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The tensor algebra of power series spaces
by

DIETMAR VOGT (Wuppertal)

Abstract. The linear isomorphism type of the tensor algebra T'(E) of Fréchet spaces
and, in particular, of power series spaces is studied. While for nuclear power series spaces
of infinite type it is always s, the situation for finite type power series spaces is more
complicated. The linear isomorphism 7T'(s) & s can be used to define a multiplication on
s which makes it a Fréchet m-algebra s.. This may be used to give an algebra analogue
to the structure theory of s, that is, characterize Fréchet m-algebras with (2) as quotient
algebras of se and Fréchet m-algebras with (DN) and (Q2) as quotient algebras of se with
respect to a complemented ideal.

In [8] we calculated the linear isomorphism type of the space s of rapidly
decreasing sequences and all of its complemented subspaces E. It was shown
that T'(F) = s whenever dim E > 2. This includes all of the so-called power
series spaces of infinite type, including the space H(C?) of entire functions
for any dimension d. In the present work we study the tensor algebra of
Fréchet spaces in a more general context.

We use these results to give another proof for the isomorphism theorem
in the case of infinite type power series spaces. The isomorphism T'(s) & s
defines a multiplication on s which turns it into a Fréchet m-algebra which
we call so. Its quotient algebras are all nuclear Fréchet m-algebras with
property (€2) or, equivalently, which are linearly isomorphic to a quotient
of s, and its quotient algebras with respect to a complemented ideal are
the nuclear Fréchet m-algebras with properties (DN) and (£2). This gives an
“algebra equivalent” to the structure theory of s as developed in [9)].

In the last section we extend our study to the finite type power series
spaces, including e.g. the spaces sg of very slowly increasing functions and
the spaces H(D?) of holomorphic functions on the d-dimensional polydisc.
There the situation is much more complicated. But it is interesting to observe
that for E = sg and E = H(D?) the results are different, however in the
second case the result does not depend on d. In fact we obtain coincidence
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of T(E) on the same class of power comparable E (or E of type (1)) as in
[2], where the symmetric tensor algebras of infinite type power series spaces
have been investigated.

It should be finally mentioned that Fréchet m-algebras which are lin-
early isomorphic to s play a prominent role in [3] from where some of the
notation below is taken. It might also be interesting to study the continuity
of multiplicative forms on s,, which would solve Michael’s conjecture (for a
similar approach see [6]).

1. The tensor algebra of a Fréchet space. A Fréchet space is a
complete metrizable locally convex space; its topology can be given by a
fundamental system of seminorms || - |1 < || - |l2 < || |ls < ---. A Fréchet
m-algebra is an algebra over C which is a Fréchet space and admits a fun-
damental system of submultiplicative seminorms.

For a Fréchet space E we set
E®" = E® ---® F,

the n-fold complete m-tensor product, and for any continuous seminorm p
on E we denote by p®" the n-fold m-tensor product of p.

With this notation we define

(1.1) T(E)= {x = (2n)nen € [ E®":

n=1
o0
Izl = 3 F an | < oo for all k € N}.
n=1

By defining
T1Q QT XY@ QYm =010 QT QY1 @+ D Y,

T(FE) becomes a Fréchet m-algebra. In a natural way E C T(FE) and every
continuous linear map £ — A, where A is a Fréchet m-algebra, extends
to a uniquely determined continuous algebra homomorphism T'(E) — A. If
E and F are Fréchet spaces then every continuous linear map ¢ : £ — F
extends to a continuous algebra homomorphism T'(¢) : T(E) — T(F).
Obviously, the definition of T'(E) is independent of the fundamental sys-
tem of seminorms on E, and T'(F) is determined, up to bicontinuous algebra
isomorphism, by its universal property. It is called the tensor algebra of E.
IfFl]-|h < |l2<--- is a fundamental system of seminorms for E then
we denote by Ej the respective local Banach spaces and by j, : B, — E,
the canonical linking maps for m > n (see [5]). The local Banach spaces of
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T(FE) have the following representation:

o0 oo
(12) T(E) = {x = (@n)nen € [[ EE™ -zl = e lan £ < oo}.
n=1 n=1
The following facts are easy consequences of the definition of the tensor
algebra and its universal property:

(1) If E = F then T(FE) = T(F) with a bicontinuous algebra isomor-
phism.

