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Boundedness of the Hausdorff operators in
H? spaces, 0 <p <1

by

ELnAH LIFLYAND (Ramat-Gan) and AKIHIKO Mi1vyAcHI (Tokyo)

Abstract. Sufficient conditions for the boundedness of the Hausdorff operators in
the Hardy spaces H?, 0 < p < 1, on the real line are proved. Two related negative results
are also given.

1. Introduction. We shall use the following notation throughout
this paper. The function space LP is the LP space on R with respect
to the Lebesgue measure. The space HP is the Hardy space on R defi-
ned by Fefferman and Stein [F'S, §11]. The Fourier transform is defined by

f(f) = (2m) /2 S f(z)e ™ da.

R

For z € R, we write [z] to denote the largest integer not exceeding x. We use
the letter ¢ with or without subscripts to denote various positive constants,
which may be different at different places.

As in [LM], given a function ¢ on (0,00), the Hausdorff operator H,, is
defined by

e}

1 T
(1.1) (Hof)(@) =) - F( 7 )e(t)dt,
® §) m <t><P

where f denotes a function on R. The assumptions on ¢ and f will be
specified later on. Here we only observe that, if f € L' and ¢ € L(0, 00),
then Fubini’s theorem gives the formula

o0

(1.2) (Hof)(€) = | F(t&)e(t) dt.

0
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There is a rather simple result for the Hausdorff operator in P, 1 < p
< oo. For these p, Minkowski’s inequality in the integral form gives

| Vit re e ar] , < §et156 ) zloto) de
0 0
= VP flliolp(t)] dt = Al 1|,
0
where
(1.3) Ayp = ogot—lﬂ/%(t)\ dt.
0

From this inequality, we see that, if 1 < p < oo and A, ), < oo, then (1.1)
gives a well-defined bounded linear operator H, in L”.

If1<p<2and A,, < oo, then using the L” boundedness of H, and
the Hausdorfl-Young theorem, Hﬂ\Lp/@q) < ¢p|| fllzr, we easily see that
(1.2) holds for all f € LP.

We shall consider the Hausdorff operator in the Hardy space H?, 0 <
p < 1. For H? with p = 1, there is also a simple result. If A,; < oo and
f € H' then f € L' (since H' C L') and hence H,, f is well-defined by (1.1)
and the formula (1.2) holds. The first named author and Méricz proved the
following.

THEOREM A ([LM]). If Ay < oo, then the Hausdorff operator H,, is
bounded in H'.

In the present paper, we shall mainly consider the Hausdorff operators
in H? with 0 < p < 1.

We shall give the precise definition of ‘H, f for f € HP with 0 < p <1
following [M2]. We make the following observation. If f € HP with0 < p < 1,
then f is a continuous function satisfying |f(£)| < coll fllme|€[HP7Y (see e.g.
[S, Chapt. ITI, §5.4, p. 128]), and hence

(1.4) J IF el dt < | cpll fllm|te]P~ (1)) dt
0 0

=0Cp A%pr”HP’f‘l/pilv

where A, , for 0 < p < 1 is given by (1.3) as well. Thus, if 0 < p < 1,
App <00, and f € HP, then the right hand side of (1.2) gives a continuous
function of EeR that is uniformly O(|¢|'/P~1) and, hence, the tempered
distribution H,, f is well-defined through (1.2). Thus, including also the case
p = 1 as mentioned above, we give the following definition.
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DEFINITION 1.1. If 0 < p < 1 and ¢ is a measurable function on (0, 00)
with A, < 0o, then we define the continuous linear mapping H,, : H? — &’

by (1.2).

Kanjin [K] proved the following Theorem B. In this theorem, we extend
the function ¢, originally defined on (0, 00), to the whole real line by setting
o(t) =0 fort <0.

THEOREM B ([K]). Let 0 <p <1 and M = [1/p — 1/2] + 1. Suppose
Ay < 00, Ay < 00, and suppose @ is a function of class C*M on R
with supgcg 1EM1pM)(€)] < oo and SUDgeRr 1EMpRM)(€)] < oo. Then the
Hausdorff operator H,, is bounded in HP.

