STUDIA MATHEMATICA 192 (3) (2009)

Estimates for singular integrals and extrapolation
by

SHUICHI SATO (Kanazawa)

Abstract. We study singular integrals with rough kernels, which belong to a class of
singular Radon transforms. We prove certain estimates for the singular integrals that are
useful in an extrapolation argument. As an application, we prove LP boundedness of the
singular integrals under a certain sharp size condition on their kernels.

1. Introduction. Let {2 be a function in L'(S"~!) satisfying

(1.1) | 200)do(0) =0,

Sn—1
where do denotes the Lebesgue surface measure on the unit sphere S™1
in R™. In this note we assume n > 2. For s > 1, let Ay denote the collection
of measurable functions h on Ry = {t € R: ¢t > 0} satisfying

207 1/s
Ihlla, =sup( | h()1dt/t) " < oo,

JEZ o
where Z denotes the set of integers. We note that A, C A; if s > ¢. In
this note we always assume h € A;. Let P(y) = (Pi(y),...,Pa(y)) be a
polynomial mapping, where each P; is a real-valued polynomial on R". We
consider a singular integral operator of the form

(1.2) T(f)(z) =p~. | flz—Py)K(y)dy
Rn
=lim | f(z—P(y)K(y)dy,
ly|>e

for an appropriate function f on R, where K(y) = h(ly))2(y)|y|™, v =
ly|~'y. Then T(f) belongs to a class of singular Radon transforms. See
Stein [20], Fan-Pan [8] and Al-Salman-Pan [1] for this singular integral.
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When h =1 (a constant function), n = d and P(y) = y, we also write
T(f) = S(f)- Let f(&) = (gu f(2)e 2™@8 dz be the Fourier transform
of f, where (-,-) denotes the inner product in RY. Then it is known that

(SHMNE) = m(&) f(€), where

T
m(e) == | 200)[i 5 smn((€.0) + logl (€' 0] do(0)
Sn—1
Using this, we can show that S extends to a bounded operator on L? if
2 € Llog L(S™ 1), where Llog L(S™ 1) denotes the Zygmund class of all
those functions 2 on S™~! which satisfy

| 192(0)|10g(2 + |92(0)]) do(9) < oc.
gn—1
Furthermore, if 2 € Llog L(S™ 1), by the method of rotations of Calderén—
Zygmund (see [2]) it can be shown that S extends to a bounded operator
on LP for all p € (1, 00).

When n = d and P(y) = y, R. Fefferman [10] proved that if & is bounded
and {2 satisfies a Lipschitz condition of positive order on S”~!, then the sin-
gular integral operator 7" in (1.2) is bounded on L? for 1 < p < co. Namazi
[13] improved this result by replacing the Lipschitz condition by the condi-
tion that 2 € L4(S™~!) for some g > 1. In [7], Duoandikoetxea and Rubio
de Francia developed methods which can be used to study mapping proper-
ties of several kinds of operators in harmonic analysis including the singular
integrals considered in [13]. Also, see [6, 25] for weighted L? boundedness of
singular integrals, and [21, 22] for background materials.

For the rest of this note we assume that the polynomial mapping P in
(1.2) satisfies P(—y) = —P(y) and P # 0. We shall prove the following
result:

THEOREM 1. Let 2 € LI(S™1), ¢ € (1,2] and h € As, s € (1,2].
Suppose (2 satisfies (1.1). Let T be as in (1.2). Then

1T ()| oray < Cpla = 1) (s = 1) M2 pagsn—1y 1Al a1 f 1l o ey

for all p € (1,00), where the constant C, is independent of q,s,§2 and h.
Also, the constant C, is independent of the polynomials Pj if we fix deg(P;)

(j=1,...,d).

See [15, 16, 17] for relevant results. In Al-Salman—Pan [1], L bound-
edness of T was proved under the condition that (2 is a function in
Llog L(S™ 1) satisfying (1.1) and h € A, for some s > 1 ([I, Theorem
1.3]). Also it is noted there that estimates like those in Theorem 1 (with s
being fixed) can be used to prove the same result by applying an extrapola-
tion method, but such estimates are yet to be proved (see [1, p. 156]). In [1],
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the authors also considered singular integrals defined by certain polynomial
mappings P which do not satisfy the condition P(—y) = —P(y).