(2) If ¢ : E — F is a continuous surjective map, then T'(q) : T(E) —
T(F) is a continuous surjective algebra homomorphism.

(3) If F' is a complemented subspace of E and P the projection, then
T(F) is a complemented subalgebra of T'(E) with the algebra homo-
morphism T'(P) as projection.

If A is a Fréchet m-algebra then the identity id4 extends to a surjective
algebra homomorphism g4 : T(A) — A and we have an exact sequence

0—Jqs—T(A) 2 A0

where J4 is an ideal in T(A). Obviously, g4 has A — T'(A) as a continuous
linear right inverse.

If therefore the Fréchet m-algebras A and B are linearly isomorphic,
they can be considered as quotient algebras of the same algebra T'(A) with
respect to different complemented ideals. The same holds for algebras B
which are linearly isomorphic to a quotient of A. However, there the ideals
need not be complemented.

We can improve the assertion (1) above.

PROPOSITION 1.1. Let E and F be Fréchet spaces, then the following
are equivalent:

(1) T(F) 2 T(F) with a bicontinuous algebra isomorphism.
(2) E~F.
Proof. We only have to show (1)=(2). Let ¢ : T(E) — T(F) be a
bicontinuous algebra isomorphism. We refer to formula (1.1) and set
Ty(E) = {z € T(E) : 2, = 0} = T(E)2,

and likewise for F. Then it is obvious that ¢ maps T>(F) bijectively onto
T5(F). Let mp be the projection in T'(F') onto F with kernel T5(F). Then
mF o ¢|p is an isomorphism from E onto F. m

We close this section by two simple examples, which we take from [8]:

e T(C) = Hy(C), the space of all entire functions on C which vanish
at 0.
e T(C?) = s, the space of all rapidly decreasing sequences (see below).
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While the first example is the representation (1.1), the second is only
a linear isomorphism. Because we will be using the second assertion, we
repeat, for the convenience of the reader, its simple proof.

We think of C? as equipped with the £;-norm. Then (C?)®" = C?" again
equipped with the ¢;-norm (see [4, Chap. I, §2, n°® 2, Cor. 4, p. 61]). So we
obtain, labelling the natural basis of C2" from 2" to 2"+! — 1:

ontl_q

T(C?) = {ac = (2;)jen € CV : |z = iw( 3 W) for all k}
n=1

j=2n

For 2" < j < 2" we have 2F" < j* < 2K . 2k Therefore T((CQ) 5. m

2. Power series spaces. For any sequence a with 0 < oy < g < ---
< oo and for r =0 or r = co we set

o
A () = {x = (zj)jen : |z]s = Z |2j|e'™ < oo for all t < 7“}.
§=0
Then A, («) with the norms |-|; is a Fréchet space. It is called a power series
space, for r = 0 of finite type, for r = oo of infinite type.

Of particular importance is the case «, = logn. In this case we set
Aoso(logn) =: s and Ag(logn) =: so. We call s the space of rapidly decreasing
sequences, and sg the space of very slowly increasing sequences.

Moreover, we note that for o, = n we have Ay (n) = H(C), the space of
all entire functions in one complex variable, and Ay(n) = H(D), the space
of holomorphic functions on the open unit disc.

We set 7, = k if r = 0o and rp, = —1/k if » = 0. For the tensor algebra
T(A;(«)) we obtain

T(Ar(a)) = {x = (Zn,j)neN,jeNn :
o
il = 32 3 farngleF @+ 440) < o0 for all k € N},
n=1jeN"

We set vy,(j) = o, +-- -+, for j € N* and denote by 5,(v), v =1,2,...,
an increasing enumeration of the numbers v,(j), j € N™.
Then we obtain

(21)  T(4(0) = {2 = (@ns)nven

”ka = Z |xn,1/

n,v

Fn () < oo for all k € N}.

From this representation we immediately derive:
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LEMMA 2.1. The tensor algebra of an infinite type power series space is
again an infinite type power series space.

