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Boundedness of sublinear operators in
Triebel-Lizorkin spaces via atoms

by

L1GUANG L1u and DACHUN YANG (Beijing)

Abstract. Let s € R, p € (0,1] and g € [p,00). It is proved that a sublinear opera-
tor T' uniquely extends to a bounded sublinear operator from the Triebel-Lizorkin space
F, ,(R™) to a quasi-Banach space B if and only if

sup{||T(a)||5 : a is an infinitely differentiable (p, g, s)-atom of £ (R™)} < oo,
where the (p, g, s)-atom of F.';q(R") is as defined by Han, Paluszyniski and Weiss.

1. Introduction. It is known that atomic characterization is a power-
ful tool in investigating the boundedness of operators in Hardy spaces on
Euclidean spaces. In principle, boundedness of operators in Hardy spaces
can be deduced from their behavior on atoms. However, Meyer, Taibleson
and Weiss [21, p.513] gave an example of f € H'(R") whose norm cannot
be attained by finite decompositions of into (1,00)-atoms; see also [12, 2].
Based on this fact, Bownik [2, Theorem 2| constructed a linear functional
defined on a dense subspace of H'(R"), which maps all (1, 00)-atoms into
bounded scalars, but does not extend to a bounded linear functional on
the whole H!(R"). This implies that proving that a (sub)linear operator T'
maps all (p,00)-atoms into uniformly bounded elements of B cannot guar-
antee the boundedness of T' from the whole HP(R™) with p € (0, 1] to some
quasi-Banach space B. This phenomenon was also essentially observed by
Meyer and Coifman in [20, p. 19].

Then a natural question is to find some simple and useful conditions
associated with atoms which can guarantee the boundedness of (sub)linear
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operators in Hardy spaces. In fact, Yabuta [24] gave some sufficient condi-
tions for the boundedness of linear operator T' from HP(R™) with p € (0, 1]
to L4(R™) with ¢ > 1 or H4(R") with g € [p, 1]. By means of the Littlewood—
Paley S-function characterization of HP(R™), it was proved in [25] that a
sublinear operator T extends to a bounded sublinear operator from HP(R™)
with p € (0,1] to some quasi-Banach space B if and only if 7" maps all
(p, 2, s)-atoms of HP(R™) for some s > |n(1/p—1)]| into uniformly bounded
elements of B; here and in what follows, |z] for x € R denotes the maxi-
mal integer no more than z. Using the Calderén reproducing formula, Zhao
[27] independently proved that if T' is a linear operator which is bounded
on L?(R") and also uniformly bounded on all (p,2,sg)-atoms of HP(R")
with so = |[n(1/p — 1)], then T extends to a bounded linear operator from
HP(R™) to LP(R™). We mention that the result of Yabuta [24] was gener-
alized to Ahlfors 1-regular metric measure spaces in [17], and the result of
[25] was extended to RD-spaces in [26], where an RD-space (see [14, 15]) is
a space of homogeneous type in the sense of Coifman and Weiss [7, 8] with
the additional property that a reverse doubling property holds. Comparing
these results with the example of Meyer, Taibleson and Weiss in [21] and
Bownik’s results in [2], we see that as regards the boundedness of sublin-
ear operators in Hardy spaces, there exists a structural difference between
(p,2, s)-atoms and (p, 0o, s)-atoms.

Recently, Meda, Sjogren and Vallarino [19] independently obtained a
remarkable result by a different method from [25]. For ¢ € (1, ], denote by
H 1%f(R”) the vector space of all finite linear combinations of (1, ¢,0)-atoms
of H'(R™) endowed with the norm

N N
1152, 0ggy = inf { Sl F =Y Naj, NeN, (A1 €€, and
j=1 j=1

{aj}é\[:l are (1, ¢,0)-atoms of Hl(R”)}.

By means of the grand maximal function characterization for H'(R"), Meda,
Sjégren and Vallarino [19] proved that || - [[g1(gs) and || - HHé;‘q(Rn) are
equivalent quasi-norms on Hg Y(R™) with ¢ € (1,00) or on Hy *®(R™) N
C(R™), where C(R™) denotes the set of continuous functions. From this,
they further deduced that a linear operator defined on Hflihq(]R”) which
maps (1,q,0)-atoms of H'(R") or continuous (1,00,0)-atoms of H'(R")
into uniformly bounded elements of some Banach space B uniquely ex-
tends to a bounded operator from H'(R") to B. In [13], the full results
of [19] are generalized to HP(X) and quasi-Banach-valued sublinear oper-
ators, where X is an RD-space having “dimension n” in some sense and

p€ (n/(n+1),1].
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It is also well-known that Triebel-Lizorkin spaces embrace many clas-
sical function spaces, such as Lebesgue spaces, Hardy spaces, BMO and
Sobolev spaces; see [23]. Frazier and Jawerth established a “smooth” atomic
decomposition for the Triebel-Lizorkin spaces based on the p-transform
techniques; see [10, 11]. From a different aspect, using the Littlewood—Paley
S-function, Han, Paluszynski and Weiss [16] gave another kind of atomic
characterization for the Triebel-Lizorkin space sz,q(R”) that is completely
analogous to the classical atomic characterization for Hardy spaces, where
s € R, pe (0,1 and g € [p,00). (We remark that atomic decompositions
of the type considered in [16] were also considered by Frazier and Jawerth
[10]; see Theorem 7.4 therein. These non-smooth Frazier—Jawerth atoms are
introduced implicitly, using the machinery of the ¢-transform, but the de-
compositions are of the same type as in [16].) Then the question naturally
arises whether the boundedness of a sublinear operator in these Triebel—
Lizorkin spaces can be deduced from its uniform boundedness on atoms of
Han, Paluszynski and Weiss.

