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Isometries between spaces of
weighted holomorphic functions

by

CHRISTOPHER BOYD (Dublin) and PILAR RUEDA (Valencia)

Abstract. We study isometries between spaces of weighted holomorphic functions.
We show that such isometries have a canonical form determined by a group of homeo-
morphisms of a distinguished subset of the range and domain. A number of invariants
for these isometries are determined. For specific families of weights we classify the form
isometries can take.

1. Introduction. Over the past ten years the isomorphic structure of
spaces of weighted holomorphic functions has been largely determined. The
characterisation of weighted spaces of holomorphic functions up to isomor-
phism was initiated by Lusky in a series of papers [20]—-[25]. In these papers
he showed that if v is a continuous, strictly positive, radial weight on the
unit disc A with v converging to 0 on the boundary of A then H,,(A) is
isomorphic to a subspace of ¢y. Moreover, Lusky [21] gives an example of
a radial weight v on A such that H,,(4) is isomorphic to a proper sub-
space of ¢ rather than cq itself. Recently Bonet and Wolf [6] have shown
that if v is a continuous, strictly positive weight on a bounded open subset
of C"™ which converges to 0 on the boundary of U then H,,(U) is almost
isometrically isomorphic to a subspace of c¢y.

In [7] and [8] the authors undertook a detailed study of the Banach space
geometry of spaces of weighted holomorphic functions H,(U) and H,,(U).
There, it was observed that the geometric structure of these spaces was de-
termined by a distinguished subset of U which we call the v-boundary of U.
In this paper we see that the v-boundary provides us with a method of de-
termining the isometries between weighted spaces of holomorphic functions.
By isometry we shall always mean a surjective linear isometry.

Some definitions are perhaps in order. Let U be a bounded open subset
of C™. A continuous weight v on U is a bounded, strictly positive real-valued
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function on U. We will use H,(U) to denote the space of all holomorphic
functions f on U which have the property that

[fllo :=supv(z)[f(2)| < oo
zeU

endowed with the norm || - ||,. Consider all f in H,(U) with the property
that | f(z)|v(z) converges to 0 as z converges to the boundary of U, i.e. given
e > 0 there is a compact subset K of U such that v(z)|f(z)| < € for z in
U\ K. The set of all such functions is a subspace of H,(U) denoted by
Ho, (U).

We say that the weight v on a balanced domain is radial if v(Az) = v(z)
for all Ain I := {A € C : |A\] = 1}, and a weight v on the unit ball of
C™ is wnitary if it is invariant under all unitary matrices. In [7] we showed
that the set of extreme points of the unit ball of H,,(U)" is contained in
{M(2)0, : z € U, A € I'}. The v-boundary of U is defined as the set of all
z € U such that v(2)d, is an extreme point of the unit ball of H,,,(U)’. Note
that v(z)d, is an extreme point of the unit ball of H,,(U)" if and only if
Av(z)d is an extreme point for every A in I'. We use B,(U) to denote the
v-boundary.

It is shown in [7] that B, (U) is radial when v is radial and unitary when v
is unitary. Furthermore, the mapping p: U — (Hy, (U)', 0(Hyo (U)', Hyo (U))),
p(z) = v(z)d, is a homeomorphism onto its range that allows us to show
that B,(U) is a G5 subset of U. Here o(Hay, (U)', Hy, (U)) denotes the weak*
topology on H,, (U)’. We say that a weight v on U is complete if B,(U) = U.
A sufficient criterion for a unitary weight v on the unit ball of C" to be com-
plete is given in [8, Proposition 18].

In the first section we give three Banach—Stone theorems for spaces of
weighted holomorphic functions on bounded subsets of C". We show that the
isometries from H,, (U) onto H,, (V') are determined by a homeomorphism ¢
of By(V) onto B,(U). If U and V are strictly convex with B,(U) non-empty
we shall see that ¢ can be extended to a homeomorphism of V' onto U and
that the isometries of H,,(U) determine the isometries of H,(U). In [7] we
proved that H,,(U) has trivial centraliser when v is radial. This, along with
a result of Jarosz [16], allows us to characterise the isometries of spaces of
vector-valued weighted spaces of holomorphic functions. Given a weight v we
will see that the homeomorphisms ¢ which determine an isometry of H,, (U)
form a group. This group is called the isometry group of the weight. Isome-
try groups can be calculated for specific families of weights with the help of
potential theory. Using a result of Henri Cartan we characterise the isome-
tries of H(y, xuy)o (U1 X Uz). We characterise those weights on the unit disc
A whose isometry group contains all rotations, and completely determine
the weights on the unit disc which have isometry group equal to Aut(A).
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2. Three Banach—Stone theorems. In this section we shall charac-
terise the isometries T of Hy, (U) onto Hyy, (V).

We note that it is relatively easy to construct “different” weights which
give isometric spaces of holomorphic functions. Let U be a bounded open
subset of C" and consider g € H>®(U). Then eR¢9 is a bounded strictly
positive harmonic function on U. Let v be a continuous strictly positive
weight on U which converges to 0 on the boundary of U and define w(z) by
w(z) := e~ Re9()y(z). Then w is also a continuous strictly positive weight
on U which converges to 0 on the boundary of U. Furthermore, the multi-
plication operator M defined by (Mes(f))(2) = f(2)e?®) is an isometric
isomorphism of H,,(U) onto H.,(U). We note that if U is balanced, v is
radial and ¢ is non-constant then w will be a non-radial weight on U with
the property that H,,(U) is isometrically isomorphic to Hy, (U).

Given a Banach space E we use Ext Bg to denote the set of extreme
points of the unit ball of E.

THEOREM 1 (A first Banach—Stone theorem). Let U, V' be bounded open
subsets of C™ and C™ respectively. Letv: U — R andw: V — R be contin-
uwous strictly positive weights converging to 0 on their respective boundaries.
If T: Hyy(U) = Huy (V) is an isometric isomorphism, then there is a hom-
eomorphism ¢: By,(V) — By(U) and hg € Huwo (V) such that

T(f)(2) =hg(z)fod(z) forall f e Hy(U), z € By(V).

Moreover,

voo
|hg| = ” on By (V).

Further, if By, (V) is non-empty then ¢ : By,(V) — B,(U) is a biholomorphic
mapping.

Proof. For z1, zo in B,(U) or B, (V) define the relation ~ by z; ~ zy if
z1 = zg or if z1, zo are both in QU or in V. Let q; : B,(U) — B,(U)/~ and
q2 : By (V) — By (V) /~ be the quotient maps. Given z in B, (U) or By, (V)
we shall use z to denote ¢1(z) or ¢2(z) depending on whether z belongs to
B,(U) or By, (V).

Consider the transpose T : Hy, (V) — Hy(U) of T. Since T is an
isometric 1som0rphlsm T is a weak* to-weak®™ homeomorphism and maps
Ext(By,,, (v )/)U onto Ext(By, vy )" . Then, by [7, Lemma 10], for each

z € By(V) there exist a(z) € I and ¢(z) € B,(U) such that
T (w(2)62) = a(2)0(6(2))Fy-

Define the map ¢ : 2(Bu(V)) = q1(B,(U)) by ¢(2) := ¢(2). Let us see that
¢ is well defined. Suppose z1 = z».
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If 21 = 22 then a(21)v(¢(21))0¢(z;) = @(22)v(¢(22))04(z,), and by [7,

Lemma 9], ¢(21) = ¢(22).

On the other hand, if 21,29 € 9V then w(z1)d,, = w(z2)d,, = 0. Since
T* is linear,

a(z1)v(@(21))05(z1) = (22)v((22))d(25) = 0,

and by [7, Lemma 9], ¢(z1), ¢(z2) € OU.

Let us now prove that ¢ is a homeomorphism. To prove that ¢ is injective
suppose that ¢(z1) = ¢(z2).

If p(z1) = ¢(22) then

1 1

(o) T (w(21)0z) = v(9(21))0p(21) = v(D(22))0p(z5) = a(z) T*(w(22)0z,)-

1
a(z2)

Since T* is injective, @w(zl)dzl = w(z2)0z,, and by [7, Lemma 9] we
have z; = 2».