We remark that A,(«) = A,.(5) if and only if A,(a) = A,(F) and this is
equivalent to the existence of a constant C' > 0 such that C’_laj < B; < Coj
for large j (see [5, Proposition 29.1]).

At some point we will assume that logn = O(ay,), that is,

1
(2.2) lim sup BT <%

n an

For r = oo this is equivalent to the nuclearity of A (a). All infinite
type power series spaces which are relevant in analysis belong to this class.
It is not difficult to show that under this condition there is a subsequence
(ng)ken of N such that A,(a) = A, (logng).

3. Linear topological properties of tensor algebras of Fréchet
spaces. Throughout this section = will always denote a linear topological
isomorphism. First we see that nuclearity of a Fréchet space is inherited by
its tensor algebra.

THEOREM 3.1. A Fréchet space E is nuclear if and only if T(E) is
nuclear.

Proof. If T(E) is nuclear then so is E as an (even complemented) sub-
space. To prove the converse we assume that F is a nuclear Fréchet space.
This means that for every k we find p such that j]kfﬂJ : Ejyp — Ej is nuclear.

We have to show that for some ¢ also the linking map J,];”Jrq cT(E)ktq —
T(E)y is nuclear.
Now with j’kfﬂ) also (j]’j+p)®" : EPP — EP™ is nuclear and V((j,’§+p)®”) <

k+p -
v(jk +p)", where v(-) denotes the nuclear norm of an operator. We choose
g > p such that V(j,]:+p) < e? and remark that V(j,]:+q) < V(j,'§+p). Then a
straightforward calculation shows that J,’j g 8 nuclear. =
For our general discussion we need the following lemma.

LEMMA 3.2. For any two Fréchet spaces E and F the space T(E) & T(F)
is isomorphic to a complemented subspace of T(E @ F).

Proof. We have

T(E) & T(F) = {u = (up) € [] E¥ @ F="
1,keN

el = 3= €™ 37 Nl < o0}
n

l+k=n
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This space arises in a natural way as a complemented subspace of
T(E @ F) by decomposing each summand (E & F)®" into 2" direct sum-
mands following from the direct decomposition £ @ F. u

We call a Fréchet space E shift-stable if E = C® E. A power series space
is shift-stable if and only if limsup,, . @n+1/a, < co. In this case we also
call « shift-stable. Notice that all concrete spaces we will be considering are
shift-stable.

LEMMA 3.3. If E is shift-stable then T(E) = s @ T(E).

Proof. By assumption we have £ = C?> @ E. Since, by Theorem 4.2,
T(C?) = s, we deduce from Lemma 3.2 that s @ T(E) 2 T(C?*) @ T(E) is a
complemented subspace of T(C? @ E) = T(E).

On the other hand, T(FE) is obviously isomorphic to a complemented
subspace of s ® T(E). Now [7, Proposition 1.2] yields the result. u

By using [7, Proposition 1.2] again, Lemma 3.3 implies:

ProposiTION 3.4. If E and F are Fréchet spaces, E shift-stable, F
isomorphic to a complemented subspace of T(E) and T(E) isomorphic to a
complemented subspace of F, then FF = T(FE).

We will use the following simple remark:
LEMMA 3.5. For any Fréchet space E we have
TE)XEaT(ERE)® ERT(E®E).

This shows, in particular, that T'(F ® E) is a complemented subspace of
T(E). We will use Proposition 3.4 to show:

THEOREM 3.6. For any shift-stable Fréchet space E we have T(E) =
T(E®FE).

Proof. By Lemma 3.5, T(E ® E) is isomorphic to a complemented sub-
space of T'(FE). Since FE is clearly isomorphic to a complemented subspace
of E ® E, the space T(FE) is isomorphic to a complemented subspace of
T(E ® E). As E is shift-stable, Proposition 3.4 yields the result. u

Moreover, from Lemma 3.5 and Theorem 3.6 we get the following coin-
cidences:

COROLLARY 3.7. For any shift-stable Fréchet space & we have
T(B)= E&T(E) % E&T(E) 2 T(E) & T(E).
Proof. By Theorem 3.6 we can write the identity in Lemma 3.5 as

(3.1) T(E)2Ea&T(E)® EQT(E).
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So T(E) contains E @ T(E) and E ® T(E) as complemented subspaces. As
both contain T'(E) as complemented subspace, the first two isomorphisms
follow from Proposition 3.4. The last one then follows from the first two and
equation (3.1). =

Finally, we call a Fréchet space E stable if E ® E = E. A power series
space is stable if and only if limsup,,_, . aon/a, < co. In this case we also
call « stable. Clearly, every stable power series space is shift-stable. Notice
that all concrete spaces we will be considering are stable.