The main purpose of this paper is to answer this question. Indeed, we
extend the results of [19] to the Triebel-Lizorkin spaces inq(R”) with s € R,
p € (0,1] and ¢ € [p, 00) by using the atomic decomposition of these spaces
in [16]; see Theorem 2.1, Corollary 2.1 and Theorem 2.2 below. In con-
trast to the method in [19] which heavily depends on the maximal function
characterization of Hardy spaces, here we mainly use the Littlewood—Paley
S-function characterization of Triebel-Lizorkin spaces. We should mention
that some ideas used in this paper come from [19, 3, 16, 25].

The organization of this paper is as follows. In Section 2, we recall
some necessary notions including Triebel-Lizorkin spaces and atoms of Han,
Paluszyriski and Weiss for these spaces, and also state the main results of this
paper (Theorems 2.1 and 2.2). In Section 3, we obtain a finite atomic decom-
position for a certain dense subspace of the Triebel-Lizorkin space consid-
ered, that is, we give the proof of Theorem 2.1. Finally, in Section 4, applying
Theorem 2.1, we establish some criterion for boundedness of sublinear oper-
ators in Triebel-Lizorkin spaces, that is, we give the proof of Theorem 2.2.
We point out that this criterion is useful in the study of boundedness for
(sub)linear operators in Triebel-Lizorkin spaces; see, for example, [5, 6, 18].

Throughout this paper, let N = {1,2,...}, Z, = NU {0} and R} =
[0,00). Denote by §E the cardinality of any given set E. We also denote by C'
a positive constant independent of the main parameters involved, which may
vary at different occurrences. We denote f < Cg and f > Cg, respectively,
by f<gand f2g. If f < g < f, we write f ~ g.

2. Main results. To state our main results, we first recall some no-
tation and notions; see, for example, [10, 11, 23]. Denote by C*°(R™) the
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set of infinitely differentiable functions on R™ and CZ°(R™) the set of all
C>(R"™) functions with compact support. Let S(R™) be the space of Schwartz
functions on R™. Denote by Soo(R"™) the set of functions ¢ € S(R™) such
that (o, ¢(z)2"dr = 0 for all multiindices v € (Z4)". Let (S(R™))" and
(Soo(R™))" be the dual spaces of S(R™) and So(R™), respectively, and en-
dow them with the weak-* topology. Let ¢ € S(R™) be such that
(2.1) supp & C {z € R":1/2 < || < 2},
and there exists a positive constant C' such that for all 3/5 < |z| < 5/3,
(2.2) B(@)] = ¢
here and in what follows, 5 represents the Fourier transform of ¢, namely,
o(x) = (gn d()e ¢ dE. We set ¢;(x) = 27"¢(2/z) for all z € R™ and j € Z.
For each cube @ in R", denote by cq the center of @) and by £(Q) the
side length of Q. For every v € Z and k € Z", let Qi be the dyadic cube
Qur = {(ml,...,xn) ER" ki <2z < ki+1,i= 1,...,n}.
Denote by Q the collection of all dyadic cubes in R™, that is,
Q={Qu:vEZ kel"}.

DEFINITION 2.1. Suppose that ¢ € S(R") satisfies (2.1) and (2.2). For
s € R, p € (0,00) and ¢ € (0,00], the Triebel-Lizorkin space Fy;  (R™) is the
collection of all f € (Soo(R™))’ such that

170 ey = [[ (221 » £19) ]

VEZL

< 0,
Lp(R)

with the usual modification for ¢ = co.

~ REMARK 2.1. In some references (e.g. [10, 11]) in the definition of
Fy(R"), (Soo(R™))" is replaced by (S(R™))'/P(R"), where P(R™) denotes
the set of all polynomials in R™. Definition 2.1 was given by Triebel [23].

Recall that FQQ(R”) = LP(R") when p € (1, 00) and FZS{Q(R”) = HP(R™)
when p € (0,1) (see [23]). It is also known that the definition of Triebel-
Lizorkin space as above is independent of the choice of ¢; see, for example
[10, 23]. For s € R and p,q € (0,00), the Littlewood—Paley S-function (or
Lusin function) is used to characterize the Triebel-Lizorkin spaces. Precisely,
letting a be some fixed positive constant, and choosing ¢ € S(R™) satisfying
(2.1) and (2.2), for f € (S(R™)) and z € R™ we define

23) S, 0@={> | e nwla)

k€Z |z—y|<a2~k
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Then there exists a positive constant C such that for all f € Fqu(R”),

1 o
(2.4 1l gy < U820 (P oy < CUS g oy

see, for example, [23] for more details.

To obtain the “atomic” characterization for sz,q(R”) where the coef-
ficients, as in the Hardy spaces case, belong to ¢’ with p € (0,1], Han,
Paluszyriski and Weiss [16] introduce the following atoms.