This theorem contains assumptions on @. It is the purpose of the present
paper to give the conditions on ¢, not on @, that ensure the boundedness
of Hy, in HP.

Before we give the main results of this paper, we record the following
theorem.

THEOREM C. Let 0 <p<1land M =[1/p—1/2]+1. If ¢ is a function
on (0,00) of class CM and if suppp is a compact subset of (0,00), then
H, is a bounded linear operator in HP.

In fact, this theorem is a direct corollary of Theorem B; it is easy to see
that ¢ satisfies the assumptions of Theorem B if ¢ satisfies the assumptions
of Theorem C. In the next section, we shall give a proof of Theorem C that
does not appeal to Theorem B.

Now, our purpose is to improve Theorem C. We shall give results apply-
ing to ¢ that do not have a compact support or are not of class C™ on the
whole half line (0, c0). The following are the main theorems of the present
paper.

THEOREM 1.2. Let 0 <p <1, M =[1/p—1/2]+1, and € > 0. Suppose
@ is a function of class C™ on (0,00) such that

le®) ()| < min{te, = VPR fork=0,1,..., M.
Then H is a bounded linear operator in HP.
THEOREM 1.3. Let 0 < p < 1, M = [1/p—1/2] + 1, and €,a > 0.

Suppose ¢ is a function on (0,00) such that supp ¢ is a compact subset of
(0,00), ¢ is of class CM on (0,a) U (a,0), and

B @) <[t —al*  fork=0,1,...,M.
Then H, is a bounded linear operator in HP.

Proofs of these theorems will be given in the next section.
Our theorems and Kanjin’s theorem are mutually independent; Theo-
rems 1.2 and 1.3 do not imply Theorem B, and the latter does not imply
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the former. However, it is usually easier to check assumptions posed on
the function itself than those posed on its Fourier transform. Besides, 2M
smoothness assumed for the Fourier transform in Theorem B seems too
restrictive and probably just fits the method of proof.

In the last section, we shall give two negative results, Theorems 3.2
and 3.3. Theorem 3.2 will show that ¢ > 0 in Theorem 1.2 cannot be re-
moved. Theorem 3.3 will show that, if 0 < p < 1, then no simple nontriv-
ial condition concerning only the absolute value of ¢ is sufficient for the
HP-boundedness of the Hausdorff operator H,,. This was discovered by the
second named author some time ago, but was never published.

REMARK 1.4. In the case where p(t) = (1 —#)*~! for 0 < ¢t < 1 and
©(t) = 0 otherwise, the operator H, = C, is called the Cesaro operator of
order a. Giang and Méricz [GM] proved that C, is bounded in the Hardy
space H'. Kanjin [K] proved that C, is bounded in HP provided « is a
positive integer and 2/(2ac + 1) < p < 1. He used Theorem B. In [M2],
the second named author proved that the Cesaro operator C, is bounded
in HP for every a > 0 and every 0 < p < 1. This result is covered by
Theorems 1.2 and 1.3. Our proof of Theorems 1.2 and 1.3 will be based
on the ideas elaborated in [M2]. A brief history of the study of the Cesaro
operator related to some classical problems of Fourier series can be found
in [K, §1].

REMARK 1.5. We have restricted ourselves to functions ¢ defined on
(0, 00) only for the sake of simplicity. If ¢ is defined on the whole R, one can
treat its parts on the positive and negative half-axes separately extending
them by zero to the other half-axis, and then combine the results.

2. Proofs of Theorems 1.2 and 1.3. Before proceeding to the proofs,
we record the following two lemmas. Their proofs are routine and left to the
reader.

LEMMA 2.1. If p and ¢ satisfy the assumptions of Definition 1.1, then
for every f € HP and for every s > 0, we have Hy(f(s:)) = (Hyf)(s-).

LEMMA 22. If f € H?, 0 < p < 1, and s > 0, then ||s'/Pf(s-)|u»
= || fl| -

To prove Theorems 1.2 and 1.3, we use the one-dimensional version of
the modified atomic decomposition for H? given in [M1].