THEOREM 3.8. For any stable Fréchet space E we have
T(E)® T(E) = T(E).

Proof. By Lemma 3.2, T(E) ® T(E) is isomorphic to a complemented
subspace of T(E @ E) 2 T(E). As T(FE) is clearly isomorphic to a comple-
mented subspace of T'(E) ® T(E), Proposition 3.4 gives the result. u

4. The tensor algebra of an infinite type power series space.
The following theorem is contained in [8]. However, its proof here will be
different.

THEOREM 4.1. If logn = O(ay), that is, Ax(c) is nuclear, then
T(Aso(a)) & s.

Proof. By Lemma 2.1 and Theorem 3.1 we know that there is § such
that T'(Axo (@) = Aso(8) and logn = O(5,).

On the other hand, let 7 be the canonical projection in A (a) onto the
span F' of the first two natural basis vectors {e1, es} in A (a); then T'(7)
is a projection in T'(Aux()) onto T(F) = T(C?) = s. We remark that the
basis vectors in T'(C?) which yield the isomorphism to s are products of e;
and ey, therefore a subset of the basis vectors in T'(Ax () which yield the
isomorphism to A (3). This implies that there is a subsequence 3, which
is equivalent to log k. In particular, we have f < 5, = O(logk). Therefore

Ao(B) =5 m
As a consequence, we have:
COROLLARY 4.2. T'(s) & s.

We obtain a complete characterization of the Fréchet spaces E with
T(E) = s.

THEOREM 4.3. For any Fréchet space E the following are equivalent:

(1) T(E) = s.
(2) E is isomorphic to a complemented subspace of s and dim E > 2.
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Proof. (1) implies (2) because E is a complemented subspace of T'(E).
If, on the other hand, (2) is satisfied, then we may assume that F is a com-
plemented subspace of s. Let P be the projection. Then T'(P) is a projection
in T'(s) = s onto T'(E). So T(E) is a complemented subspace of s. We choose
a 2-dimensional subspace F' C E. Let 7 be a projection in £ onto F'. Then
T(m) is a projection in T'(E) onto T'(F) = s. Therefore s is isomorphic to a
complemented subspace of T'(E). By [7, Proposition 1.2] we conclude that
T(E)=s. m

Clearly, Theorem 4.3 contains Theorem 4.1. However, the latter gives in
its special case a more precise description of an isomorphism which we will
now use.

The isomorphism in Theorem 4.1, hence also in Corollary 4.2, is of a
special type: the basis vectors in T'(s) which yield the isomorphism to s
are pure (tensor) products of canonical basis vectors in s. They are ordered
in such a way that the norms are increasing. We now fix such an ordering,
that is, a special such isomorphism. Then this isomorphism equips the space
s with a multiplication which turns it into a Fréchet m-algebra, which we
call so. The multiplication in s, is of special form: products of basis vectors
are basis vectors.

In what follows, isomorphisms with s and its quotients or complemented
subspaces are understood to be linear isomorphisms, and isomorphisms
with s, and its quotients to be Fréchet algebra isomorphisms.

The multiplicative equivalent of Theorem 4.3 is:

THEOREM 4.4. For a Fréchet space E the following are equivalent:

(1) T(E) = s,.
(2) E=s.

Proof. This is a consequence of Proposition 1.1 and Corollary 4.2. =

The considerations at the end of Section 1 and the characterization of
the quotient spaces and complemented subspaces of s in [9] (see also [5, §31])
now lead immediately to the following results, which give a Fréchet algebra
equivalent to these characterizations.