If ¢(21), #(22) € OU then a(z1)v(d(21))dp(2) = al22)v(d(22))d4(zy) = 0.
Since (T*)~! is linear, w(21)d,, = w(22)d,, = 0, and by [7, Lemma 9] we
have 21,29 € V.

We now prove that ¢ is surjective. Take 2o € B,(U). Then

(T) "M (v(22)82,) = Bl22)w(¥(22))dy(2,)

for some ((z2) € I and ¥(z2) € B,(U). Therefore
1

o(W(22)) (@ (2))sviean = T (W (2)0e0) = 55

Hence, by [7, Lemma 9], either zo = ¢(10(22)), or z2 and ¢(1)(z2)) are in OU.
In either case, 3 = G(1h(22)).

Since By, (V)/~ is metrisable, to prove that ¢ is continuous we need only
consider a sequence (z,), converging to zp in g2(By(V')). There are two
possibilities:

v(22)02,.

CASE 1: There exists a subsequence (zp, ) in By, (V) converging to zo
in By, (V). In that case, since |a(zn, )| = 1 and ¢(zy,) is in the compact set
B,(U) for all k, we can assume without loss of generality that (a(z,,))k

converges to some g, and (¢(zy,))r converges to some ug € B,(U). Then
T*(w(zn, )0z, ) = Oé(an)U(¢(an))5¢(znk) converges weak™ to T™(w(zp)dz,) =
a(20)v(¢(20))0g () and to apv(ug)du,. By [7, Lemma 9] we conclude that
o = ¢(%) and so a(znk) converges to ¢(%p).

CASE 2: There exists a subsequence (2, ); in V. Then z,, = Zy and
hence ¢(Z,, )i trivially converges to ¢(%p).
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Since go(By(V)) is compact, we conclude that ¢ is a homeomorphism.
As T'is an isometric isomorphism, it follows that T maps Ext(By,, (vy)

onto Ext(By, (ry) and therefore d(q2(Bu(V))) = q1(Bs(U)). Moreover,
aqu(Bw(v)) is an open map. To see this, let A be open in g2(B,(V)). Then
there exists B open in By, (V') such that ¢2(B) N g2(By(V)) = A. Hence

$(A) = &(a2(B) N g2(Bu(V))) = 6(42(B)) N 6(g2(Bu(V)))
= &(q2(B)) N1 (Bo(V)),
where the second equality follows from the fact that gg is injective.

So $|q2(3w(v)) 1 q2(Bw(V)) — q1(By(U)) is a homeomorphism. Thus

¢ = (q1lg, ) " 0 0 @2lp, v
is a homeomorphism. As T*(w(2)d.) = a(z)v($(2))dg4(.) we have

T(f)(2) = a(z) 222

w(z)
for all z € B, (V) and all f € H,,(U). Applying this equality to the constant
map f(z) =1 for all z €V, we get

() O

w(z)
and so he(2) := T(1)(z) belongs to Hu, (V). Suppose B,(U) is non-empty.
For each linear I: C" — C we find that [ o ¢(2) = hy(2) ' T(I)(2) is holo-
morphic, which implies that ¢(z) is holomorphic. m

fo¢(z)

=T(1)(z) forze By(V),

The above theorem may also be deduced from [2, Theorem 4.1].
When U is balanced and v is radial, the isometries of H,,(U) determine
the isometries of H,(U) as the following theorem illustrates.

THEOREM 2 (A second Banach-Stone theorem). Let U be a balanced
bounded open subset of C", and let v be a continuous strictly positive radial
weight converging to 0 on the boundary of U. If T: Hy(U) — Hy(U) is a
isometric isomorphism, then there is a homeomorphism ¢: B,(U) — By,(U)

and hy € Hy, (U) such that
T()(=) = ho(:)f 0 0(z)  for all | € Hy(U), = € By(U).

Moreover,

vo¢(z)
h =

ho()] = 25
hg coincides with the function hg obtained in Theorem 1 and T maps Hy,(U)
onto Hy,(U). Further, if B,(U) is non-empty, then ¢ : By(U) — B(U) is an
analytic automorphism.

on B,(U),
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Proof. We observed in the proof of [7, Proposition 14] (see also [15, Ex-
amples I11.1.4]) that H,,(U) is an M-ideal in H,(U). Hence, by [14, Propo-
sition 4.2], every isometry of H,(U) is the bitranspose of an isometry of
Hy, (U) and hence the transpose of an isometry of H,,(U)". But we have
seen that isometries T* of H,,(U)" all have the form

T"(v(2)d2) = a(2)v(¢(2))dg(2)
for z € B,(U) where ¢ is a homeomorphism of B, (U). From this observation
we deduce that every isometry of H,(U) has the form T'(f)(z) = hy(2)f o
¢(z) for hy: U — C. Finally, when we take f = 1, as T maps H,,(U) onto
Hyo(U) we see that hg € Hyy(U). From the proof of Theorem 1 it follows
that ¢ is an automorphism of B,(U) when B,(U) is non-empty. =

We will show that for certain weights v the homeomorphism ¢: By, (V) —
B,(U) can be extended to an automorphism of V' onto U.

THEOREM 3. Let U and V be bounded, strictly convexr open subsets
of C™". Letv: U — R and w: V — R be continuous strictly positive weights
which converge to O on their respective boundaries. Suppose in addition that
B (V) is non-empty. If T: Hyy (U) — Hu, (V) is an isometric isomorphism,
then there is a biholomorphic mapping ¢: V — U and hg € Hyy(V) such
that

T(f)(z) = ho(2)f o d(2)  for all f € Hy(U), z € V.

Moreover,

|he(2)| = U;Z()Z) for all z € B,(U).

Proof. Theorem 1 ensures the existence of a biholomorphic mapping

¢: By(V) — B,(U) and hg € Hy, (V) such that

(%) T(f)(2) = hg(2)f o d(2)  for all f € Hyy(U), 2 € Bu(V).

We will show that ¢ extends to a biholomorphic mapping from V onto
U. Without loss of generality we may suppose that sup,c;yv(z) < 1. Let
[: C" — C be linear. By (%) we have

Lod(2) = hg(2) ' T(1)(2) for all z € By(V).
Since the right-hand side of this equation is defined for all z in V' \ {z :
hg(z) = 0} and all linear I: C* — C, we see that ¢ has a holomorphic

extension to V' \ {z : hy(z) = 0}, which we denote by . Let k be a pos-
itive integer and [ be a linear functional on C" with sup,cy |I(2)] < 1. As
(I")ken C My, (U) and each I* has norm at most 1, we see that | T'(1%) ||, < 1.
For z € By(V) we have

T(1*)(2) = ho(2)(1 0 (2))" = hy(z)(L 0 6(2))".



Spaces of weighted holomorphic functions 209

Since {z : hy(2z) = 0} is an analytic subset of V', [27, Proposition 4.1] implies
that V '\ {z : hy(2) = 0} is connected.
The principle of analytic continuation now implies that

T(1F)(2) = hy(2)(l o ¢(2))*  forall z € V\ {z: hy(z) = 0}.

Taking kth roots and letting k — oo we see that ¢(V \ {z : hg(z) = 0}) is
bounded. By Riemann’s continuation theorem [27, Proposition 4.2], q~5 has
an analytic extension to V', which we also denote by 5

We claim that ¢ maps V into U. First we show that gg(V) C U. Suppose
this is not the case. Then we can choose a continuous linear functional, [,
on U with norm at most 1 so that |I(¢(z))| > 1 for some z € V. Continuity
allows us to suppose in addition that hg(z) # 0. We have

T(1*)(2) = ho(2)U(6(2))",
and thus
T(%)(2)[w(z) = |hs(2)lw(2)[U(2))]F,
for all k£ € N and all z € V. Taking kth roots and letting k tend to infinity
gives a contradiction and therefore [[(¢(2))| < 1 for all linear  with [[{[[y < 1.
Hence ¢(V') C U. An application of Thorp and Whitley’s strong maximum
modulus theorem [32, Theorem 3.1] implies that we must have ¢(V) C U.