As a consequence of Theorem 1 we can give a different proof of [1, Theo-
rem 1.3] via an extrapolation method; in fact, we can get an improved result.
For a positive number a and a function h on R, let

27 +1
La(h) =sup | |h(r)| (log(2 + |h(r)))* dr/r.
i€z 5
We define a class L, to be the space of all those measurable functions h on
R which satisfy L,(h) < co. Also, let

Na(h) = m®2™dpy (h),
m2>1

where d,,(h) = supgez 27F|E(k,m)| with E(k,m) = {r € (2%, 2~+1] . 2m~1
< |h(r)] < 2™} for m > 2, BE(k,1) = {r € (2¥,2571] : 0 < |n(r)] < 2}.
We denote by N, the class of all those measurable functions A on R4 such
that Ng(h) < co. Then we readily see that Ng(h) < oo implies L,(h) < oo.
Conversely, if L,14(h) < oo for some b > 1, then N,(h) < co. To see this,
note that

2" m 2R E(k,m)| < C | |h(r)| (og(2 + [h(r)])**" dr/r < CLaty(h)
E(k,m)

for m > 2; thus Ny(h) < 2d1(h)+CLasp(h) Y, 59 m " < 00. By Theorem 1
and an extrapolation method we have the following:

THEOREM 2. Suppose §2 is a function in Llog L(S™!) satisfying (1.1)
and h € N1. Let T be as in (1.2). Then

1T () ze@ay < Cpll fll Lo way

for all p € (1,00), where C,, is independent of the polynomials Pj if the
polynomials are of fized degree.

By Theorem 2 and the remark preceding it we see that 7" is bounded on
L? for all p € (1,00) if 2 is as in Theorem 2 and h € L, for some a > 2.
When n =d, P(y) =y, {2 is as in Theorem 2 and h is a constant function,
it is known that T is of weak type (1,1); see [5, 18, 4, 9, 11, 12, 19, 23, 24].

In Section 2, we shall prove Theorem 1. Applying the methods of [7]
involving the Littlewood—Paley theory and using results of [8, 14], we shall
prove LP estimates for certain maximal and singular integral operators re-
lated to the operator 7" in Theorem 1 (Lemmas 1 and 2). Lemma 1 is used
to prove Lemma 2. By Lemma 2 we can easily prove Theorem 1. A key idea
of the proof of Theorem 1 is to apply a Littlewood—Paley decomposition
adapted to a suitable lacunary sequence depending on ¢ and s for which



222 S. Sato

2 € Li(S" 1) and h € As. The method of appropriately choosing a lacu-
nary sequence was inspired by [1], where, in a somewhat different way from
ours, a similar method was used to study several classes of singular integrals.

We shall prove Theorem 2 in Section 3. Finally, in Section 4, we consider
the maximal operator

(1.3) T*(f)(a:):;up()( | fle— Pu)K) dy|,
€20 ecly|<N

where P and K are as in (1.2). We shall prove analogs of Theorems 1 and 2
for the operator T™.

Throughout this note, the letter C' will be used to denote non-negative
constants which may be different in different occurrences.

2. Proof of Theorem 1. Let {2, h be as in Theorem 1. We consider
the singular integral T'(f) defined in (1.2). Let o > 2 and Ej = {z € R":
o < |z| < o*F1Y Then T(f)(z) = Y.°, ok * f(x), where {o}} is a sequence
of Borel measures on R? such that

(2.1) o x fx) = | flz - P(y)K(y) dy.

