equality equals

d
> ({ @) 1eDyo dx. Dys) = [k F (k) eoldh).
p=1
Since the above equalities hold for all f € S(R?) we infer that (4.4) remains
valid for ¢ € H}. We can now use (4.4) to define the spectral measure e,
not necessarily finite, for any ¢ € H'. Of course, (4.2) follows directly from
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the definition. For any A € B(R?) we have ey, —o(A) < A72||¢, — 93,
provided that dist(0,A) > A. From the triangle inequality we also have

\e;{f (A)—e(lb/Q(A)\ < 62){127(;5(14). These two facts yield (4.1). Suppose now that
the spectral measure satisfies {|k|? e,(dk) < co. It is straightforward to check
that this condition implies the existence of Dy¢, in fact Dy¢ = i\ k, E(dk)
for p=1,...,d. Thus, ¢ belongs to H' (see (3.6)).

The group (T} ),cre also extends to a strongly continuous, unitary group
on H~! which allows one to define the spectral resolution E~!(dk), which

leads to the definition of the spectral measure egl(dk). For ¢ € Hgl we
can show, using duality, that egl(dk) = |k|7? e4(dk). This equality allows
extending the definition of e4(dk) to all ¢ € H~'. The remaining part of the
argument is quite analogous to the H! case and we leave it to the reader. m

For ¢ € Hj we let Ag := v - V¢ € L*(P). Since ||Ad|l12p) < [v]e2]¢]l1,
where |v]2 = (3¢ L0212 the operator A can be extended to a bounded

=1 "1

operator from H! to L?(P). Note also that

(v-k)?* 4
4. = .
PROPOSITION 4.2. Suppose that ¢ € H' and Ap € H~L. Then
(46) -1 <A¢) (rb)l = 0.

Here _1(-,-)1 denotes the duality pairing between the spaces H' and H™".

Proof. Since V is a generator of a unitary group on L?(P) each of its
components is anti-self-adjoint. Consequently, we obtain

(4.7) (Ag,p)p =0, V¢ € Hj.

Suppose that ¢ € H'. Let ¢, := S[|k|21/n] E'(dk)¢. We have lim,, o0 ¢, = ¢
in H and (¢y,)n>1 C Hg, and by virtue of (4.7),

(4.8) —1{A¢n, Pn)1 =0, Vn>1.

Observe also that Ag, — A in L?(P). We have

S eAg, (dk) (4£5) S (K - U)2 ol
]k|2 \k:|4 Pn

. v 2 . 'l) 2
- S (k‘ |4) eé(dk) =< S (k‘k|4)
[|k[>1/n]

1AGnl21 = (dk)

eh(dk) = | A6, < oo.

Hence, some subsequence of (A¢y),>1 converges weakly in H~!. Since it
converges in L? to A¢ its H '-weak limit must be equal to A¢ as well.
Knowing that (¢,),>1 converges strongly in H! we obtain

(49) 0= nhiglo —1<A¢n7 ¢n>1 = _1<A¢, ¢>1 L
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Directly from the definition (see (3.11)), one can observe that B extends
to a bounded operator from H' to H~'. Furthermore, directly from the
definition, we have _1((—B)¢,¢)1 > 0 for all ¢ € H'.

PROPOSITION 4.3. Suppose that ¢ € H' is such that Ap € H™! and
Ao
(4.10) — ?A—FA ¢ — Bo = cp.

Then ¢ = XE}’),

Proof. Observe that, upon letting A — 0+, it follows from (3.8) that
qu(}p) € H ! and Xq(,p) satisfies (4.10). We can therefore write

~(Fa+a)o-x) - B =o.

Testing both sides of the above equation with ¢ — Xf)p ) and using Proposition
4.2 we conclude that ||¢ — Xq(,p)H% =0. =

THEOREM 4.4. The function v — X&”) € H' is strongly continuous.

Proof. Suppose v, — vg. From (3.17) we have HXv(JIZL)Hl < C with C
independent of n. In addition, since each Xz(,ﬁ) satisfies (4.10) we conclude
that also ||Axg,i)|],1 < C for a certain constant independent of n. Both of
these sequences are therefore weakly relatively compact in the respective
spaces.