Let @Z denote the extension of ¢! to U obtained in the same way as
above. By the principle of analytic continuation we have
Yop=Idy and dor)=Idy.

Hence ¢ is a biholomorphic mapping of V' onto U. Using the Erinciple of

analytic continuation once again we get T'(f)(z) = he(2)f o ¢(2) for all
fE€HU)and z€ V. u

When n = 1, the principle of analytic continuation may be replaced by
the identity principle, and the condition that the v-boundary of U has non-
empty interior can be replaced by the weaker condition that the v-boundary
of U has an accumulation point in U. This holds in particular when v and w
are radial. In such cases we get

THEOREM 4. Let v,w : A — R be continuous strictly positive weights
which converge to zero on the boundary of A and such that B,(A) and By, (A)
have an accumulation point in A. If T': Hyy(A) — Hy,(A) is an isometric
isomorphism, then there is an automorphism ¢ of A and hy € Hy,(A) such
that

T(f)(z) =hg(2)fop(z) forall f € Hy(A), z € A.

In particular, we have



210 C. Boyd and P. Rueda

COROLLARY 5. Let v,w : A — R be continuous strictly positive ra-
dial weights which decrease to zero on the boundary of A. If T': H, (A) —
Hu, (A) is an isometric isomorphism, then there is an automorphism ¢ of

A and hy € Huy,(A) such that

T(f)(z) =hg(2)fop(z) forall f € Hy(A), z € A.

Further, if T: H,(A) — Hy(A) is an isometry then T is also of the above
form.

The results in this section illustrate a fundamental difference between
the isomorphic and isometric theory of spaces of weighted holomorphic func-
tions. [21, Lemma 3.2] shows that the isomorphic structure of H,,(A), when
v is radial, is determined by how v behaves as it approaches the boundary
of A. This section shows that the isometric structure is determined by how
v behaves on the entire v-boundary.

3. A vector-valued Banach—Stone theorem. In this section we
present a vector-valued Banach—Stone theorem. First we recall some def-
initions from [3] and theorems from [7].

DEFINITION 6. Let E be a Banach space and T': £ — FE be a continuous
linear operator. Then T is a multiplier if every extreme point of the unit
ball of E’ is an eigenvector of T*. That is,

T*(e) = ar(e)e

for some real or complex number ar(e) and every e € Ext Bp. We let
Mult(E) denote the set of all multipliers on E.

DEFINITION 7. Let E be a Banach space. The centraliser of E, Z(FE),
is the set of all T' € Mult(E) for which there is S in Mult(E) with S*(e) =
ar(e)e for all e € ExtBpy.

We say that Z(E) is trivial if Z(E) = K.Id (K = R or C depending on
whether F is a real or complex Banach space).

Let F and F' be Banach spaces and u be an element of the tensor product
E ® F. We define the injective norm of u as

k k
lulle = sup{|>" dlwi)iw)| u =3 wi @i, & € Bur, v € Bu}.
i=1 i=1
We shall use E ®¢ F' to denote E ® I’ endowed with the injective norm and
E &, F to denote the completion of E ®, F with respect to this norm.
Given Banach spaces E and F' we let EeF' denote the space of all linear
maps from E’ into F' which are continuous for the compact-open topology
on E’ and the norm topology on F'. We endow this space with the topology
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of uniform convergence over the unit ball of E’. When E or F have the
approximation property then E ®, F = FeF.

In [7] we proved that if U is a balanced bounded open subset of C" and
v is a radial, strictly positive, continuous weight on U which converges to 0
on the boundary of U, then H,,(U) has trivial centraliser. This result is
“central” to the following result.

THEOREM 8. Let U be a balanced bounded open subset of C™, and let
v be a continuous strictly positive radial weight on U which converges to 0
on the boundary of U such that l’;’v(U) is non-empty. Let E be a Banach
space such that E' is rotund. If T : Hy,(U; E) — Hy(U; E) is an isometric
isomorphism, then there is an automorphism ¢: év(U) — év(U), hg €
Hy, (U) and an isometry S: E — E such that

T(f)(2) = hg(2)S(fo p(2))  for all f € Hy(U; E), z € By(U).

Moreover,

= veo)
lho(2)] o(2)

Proof. If T is an isometry of H,,(U; E) it is also an isometry of the
underlying real space. By [8, Proposition 18] (see also [4]), H., (U)" and hence
H., (U) has the approximation property. Therefore, T is a real isometry of

Hoy (U E) = Hyy (U)eE = Hy, (U) ®c E.

By [7, Proposition 24|, H,,(U) has trivial centraliser. It therefore follows
from [16, Theorem 3] that 7" has one of the following two forms:

Jor all z in By(U).

(a) There is a Banach space Z so that H,,(U) is isometrically isomorphic
to Z ®, FE and

T(z@h®k)=20k®h foralzeZ hkekE.
(b) There are (real) isometries 71 of H,,(U) and T of E such that
T(foy) =Ti(f)®@Ta(y) forall feHy(U),yeE.

Suppose that T is of the form given in (a). Then H,, (U) = Z &, E. Since
E'’ is rotund, every point of the unit sphere of E’ is an extreme point. Fix
2" € Ext By and consider the set {2’ ®@y:y € E', |ly|| = 1}. It follows from
[31, Theorem 1.1] that Ext BHUO(U)/ = Ext Bz @ S where S is the unit
sphere of E’. Hence there is V C U such that {z’ @ y: y € E', |ly|| =1} =
{\(2)d, : z € V, X € I'}. The mapping from E’ onto (z') ® E’ sending y
to 2/ ® y is an isometric isomorphism of E’ onto the subspace (z') @ E’ of
Hy, (U)'. Since E’ is rotund, (z’) @ E’ is equal to {\v(z)d, : z € V, XA € C}.
But {A\v(z)d, : z € V, XA € C} is not a vector space and the first possibility
is ruled out.
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This means that 7" must have the form given in (b). Let us take f in
Hy, (U) and X € C. Since T is complex linear we have

Ti(Af) @ Ta(y) = TAf @y) = AT(f @ y) = ATy (f) @ Ta(y)

for all y € E. Thus T} is complex linear. A similar argument shows that T
is also complex linear. The result now follows from the first Banach—Stone
theorem. m

When U is strictly convex it is possible to combine Theorem 3 and
Theorem 8 to extend ¢ to all of U.

4. The isometry group. In Section 2 we proved that any isometry
of Hy,(U) is determined by a homeomorphism of B,(U). Let Aut(B,(U))
denote the homeomorphisms of B, (U).

REMARK 9. Let U be a bounded open subset of C" and v be a continuous
strictly positive weight which converges to 0 on the boundary of U. Then the
set of ¢ € Aut(B,(U)) for which there is an isometry of Hy,(U) of the form

To(f)(2) = he(2) f(P(2)) is a subgroup of Aut(B,(U)).
Proof. Let ¢, belong to this set. Then

T, o Ty(f)(2) = hy(¥ ™1 (2) T he( ™ (2)) f(6(0 1 (2)))
and the result is proved. m

DEFINITION 10. We denote by A,(U) the subgroup of ¢ in Aut(B,(U))
for which there is an isometry of H,,(U) of the form

Ty(f)(2) = he(2) f(¢(2)),
and call it the isometry group of v.

PROPOSITION 11. Let U and V' be bounded open subsets of C", and v
and w be continuous strictly positive weights on U and V respectively which
converge to 0 on the boundaries of their respective domains. If Hy,(U) and
Huw, (V') are isometrically isomorphic then A,(U) is isomorphic to Ay (V) as
a topological group.