We note that

We write

J4
)= Q) Z awy (ay €RY),
i=1 =N
where Q; # 0, 1 < N(1) < --- < N({), v = (’yl,...,'yn) is a multi-index,
Y’ =yl yatand |y = g1+ o+ Ve We set B, = oV and ay, =
(4= s = e ) for 1< m < & Pt POy = T2, Q) and

define a sequence ,u = {Mk } of positive measures on R? by
Vi f@) = | fa— P ()| ()| dy
Ey
for m = 1,...,0. Also, define u(© {,uk)} by u,(c) = ({p, IK(y)ldy)s,

where ¢ is Dirac’s delta function on Rd. For a sequence v = {v}} of finite
Borel measures on R?, we define the maximal operator v* by v*(f)(z) =
supy, | |vk| * f(x)|, where |vg| denotes the total variation. We consider the
maximal operators (p(™)* (0 < m < £). We also write (u(9))* = Mo

Let

LJ(S) = (<a’y(j,l)7 §>7 ceey <a7(j,rj)7 §>)7
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where {(j, k)},._, is an enumeration of {},/=n(j for 1 < j < £. Then Lj is
a linear mapping from R? to R". Let sj = rank L;. There exist non-singular
linear transformations R; : R? — R¢ and H j : R% — R% such that

|Hjmd Ri(€)] < |L; ()] < ClH;md R; (6],
where 7¢ (&) = (&, ..., &) is the projection and C' depends only on r; (a

proof can be found in [8]). Let {O'IE;m)} (0 < m < ?) be a sequence of Borel
measures on R? such that

o™ x f(x) = | fla— P (y)K(y) dy
Ey,

form =1,...,¢, while a,go) = 0. Let ¢ € C§°(R) be supported in {|r| < 1}

and ¢(r) = 1 for |r| < 1/2. Define a sequence 7™ = {T } of Borel
measures by

(2:2) 7€) = 0" (O Brm (&) = 5" (O Prm1(€)
form=1,...,¢, where

V4
(@)= [ »BFH=L R;(©))

j=m+1

if0<m <¢—1and P,y =1. Then o}, = U](f) = ZZ (m) . We note that

m= 1
B (&) (Bl Hn e R ()]) = Prgn—1(§) (1 <m < 0).

For 1 <m </, let Tém)(f) =>4 T]gm) % f. Then T' = anzl Tg(m).
For p € (1,00) we put p’ = p/(p — 1) and 6(p) = |1/p — 1/p/|. Let
6 € (0,1). Then we have the following L? estimates for (p("™)* and Tém)

LEMMA 1. Forp>1460 and 0 < j </, we have

(23) DY (N)lzo@e)
< C(10g 0) (|12l Lagsn1 Il a, (1 = o= L) 7217 £l 1o ga).
LEMMA 2. Forpe (1+6,(140)/0) and 1 <m < {, we have

ITS™ () 2o @y
< C(log 0) |2l agsn—1) |kl a, (1 = @ CLNTI@ £ 1 .

The constants C' in Lemmas 1 and 2 are independent of ¢, s € (1,2], 2 €
L4(S™ 1), h € A, 0 and the coefficients of the polynomials Py, (1 < k < d).
We prove Lemma 2 first, taking Lemma 1 for granted for the moment. Let
A = (10g 0)[|192]| asn-—1)llh]| 4, and B = (1 = grfom) =t = (1 — o=0/Ca+)) =
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Then we have the following estimates:

(2.4) Il <ead (1™ = 1™ (RY),
(2.5) 2 (€)] < e ABL L (€)))~m,

(2.6) 2 ()] < e ABE Lin()])

(2.7) 1) (Pl < CABY2||f|l,  for p>1+86,

for some constants ¢; (1 < i < 3) and Gy, where we simply write || f|| 1»(ra) =

[ f1lp-
Now we prove the estimates (2.4)—(2.7). First we see that

28) ™ < cle™ )+ let™ V)

Qk+1

<Oely | |h(r)|dr/r < Clog o) 2]l1]1hl|4,-

Qk

From this (2.4) follows. To prove (2.5), define

F(r,&) = | 92(6) exp(—2mi(¢, P"™(r6))) do(6).
Sn—l
Then, via Holder’s inequality, for s € (1, 2] we see that

k+1

(29) 1601 =| | ho)F(r)dr/r|

k+1 k+1

< (§ wrar) (] o ar)

oF ok

/

Qk+1 1/s'

r_ ’ /s

< Clog 0)/*[hl|a, 1212 (§ (PG )P dr/r)
gk’

We need the following estimates for the last integral:

LEMMA 3. Let 1 < ¢ < 2 and 2 € LI(S"Y). Then there exists a con-
stant C' > 0 independent of q, o, £2 and the coefficients of the polynomial
components of P such that

k+1

| 1F(r, &) dr/r < C(log 0) (85| Lm (&))" CINIm)| 02,

k

o

%

Proof. Take an integer v such that 2 < o < 2Y*!. By the proof of
Proposition 5.1 of [8] we have
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okt v 2J+1
| rF<r,§>\2dr/r—§r (P dr/r <> | [Fle*r, &) dr/r
oF j=0 2i

< o((ir@enon )
=0 1

< C@NM NI L, ()TN )2
j=0
< C(log 0) (0" ™ |L,, (€)])~V/ N ) 2,

This completes the proof of Lemma 3. =

By (2.9) and Lemma 3 we have |5 (&)] < CA(B,|Lpn(€)])~%. Also,

we have Halim_l) | < CA by (2.8). We can prove the estimate (2.5) by using
these estimates in the definition of T,im) in (2.2) and by noting that ¢ is
compactly supported. Next, to prove (2.6), using (1.1) when m = 1, we see

that
)] < 1687 (€) = 6™ (€) B (€)]
(

gk+1
< CIRALBEMLm(@©)] | 1h()dr/r+ Cllo™ V185 | Lin(€)]
Qk

< C(log o) 1201 1l1Al| 2, B L (€,

where to get the last inequality we have used (2.8). By this and (2.8), we
have

7 (€)] < Clog )12 1] 2y (BEH Lo (€)])°

for all ¢ € (0, 1], which implies (2.6). Finally, the estimate (2.7) follows from
Lemma 1 since

1) Ol < CHE™) (DIl + CIETD) (D < CABP|If],

for p > 1+ 6, where the first inequality can be seen by a change of variables
and a well-known result on maximal functions (see [8]).

Let {¢1}32_., be a sequence of non-negative functions in C*°((0,00))
such that supp(vx) C [6,,, 6,51,

k)’ =1, |(d/dtygrt)] </t (j=1,2,...) forallt>0,
k

where the constants ¢; are independent of (3, (this is feasible since 3, > 2).
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Define an operator Si by (Sk(f))"(€) = i (|Hnmd, Rin(€)])f(€) and let

Z Sitk(ty  * Sipr(f))-

k=—00
Then by Plancherel’s theorem and the estimates (2.4)—(2.6) we have
210)  [VIE < o | 5 ©PIF©P dg
D(j+k)
< CA?min(L, 200720 % 0 || f()% dg
k. D(j+k)

< CA*min(1, 8,072y 7|3,

where D(k) = {6,,*~" < |[Hprl, R (€)] < 5,013,

Applying the proof of Lemma on [7, p. 544] and using the estimates (2.4)
and (2.7), we can prove the following.

LEMMA 4. Let u € (1+60,2]. Define a number v by 1/v—1/2 =1/(2u).
Then we have the vector-valued inequality
1/2
(3 lanP?)
U

(2.11) H(Z‘Tk(;m)*gk’z)lﬂ <

where the constants ¢1 and Cy, are as in (2.4) and (2.7), respectively.

(ClC )1/2AB1/u

By the Littlewood—Paley theory we have

212 V< o (SR e Sieats )"
(2.13) |(Sisen®) ™| < ol
k

where 1 < p < oo and ¢, is independent of 3,,, and the linear transformations
Ry, Hyy,. Suppose that 1+60 < p < 4/(3—6). Then we can find u € (1+86, 2]
such that 1/p =1/2+ (1 —6)/(2u). Let v be defined by u as in Lemma 4.
Then by (2.11)—(2.13) we have

(2.14) V™ ()l < CABY £l

Since 1/p = /2 4+ (1 — 0) /v, interpolating between (2.10) and (2.14), we
have

)

p

IV () < CABO=O/ min(1, B0m 01-2))| ],
It follows that
(2.15) TSl < ST IV ()l < CABO-O/u(1 — g 0m) =1 g,

J
< CAB*?|f|,,
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where we have used the inequality ) min(1, ﬁ;ﬁa’”(u |_2)) < 5(1—p0am)~1
We also have [|T3™ (f)]|2 < X2 [V™ (f)ll2 < CAB| fl2 by (2.10), since B >
(1-— ﬂ;ﬁm)_l. By duality and interpolation, we can now get the conclusion
of Lemma 2.