DEFINITION 2.3 ([M1]). Let 0 < p <1 and let M be a positive integer.
For 0 < s < oo, we define A, y/(s) as the set of all those f € L? for which
F&) =0for |¢] < s and ||[f®)|| 2 < sF71/PHY2 for k= 0,1,..., M. We
define A, » as the union of A, ar(s) over all 0 < s < oo.
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LeMmA 2.4 ([M1], [M2]). Let 0 < p < 1 and M be a positive integer
satisfying M > 1/p—1/2. Then there exists a constant ¢, nr, depending only
on p and M, such that the following hold.

(1) [[f(- —z0)||ar < cpar for all f e Apn and all zo € R.
(2) Every f € HP can be decomposed as

(2.1) F=Y M=),
j=1

where f; € Ap v, zj € R, 0 <\ < 00, and

(%) < arl
j=1

and the series in (2.1) converges in HP. If f € HP N L2, then this decompo-
sition can be made so that the series in (2.1) converges in L? as well.

This lemma is given in [M1, Lemmas 2 and 3] except for the assertion on
the L? convergence. A complete proof of part (2) can be found in [M2, §3].
The following lemma is easy to see and the proof is left to the reader.

LEMMA 2.5. Let 0 < p < 1, M a positive integer, s > 0, and f € L>.
Then f € Ay a(s) if and only if sYPf(s-) € Apa(1).

Now, an essential point in the proofs of Theorems 1.2 and 1.3 is contained
in the following lemma.

LEMMA 2.6. Let 0 <p<land M =[1/p—1/2]+1. Let 0 < T < 0
and 0 < § < 9/10. Suppose ¢ is a function of class CM on (0,00) such that
suppy C [(1 =96)T,T] and

1B ()| < T=Vr=ks=1=k  for k= 0,1,..., M.

Then there exists a constant ¢, depending only on p (independent of T
and ) such that

(2.2) [Hofllmr < cpll fll 2o

Proof. Throughout this proof, we simply write ¢ to denote positive con-
stants that depend only on p.

Since H,, is a continuous operator of H? to &', it is sufficient to prove
the estimate (2.1) for f in a dense subset of HP. We shall prove (2.1) for
f € HP N L% By Lemma 2.4(2) and by the L? boundedness of H,, the
estimate (2.1) for f € HP N L? will follow once we prove the estimate

(2.3) [Ho(f (- = zo)) e < c
for all f € A,y and all 2 € R.
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If s >0, f € Ayn(s), and zg € R, and if we set g(-) = s'/Pf(s-) and
Yo = s 1w, then g € Ay (1) (by Lemma 2.5),
Ho(f(- = m0))(2) = Ho(s™Pg(s™ - —yo))(x) = s~ /PHu(g(- — 90)) (s~ "),
and

[Ho (f (- = @0) e = [He(9(- = o)) | v,

where we have used Lemmas 2.1 and 2.2. Hence the proof is reduced to
showing the estimate

(2.4) [Ho(g(- = yo))llae < c

for all g € A, p(1) and all yo € R.
We thus assume g € Ap 3(1) and yo € R and will prove (2.4). Writing

h=He(9(- = v0)),

we have
T

he)= | e ™R Gte)p(t) dt

(1-8)T
To prove (2.4), it suffices to derive ¢~ *h(-+Tyo) € Ay (T) or, equivalently,
(2.5) ITYPH(T - +Tyo) € Apar(1).
Indeed, the latter will imply (2.4) by virtue of Lemma 2.4(1). Writing
F(&) = [TVPI(T - +Ty0)"(©),

we have
F(§) = TP (- + Tyo) (1) = TP tes (T ¢
T
:Tl/Pfleiyof S 77,y0tT Le (tT 16) ()
. (1-8)T
= | emsU=DGee) T P p(Tt) dit.