Proof. By our first Banach—Stone theorem (Theorem 1) we know that
any isometry from H,,(U) onto Hy, (V) has the form

Ag(f)(2) = gp(2)f(0(2))  for all f € Hy(U), 2 € Bu(V),

with some homeomorphism ¢ of B,,(V') onto B,(U) and g¢ € Huy, (V). Given
Y € Ay (V) we denote the associated isometry by Ty,. Then A;l oTyoAyis
an isometry of H,,(U) and

Ayt 0Ty 0 Ag(f)(2)
= g5(671(2)) T hy(671(2))ge(¥ 0 61 (2)) f(p ot 0 67 (2))
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for all f € Hy,(U) and 2 € B,(U). Hence ¢ op o ¢~ € A,(U). As the
mapping ¢ — ¢ o) o ¢! is a group isomorphism and a homeomorphism,
the result follows. m

Let £2 be an open subset of C* and u € C%(§2) be real-valued. We say

that u is pluriharmonic if
82
vy
8zjé)zk

on {2 for j,k=1,...,n. If f: £ — C is holomorphic then u(z) = log |f(2)|
is pluriharmonic on 2\ f~1(0).

The condition in the following theorem should be compared with that in
(19, Theorem 1] for isometries on the weighted Bergman space B7.(2).

THEOREM 12. Let v be a complete, continuous, strictly positive weight
on a bounded simply connected open set U which converges to 0 on the
boundary of U. Then a homeomorphism ¢ € Aut(U) belongs to A,(U) if
and only if log((vo ¢)/v) is pluriharmonic.

Proof. First suppose that ¢ € A,(U). Then there is a holomorphic func-
tion hg: U — C such that

Ty(f)(2) := he(2)f o ¢(2)
is an isometry of H,,(U). Further, |hgy| = (v o ¢)/v on U and hence
log((v o ¢)/v) is pluriharmonic.

Conversely, suppose that log((v o ¢)/v) is pluriharmonic. It follows from
[30, Theorem 4.4.9] and the remark following it that there is a holomorphic
function g: U — C such that v o ¢(z)/v(z) = |e9)|. Define S: H,,(U) —
Hoy, (U) by

S()(2) = "D f 0 6(2).
Then
1SCH o = SHBU(Z)Ieg(z)f 0 ¢(z)| = Supv o ¢(2)|f o d(2) = [|fllo

S A

and therefore ¢ € A,(U). »

5. Determining isometries between spaces of weighted holo-
morphic functions on A with complete radial weights. For a twice
differentiable function v on an open subset of C, the Laplacian Au of u is
defined by

0%u
020z
In what follows we shall use the following two facts:

Au =4
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1. If k: A — C is a twice differentiable radial function of r then

O’k 1 0k
Nk =— 4+ - —.
or? + r Or
2. If k: U — Cis a twice differentiable function of z and ¢ is holomorphic

then
Ak o ¢)(a) = (Ak)(6(a))]¢' (a) .
(See the proof of [17, Corollary 2.5.7].)

Given o > 0, 8 > 1 we shall use v, 3 to denote the weight on A given
by (1 — [2]%)*. In [8, Examples 10] we proved that v, s is complete.

THEOREM 13. Let >0 and B > 1.

(a) For 3 # 2, every isometry T of H(v, 5)0(4) and of Hy, ,(A) has the
form T(f)(2) = Af(e?2) for some X\ € I' and some 0 € R.

(b) Each isometry T' of Hy, ,),(A) or Hu, ,)(A) has the form T(f)(z)
=\ (2)*f(p(2)) for some A € I' and some automorphism ¢ of A.

Proof. (a) Suppose that T is an isometry of H,, ,),(4) or Hy, 5(A). By
Corollary 5,

T(f)(2) = he(2)f(¢(2))

for all f € H A)orall f € Hy, ;(A), and all z € A. Then Theorem 12

tells us that

vaﬁ)o(

Alog Uoz,ﬂ(¢(z)) = Alog Ua,ﬂ(z)
or that
_afPp(2)|P 2 (=) af?|z|P 2

(1= le(2)7)? (1—21°)*
As the right-hand side is 0 when z = 0, we see that ¢(0) = 0 and hence ¢ is
a rotation.
(b) It follows from Theorem 1 that there is an automorphism ¢ of A and
an hg in Hy, (A) such that

To(F)(2) = he(2)f 0 d(2)
for all z in A. Theorem 12 tells us that ¢ € A, ,(A) if and only if

Alogva2(d(2)) = Aloguaa(2),

which reduces to
dal¢'(x)”  _  da
L=le()PP)> (1= [z]?)*
Using the Schwarz—Pick theorem we see that this equation is satisfied by all
¢ in Aut(A) and thus Ay, ,(A) = Aut(A). The Schwarz-Pick theorem also

gives
—lb(2)12)2
6/(2)? = (1(1|¢|(z|3|)2) = [ns(2)”'",
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where the final equality comes from Theorem 2. From the open mapping
theorem we see that hg(z) = A¢'(2)® for some A\ € I', and the result is
proven. m

Let us now determine when spaces of the form H,, ;) (A) can be iso-

metrically isomorphic.

THEOREM 14. Let a,a’ >0 and (8,3" > 1. Then Hy, ), (
rically isomorphic to H, , 6,)0(A) if and only if o = o and B =f'.

0

A) is isomet-

Proof. Suppose that T'is an isometry from H,, ,),(4) onto H,
By the first Banach—Stone theorem,

T(f)(z) = he(2)f(#(2)) forall f € Hy, ,),(4), 2 € A,
where hy € H,

(A).

%/,B’)O

Vo 5/)0(A) and ¢ is an automorphism of A. Furthermore,

Va,8(0(2))
hoe)] = =
Var 5 (2)
By the argument given in Theorem 13 we see that when 3, 3’ # 2 we obtain
) _aB’o(2)P P ()P _ (8]
(1 —10(2)1%)? (1 —1]27)?
As the right-hand side is 0 when z = 0 we see that ¢(0) = 0 and hence ¢ is
a rotation. Let z = re'. Then |¢(z)| = r and putting this into (x) gives
B2 B'—2
2 r — A (732 r
Oéﬂ (1 - T'ﬁ)Q « (ﬁ ) (1 - 7“’6/)2

or in other words
af2(rP=2 — opft0'=2 L 20040-2) — /(3/)2 (P2 — opf' =2 | 2046 -2)

for all » € (0,1). Equating leading powers of r we see that § = 3. Now
equate coefficient of powers of r to conclude that o = .

Next suppose that § =2 # . As 4,,,(4) is Aut(4), and 4, , , (4A) is
the group of rotations of A, Proposition 11 implies that H(,, ,), (A) is not
isometrically isomorphic to H, B/)O(A)'

Finally, suppose that 8 = 3/ = 2 and H(v.2)0(4) is isometrically iso-
morphic to H (A) via an isometry Tj. Then

Y(a’,2)9

A(log(1 —[(2)1*)*) = A (log(1 - [2[*)*)
for all z € A. By using the chain rule this gives

g o
(1 —le(x)[?)? (1 —[2)*
Applying the Schwarz—Pick theorem we deduce that o = o/, and the proof
is complete. m
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This example also shows that the converse to Proposition 11 is false.
Consider v; 5 = 1 — |2|% and v; 3 = 1 — |2|% where 3 # 8 and both are
different from 2. As we have just seen, Ay, ,(A) = Ay, ,,(A) is the group of
all rotations about the origin. However, H,, ,),(4) and H (A) are not
isometrically isomorphic.

v1,51)0

THEOREM 15. For 3 > 1, let wg(z) denote the radial weight on the unit
disc given by wg(z) = e~V A=1")  Then
(a) for B # (' there is no isometry from H(y,),(4A) onto H(wﬁ,)O(A),
(b) every isometry T' from Hyy),(A) onto Hyy),(A) and of Hu,(A)
onto Huy,(A) has the form T(f)(z) = M (€2) for some A € C with
|IA| =1 and some 0 € R.