DEFINITION 2.2. Let s € R, p € (0,1] and ¢ € [p,00). A distribution
a € (S(R™))" is said to be a (p, g, s)-atom of F; (R") if

(i) suppa C @, where @ is a cube in R";
(i) llallgs ny < |QIM471/P;
q,q9
(iii) for every g € S(R"), a polynomial P of degree at most N' =
max{|n(1/p—1)—s|,—1} and a smooth cutoff function ng € S(R")
such that 7g = 1 on @ and 7ng = 0 outside 2¢), we have

(a,g) = {a, (g — P)nq)-

Here and in what follows, 2¢) denotes the cube centered at cg and of side
length 24(Q), and P disappears if ' = —1. In the above formula, (f,®)
denotes the natural pairing of f € (S(R™)) and ¢ € S(R™), and (f,¢) =
{gn f(2)¢(x) dz when f is a function.

Observe that if a (p,q, s)-atom of F;’q(R”) is locally integrable, then
condition (iii) in Definition 2.2 is again the usual cancellation condition; see
[16]. Moreover, the (p, 2,0)-atoms of F;; (R") are just the classical atoms of

Hardy spaces HP(R™) by recalling that FQQ(R”) = L%(R") (see [23]).
Han, Paluszynski and Weiss [16, Theorem 1] established the following
“atomic” decomposition for F; (R") when s € R, p € (0,1] and g € [p, o0).

LEMMA 2.1. Let s € R, p € (0,1] and q € [p,00). Then f € F}iq(R”) if
and only if there exist {\;}rez C C and (p,q,s)-atoms {ap}ren such that
Yoken | AklP < oo and f =37y Akar in (Seo(R™)). Moreover, there exists
a positive constant C' such that for all f € Fps’q(R"),

1 Y
=l oy < inf { (3 Iwl) p} < Clfll s zoyy

keN

where the infimum is taken over all the decompositions of f as above.

Let s € R, p € (0,1] and ¢ € [p,00). Denote by E5i™(R™) the vector
space of all finite linear combinations of infinitely differentiable (p,q, s)-
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atoms of inq(Rn) endowed with the quasi-norm

25) 11l jpn )
. N 1/p N N
= mf{(z ])\j\p> f= Z)\jaja N eN, {)};=; CC,
j=1 J=1

{aj}jyzl are infinitely differentiable (p, ¢, s)-atoms of F;q(Rn)}.

For s € R, p € (0,1] and ¢ € [p, 00), it follows from Lemma 4.1 below that
ESimRny i a dense subset of F3 (R™). Moreover, by Lemma 2.1, there

exists a positive constant C' such that for all f € F5i™(R™),
(2.6 71 ey < ULy

The converse inequality for all f € F;’g "(R™) is established in the following
theorem.

THEOREM 2.1. Let s € R, p € (0,1] and ¢ € [p,00). Then for any
given f € Fpsj(?n(R”), there exist some N € N, a sequence {\;}_, C C and
infinitely differentiable (p,q,s)-atoms {ax}y_, of Fqu(R”) such that f =
Zivzl Apag pointwise, and

Al 1/p
(S wr) ™ <Ol oy
k=1

where C' is a positive constant independent of f.

Here we describe some ideas used in the proof of Theorem 2.1 in Sec-
tion 3. Using the Calderén reproducing formula (see Lemma 3.2 below), we
write f as a sum over all dyadic cubes in R"™ (see (3.3)), which essentially
gives the atomic decomposition of f (see [16] or the property (iii) in the
proof of Theorem 2.1). To obtain a finite atomic decomposition of f, we set

Q(O,ZN)E{(:rl,...,:cn)ER”:—l§2*N$i<1,i:1,...,n},

and then we carefully classify all dyadic cubes in R™ (see (3.4)). Based on this
subtle classification, we write f = fy + by as in (3.7), where fy is a linear
combination of finitely many (p, ¢, s)-atoms of inq(R”) and the support of
each atom lies in a multiple of some dyadic cube @ with @ c Q(0,2Y)
and £(Q) > 27N, So our task is then to show that by is an arbitrarily small
multiple of a certain (p, ¢, s)-atom of Flf,q (R™) for large N. From this, we can
deduce the desired conclusion of Theorem 2.1; see Section 3 for the details.

The following conclusion is an easy corollary of Theorem 2.1 and (2.6).
We omit the details.
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COROLLARY 2.1. Let s € R, p€ (0,1] and q € [p,00). Then there exists
a positive constant C' such that for all f € F;j(?n(R”),

1
S0 oy < Wl oy < Ol oy
As an application of Theorem 2.1 and Corollary 2.1, we obtain a bound-

edness criterion for sublinear operators from F§7q(R”) to quasi-Banach spaces.
To state it, we need the following notions; see, for example, [26].

DEFINITION 2.3. (i) A quasi-Banach space B is a vector space endowed
with a quasi-norm ||-||g which is non-negative, non-degenerate (i.e., || f||z = 0
if and only if f = 0), homogeneous, and obeys the quasi-triangle inequality,
i.e., there exists a constant K > 1 such that || f + gz < K(|fllz + llgll5)
for all f,g € B.

(ii) Let r € (0,1]. A quasi-Banach space B, with the quasi norm || - ||,
is said to be an r-quasi-Banach space if

If +glls, <[ fll5, +lgll5,  forall f,g € B,.

(iii) For any given r-quasi-Banach space B, with r € (0,1] and a linear
space ), an operator T from ) to B, is called B,.-sublinear if for all f, g € Y
and A\, v € C,

(2.7) ITOf +vg)ls, < (IAMITWUE, + ITIT @) 15"
and
(2.8) IT(f) = T(9lls, < IT(f = 9)ls,-

THEOREM 2.2. Let s € R, p € (0,1], ¢ € [p,0), © € [p,1] and B, be
an r-quasi-Banach space. If T : F}i’gn(R") — B, is a By.-sublinear operator
such that

(2.9)  sup{||Tal|s, : a is an infinitely differentiable
(p, q, s)-atom of F;Q(R”)} < 00,

then T uniquely extends to a bounded B,.-sublinear operator from sz’q(R”)
to B,.