1-6
From the last expression and assumption g € Ay, 3/(1), it is obvious that
(&) =0 for |¢ < 1.
We will prove ||[F®)||,» < ¢ for k = 0,1,..., M. By Leibniz’ rule, the
derivative F(*¥) (&) can be written as a linear combination of the expressions
1
G(&) = | e 0 (o)™ (1 — )™ " G (t&) TV Pop(T) dit,
1-6
where m and n are nonnegative integers satisfying m+n = k. We will prove
|G|l 2 < c for all m,n. We shall consider the two cases |yo| < 1 and |yo| > 1
separately.
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We first proceed to the case |yp| < 1. By Minkowski’s inequality and by
the assumption |p(t)| < T~1/P6~1 we have
1
1Gle < | lool™ (1 = Oy &) 2 [ TVP0(T) | dt
1-46
1
< | fyolm@—tymere 25 dt < e
1-9
Next, we consider the case |yg| > 1. Since

€iyog(l—t) (iyo)m _ (_5—16t)m€iy0§(1—t)7

we use integration by parts to represent G(&) as
1
G(&) = | e g)™ [(1 — 6)™ g™ (1) TP (Tt)] dt.
1-46
Thus G(§) can be written as a linear combination of the expressions
1
S eiyof(l—t)g—m(l o t)m—ml tn_m2£m3 /g\(n-i-mg) (tf) Tl/p+m4(p(m4) (Tt) dt,
1-6
where mq,mo, ms, and m, are nonnegative integers satisfying mi + mo +
ms + myg = m and my < n. We denote each such integral by H (). Notice
that, since suppg C {& : [£] > 1}, we have [£™F™3| < 1 on the sup-
port of H. Hence, by Minkowski’s inequality and the assumption |o®) (t)| <
T-Yp=kg=1-k we have
1
[H |2 < | (1 =ty =me|[geams) (g )| o THPEm ) (Tt di
1-6
1
< S 5m—m1tn—m2t—1/25—1—m4 dt < e§Mm— MM < o
1-6
Thus we have proved (2.5), and the proof of Lemma 2.6 is complete. =

Notice that Theorem C immediately follows from Lemma 2.6. In fact,
with the aid of appropriate partition of unity, the case of Theorem C reduces
to that of Lemma 2.6.

We are now in a position to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We take a function n € C§°(R) such that suppn C
[271,2] and D n(t/27) =1 for all t > 0. We decompose ¢(t) as

o0 o

p(t) = D wltn/2) = Y ;)

j=—o0 j=—o0
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Then, using the inequality (1.4), it is easy to see that H, f for f € H? can
be decomposed as

with the series converging in S’
We have suppp; C [2/71,27F1] and our assumption on ¢ yields the
estimate

d k
'<d> (pj@)' < co-lileti(=1/p—k)
7 <

for k = 0,1,..., M. Hence applying Lemma 2.6 to each ¢; with T = 2/+1
and 0 = 3/4, we obtain

[Hop, fll e < 2711,
Now summation over j gives the desired result. »

Proof of Theorem 1.3. We define ¢V by

ift<a
W (g — o(t) i ;
e { 0 if t > a,
and define g0(2) =p— go(l). Thus H, = Hoo) +Hye-
We first consider H,m). Using the same function n as in the proof of

Theorem 1.2, we decompose ) as
N a—t N ,
Q0= Y won(50) = 3 .
j=—00 j=—00

where N is the smallest integer such that 2V > a. Then R, f for f e HP
can be decomposed as

N
Hoof = Z Hg,g)f

j=—o0

with the series converging in S’. We have supp goSD C la— 2/t a — 2071
and

'(jt)ksom' < i1

for k =0,1,..., M.If j is sufficiently small or, to be precise, if 27! < 9a/10,
then applying Lemma 2.6 to (pg-l) with T = a and 6 = 2/*!/a, we obtain

1H oo flle < 27 fll v
J
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Now, summing up the estimates obtained yields
| > b, <l
2i+1<94/10
There are only finitely many j’s that satisfy 2/*1 > 9a/10 and j < N. For
those j’s we can make use of Theorem C. Thus we conclude that Hoo) =
Z],_OOH (1) is bounded in HP.
The estlma‘ce for H »2 can be obtained in a similar way. We decompose