Proof. Suppose that 7' is an isometry from H,,),(4) onto Hwgio (A).
By the first Banach—Stone theorem,

T(f)(z) = he(2)f(¢(2))  forall f € Hy,),(4), z € 4,
where hg € Hy,,),(A). Furthermore,

1 wsl6(2)
ho(2)] = 55"

By the same argument as used in Theorem 13 we find that when 3,3’ > 2,
3 ()P0 D +16(2) ") (2)2 _ gy |22 412172

= ( :
(1 —18(2)7)3 (1 —[27)3
As the right-hand side is 0 when z = 0, we see that ¢(0) = 0 and hence ¢(z)
is a rotation. In particular, [¢(z)| = |z|. Letting z = re’® we get

(L= @202+ 07) = (L= 17?322 407,
Equating lowest powers on both sides we see that 8 = (/. An analogous

argument works for 3,3’ <2 and <2< 3.
Next suppose that 3 > 3 = 2. In this case the equation

Alogwg(¢(z)) = Alogwg (2)

gives

32 (16D +1¢(2)* )¢ () _, 12> +1
(1 —18(2)7) (1 —[2*)*
As there is zg € A such that ¢(z9) = 0 but the right-hand side is never 0 we
see that the above equation cannot be solved and hence there is no isometry
from Hy ), (A) onto Hw,),(4), 8 # 2.
Finally, suppose that 3 = 3 = 2. In this case the equation

Alogws(¢(z)) = Alogwe (2)
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implies that

(@ + DI P _, P +1
(1 —1e(2)?)? (1—1z)*
This can be rewritten, using the Schwarz—Pick theorem, as
1= 6 _ 1+ [o(2)P
1— 2|2 1+ 22
Solving this we get |¢(z)| = |2| for all z € A, and hence ¢ is a rotation. =
(

4

THEOREM 16. Let v(z) denote either of the radial weights on A given by
v1(z) = (1 —log(1 — |2]))8, B < 0, and va(2) = arccos(|z|). Every isometry
from Hyy(A) onto Hyy(A) and from H,(A) onto Hy(A) is induced by a
rotation of A.

Proof. This follows as above from the fact that

1
(1 —1[2))*(1 = log(1 — |z))

Alog(vi(|2])) =ﬂ<

- 1 N 1 >
(L —21)?(1 —log(1 —|2))* ~ [2[(L — |2[)(1 — log(1 — |2[))
while

1— |22
Alog(ve(|z])) = |z|2| 2| + arccos(|z]) .
|z| arccos(|2])24/1 — [2]2(1 — |2]2)

Isometry groups for weights in higher dimensions are calculated in [9].

6. Weights with isometry group Aut(A). We have seen that the
continuous strictly positive complete radial weight v, 2(2) = (1 — |2/%)* on
the unit disc A has the property that its isometry group 4,(A4) is equal to
Aut(A). In this section we examine the converse of this result.

We recall that if U is a bounded open subset of C" and v is a continuous
strictly positive weight which converges to 0 on the boundary of U, then z
in U is said to be a v-peak point if there is f in the unit ball of H,,, (U) with
v(2)f(z) = 1 and v(w)|f(w)| < 1 for all w in U \ {z}. In [8, Theorem 3]
we prove that z is a v-peak point if and only if v(z)d, is a weak*-exposed
point of BHUO(U)“ Furthermore, by [8, Theorem 3], the set of weak*-strongly
exposed points and the set of weak*-exposed points of BHUO(U)’ coincide.

THEOREM 17. Let v be a continuous strictly positive twice differentiable
weight on A which converges to 0 on the boundary of A. Then A,(A) =
Aut(A) if and only if v(z) = e*&) (1 — |212)* for some bounded real-valued
harmonic function k on A and some o > 0.

Proof. Suppose that v(z) = €*(*)(1—|2|?)® for some bounded real-valued
harmonic function & on A and some « > 0. Let g be a bounded analytic
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function with real part k. For ¢ € Aut(A) and f € H,,(A) define Ty(f) by
Ty(f)(2) = ¢'(2)%e? 795 f o (2).

Then
rwafwvzsgy&@@%d“@ww%ﬂ@fo¢uﬂ
= sup (1 — |¢(2)[*)*e*@| f o ¢(2)| = || f0
z€A

and therefore Ty is an isometry of H,,(A).

Conversely, suppose that 4,(A) = Aut(A). We first observe that since z
in U is a v-peak point if and only if v(2)J, is a weak*-exposed point of the
unit ball of H,, (U)’, the set of v-peak points is non-empty. Therefore we can
find zp € A and f € H,,(A) so that v(20)f(20) = 1 and v(2)|f(2)] < 1 for
all z € A\ {z}. Given wy € A we can find an automorphism ¢ of A so that
wo = ¢(20). Let g(z) = Arg-1(2)f 0 ¢~ 1(2) where X is a complex number of
modulus 1 chosen so that g(wp) is real. Then

-1
otwolg(un) = v(un) %O o 67 ) = o) F20) =
and
-1
swlgtw)] = ow) "D 17007 )] = o] <1

for w € A\ {wp}. Therefore each point of A is a v-peak point and so v is
complete.
We now observe that for any ¢ € Aut(A) and z € A we have

A(logovo@)(z) = Alog ov)(2).
From the “chain rule” for Laplacians we get
Allogov)(6() _ 1
Alogov)(z)  [¢'(2)]?
for all ¢ € Aut(A). But taking the classical weight vy 2(2) = 1 — |z/|?, we

also find that
Allogoug)(6(2) 1
Allogouvip)(z)  |¢/(2)]?
for all ¢ € Aut(A) and z € A. Hence
Allogov)(¢(z)) _ A(logov)(z)
Alogov2)(d(z))  Alogoviz)(2)
for all ¢ € Aut(A) and z € A. Since Aut(A) acts transitively on A we get
Allogou)(z) _
A(logovio)(z)
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for some o € R and all z € A. As log o vy 2 is superharmonic and v tends
to 0 as z tends to the boundary of A, it follows that (1/a)log o v is also
superharmonic. Applying Weyl’s lemma ([28, Lemma 3.7]) we deduce that
there is a harmonic function k: A — R so that

log v(z) = log(vi,2(2)%) + k(2)
for all z in A. Hence
v(z) = (1 — |2
for all z € A, some bounded real-valued harmonic function k& on A and some

a € R. The boundary condition on v implies that a > 0.

COROLLARY 18. Let v be a continuous strictly positive twice differen-
tiable radial weight on A which converges to 0 on the boundary of A. If
Ap(A) = Aut(A) then v(z) = A1 — |2|2) for some A € Rt and some
a > 0.

Proof. The result follows from Theorem 17 and the fact that the only
radial harmonic functions are the constant functions. m

7. The isometry cocycle. We note that given ¢ € A,(U) the function
he with the property that there is an isometry of H,,(U) of the form

Ty(£)(2) = hy(2) f(¢(2))

is not unique. Indeed, Ahg4 will also give an isometry of H,,(U) for any
A € I'. However, since

|ho(2)] =

|hg(2)| is uniquely determined by ¢.

Given groups GG; and Go with identities e; and ey respectively and an
action of G1 on a set S, a cocycle w from G1 x S to G2 is a function
m: G1 X S — G9 such that

(a) m(e1,s) =ep for all sin S,

(b) m(gh,s) =m(g,hs)m(h,s) for all g, hin G; and all s in S.

Cocycles 1 : G1 xS — Gg and mo: G1 xS — G4 are said to be cohomologous
if there is a: S — G5 so that

m5(g,8) = a(s)m1 (g, s)a(gs)™t forallge Gy, s€S.

PROPOSITION 19. Let U be a bounded open subset of C" and v be a
continuous strictly positive weight which converges to 0 on the boundary
of U. The mapping my: Ay(U) x By(U) — (R, x), my(¢,2) = |hg(2)], is a
cocycle.
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Proof. Let ¢, 1 belong to A,(U). By Theorem 1, Ty, o Ty, = T;, for some
nin A,(U). For all f € H,,(U) and all z € B,(U) we have

(%) hyp(2)he(1(2)) f (6 0 ¥(2)) = hy(2) f(n(2))-

Taking f =1 we get

() hy(2)he(¥(2)) = hy(2).

Now taking f(z) = z; for j =1,...,n, using (*) and (*x), we get
n=ooy.

Putting this into () we obtain
hgoy (2)] = [hy(2)] [hg((2))]

or equivalently
(P o1, 2) = mp (Y, 2)my(h,¥(2)). m
DEFINITION 20. We shall call w, the isometry cocycle of v.