We show that (Xi()];))nZI is weakly convergent in H'. Note that since each
XS,’;) satisfies (4.10) this fact necessarily implies that (Angl))nzl converges
H~'-weakly. It suffices therefore to show that (Xg,i))nzl has a unique weak

limiting point. So suppose that ngp ) = w-limy, o0 XQ(}I:L) in H'. Then also

(qu(ﬁb))nzl converges H '-weakly to Axfkp). Since Axfkp) € H~! we can claim
that kap) satisfies (4.10) with v = vg. Thus, according to Proposition 4.3, it
equals X&ﬁ) and the uniqueness claim follows.
We show that convergence is in fact strong in the H' norm. We have
A
- <20A + A>X(p) - sz(fl) =cp, VYVn2>0.

Un
After testing both sides with Xq()ﬁ), we obtain

A
- ((Fa+B)@A) = aleni@h Wm0
1 1
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Taking the limits on both sides we obtain
d

1 .
5 Jim > (@ Dix ), Dix e = —1{ep, X
k=1
d

Z akl'DkX’UO)JDlXS)O)> :

Combining this fact with the already proven Weak convergence we conclude
that
d

1
0==: lim > {aj(Dex?) — Dex®)), DixP) — Dix{P))p

2 n—oo
k=1
i 20 ) )2
> lim 7||Xfu — Xv ||1 u
n—oo 2 n (]
From the continuity of the corrector and (3.23) we conclude that the
mapping v — D(v) is continuous.

5. One-dimensional example. Assume that d = 1 and, with no loss
of generality, that v > 0. The diffusivity coefficient is then a positive scalar
field a(x;w) = a(r,w), * € RY, with a(w) > \g P-a.s. We suppose that the
laws of (a(z))zer and of (a(—z)),cr are identical.

In this case the cell problem reads

1 1
(5.1) —3 D(aDxy) —vDxy = B Da.

We claim that if v # 0 the above equation has a solution in H}. From (5.1)
and ergodicity of the group of spatial shifts it follows that there exists a
deterministic constant C, such that
(5.2) aDxy + 20y, + a = Cy,.

Let xo(7;w) := Xo(Tzw). Since x, (x;w) = Dxy(Tow) we can rewrite (5.2)
as the first order linear o.d.e.
(5-3) a(x)x,(7) + 20x0(z) = Cy — a(z).
It can be solved explicitly and we obtain

T

5 =G| )

T T
v d
+S L—l exp —20872/ dy,
5 La(y;w) ; oz )
where C1(w) is a random variable. We assume that for any A > 0 there
exists a random variable A(w) > 0 such that |Cy (1,w)| < A(w)e?*!. Then
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a(y§ T—xw)

+§[a(y€;w - 1] exp{—2v§m}dy.

(5.5) xo(w) = xo(T; T—zw) = C1(T—zw) exp{—?v(S) dy}

Using the fact that a(w) is deterministically bounded from above and letting
xr — oo we conclude that the first term on the right hand side of (5.5) has
to vanish. On the other hand, in the second term we can change variables

y' := y — x, use the identity a(z;7_,w) = a(z — x;w) and then let z — oo.
We conclude in this way that the corrector must be of the form
0 0
C d
Xo(w) = S [ - — 1] exp{—2v§ Z }dy.
3 ety Vo)

To determine C,, we use the condition that x, is, in particular, of zero mean.
Thus, taking into account that (a(y))yer and (a(—y))yer have the same laws
we obtain

(§ exp{—2v () a1 (2) dz} dy)p
(Yo a=(y) exp{—2v ja~'(2) dz} dy)p
One can verify by a direct calculation that x, given by (5.5) together with

(5.6) is indeed a solution to the cell problem (5.1).
According to (3.23) the effective diffusivity coefficient equals

5.2
D) = {(a(1 + Dxu)(1 4+ Dxo))p =) ((Cy — 20x0)(1 + Dxa))e = Co.
In the last equality we have used the fact that {x,dP =0 and { Dy dP =0
for any v and x,Dx, = %Dxf).
Let b := a~! — (a~1)p. Denote by R(y) the covariance function of the
random field b(y;w) := b(ryw). We shall assume that the field has good

mixing properties, i.e. in particular that vl/2 Sg/ " b(z) dz converges weakly,
as v — 0, to a zero mean Brownian motion with the variance

(5.6) C, =

o?:=2 S R(y) dy < oo.
0
Then, of course, v* Sg/v b(z) dz — 0 in probability when s > 1/2.
Set



282 M. Cudna and T. Komorowski

We have C, = F(v)/G(v) and, after a change of variables y := vy, we obtain
y/v

Fv) = 86723’““_1)“’ expq —2v S b(z)dz ) dy
oo oof 2 ),
R R (RO )
= | e te 1—20 \ b(2)dz+20*( \ b(2)dz) +o0(v?)]) dy
0 0 0 F
§ e (1 200y 4 o) dy = 3+ 2%+ olo)
= vy +o(v))dy = —— — o(v
0 20a e 2(a7)}
From isotropy of the diffusivity we conclude that
1 [v|o?
F(v) = 2Tl + 2a-1)2 +o(v), Vv #0.