(2
p\*) as N

0= Y wom(5") = S 20,

Jj=—00 j=—00

where N’ is the smallest integer such that the interval [a + 2V ’ 00) does not
intersect supp . Then H¢(2> f for f € HP can be decomposed as

with the series converging in S’. We have supp c,o§-2) Cla+ 271 a+ 291

and
d\"*
‘<dt> ¢(2)(t)‘ sy

for k =0,1,..., M. If j is sufficiently small, say j < —N”", then applying
Lemma 2.6 to gogz) with T = a+2/"! and § = 3-2771/(a+ 27T1), we obtain

1H o flle < 271 f v
J

Now, summation over j gives

_N"

< .

| 32 #er]|,, <l
Jj=—00

There are only finitely many j’s that satisfy —N” < j < N’ As above,

using Theorem C for those j’s, we conclude that Hoe) = Z H (2) is

]7—00

bounded in HP. This completes the proof of Theorem 1.3.

3. Two negative results. In this section, we shall give two negative
results concerning the HP-boundedness, 0 < p < 1, of Hausdorff operators.

The first result is that the Hausdorff operator H, for ¢(t) = ¢t~/ is
not bounded in HP. To prove this, we have to extend the definition of H,
since p(t) = t~1/P does not satisfy the assumption Ayp < 00 of Deﬁm—
tion 1.1.
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LEMMA 3.1. If 0 < p <1, then there exists a constant c, such that

o0

(3.1) | VIR dt| < el £l
0

Proof. We again write M = [1/p—1/2]+ 1. By Lemma 2.4(2), it suffices
to prove the estimate
J Tl P dt < clefm?
0
for all f of the form f = s~'/Pg(s™(- — xp)) with g € A, x(1) and zg € R.
For such f, we have

~

J(&) = emmoss TP G(s¢),

and hence
VIfaerar= | s7'/PH|g(ste)[t=/Pdt
0 (slgh—1
o0 1/2
< gse) e (| )
(slgh—1

< cpsfl/pﬂ(Syg\)*l/Z(s‘ﬂ)l/pfl/? _ cpml/pfl_
Lemma 3.1 is proved. =

Using this lemma, we see that for ¢(t) = ¢t~'/? the Hausdorff operator
H, is well-defined through (1.2) as a continuous linear operator from H?
to S’

We then prove the following.

THEOREM 3.2. Let 0 < p < 1 and o(t) = t~'/P. Then the Hausdorff
operator H, 1s not bounded in HP.

Proof. Take a function f that has the following properties: f is bounded
on R with compact support,

Sxkf(x)dx:() for k=0,1,...,[1/p—1],
R

and
(o)

A= S 2 PV (2) da #£ 0.
0
Then f is a constant multiple of an HP-atom and hence f € HP(R) (see
e.g. [S, p. 106]). For 0 < € < M < oo, define ¢ as(t) by @enr(t) = t=1/P
for e <t < M and ¢ (t) = 0 otherwise. Then, with the aid of (3.1), we
see that H,_,, (f) converges to H,(f) in &’ as ¢ — 0 and M — oo. On the
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other hand, for z > 0,

M x/e€
11— X _ _
(Moo F)w) = | £ “”f(t) dt =27 | w7 f(u) du
€ x/M
converges to
a~M/P S uP () du = AxTYP
0

and the convergence is uniform on every compact subset of (0,00). Hence
the distribution M, f coincides with the function Az~'/P on (0,00). Since
the last function is not of class L” on (0,00), we see that H,f does not
belong to HP. =

Our second negative result reads as follows.

THEOREM 3.3. There ezists a function ¢ on (0,00) that has the following
properties: ¢ is bounded, supp ¢ is a compact subset of (0, 00), and, for every
p € (0,1), the Hausdorff operator H, is not bounded in HP.

In the rest of this paper, we shall use the following notation: if P(x,y,...)
is a proposition containing variables z,y, ..., then we define 1{P(z,y,...)}
to be 1 if P(z,y,...) is true, and 0 otherwise.