ExXaAMPLE 21.

(a) Forv, g(z) = (1-[2/%)%, a>0,8>1,8#2and w(z) = e~1/(1-121%)
we have seen that A,(A) is the group of all rotations about the origin
and that m,(¢,z) =1 for all ¢ € A,(U) and all z € A.

(b) We have seen that A,, ,(A) = Aut(A) and m,, , (¢, z) = [¢'(2)[*.

PROPOSITION 22. Let U and V' be bounded open subsets of C™, and v
and w be continuous strictly positive weights on U and V' respectively which
converge to 0 on their respective boundaries. If Ay is an isometric isomor-
phism from Hyy(U) onto Hyy(V), Ap(f)(2) = 94(2) f(d(2)), then the cocy-
cles w1y (1, 2) and my (¢~ torpod, ¢~ 1(2)) on A, (U)xB,(U) are cohomologous.

Proof. Let ¢ € Ay(U). Then Ay oTy o A;l(f) is an isometry of Hy, (V)
and it follows as in the proof of Proposition 11 that

Ag 0Ty o AZH(f)(w) = gs(w)hy($(w))gy-1 (1 0 p(w)) f($7" 09 0 $(w))

for all f € Hy,(V) and w € By, (V). Since the cocycle of Ay 0Ty o0 A(;l is
Tw(d~ 01h o ¢, w) we see that

mw(¢™ oo, 07 (2)) = gs(d (2))mu (1, 2)ge (9™ 0 ()
Thus the cocycles are cohomologous. =

The converse of Proposition 22 is false. To see this, let 3>1 and «, o/ >0,
a # . Consider the weights v, 3 and vy g; we claim that Ty, 5 and T, 5 ATe
cohomologous. Indeed, when 3 # 2 we notice that m,, ,(¢,2) = Tog 4 (¢, 2)
= 1 and hence are clearly cohomologous. When 5 = 2 we have

R (- leeRe
ﬂva,2(¢7z)_ (1—‘Z|2)a d Uo/,2(¢7 ) (17|Z|2)o/ :

!
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Taking a(z) = (1—|2|2)®~* gives us a cohomology between Ty, and m, , .
We summarise our invariants in the following table:

Isometry invariants

Invariant Symbol Tolerance
v-boundary B, (U) homeomorphism
interior of v-boundary B, (U) conformality
isometry group A,(U)  topological isomorphism
isometry cocycle Ty cohomology

8. Weights whose isometry groups contain all rotations. Let U
be an open subset of C® and v be a continuous strictly positive weight
which converges to 0 on the boundary of U. We define w: U — R by
w(z) = 1/v(z). The closed unit ball of H,,(U) is {f € Hy(U) : |f(2)] <
w(z) for all z € U} whereas the closed unit ball of H,(U) is {f € H,(U) :
|f(2)] < w(z) for all z € U}. We define wy: U — R by

wo(z) = supf{|f(2)| : f € By, )}
and w: U — R by

w(z) = sup{|f(2)] : f € By, )}

Let vg(z) = 1/wo(z) and v(z) = 1/w(z). Then vy and v are continuous
strictly positive weights which satisfy 0 < v < v < vy. Moreover, when
U = A it follows from [5, Proposition 1.1] that ¥ also converges to 0 on the
boundary of A. The spaces H,(U) and Hyz(U) are isometrically isomorphic,
as are Hy,,(U) and Hy, (U). We note that v and vy are radial whenever U
is balanced and v is radial. Furthermore, Hadamard’s three circles theorem
implies that logwy and logw are convex functions of log |z|. When v is a
continuous decreasing radial weight on the unit disc, [28, Theorem 2.6.6]
tells us that logwy and log w are subharmonic.

Given a balanced domain U and # in R we define Rg: U — U by Ry(z) =
ez

THEOREM 23. Let v : A — R be a continuous strictly positive weight
which converges to 0 on the boundary of A and such that B,(A) has an
accumulation point in A. For 6 € R the following are equivalent:

(a) Alogug o Ry = Alogy,

(b) Ry € Ay(A),

(c) Ry € Ag,(AQ).

Proof. Since H,,(A) is isometrically isomorphic to Hz,(A) we see that

(b) and (c) are equivalent. Suppose that (b) holds. It follows from Theorem 1
that there is hy € H,,(A) such that there is an isometry, Ty, of H,,(A) of
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the form
To(f)(2) = ho(2)f o Rg(z) for all f € H, (AQ), z € A.

For z € A we have

(f,T56.) = (Tof,02) = (hof o Ry,0.) = (f, ho(2)0R,(2))
for all f € H,,(A). Since T} is an isometry we notice that

1/00(2) = [10z] = [ho(2) |6 Ry ()|l = [ho(2)] - 1/P0(Rg(2))
for all z € A. Thus we see that
vo(Ry(2))
hg(z)| = ———=
| 9( )‘ ’U(](Z)
Applying the Laplacian operator to the superharmonic functions logvg o Ry
and log vy we get Alogvy o Rg = Alogug.

Now suppose that (a) is true. Since log vy is superharmonic we can ap-
ply Weyl’s lemma ([28, Lemma 3.7]) to conclude that there is a harmonic
function kg: A — C so that

logvo(Ry(2)) = logvg(z) + kg(z) for all z € A.
Then To(Rg(2)) = ®vy(2). Let go: A — C be a holomorphic function
such that kg = Re gg. Define Ty: H,(A) — Hy, (A) by

To(f)(2) = €9 f o Ry(z)  for z € A.

for all z € A.

Then
ITo(f)llo = supwv(2)[e?®) f o Ry(2)| = sup T (2)e™ )| f o Ry(2)]
z€A zEA
= Sug'ﬁo o Ry(2)|f o Ro(2)| = || f|o
zE

proving that Ty is an isometry of H,,(A) onto H,,(A) and therefore Ry €
Ay(A). =

COROLLARY 24. Let v: A — R be a continuous strictly positive weight
which converges to 0 on the boundary of A and such that B,(A) has an
accumulation point in A. Then {Ry : 6 € [0,27]} C A,(AQ) if and only if
Alog o vy is radial.

In practice, however, it is difficult to calculate vy when given an arbitrary
weight v. We therefore state the following corollary whose proof is based on
Theorem 23.

COROLLARY 25. Let v be a continuous strictly positive weight on A
which converges to 0 on the boundary of A. If Ry € A, (A) then Alogu(e?z)
= Alogv(z) for all z € B,(A). Moreover, if v is complete then the converse
holds. In particular, when v is complete, {Ry : 0 € [0,27]} C A,(A) if and
only if Alog o v is radial.
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We note the following lemma which is proved in an analogous way to
part of Theorem 23.

LEMMA 26. Let v,w : A — R be continuous strictly positive weights
which converge to 0 on the boundary of A and such that B,(A) and By, (A)
have each an accumulation point in A. If T(f)(z) = he(2)f(¢(2)) defines
an isometric isomorphism between Hy,(A) and Hy,(A) then

()] — TlE)

= for all z € A.
vo(2)

9. Determining isometries between spaces of weighted holomor-
phic functions on A with incomplete or non-radial weights. Let us
determine the isometries of a space of weighted holomorphic functions where
the weight is incomplete.