REMARK 2.2. (a) Let p, ¢, s and r be as in Theorem 2.2. If T is a
bounded B,-sublinear operator from F}f’q(R”) to B,, by Lemma 2.1 we know
that T satisfies (2.9). Thus (2.9) is also necessary for the boundedness of T'
from Flf,q(R") to B;.

(b) Any Banach space is al-quasi-Banach space, and the Triebel-Lizorkin
spaces F;vq(R") with s € R, p € (0,1] and ¢ € [p, ) are typical p-quasi-
Banach spaces.

(c) Obviously, if T is linear, then T is B,-sublinear. Moreover, if B, is
a space of functions and 7" is sublinear in the classical sense, and T'(f) > 0
for all f € Y, then T is also B,-sublinear.
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(d) According to the Aoki-Rolewicz theorem (see [1] or [22]), any quasi-
Banach space is, essentially, an r-quasi-Banach space, where

r = 1/log,(2K)

and K is as in Definition 2.3(i). Thus, Theorem 2.2 eventually holds for all
quasi-Banach spaces satisfying K € [1, 21/ p—1,

3. Proof of Theorem 2.1. The main purpose of this section is to
prove Theorem 2.1. The following lemma is a variant of [11, Lemma (5.12)],
which is used to obtain the Calderén reproducing formula. A detailed proof
is included here for the reader’s convenience; see also [9, Theorem 2.6] and
[11, Lemma (1.1)].

LEMMA 3.1. For any given L € Z, there exist real-valued radial func-
tions ¢ € C(R™) and ¢ € Soo(R™) such that

(i) suppy C B(0,1) ={zx e R": |z| < 1};
(ii) SR" Y(z)axV dx =0 for all v € (Z4)" and || < L;
(iii) w > 0 and there exists a positive constant C' such that w(ﬁ) > C for
all 1/2 < €] < 2;
(iv) @ > 0,suppp C {£ € R": 1/2 < [£| < 2} and there ezists a positive
constant C such that (&) > C for all 3/5 < |¢] < 5/3;
(V) ¥jez ¥(277)@(2776) =1 for all ¢ € R™\ {0}.

Proof. Choose N € N satisfying N > |L/2] + 1. Let 8 € C°(R") be a
real-valued radial function supported on {z € R™ : |z < 1/2} and 6(0) =
Notice that 6 being real-valued and radial implies that 0 is also real-valued
and radial. So there exists € > 0 such that 5(95) > 1/2 for all |x| < 2e. Set
h = (—A)N6., where A is the Laplace operator and 0.(x) = ¢ "0(x/¢) for
all x € R™. Integration by parts shows that h satisfies (ii). For all z € R"
with 1/2 < || < 2, we have h(z) = |#|*Y8(cz) > 8. Set 1 = h * h. Then
it is easy to verify that v is a real-valued radial function satisfying (i), (ii),
¥ >0 and
(3.1) P(z) > 647N forall 1/2 < |z| < 2.

Now we select a non-negative radial function n with suppn C {x € R™ :
1/2 < |z| <2} and n(z) > 1/2 for all 3/5 < |z| < 5/3. Then we set g(§) =
> hen M(25€)1h(2%¢€) for all € € R™. This combined with (3.1) implies that
there exists a positive constant C' depending on L such that C~1 < g(¢) < C
for all £ € R™\ {0}. Let ¢ be given by @(§) = n(§)/g(&) for all £ € R™. Then

it is easy to deduce that ¢ satisfies (iv) and (v). This finishes the proof of
Lemma 3.1. =
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By Lemma 3.1 and an argument as in the proof of [11, p.122, The-
orem 3|, we obtain the following Calderén reproducing formula, which is
the fundamental tool used to obtain the atomic decompositions of F;q(R”).
The proof of Lemma 3.2 is omitted since it is similar to that of [11, p. 120,
Theorem 1] and [11, p. 122, Theorem 3].

LEMMA 3.2. Let ¢ € Sx(R") and ¢ € CX(R™) be as in Lemma 3.1.
Then

(i) if f € S(R™), then for all z € R™,

(3.2) F@) = (b or* f)(@);
kEZ
(ii) if f € Seo(R™), then (3.2) holds in Soo(R™); and if f € (Seo(R™)),
then (3.2) holds in (Sso(R™))’.

For any L € Z,, denote by Sp(R™) the space of all functions in S(R™)
with vanishing moments up to order L, i.e.,

Sp(R") = {go e S(R"): S o(z)z? dz = 0 for all |y| < L}.
Rn
When L = —1, we set S_1(R") = S(R™). Recall that for any function ¢, we

set ¢p(r) = 2" ¢(2Fx) for all x € R™ and k € Z. The following technical
lemma plays a crucial role in the proof of Theorem 2.1.

LEMMA 3.3.