THEOREM 4.5. For a Fréchet m-algebra A the following are equivalent:

(1) A is isomorphic to a quotient of s.
(2) A is nuclear and has property (£2).
(3) A is isomorphic to a quotient of se with respect to a closed ideal.

THEOREM 4.6. For a Fréchet m-algebra A the following are equivalent:

(1) A is isomorphic to a complemented subspace of s.
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(2) A is nuclear and has properties (DN) and ().
(3) A is isomorphic to a quotient of se with respect to a complemented
ideal.

For the definition and basic properties of the invariants (DN) and ()
see e.g. [5, §29].

5. The tensor algebra of finite type power series spaces. Now we
will determine the linear isomorphism type of the tensor algebra for certain
power series spaces of finite type.

THEOREM 5.1. T(sg) = H(C) & so.

Proof. We refer to formula (2.1) and want to estimate the numbers
Bn(v). For that we put, for r > 0,

mp(r) = #{j e N" 1 v, (j) <7} = #{j eN": Zlogj,, < r}.

v=1

Counting only the j with jo = --- = j, = 1 we see that
mu(r) > [e"] > e — 1.

For a reverse estimate we refer to the proof of [8, Theorem 5] and obtain

i Gy e
r - T n—1_r o n+2r
mp(r) <e kZ_()( i )k!SQ ekz_:ok!ge .

This yields
v < ma(Ba(v)) < en+2ﬁn(l/)7

hence

| =

ﬁn(l/) >
On the other hand, for all r < 3, (v

(logv —n).

— N

we have
v>mp(r)>e — 1.
Hence v > ¢°2(*) — 1 and therefore
Bn(v) <log(v+1) <log2+ logwv.

Consequently,

1 1 1 1
— 2 Bv) < “ V- —logy < 2kn — — 1
kn kﬂ(u)_<k+2>n ok ogv < 2kn % ogv
and

1 1 1
kn — Eﬁn(l/) > —%log2+k‘n— %logl/.
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If for & = (2,1 )npven We set

2]k = Z |xn,v,€kn_k_llogya

nv
i.e. the standard norms in H(C) ®; so, then we have
1
5 [2le < llzlle < fzloe.
This completes the proof. m
Due to Lemma 3.3 we can put Theorem 5.1 in a more symmetric form.
COROLLARY 5.2. T(sg) = s ® sp.

It is impossible for T'(sg) to be the common tensor algebra for all com-
plemented subspaces of sg. This has nuclearity reasons and is due to Theo-
rem 3.1.

Recall that D = {z € C: |z| < 1}. We will now study the tensor algebra
of H(D) = Ap(n). Proceeding as in the proof of Theorem 5.1 we have to
estimate

malr) = #{5 €N S g, <),
r=1

Comparing with the volume of the standard simplex in R™ we obtain

n

< ma(r+v/n)

‘ =3

mn(r) <

3

and therefore
B (V)"

which implies

Lot < ()™ < B, (v)
&

as a lower estimate. We get an upper estimate from

(r—vn)"

v>mp(r) > -

for all » < f3,(v), which implies, upon replacing r with 3, (v),
Bn(v) < ()Y + \/n < 2001,
So we have

ényl/” < Bp(v) < 20017,
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DEFINITION. We set
TAg = {x = (Tnu)nveN :

el = > |znple"®F") < oo for all k € N}.

n,v
Hence we have proved
LEMMA 5.3. T(H(D))) = TAp.

Since for the d-dimensional polydisc D¢ we have H(D?) = H(D)®? we
immediately deduce from Theorem 3.6 and Lemma 5.3:

THEOREM 5.4. T(H(D?)) = T Ay for all dimensions d.

We will generalize this result to a larger class of finite type power series
spaces.

DEFINITION. We call an exponent sequence o power comparable if there
are ¢ > 0 and 0 < a < b so that

1
“nt<a, <cnb
c

for all n € N.

To exploit this condition we need the following well known lemma
(cf. [1]), for which we give a simple proof for the convenience of the reader.