Next, we give a proof of Lemma 1. We argue by induction on j. So
assuming (2.3) holds for j =m — 1, 1 < m < ¢, we will prove it for j =m
Let ¢ € C°(R) be as above. Define a sequence 7™ = {n,(im)} of Borel
measures on R by

i (©) = (Bl Hunrel, R (D" (€).
Then by (2.3) with j =m — 1, we have

(2.16) @™ (Hllp < CIHETD) ()l < CABY?|If]],

for p > 1 + 6. Furthermore, we have the following:

Qk+1

@17) ™+ 1™l < Cla™ Y+ ™ < Clelh § Ipe)]dr/r

k

< C(log o) [|92[1[[n]la, < CA,

(218) [ () — ™ (€)] < C(log o)L 1Al a, (85 L (€)])
< CABE Lan(©))) ™,

(2.19) " ()] < CABE Lm(€)) 0,

(2.20) 3™ (©)] < Cllog )l1Al]a, |21 (85 L (E))

< CABY L))

To see (2.18) we note that

™ (&) — ™ (©)]

1 1
< 1™ (©) = A" O]+ (@B Hnmld R (€)) = D"V (€)).
Thus arguing as in the proof of (2.6), we have the first inequality of (2.18).
The estimate (2.19) follows from the arguments used to prove (2.5). Also,
the first inequality of (2.20) is a consequence of the definition of n,&m) and
(2.17).
Since ||(1™)*(f)]loo < CA|flloo, by interpolation, it suffices to prove

(2.3) with j = m for p € (146, 2]. Define a sequence (™) = {V,E,m)} of Borel
(m) _ (m) _ (m) Let

measures by v, ' = .
(Z ™ e f )1/2.
Then

(2.21) (")) < gm(f) + ") (LD
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Thus, by (2.16), to get (2.3) with j = m it suffices to prove |gm(f)ll, <
CAB?/?| f||, for p € (1 +6,2] with an appropriate constant C. By a well-
known property of Rademacher’s functions, this follows from

(2.22) U™ ()l < CAB?|I ],

for p € (1 +0,2], where Ua(m)(f) =>4 skyl(cm) « f with e = {ex}, ex =1 or
—1, and the constant C' is independent of ¢.
The estimate (2.22) is a consequence of the following:

LEMMA 5. Define a sequence {pj};il by pr = 2 and 1/pj11 = 1/2 +
(1-0)/(2p;) for j > 1. (Note that 1/p; = (1—a’)/(1+0), where a = (1-6) /2,
so {p;j} is decreasing and converges to 1+6.) Then, for j > 1,

U™ (f)llp; < CGAB P3| f .
Proof. Let

o0
U;m)(f) =) enSiru(vy™ * Sjin(f)).
k=—0o0
Then by Plancherel’s theorem and the estimates (2.17)—(2.20), as in (2.10)
we have

(2.23) U™ (f)]l2 < CAmin(1, 8,212y £]lo.

It follows that |US™ (f)ll2 < 32, 1US™ (£)l2 < CABJ|f||2. If we denote by
A(s) the assertion of Lemma 5 for j = s, this proves A(1).

Now we derive A(s + 1) from A(s), which will complete the proof of
Lemma 5 by induction. Using (2.21), we see that

@) < WY ALD + U UFD) < g1 + 20 (1)

Note that A(s) implies ||gm(f)|lp. < CAB%Ps|/f||,.. From this and (2.16)
we have

(2.24) 1) (Dlpe < Ngm (1D llp. + 200 (1 FD)llp. < CABP*||f |,

By (2.17), (2.23) and (2.24), we can now apply the arguments used in the
proof of (2.15) to get A(s+ 1). This completes the proof of Lemma 5. =

Now we prove (2.22) for p € (1 +6,2]. Let {p;}32, be as in Lemma 5.
Then we have py11 < p < py for some N. Thus, interpolating between the
estimates of Lemma 5 for j = N and j = N + 1, we have (2.22). This proves
(2.3) for j = m.