(i) Let g € S(R") and ¢ € SL(R"™) with L € Z. Then for any given
My, Ly € Zy with Ly < L, there exists a positive constant C' such
that for all k € Z4+ and © € R™,

[+ 9)()| < C2H (L4 fa)) =

(ii) Let g € SL(R"™) with L € Zy U{—1} and ¢ € So(R™). Then for any
given My € Z, Ly € Z U{—1} with Ly < L, there exists a positive
constant C such that for all k <0 and x € R,

|(r * g) ()| < C2HFEED(L 4 28 [r]) =M,

Proof. By a procedure as in [11, p. 121, Lemma 2], we obtain (i). Prop-
erty (ii) is essentially given in [11, p. 122, Lemma 4]. =

Let ¢ € Soo(R™) and ¢ € SL(R™) with L € Z4. Notice that for all v,
Jj€Zand z € R", ¢, xj(2) = 2" (Yj—p * ¢)(2"2). From this and Lemma
3.3, we directly deduce the following conclusion.



172 L. G. Liu and D. C. Yang

COROLLARY 3.1. Let ¢ € Soo(R™) and ¢ € S,(R™) with L € Z. Then

(i) for any given Ms,Ls € Zy with Ly < L, there ezists a positive
constant C such that for all v < j and z € R™,
(6 * ) (2)] < 2727 U718 (1 4 2¥|2)) =,

(ii) for any given My, Ly € Z,, there exists a positive constant C' such
that for allv > j and z € R",

(@ # 95)(2)] < C2v2- (W nFLatl)(q 4 9d|z)) =M
Now we turn to the proof of Theorem 2.1.
Proof of Theorem 2.1. Let f € sz”gn(R") and f # 0. Let a be some
.o s : s
T R, Ui tho o 0 11 o oy £ £ ot | Tl €
O, ={zeR": qu(f)(x) > 2k}
and
Q={Q € Q: QN[ >1[Q[/2, QN 21| < |Q|/2}.

It is easy to see that for each dyadic cube @) € Q, there exists a unique
k € Z such that Q € Qk. A dyadic cube Q € Q. is said to be mazimal if
for any dyadic cube Q' € Qy, either Q' C Q or Q' NQ = (). For each k € Z,
denote by {Q};}ie 1, the collection of all maximal dyadic cubes in Qj, where
the index set I may be empty. Then

o=Ja=JUJ{Qe :Qcqi}.
keZ keZiely,

Let ¢ and ¢ be as in Lemma 3.2, where ¢ € Soo(R") and ¢ € S, (R"™)
with Lo € N. We may as well assume that Lo > N is a very large natural
number. Set ¥g = vy and pg = ¢y whenever £(Q) = 27¢. Using Lemma,
3.2(i), for all x € R™, we have

(3.3) => Z Vi@ — ) (o * £)(y) dy

keZ {QeQ:4(Q)=2"*}Q

—ZWQZU— wq * f)(y) dy

Qe

=33 X (el - wearN)dy)

keZiely  QCQlL,QeQ; @
When ¢ € [1,00), we set

. 1/
i = IS @) e+ Al dy}
QCQL,QeQ; @
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and when ¢ € [p, 1), we set

Moo= CIQUY S Qs (@) g N}

QcQiQeo,  VE¢

where C' is some positive constant independent of k, ¢ and f. Set

aiw) = X (el —y)eer Nw)dy).

B cqQl, e, Q

Using (3.3), (2.4) and following closely the proof of [16, Theorem 1], we
obtain:

(i) each ax,; is a (p, ¢, s)-atom of F;,q(]R”) supported on (v/n/2+1)Q%;
(ii) there exists a positive constant C' such that Y, ;> . c; [ArilP <

ClA I, gy
(iii) for all z € R”, f(x) = > 1z Eielk Ak,iGki ().

To obtain a finite atomic decomposition of f, we need a new classification
of all dyadic cubes in R™. For every integer N € N, set

Q0,2M) = {(x1,...,zn) eR": =1 <27 Vg < 1,i=1,...,n},

i€l

and
(3.4) WV={QeQ:QcQ,2"),¢(Q)>27"}, wi=9\W.

Notice that WlN has finitely many elements. For each @ € WlN , there exist
unique k € Z and i € I such that QQ C Q};. Denote by Jy the collection of
all such (k,i). Obviously, fJx < W{" and thus Jy is finite. For every Q%
with (k,i) € Jy, let

0, ={Q€Q:QCQl Qe QCQO2Y)1(Q) =2}
Notice that
(3.5) W= |J {QeQ:Qeq).
(k,i)edN

For every (k,i) € Jn, we set

(36) @) = - 3 vole = 0)(ea + ) dv

7Z iyt
Qe @

In a way similar to the proof of ay; being a (p, g, s)-atom of Fﬁq(R”) (see
[16, Theorem 1]), we can easily verify that each ay; is still a (p, ¢, s)-atom
of Fj (R™). For any (k,7) € Jn, as f € CZ(R"), ¥ € S, (R"), ¢ € S (R")
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and jj/QZ < j:thN < 00, we deduce that ai; € C°(R"). Set

(3.7) In= Z Akiar; and by = f— fn.
(k,i)edN

Then fy is a linear combination of finitely many (p, g, s)-atoms of F;q(R”),

and the property (ii) above shows that the ¢P-norm of its coefficients is

bounded by a multiple of || f|| . (rny- The definition of fy together with
p,q

(3.5) and (3.6) implies that
(3.8) fn(@) = > {wol@—y)(pq* fly)dy.

QewW] Q

This combined with Lemma 3.1(i) and the definition of W{¥ shows that
supp fy C B(0,C,2N), where C,, is a positive constant depending only on
the dimension n. The assumption f € E5i™(R™) implies that there exists
R > 0 such that supp f C B(0, R). From this and by = f — fu, it follows
that there exists some Ny € N large enough such that supp by C B(0, C,2V)
when N > Ny. Notice that by € C°(R™) and by has vanishing moments
up to order A since f and fy do.