LEMMA 5.5. If a is stable and o, < C By, for all m and some C' > 0 then
there is a subsequence ky, of N and D > 0 such that

1
D Ckn = Bn < Day,
for alln € N. In particular, A, (B3) is a complemented subspace of A.(a) for
r =0, 00.
Proof. We set
My, = sup{m : ap, < CB,};
then m, > n. We put k,, = m,, + n and obtain
g, < a2m, < A, < ACB, < Aam,+1 < Aag,,,
which completes the proof. m

THEOREM 5.6. If « is stable and power comparable then T(Ap(a)) =
TAo.

Proof. First we note that for any v € Z we have
Ao(n?) & Ag(n?") = Ao(n® )
and H (D) = Ay(n?") with v = 0.
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From Theorem 3.6 we deduce that T'(Ag(n?")) = T(Ag(n)) = TAq for
all v € Z. Since « is power comparable we may assume that for some v € N

and ¢ > 0 we have .
e <a, <cn
c

Pid

for all n € N.

From Lemma 5.5 applied to the stable sequences n?> ~ and «,, we deduce
that T(Ag(a)) is isomorphic to a complemented subspace of T(Ag(n? ")) =
TAg, and TAg = T(Ag(n?")) is isomorphic to a complemented subspace of

T(Ap()). From Proposition 3.4 we obtain the result. =
We also consider the following condition:

DEFINITION. We say that « is of type (I) if there is p € N so that
1 <inf% gsup% < 00.
no Qg n Qp

This condition was introduced in [2, Proposition 4.7] and shown to be
equivalent to a being stable and (n"%ay,),, increasing for some 8 > 0.

To consider exponent sequences of type (I) is interesting in our context
as for those sequences the linear isomorphism type of the symmetric tensor
algebra S(Ax(c)) has been calculated in [2, Theorem 5.5] as S(Axo () =

Aso (ﬂ) where 3, = Qlog(n+1)] log(n + 1)
LEMMA 5.7. If « is of type (I) then it is stable and power comparable.

Proof. We may assume that oy = 1. If
o o
1< q=inf 2 <sup 2 =Q
no Qg n  Qn
then we have
qV < Qpv < QV

for all v € Ny. For p¥ < n < p”*! this gives, with a = }ggg and b = llzggg,

1
—n* < ¢ <o < ap < apen < QU< QY
q

which completes the proof. m
Hence we obtain
COROLLARY 5.8. If « is of type (I) then T(Ap(a)) = T Ap.

6. The space T'Ay. The space T'Ap is a nuclear (see Theorem 3.1)
double indexed sequence space of the class of power spaces of mixed type.
This class was introduced by Zahariuta in [10] (see also Zahariuta [11, §2]).
They are Kothe spaces given by matrices of the form b;; = eik=1/k)a;
with limsup A; > 0, liminf \; = 0. In our case, with j = (n,v), we have
(. = nvt/™ and Ay = yimn,
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To understand the asymptotics of the a,, and to write the space in a
single-indexed form we estimate the increasing arrangement 7,, u € N, of
the set {nv'/" : n,v € N}.

For this we need to estimate

M(t) = #{(n,v) : Y™ <t} = #{(n,v) : v < (t/n)"}.

For every n < t we have [(t/n)"] pairs (n, ) satisfying the estimates. There-
fore

[t]
M(t) = [(t/n)"].
n=1
This immediately gives M (t) < e!. For a lower estimate we use the summand
with n = [t/e]. We obtain

M(t) > [e"] > el/e™t —1.
Proceeding as in the calculations in the previous section we obtain
log u <y <log(p+1) + (e +1).

Therefore we may replace v, by log 1 and write T'/g in the following form:

oo
Ty = {& = (@u)pen : llolk = 3l 180 < oo},
p=1
The sequence (n,),cn consists of integers and it takes on every integer value
infinitely often. Moreover, without the kn,-term we would have sg, which is
not nuclear. The kn,-term provides nuclearity.

Finally, let us remark that all the finite type power series spaces in
question are complemented subspaces of sy, hence T'Aq is a complemented
subspace of T(so) & H(C) & sg. If we visualize the elements of this space as
matrices, then T'Ag in the above representation consists of matrices which
have in every column exactly one entry and in every row infinitely many
sparsely distributed entries.
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