Analogously we can write

00 Y
Gv)=v S <a_1(y) exp{—Qv S a1(2) dz}>P dy
0 0
T d [ 1
= <§) @ p{—2v§)a l(z)dz}dy>]?:§.
Therefore we have
2
D(v) = ! [vlo 5 +o(v), Yu#DO.

(abp  (a71)f

The function is continuous at 0 but is not of class C1.

6. The proof of Theorem 2.6

PROPOSITION 6.1. The tensor valued mapping v — D(v) is isotropic.

Proof. Let g € O(d) and let 2(*)(¢) denote the diffusion with drift v given
by
(6.1) da™(t) = a' (2™ (1)) dw(t) + [LV - a(zW)(2)) + ] dt,
where (w(t))i>0 is a standard d-dimensional Brownian motion. We show
that the laws of £(9%)(t) and gz(*)(t) are the same. This, in turn, implies the
isotropy of v — D(v). Isotropy of the field (a(z)),crae (see Definition 2.3)
implies that the joint laws of the fields (a(gz), a'/?(gx), (V-a)(92)g) yega and
of (ga(z)g”, ga/?(x)g", V - a(x)) cga are the same. The law of (gz(*)(£));>0
is identical with that of the solution to

dy(t) = a'2(y(t)g dw(t) + [3V - aly(t) +gv] dt,  y(0) = 0.
Since (gw(t))s>0 is another standard Brownian motion we conclude that the
law of (y(t))¢>0 coincides with that of (z(9%)(t))iq. =
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We proceed with the proof of Theorem 2.6. For § € R and fixed v # 0

the corrector Xéz;) € H' satisfies

(6.2) —ng((f;) = ¢p,

where Ly := (Ag/2)A + 0A + B. We show that 6 — ng,) is differentiable in
H'! at any 0 # 0. Let

() (p)
X v - X v
X8, h) = W'
We have

~Lo0XP (0, h) = Ax(, ),

The key observation is the following.

LEMMA 6.2. For each 6 # 0 the mapping h — Axglh)v 18 continuous

at 0 in the H=1 norm.

Proof. By Theorem 4.4 the mapping h — XE ) is continuous at 0 in

p
0-+h)v

the H' norm. This implies that h — L‘,@XE ) is continuous at 0 in the H~*

P
0+h)v
norm. From (6.2) we deduce that

(6.3) Axﬁﬁlh)v =—(0+h) " (ep + EOXEﬁh)v)

and the conclusion of the lemma follows easily. =

The convergence of 6x® (6, h) in the H' norm, as h — 0, now follows
easily from the argument similar to the one used in the proof of Theorem
4.4. We then find that the limit d%xéi) satisfies

d (p)
(6.4) _[’9< EZ) = A

One can use again the aforementioned argument to conclude that the func-
tion 0 — d%xg; ) s H L_continuous, except possibly at # = 0. By recursion
this claim can be extended to higher order derivatives %Xéi ) for all n > 1.

C*°-smoothness of the corrector along the direction of a vector v implies
of course C*°-differentiability of v — D(v) with respect to the radial vari-
able |v]. Its differentiability with respect to the angular variable v := v/|v]|
follows from isotropy of the tensor (see Proposition 2.4). Thus, the conclusion
of Theorem 2.6 follows.

REMARK 6.3. Observe that the above argument relies on isotropy of

the diffusivity field  — a(x). If we tried to prove differentiability of the
(p)

mapping v +— Yy  in a direction ¢ L v, the approximation scheme (6.3)
would break down. Note that then d,x® (h) := hfl[xgﬁzhz — Xq()p)] satisfies
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—L16,x®)(h) = AXS?M' The function h — Axfﬂzhe is continuous in the

L?(P) norm, by virtue of Theorem 4.4. One cannot, though, use the cell
problem (4.10) to bootstrap the continuity to the H~! norm. Thus, it is
not possible to apply the argument of Theorem 4.4 to obtain the desired
differentiability property in the ¢ direction.