We further claim that there exist constants o € (0,1) and C > 0 such
that for all N > Ny,

(3.9) Il s < C27N|B(0, 2™/,

Assume that (3.9)' holds for the moment. Set ay = C~12V%by. Then ay
is a (p, g, s)-atom of F; (R") for NV large enough. Therefore, for large N, we
have

(3.10) f=fnv+by= Z )\kyiakﬂ' + éQ_NJCLN,
(k,i)edn

which is a linear combination of finitely many (p, g, s)-atoms of F;q(R”),

each atom belongs to C2°(R™) and the ¢P-norm of its coefficients is bounded

by a multiple of || f|| z (rmy- This implies the desired result of Theorem 2.1.
p,q

To complete the proof of Theorem 2.1, we still need to verify (3.9). By
(3.3), (3.4), (3.7) and (3.8), we obtain
(3.11) bv(z) = > Vol —y)(pq* fy) dy.
QewlN Q
Notice that
Wy ={Q e Q:QnQ(0,2%) =0, 27" < ¢(Q) <2V}
U{Q e Q: Q) <27V or ¢(Q) > 2V}
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From this and (3.11) it follows that

(3.12) {}: DY 2:

7SN (Q)=2"7 l71>N £(Q
QNQ(0, 2N)

x | g (0q * f)(y) dy
Q

- | v =)o H)dy

7SN R™M\Q(0,2V)
+ > V=)o = Hy)dy
|7]>N R™

Let ¢ be as in Definition 2.1. Observe that by Lemma 3.2(ii), we see that
(3.3), and therefore, (3.11) hold in (S5 (R™))’. From this, Definition 2.1 and
(3.12), it follows that

HbNHF;’q(Rn)

{2 [0 s bm@rar)

VEZL Rn
STz )Y | @0 D d)
VEZ R™ - [§]<N R™M\Q(0,2V)
—I—{Z?”Sq S ‘ Z (Cbu*lbj*goj*f)(a:)’qdm}l/q
vEZ R™  |j|>N
=T +11,

where in the second step, we used Minkowski’s inequality when ¢ € (1, 00);
and when ¢ € [p, 1], we used the fact that (a + b)" < max{2/=1 1}(a® + b?)
for all a, b, t € (0, 00).

The estimate for II is easier. If ¢, x1); * @, * f is a non-zero function, then
using the fact that ¢ and ¢ satisfy respectively (2.1) and Lemma 3.1(iv), we
obtain |j — v| < 2. Therefore,

v+2

S 2 2 ety e pea)

lv|>N—-2j=v—2

For the sake of simplicity, we only give the estimate for the j = v term in
the above formula, since the estimates for the other four terms are similar.

Recall that f € C°(R™) has vanishing moments up to order N (if
N = —1, then f has no vanishing moment), ¢ € Sr,(R"), ¢ € Soo(R")
and ¢ € Soo(R™). For any given M3 > max{n,n/q}, L1 € Z4 and M; >
max{n,n/q}, by Corollary 3.1(i) and Lemma 3.3(i) we find that for all v > 0



176 L. G. Liu and D. C. Yang

we have

(3'13) ’(¢V*¢V * Sou*f)(x)’
< N 16w x0) (@ =) |(0  F)(w)] dy

Rn
S o2 —y) M2 (14 )M dy
Rn
~ 22— y) M2 (1 4 [y) M dy
|z[>2]y]
+
lz|<2lyl

< 214 2 o)™ 4 27 [af) M,

Applying Corollary 3.1(i) with M3 > max{n,n/q}, Lemma 3.3(ii) with Ly =
N and My > max{n,n/q}, we similarly infer that for all v < 0,

(3.14)  [(Pv * Yy x @y * f) ()]
S 2y(n+N+1)(1 + 2V|l’|)_M3 + 2u(n+N+1)(1 + 2V|$|)_M2

We may as well assume that N > 2. Using (3.13) and (3.14), we then have

{ Z vsq S |(¢V*¢V*¢V*f)(x)’qu}l/q

lv|>N—2 Rn
< { Z [2V¢I(s+n—L1—n/Q)+2uq(s—L1)]}1/q+{ Z 21/q (s+n+N+1— n/q)} 1/q
v>N-2 N

We choose L; large enough satisfying

(3.15) max{s+n—L; —n/q,s— L1} <n(1/qg—1/p) — 1.
Recalling that A" = max{|n(1/p — 1) — s|, —1}, we then have
(3.16) s+n+N+1-—n/g>n(l/p—1/q) > 0.

Now we let

(3.17) o=s+n+N+1—n/p.