Finally, we can easily see that (u(©)*(f) < C(log)||2|1]|h]la, |f] (see
(2.17)), which implies the estimate (2.3) for j = 0. Therefore, by induction
we have (2.3) for all 0 < j < ¢. This completes the proof of Lemma 1.
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Now we can prove Theorem 1. Since 6 € (0,1) is arbitrary, by taking
0 =29% in Lemma 2 we have

T2, (F)llp < Cpla — 1)1 = D72l allf ]l

for all p € (1,00). This completes the proof of Theorem 1, since T =
St T8

3. Proof of Theorem 2. Theorem 2 can be proved by Theorem 1 and
an extrapolation argument. Let T'(f) be the singular integral in (1.2). We
also write T'(f) = Th.o(f). We fix ¢ € (1,2], 2 € LI(S" 1), p € (1,00) and
a function f with ||f|, <1 and put S(h) = || Th,o(f)||p- Then we have the
subadditivity:

(3.1) S(h+k) < S(h)+ S(k).

Set By = {r € Ry : 0 < |h(r)] <2} and E,, = {r € Ry : 271 < |h(r)]
< 2™} for m > 2. Then, applying Theorem 1, we see that

(3.2) S(hxg,) < Cla—1)""(s = )72l hxE, | A,

for s € (1, 2], where x g denotes the characteristic function of a set E. Now we
follow the extrapolation argument of Zygmund [26, Chap. XII, pp. 119-120].
First, note that

for m > 1, where d,(h) is as in Section 1. Using this and (3.2) we see that
Y Shxe,) < Cla=1)7M Rl Y mlhxe, lla,,m
m>1 m>1
< Clg—=1)7M2lg Y m2dy/ "D (h).
m>1
Recalling the definition of N, (h), we have
> m2mdp/ ()
m>1
= Z QOd%/(erl)(h) + Z QOdz/(m+1)(h)
dm(h)<3—m dm(h)>3—m™
< 3" mamgmm D) LN amd,, ()3 M HD < C(1 4+ Ny(h).
m>1 m>1
Therefore, by (3.1) we see that
(3-3) S(h) <Y S(hxm,) < Cla = 1) 2lly(1 + Ni(h)).
m>1

Next, fix h € Ny, p € (1,00) and f with |f|, < 1 and let R({2) =

1 Th.2(f)llp- Put €m = o(Fy,) for m > 1, where F,, = {§ € S*~1:2m~1 <
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12(0)] < 2™} for m > 2 and Fy = {# € S : [02(0)] < 2}. We decompose
Q2 as 2 =320, where 2, = 2xp,, —o(S" 1)1 \p 2do. We note
that {2, do =0, || 2], < C2mel" for 1 < r < oo. Now, by (3.3) and the
subadditivity of R(Q) we see that

ZR (1+ Ni(h)) Zm||9m||1+1/m
m>1 m>1
< C(1+ Nyi(h Zmzm m/(m+1)
m>1

—ca+mm)( Y o+ > )

em<3™™  em>3"M

< C(1+ Ni(h)) (Z m omg—m?/(m+1) | Z m 2m€m3m/(m+1))
m=1 m>1
< C(1+ Ni(h)) (1 + | 1200)10g(2 + [200)]) dg(e)),
Sn—1

This completes the proof of Theorem 2.

4. Estimates for maximal functions. For the maximal operator T
n (1.3) we have a result similar to Theorem 1.

THEOREM 3. Let ¢ € (1,2], s € (1,2] and 2 € LI(S™1), h € A,.
Suppose (2 satisfies (1.1). Then

IT* ()l e ey < Cplg = 1)1 (s = 1) MRl pagsn—n) 1Bl a1 f | o re)
for all p € (1,00), where C,, is independent of q, s, £2 and h.

As Theorem 1 implies Theorem 2, we have the following theorem as a
consequence of Theorem 3.

THEOREM 4. Let 2 be a function in Llog L(S™') satisfying (1.1) and
h € Ny. Then

HT*(f)HLP(IRd) < Cp”fHLP(Rd)
for all p € (1,00).