PROPOSITION 27. Let xg € (0,1) and suppose that w: {z : |z| € [zo,1)}
— R is a continuous strictly positive radial weight which converges to 0
as |z| tends to 1. Suppose that w(x) is twice differentiable on [xo,1) with
w'(z)? — w(z)w”(x) > 0 for x € [x9,1) and w'(xg) < 0. Define v: A — R*
by
_ {W(wo) if |2] < o,
v(z) = .
w(lzl) if |z = @o.
Then every isometry from Hy, (A) onto Hay,(A) is, modulo multiplication by
A € I', composition with a rotation of A.
Proof. 1t is shown in [8, Example 11] that B,(A) = {z : |z| € [z0,1)}. By
the proof of the first Banach—Stone theorem we know that every isometry
T of H,,(A) has the form

T(f)('z) = h¢>(z)f<¢(z)) for all f € Hy, (A)7 AS BU(A)7

where ¢ is a homeomorphism of B,(A) and hy € Hy,(A). We observe that
¢ must map By(A) onto By(A) and By(A) \ By(A) onto By(A) \ By(A).
Taking f(z) = 2 and restricting f to éU(AO) we see that ¢ is a biholomor-
phic mapping of B,(A) onto itself. Since B,(A) = {z : zo < |z| < 1}, [1,
Proposition 1.1.32] implies that ¢|;5 (,y is either z — ez or z — mpet?z 1.
However, since ¢| fu(a) €xtends continuously to {z 129 < |z] < 1} and ¢
maps By(A) \ By(A) onto B,(A) \ B,(A), the second possibility is ruled
out and ¢ is a rotation. It now follows from Theorem 3 that 7" is, modulo
multiplication by A € I', composition with a rotation of A. =

Let us construct a weight with a finite isometry group.

EXAMPLE 28. Let v(z) := (1 — |2[%)(1 — 2y) = v12(2)(1 — 2y), 2 € A.
Then Ay(A) = {Ro, R:}.
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Proof. Let us first see that the v-boundary contains the diagonal {z —
iz : x € (0,1)}. For 0 < r < 1 let I} denote the circle with centre 0
and radius r. By the proof of [8, Proposition 11|, given any function, f, of
the form f(z) = exe™™ 2 o > 0, v1,2(2)|f(2)| attains a unique maximum
over I, at the intersection of I, and the diagonal {x — iz : = € (0,1)}.
The function 1 — zy also attains its maximum over I. at the intersection
I and the diagonal {z — iz : « € (—1,1)}. Hence (1 — zy)vi2(2)|f(2)|
has a unique maximum over I at the intersection of I, and the diagonal
{x —iz : x € (0,1)}. The restriction of the function (1 — zy)v; 2(2)|f(2)| to
the diagonal {z — iz : z € (0,1)} takes the form (1 — 2% — 22%)|f(z — iz)|.
Consider g — izg with g € (0,1). An elementary calculation shows that we
can choose o so that (1 — 2% — 2z%)|f(2)| attains a unique maximum over
{z —iz : z € (0,1)}, and hence over A, at xy — ixg. Thus each point of
{z —ix:2 € (0,1)} is a v-peak point and hence belongs to the v-boundary.

Let ¢ € Ay(A). Using Theorem 4 we see that each ¢ € A,(A) is an
automorphism of A. If we operate in the same way as in previous examples,
we get

A(log ov)(z) = A(logv o ¢(2)).
Since
A(logov)(z) = A(log o vy 2)(2) + Alog(l — xy)
B 4 | 2|2

Q=12 (1 —axy)?
we deduce that log o v is superharmonic. We have
A(logv(¢(2))) = Alog 0 v)(¢(2))|¢ (2) [,

and letting ui(z,y) and ug(z,y) denote the real and imaginary part of ¢
respectively, we get

B 4 B | 2|2 _(_ 4
O FPE  (-a?  \ - BEPR
o 9(2) '(2)]2
Q —u1<x,y>u2<x,y>>2>‘¢< )

on B,(A). Letting z = 0 and using the fact that |¢/(0)| = 1 — |¢(0)|? by the
Schwarz—Pick theorem, we get

| 2

[6(0)[*(1 — [6(0)[*)?
(1 — ul(O, O)UQ(O, O))2
and thus ¢(0) = 0. Therefore ¢ is a rotation.

First observe that {Ry, Rr} C A,(A). We observe that the mapping
Hyo (A) = Hy(AQ), f— f,is an isometry. So Ry € A,(A). Next consider

4=4+
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the mapping 77 : Hyy(A) — Hyy (4), f— fo Rr. We have
[T fllo = [|foRrllv = Sugv(z)!fon(Z)! = Sug(l —ay)(1 = |2*)| foRx(2)]
S ze

= jgg(l — Re(2)Rx (1)) (1 — [Rx(2)|)| f © Rx(2)] = || f.-

Therefore R, is also in A,(A).

By Corollary 25, if Ry € A,(A) then Alogu(ez) = Alogu(z) for all
z € By(A4). Since
|

Al 0, — A1 0,y _
ogv(e”z) og v 2(€e"2) (1 — (xcosh —ysinf)(zsinf + ycosh))?

and Alogwv; 2(2) is radial, we deduce that if Ry € A,(A) then

xy = (xcos® — ysinf)(zsinf + ycos )
= 2?2 sinf cos § + zy(cos® 6 — sin® §) — y? sin H cos 6
22 — 2
=5 sin(20) + xy cos(26)

for all « + iy € B,(A). Since the diagonal {x — iz : 2 € (0,1)} is contained
in B,(A) we get cos(26) = 1. This means that 0 = kr, k € Z. =

EXAMPLE 29. Definev: (—1,1)x (—=1,1) — R by v(z) = (1—2*)(1—y*).
Then Ay((=1,1) x (=1,1)) = {Id, Ry /2, Rr, R3/2}-

Proof. By [8, Proposition 12| the weight v is complete. By our first
Banach—Stone theorem (Theorem 1) every isometry 7" from H,,((—1,1) x
(—1,1)) onto Hyy((—1,1) x (—=1,1)) has the form

T(f)(2) = he(2)f(9(2))

for some automorphism ¢ of (—1,1)x(—1,1) and hy € Hy((—1,1)x(—1,1)).
Furthermore,

he(2)] =
Proceeding as before we get

A(logv)(4(2))|¢ (2)” = A(logv)(2).
Since

1222 1625 12y 164/

—A(log(1 —2")(1—y") = 147" (1—az%)? Tz vt - (1—y*?
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writing ¢(z) as ¢(z) = uy(z,y) + iuz(x,y) we find that

T

12“2('7;73/)2 161@(1’,1})6 >
L —ug(z,y)t (1 —ua(z,y)*)?
1222 1625 12y 16y

11—zt + (1—x24)2 * 11—yt + (1—y*)?
Since |¢'(2)| # 0, setting x = 0, y = 0 we see that u;(0,0) = u2(0,0) = 0.
That is, ¢(0) = 0. Applying [12, p. 17] we obtain |¢'(0)| = 1.
Expanding ui(z,y) and us(x,y) as a Taylor series in z and y about the
origin, using the Cauchy—Riemann equations and the fact that w; and us
are harmonic we see that

ui (2, y) = ax + by + c(a® — y*) — 2dzy + O(3),
us(z,y) = —bx + ay + d(z* — 3?) + 2cxy + O(3).

We claim that either a or b is 0. Suppose that this is not true. Observe
that 23 and 32 on the left-hand side of (1) can only occur when (Qu;/0x)?
and (Quy1/0y)? are multiplied by 12u(x,y)? and 12us(z,y)?. Equating pow-
ers of 23 and y® on both sides we get

(2) ac—bd=0, —ad—>bc=0.

Considering these as linear equations in ¢ in d, since —a® —b? # 0, we deduce
that ¢ and d are 0. This gives

ui(z,y) = ax + by + ex® + 3fx%y — 3exy® — fy° + O(4),
ug(z,y) = —bx + ay — fo3 + 3ex’y + 3fxy® — ey’ + O(4).

Equating coefficients of z* (or y*) and 23y (or zy?) in (1) as above we see
that

(3) ae+bf =0, af—be=0.

As before, this shows that both e and f are 0.

It follows that the terms which involve 2% and 4% on the left-hand side of
(1) can only arise from u1(z,y)% and us(z,y)®. But comparing coefficients
of 25 and % we get a® + b5 = 1. Since a® + > = 1 and @ and b are both
non-zero, this is impossible. Hence either a or b is 0.