Then 0 < 0 < max{s+n —n/p,1} and

1
Z 9vsq S |(¢V * 1y, * @y, * f)(m)|q d:E} /a < (2—N + 2—Na)2Nn(1/q—1/p)’
|v|>N -2 R"

which implies that II has the desired estimate of (3.9).
We estimate I by considering the following two cases: ¢ € (1,00) and
q € [p.1].
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CASE 1: ¢ € (1,00). In this case, by Minkowski’s inequality, we have

(3.18) <> { | e nwldy)

7SN R™\Q(0,2V)
1/q
< {32 [ (0 < gy @)t da}
VEZ R"
Denote by J the integral in the first bracket of (3.18) and by K the sum-
mation in the second bracket of (3.18). For any given Ly € Z; and My > n,
using Lemma 3.3(i), we find that for all j > 0,
(819) T | M) My 2N,
R™\Q(0,2V)

For any given My > n, using Lemma 3.3(ii) with Ly = N, we deduce that
for all j < 0,
(3.20) Js | 20N 4y M dy

R™\Q(0, 2V)

< 9i(n+N+1)—jMzo—N(Mz—n)

Recall that Ly € Sr,(R™). Then for any given Ls < Lg, Ly € Z4, M3 > n/q
and My > n/q, applying Corollary 3.1(i), (ii), we find that for all 5 € Z,

(321) K< Z 21/sq+1/nq7(jfz/)L3q71/n + Z 21/sq+unq7(ij)(n+L4+1)q7jn.

v<j v>j
Using (3.18)-(3.21) and the fact that for all x € (0,1] and a; € C,

K
(3:22) (Y lail} <> lasl,
jEN jEN

and choosing L1, L3, Ly, M7 and M large enough so that L; > n+s—n/q,
Ly > -n—s+n/q, Ly >s—1, My >n+1+n(l/p—1/q) and My >

N +2n+s+1—n/q, we obtain I < (27N +2-No)2Nn(l/a=1/p) with o > 0
as in (3.17). This gives the desired estimate of I for ¢ € (1, 00).

CASE 2: g € [p,1]. In this case, we write

(323) > | (b v @ —u) (e = ) dy

lil<SN R\Q(0,2V)

= > I (b0 @ —y) ey N)) dy

0<j<N, j2v RM\Q(0,2V)

T T SRS

0<j<N,j<v —N<j<0,j52v —N<j<0,j<v

= J1(x) + Jo(x) + T3(x) + Ja(x).
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Combining the expression of I with (3.22) and (3.23) yields
(324)  175) 270 | (7)) + [F(2)] + [Fa(2)] + [Ta(2)]7) da.
VEZL R™
To estimate J;(z), we split the integral into two parts as in (3.13) and then

use Lemma 3.3(i) and Corollary 3.1(i). Therefore, for any given Ly € Z,,
My > 2n, Ly < Ly and M3 € Z, we have

VGO | oot (14 2¥ e —y )M (1 [y )M dy

0<j<N,j2v R™M\Q(0,2N)

S D O L I O R
0<j<N, j>v ¥20(0,2N)
|z[>2]y|
Y ORI M )M d
0<j<N,j>v y2Q(0,2M)
|z[>2[y|
< 2—N(M1—n) Z 2Vn—(j—l/)L3—jL1(1 + 2V‘.'L'|)_M3
0<j<N,jzv
+ 9~ N(M1/2-n) Z gvn—(=v)La=jli(q 4 |g)~M1/2,
0<j<N,j>v
This combined with the fact ¢ € [p,1) and (3.22) implies that if we choose
Ly >n+s, Ly >—-n—s+mn/q, M1 > 2max{n/q, n(1/p—1/q) + n + 1}
and M3 > n/q, then
(3.25) ngsq S [T (2)]9 da < 9—Ng(M1—n) + 9—Nq(Mi/2-n)
ver ® < 9=Ng9Nng(1/q—=1/p)

For any given Iy € Z4, My > 2n, Ly € Zy and My € Z4, by Lemma
3.3(i), Corollary 3.1(ii) and an argument similar to the estimate of Ji(x),
we obtain

To (LL’) 5 Z 21/n7(1/7j)(n+L4+1)7jL1

0<j<N, j<v
X | a4+ —y) M+ [y M dy
R™M\Q(0,2%)
< 9—N(Mi—n) Z 2Vn—(V—J')(n+L4+1)—J'L1(1 + 2j\x])_M4
0<j<N,j<v
+ 9~ N(M1/2-n) Z QVN—(V—j)(n+L4+1)—jL1(1 + |7;|)—M1/2.

0<j<N, j<v
We choose Ly > s —1 and Ly > n + s. From this, the estimate for Ja(x),
(3.22) and the assumption M; > 2max{n/q, n(1/p—1/q)+n+1}, it follows
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that

(3.26) 32750 | (Ja(@))? da S 2~ NalMi—n) 4 9-Na(Mr/2-0)

VEZ R
< 9=Nq9Nnq(1/q—1/p)

For any given L3 < Lo, My > 2n and M3 € Z,, applying Lemma 3.3(ii)
and Corollary 3.1(i) yields

j3(33) < Z 2Vn—(j—y)L3+j(n+N+1)

—N<j<0,j2v
X | a2 —y) M+ 2y M dy
R™M\Q(0,2%)
< 9—N(Mz—n) Z gvn—(j=v)Lz+j(n+tN+1)—jM> (1 + 2V’x‘)*M3
—N<j<0,j2v
poNOB2) S G LA )M 2]y )M