As in the cases of Theorems 1 and 2, the constants C), of Theorems 3 and
4 are also independent of the polynomials P; if we fix deg( ) (G=1,...,4d).
When §2 is as in Theorem 4 and h € A, for some s > 1, Lp boundedness of
T* was proved in [1]. When n =d, P(y) =y, 2 € L4 for some ¢ > 1 and h
is bounded, LP boundedness of 7™ is due to [3].

We use the following result to prove Theorem 3.

LEMMA 6. Let 70" {Tk } (1<m<Y), where the measures T,Em) are as
n (2.2). Let 0€(0,1) cmd let positive numbers A= (log 0)[|£2(| La(sn—1) |l A,
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B = (1 — 3;94m)=1 be as above. Define

(4.1) Ty _SUP)ZT * f ‘

kEeZ
Then forp € (2(146)/(6?> — 0 +2),(1+0)/0) =: Iy we have
Ty ()l < CA(BY W) 4 BAPHIZ01)| |,
where C is independent of q,s € (1,2], 2 € LI(S" 1), h € A, o and the
coefficients of the polynomials P; (1 < j < d).

Proof. Let Tém)( ) = > Tlgm) « [ be as in Lemma 2. Let a func-

tion ¢ be as in the definition of T]gm) in (2.2). Define ¢ by ¢r(§) =
(B8 | Hpmd Ry (€)]). Let 6 be the delta function as above. Following [8],
we decompose

00 k—1
ZT](m)*f:ng*Tém)(f)—ng*(Z T](m)* ) + (0 — p) * (ZT * )
=k

j=—o0

It follows that
(4.2) Tym(F) < sup oy x T\ |+ZN

(m)

where N\™(f) = supy, [op * (") * £)| + supy [(8 — &) * (777 = ). By

J
Lemma 2 we have

(4.3) s lpr * T3 (f)] [l < CAB™ WD f|l,  for p € (146, (1+6)/6).
k

Also, by (2.7) we see that

(4.4) INS™ (f)llr < CABY"||f|l,  for r > 1+8.
On the other hand, we have
N < (D216 = en) « (700 F)2) (er D)
k
Therefore, by the estimates (2.5), (2.6) and Plancherel’s theorem, we get
(45) INS ()l < CABRomI (1= B2om) 2 £l

(see [8, p. 820]). For p € Iy we can find r € (1 + 60,2(1 + 0)/0) such that
1/p=(1—-6)/r+6/2, so interpolation between (4.4) and (4.5) implies that

(46) NS (f)lly < CABPOO/r (1 — g 2em) =02 g amb| £,
Therefore, by (4.2), (4.3) and (4.6), for p € I we have
Ty (f)llp < CA(BIHW) 4 BEIZO/TH(1 — 5 20m)=072) £,
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This implies the conclusion of Lemma 6, since (1 — 3,2%m)~! < B and
201 —0)/r+6/2+1=2/p+1—0/2. =

Proof of Theorem 3. Note that T*(f) < 275 (f) + 2u5(| f]), where T5(f)
is defined by the formula in (4.1) with {Tj(m)} replaced by the sequence {o;}

of measures in (2.1), and puj, = (19)* is as in Lemma 1. We note that
T5(f) < Zi@:l T, (f). Now, Lemma 6 implies that

1T ()llp < Cllog o) (1 — 0~ CLD) 312l |P] 4,11 1

for p € Iy. By using this with o = 27, since 0 € (0,1) is arbitrary, we can
conclude that

1T (Dllp < Cola = D)7 (s = D722 A, 111

for p € (1,00). Also, by Lemma 1, pj satisfies a similar estimate when
o = 295", Collecting results, we have Theorem 3. m

REMARK. Let
M(f)(z) =supt™™ | [f(z—Py)|[2)[h(y])| dy.

>0
ly|<t

It is easy to see that M(f) < Cuy(f), where C' is independent of o > 2.
Therefore, by Lemma 1 we can prove results similar to Theorems 1 and 2 for
the maximal operator M. In [1], LP boundedness of M was proved under the
condition that 2 € Llog L(S"!) and h € A, for some s > 1. When n = d,
P(y) = y, it is known that M is of weak type (1,1) if £ € Llog L(S™ 1)
and h is bounded (see [5, 4]).
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