To prove Theorem 3.3, we use the following function. Let 0 < a < b < 00
and let N be a positive integer satisfying N > 2. We write h = b — a and

ti=a+jh/N (j=1,...,N—1)
and define the function v, n(t) for ¢t € (0,00) by
N-1
Yapn(t) = > (—t1{t; — h/2N <t < t;} +t1{t; <t <t; + h/2N}).
j=1
For this function, we have the following.

LEMMA 3.4. Let0 < a < b < 0o and let N be a positive integer satisfying
N > 2. Let ¢ be a bounded function on (0,00) such that supp ¢ is a compact
subset of (0,00) and p(t) = Yap,n(t) ift € (a,b). Then, for each p satisfying
1/2 < p < 1, we have

(32)  sup{[|Hoflme/ I fllmw | f € HP, f # 0} = co(a, b,p) NP2,

where co(a,b,p) is a positive constant depending only on a, b, and p.

Proof. We take an e such that 0 < e < h/8b and define the function fy .
on R by

Ine(@)=1{N—e<z <N} —1{N <2 <N +¢€}.
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We take a p satisfying 1/2 < p < 1. Since fn . is a constant multiple of an
HP-atom, we have

(3-3) [fN.ellep = c1(p, €) € (0,00).

Notice that || fn || m» does not depend on N. We shall prove (3.2) by testing
f = fN,e-

We take a number § such that 0 < 6 < 1/4 and ea/4 > dh. We shall
consider (Hy fn.e)(z) for x in the intervals

(3.4) th<£b‘<th+(5h (j=1,...,N—=1).

For these x, we have

heZay Py

N ~7 N T 4N

T T 2ex 2eb h
N—e NN SN “av
T T €x €a oh
N Nte2 4NZ AN N
T T €x eb

N Nie NSNS EN

and hence
t‘—i< ﬂZ < * <ZL/'<£<L<15‘+i
78N "N+e N+e¢2 7 N N—-e 7 2N’
Using then the formula (1.1), we have
z/N z/(N—e)
t t
(Hoiv@ =— | May | Wy
x/(N+e) z/N
x/N x/(N—e)
x/(N+e) z/N
x/(N+e€/2) z/N x/(N—¢)
W N (t
= | a- | wth() dt+ | dt
z/(N-+e) z/(N+e/2) z/N

=1—-1I+1II, say.
Obviously I > 0. For II and III, we have

x z __ e - ¢ z e
N N+¢€/2 = 2N?’ "~ N—¢ N~ NZ
Thus, for = satisfying (3.4), we have

(Hofne)(x) >

|11 <

@ €0
2N2 = 2N’
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Hence
N—1 th+5h

(3.5) [Ho fx el > | Hofne(@)P do
j=1 Nt
N—1

ea \? ea\*oh ,_
Z;(zzv> MZ(z) 7 N

Now (3.3) and (3.5) yield (3.2). =

Proof of Theorem 3.3. Take a sequence {(an,b,)} of disjoint intervals
such that 1 < a,, < b, < 2. Take a sequence {p,} such that 1/2 < p, < 1
and lim,,_, o p, = 1. Take positive integers NN,, such that N, > 2 and

(3.6) co(an,bn,pj)NT(llfpj)/pj >n forj=1,...,n,
where c¢o(a, b, p) is the constant in (3.2). We shall prove that the function

p(t) = Z Vap,bn,Nn ()
n=1

<

has the desired properties.

Since the intervals (ay,, b, ) are disjoint and contained in [1, 2], it is obvious
that ¢ is bounded and supp ¢ C [1,2]. For positive integers j and n satisfying
n > j, Lemma 3.4 and (3.6) give

sup{[Ho s /1 fll s | £ € HP, § # 0} = colan, b, p)Ni' " > .
This implies that H,, is not bounded in HP7 for each positive integer j. On
the other hand, H, is bounded in H I by virtue of Theorem A. Hence H,
cannot be bounded in H? for any p < 1, since otherwise interpolation would
imply that H, is bounded in HP?J for p; close enough to 1. =
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