A. The proof of Proposition 2.4. Let gé&; = € and gé; = —é; for

1=2,...,d. Observe that for any ¢t € R and 7 > 2 we have
By;(té)) = B(té1)é; - €1 = —B(g(te1))g & - g" e
= —B(tgl)gi -€1 = —Bli(tgl).
Suppose that ¢ # j and j # 1. Consider g such that géj = € for k # j and
g€j = —€;. We show by a similar argument that B;;(t€1) = 0. The matrix
B(tey) is therefore diagonal. Suppose that o is a permutation of {2,...,d}.
We let gey = €1 and g€; = é,(;) for i = 2,...,d. Note that for any i > 2,
Bii(té1) = B(te1)é; - & = B(g(té1))g" € - g" &
= B(té’l)é’gfl(i) . é’ofl(i) = Ba-fl(i)ﬂ-fl(i) (tey).

Thus Bj;(tel) = u(t) for i = 2,...,d. We also let v(t) := By (té}).

Let g, € O(d) be such that g, = 7 := |z|"'z and g,& = ﬁ,l for
1=2,...,d, where fi, e ﬁl—l is an orthonormal system satisfying ﬁf =0
fori=1,...,d — 1. We can then write

B(z) = B(|z]g:€1) = g.B(|z[é1)g; = u(|z)ld + [v(|z]) — u(|z]))z 7.

B. The proof of (3.14) and (3.15). Recall the decomposition (3.10)
of the operator £(*). From (3.12) there exist constants 0 < ¢, < C\ < 00
such that
(B.1) clIFIT < (F, (=Lo)F)e < C.|IF3,

for every F € C%(£2). In view of (B.1) and the sector condition (see (3.13)),
B is a bounded mapping from H'! to H~!, i.e. there exists a constant Cg > 0
such that

(B.2) IBF||_1 < Cp||F|ly for all F € C3(£2).

Indeed, by definition of the H~! norm, the sector condition (3.13) and the
bound (B.1),
IBF|-1 = sup (BF,G)p < CollFs
IGllh=1
for some Cp > 0 and all F' € H'. According to the results in Section 1.2 of
[7], to prove (3.14) and (3.15) it suffices to show that

(B.3) sup LN [|-1 < oo.
0<A<1
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The closure of Lo : C%(£2) — L%*(P) is normal, i.e. the operators
. d

(Lo—L§) =i _vpDp,
p=1

1
So = 5 (Lo + LS) = XA and A4y :=

N =

defined on C?(£2), are essentially self-adjoint and their spectral resolutions
commute. Note that the spectrum of Lg is contained in the complex half
plane }\ < 0. For given A > 0 and V € H~! let Fy be the solution of the
resolvent equation (A — Lg)F)\ = V. Using the spectral resolution of Ly we

can write
(o ole o)

=

0 —oo

1

——F— E(dy,dT)V,

where F(dp, dr) is the spectral resolution of the identity which corresponds

to the normal operator Lg. Since V € H~! we obtain, thanks to (B.1),
TT1 Lo

| | —evde,dr) <= V|2, < o,

0 —oo ® Cx

where ey (dy,dr) stands for the spectral measure of V, ie. ey (dp,dr) =

(E(de,dT)V,V)p. Hence, using again (B.1),

o0 00 . 2
+iT ev(de,dr)  C.
B.4 LoFy|12, < C, L < ZXV|2,.
(B.4) [LoFA[Z; < C §)§>o‘)\+¢+i7— ” S IVIIZ4

Recall that Xg\p 1)} is the solution of the full resolvent equation (A—L) Xg\p 3} = cp.

Since L = Ly + B, we may rewrite the resolvent equation as
O - L) =t BAD
By (B.4), with ¢, + BX()\];)) in place of V', we obtain
sup. [ ¢ sup. 1Zox -1 + s IBXE) -1

c.\/? ) (»)
< () sup |lcp + BXAZ:v”ﬂ + sup HBXAI,)val-
Cx 0<A<L1 0<AL1

By (B.2), the previous expression is bounded above by

C* 1/2 C* 1/2
() ||cpu_1+[1+() ]sup XA
Cy Cx 0<A<1

O\ 2 O\ /2
s() ||cp||1+03[1+<) } sup ).
Cx Cx 0<A<1 ’

By (3.9) this sum is less than or equal to C||¢cp||—1 for some C' > 0, thus
(B.3) follows.
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