~N<j<0,j>v
We choose My > 2max{n/q, s+2n+1+N —n/q} and Ly > —n—s+n/q.
From this, (3.22) and (3.16), we conclude that for o as in (3.17),
(3.27) ZQVSII S [T3(2)])? do < 9—Ng(M2/2—n) < 9—Noqg—Nng(1/9-1/p)
ver R™
Now we estimate Jy(x). For any given My, My, Ly € Z, using Lemma
3.3(ii) and Corollary 3.1(ii), we have
Ji(z) < Z gvn—(v—j)(n+Lat+1)+j(n+N+1)
~N<j<0,j<v
x o Y —y) M+ Yy M dy
RmM\Q(0,27)
< 9—N(Mz—n) Z sznf(zzfj)(n+L4+1)+j(n+N+1)ijz(1+2j’x|)fM4
~N<j<0,j<v
+ 9~ N(Mz/2-n) Z ovn—(v—j)(n+La+1)+j(n+N+1)—jM2/2
~N<j<0,j<v
X (14 21|]) /2.
Choose My > 2max{n/q, s+2n+14+ N —n/q} and Ly > s — 1. From this
and the estimate of Jy(x) together with (3.22) and (3.16), it follows that for
o asin (3.17),
(3.28) Z 9vsq S [(Ta(2)])? do < 9—Nq(Mz/2—n) < 9—Nogqo—Nng(1/q—1/p)
VEL 1:
Combining (3.23) through (3.28) yields the desired estimate of I for ¢ in
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[p,1). This combined with the argument of Case 1 and the estimate of II
implies the validity of (3.9) for all ¢ € [p, c0), which completes the proof of
Theorem 2.1. m

REMARK 3.1. From the proof of Theorem 2.1, it follows that we need to
assume that ¢ € S, (R") with Lo € Z4 and Lo > —n — s+ n/q.

4. Proof of Theorem 2.2. Applying Theorem 2.1 and following a
standard argument, we can obtain Theorem 2.2. To this end, we need the
following density lemma.

LEMMA 4.1. Let s € R, p € (0,1] and q € [p,00). Then Eiim gy s
dense in I, (R™).

Proof. Fix f '6 F;,q(R”). It suffices to show that for any given £ > 0,
there exists h € F5i"(R™) such that || f — h||Fg ®n) <&

Since So(R™) C FS ,(R") and S (R") is a dense subset of FS «(R™)
(see [23, p. 240]), it follows that there exists some g € Soo(R™) such that
lo = Fllgy emy < /3.

Applying Lemma 3.2, we find that g = >, ., ¥r * or * g in Soo(R"),
where ¢ and @ are as in Lemma 3.2. For any N € N, set

gN = Z Vi * Pk * g.
[k|<N

Then there exists N € N large enough such that [gny — gl - ®n) < €/3
p,q

(see [23, p. 240] again). Now we use the same notation as in the proof of

Theorem 2.1. For any k € Z, set (2, = {x € R" : S5 (g)(x) > 2F} and

QL ={Q € Q: QN %] >|Q|/2, QN 1] <|Q|/2}.

Denote by {Qi };er, the collection of all maximal dyadic cubes in Qf, where
I, is the index set. Similarly to (3.3), we write gy as

(41)  gn(z)= > Z | iz — y)(er + 9) () dy

|kI<N {QeQ: 4(Q)=2"%}Q

= > | vo (@ —v)(pq * 9)(y) dy

{QeQ:2-N<y(Q)<2N} Q

=S5 S (el - w)eara)w)dy}

keziel,  QCQi,QeQ, @
27N <(Q)<2V

= Z Z Lk, bk i,

kEZ i€},
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where p,; and by ; are defined as A ; and ay; in the proof of Theorem 2.1

with ZQCQ};,QEQ;C replaced by Z{Q:QCQQ,Qer,Q*NSE(Q)SQN}' Arguing as
in the proof of [16, Theorem 1], we conclude that each by ; is a (p, g, s)-atom

of inq(R”) and
» 1/p <
{3 S el } " S gl oy < 0.
keZiely

It is easy to see that the series in the bracket of (4.1) belongs to C2°(R") since

it has only finitely many terms. This implies that each by ; is in C2°(R™).
For any M € N, we set hf\\g = Z|k|<M ZieI]mKM f,ibki- Then there

exists M € N large enough such that ||h}, — gNHF;?q(Rn) < ¢/3. Therefore,

(Y]

Faomey S 1037 = onlG oy Hllon = 9l gy + 19 = Flliy @
<E.
Setting h = hAN4 completes the proof of Lemma 4.1. u
Proof of Theorem 2.2. For any given f € F;i’gn(R"), by Theorem 2.1,
we write f = Zjvzl Ajaj, where N € N, {)\j}j.v:l c C, {aj}j»v:l are infinitely
differentiable (p, ¢, s)-atoms of Flf,q(R”), and Z;V:1 NP S |‘f‘|p;q([@n)'
the assumption r € [p, 1] together with (2.7), (2.9) and (3.22), we obtain

N . 1/r N 1/p
17 ls s {3 < {3l
j=1 J=1
Taking the infimum over all finite atomic decompositions of f and using
Corollary 2.1, we see that for all f € Fjyi(Rm),
< .
(42) 1T 5, < 151y oy
For any given f € Fpﬁq(R”), by Lemma 4.1, there exists a sequence

{fm}_, C Epi™R") such that ||f — fmllps (gny — 0 as m — oo. This
p,q
combined with (2.8) and (4.2) implies that {T'(f,) }5°_; is a Cauchy sequence

Using

in B;. So we define T'(f) = limp—o0 T'(fim), Wheren‘éhé limit is taken in B,.
It follows that T'(f) is well defined, and T" is bounded from F; (R") to B;.

Supposed that 7" is another bounded extension of T. That is, 7" is
bounded from F3 (R") to B,, and T'(f) = T(f) for all f € Ej¢™(R").
From this and (2.8), we conclude that for any f € F; (R"),

IT'() = TGlls, < NT' S = fadllig @y SIS = Fnlly zmy = O

as m — oo. This implies that T =T.
Therefore, T is the unique bounded extension of T', which completes the
proof of Theorem 2.2. =
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