Suppose that b = 0. Then a = £1. We claim that ui(z,y) = £z and
uz(x,y) = ty. (If a = 0, a similar argument will show that u;(z,y) = +y
and ug(x,y) = Fzx.) Suppose that this is not true. Suppose ui(z,y) or
uz(z,y) contains terms of the form ax® for k& > 2. Let k be the smallest
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integer with this property. Putting this into (1) we obtain
o o o

122 Z 2 + 1625 Z nat=1 4 1242 Z i
n=0 n=1 n=0

+ 16y° Z ny* ™Y 4 @tz 4+ O(6k)

n=1
o0 o0 o0 o0
= 1222 Z i 4+ 1628 Z nzt =1 4 1242 Z Y + 164° Z ny=1).
n=0 n=1 n=0 n=1

So w1 (w,y) or uz(x,y) cannot contain terms of this form az®. An analo-
gous argument shows that u(x,y) or us(z,y) cannot contain a term of the
form ay".

Finally, suppose that wui(z,y) contains a term of the form az™y™ for
n,m > 0. Let m be the smallest positive integer with this property. Since
ui(x,y) and ug(x,y) satisfy the Cauchy—Riemann equations it follows that
uz(,y) contains a term of the form bz 1y™ 1. If m—1 = 0 this would con-
tradict the fact that us(x,y) does not contain a term of the form ba* for any
k > 1. Hence m > 2. Then Quy /0y contains a term of the form bz t1ym=2
and therefore by the Cauchy—Riemann equations again, u;(x,y) contains a
term of the form ca™t?y™ 2. If m = 2 this contradicts the previous para-
graph, while if m > 2 this contradicts our choice of m. Hence we have four
possibilities:

9

ui(z,y) = =, uz(z,y) = v,
ur(z,y) = —z, wlz,y)= -y,
ui(w,y) =y, uz(z,y) = —x,
ui(z,y) = —y, usz,y) =1

These give the identity and the rotations by 7, /2 and 37 /2 respectively. =

COROLLARY 30. There is a weight w on the open unit disc A with
Aw(A) = {Idva/%RTraRSw/?}'

Proof. By the Riemann mapping theorem, A and (—1,1) x (—1,1) are
conformally equivalent. In fact, since Aut(A) acts transitively on A, we can
assume that there is a conformal mapping ¢: A — (—1,1) x (=1,1) such
that ¢(0) = 0. If we set w(z) = (1— (Re ¢(2))*)(1 — (Im ¢(2))?), Example 29
gives us a weight w with four elements. Since ¢(0) = 0 each of these elements
is a rotation and hence A,(A) = {Id, Ry/3, R, R37/2}. =

10. Isometries of weighted spaces of holomorphic functions on
polydisc domains. Let us now consider holomorphic functions on bal-
anced domains of the form U x V with radial Cartesian weights, that is,
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weights of the form v x w where v is a radial weight on U and w is a radial
weight on V' which converge to 0 on their respective boundaries. We have
previously seen in [8, Proposition 20] that Byxy (U X V) = B,(U) x By(V).
We shall use Sy to denote the permutation group of order 2.

THEOREM 31. Let U and V be balanced bounded open subsets of C™
and C™ respectively, and let v and w be continuous strictly positive radial
weights on U and V' respectively which converge to zero on their respective
boundaries. Assume that both B,(U) and B, (V) have non-empty interiors
and that U (resp. V) contains no positive-dimensional analytic set in an
open subset of C™ (resp. C™).

(a) If Hyo(U) is not isometrically isomorphic to Huy, (V) then every

isometry T of the space H(yxw), (U X V) has the form

T(f)(21,22) = hg(21)hy(22) f(D(21), ¥(22))
for all (21, z2) € Byxw(U x V), where ¢ € Ay(U), ¢ € Ay(V), hy €
Hoo(U) and hy € Hyy (V).
(b) If Hy, (U) is isometrically isomorphic to Hy, (V) then every isometry
T of the space H(yxw),(Ux V) has either the form

T(f)(z1,22) = hg(21)hy(22) f((21), ¥ (22))
for all (21, z3) € Byxw(U x V), where ¢ € Ay(U), ¢ € Ay(V), hy €
Huo(U) and hy € Hyo(V), or the form

T(f) (21, 22) = ho(n(z2))h (07" (20)) f(S(0(22)), 90 (17 (21)))
for all (z1,22) € Boxw(U x V), for some biholomorphic mapping
n: Byw(V) — By(U), where ¢ € Ay(U), ¢ € Ay(V), hg € Hy(U)
and hy € Hyo (V).
Proof. By the first Banach—Stone theorem (Theorem 1) we deduce that
every isometry T' of H(,xw), (U x V) has the form

T(f)(z1,22) = hg(z1, 22) [ (921, 22))

where ¢ is an automorphism of By (U x V) = B,(U) x By(V) and hg €
Hwxw)o (U x V). When H,, (U) is not isometrically isomorphic to Hau, (V),
applying [27, Proposition 5.1 (see also [10]) we see such ¢ has the form

P(21, 22) = (¢1(21), P2(22))

where ¢1 (resp. ¢2) is an automorphism of By, (U) (resp. By (V). Further-
more, the first Banach—Stone theorem tells us that

~v(91(21)) w(g2(z2))
lho (21, 22)| = o(z1) wiz)

The transpose, T*, of T' will give an isometry of H(,xw),(U x V). In [8,
Corollary 19] we observed that H(,x.), (U % V') is isometrically isomorphic
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to Hyy (U)' ®x Huo (V)" and under this isometry v(2)w(y)d(s,y) is mapped
to v(x)d; ® w(y)dy. Suppose (z,y) € By (U x V) = By(U) x By(V). The
proof of the first Banach-Stone theorem tells us that there is a(z1, 22) € I’
with
(1) T™(v(21)0z Qw(22)02,) = 21, 22)v(D1(21)) 8, (1) OW(D2(22)) s (2) -
As (T%)~" maps a(z1, 22)v(¢1(21))3g, () @ W (h2(22))dg, (2,) ONtO V(21)02,
® w(z2)0,,, we see that T*’Bmo(u)/ maps By, )y onto By, @y, and
T*|BHw0(V)/ maps By, vy onto By, (vy. Therefore, ¢1 € A,(U) and ¢2 €
Aw(V). From (%) we now get |hg(21, 22)| = |hg, (21)he, (22)] for all (21,22) €

o

Byxw(U x V') and hence by the open mapping theorem we have hg = Ay, he,
for some \ € I

The second case is almost identical to the first when we allow for the
fact that there are automorphisms ¢ of l%vxw(U x V) of the form

¢(21,22) = (¢1(n(22)), d2(n " (21)))

for some automorphisms ¢1, o of B,(U) (or equivalently By(V)) and 7 is
a biholomorphic mapping from B, (V) onto B,(U) (see [27, Proposition 5.1]
or [10]). m

COROLLARY 32. Let U and V' be balanced bounded open subsets of C™
and C™ respectively, and let v and w be continuous strictly positive radial
wetghts on U and V' respectively which converge to zero on their respective
boundaries. Assume that both B,(U) and B, (V) have non-empty interior
and that U (resp. V') contains no positive-dimensional analytic set in an
open subset of C™ (resp. C™).

(a) If Hoyo(U) is not isometrically isomorphic to Huy, (V) then

Npsxw(U X V) = A, (U) x Ay(V)  and  Tysy = Ty X T

(b) If Hy,(U) is isometrically isomorphic to Huy, (V) then

Npsew(U X V) = Ay (U) x Ay(V)  modulo S

and
Toxw = Ty X Ty modulo Ss.

We list some of the isometries that Theorem 31 allows us to classify.
ExaMPLE 33.
(a) Every isometry T' of H(y, 5xv,2), (A X A) has the form

T(f) (21, 22) = (1 (201))2(20(2))) " F(D1(25(1)); P2(20(2)))
where ¢1, ¢ are in Aut(A) and o € Ss.
(b) For 8 # 2, every isometry T' of H(vg,5%v0.5)0 (A x A) has the form
T(f)<217 22) - )‘f(ewl (Zo'(l))7 ei02 (20(2)))

where 1, ¢ and X are in I" and o € Ss.
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(¢) For 3,3 # 2 and distinct, every isometry T of H(va,ngaﬁ,)o(A x A)
has the form ' ’
T(f)(z1,22) = Af (€™ 21, €% 29)

where 61,05 and \ are in I
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