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weighted endpoint estimates
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MAR{A LORENTE (Mélaga), JOSE MARfA MARTELL (Madrid),
CARLOS PEREZ (Sevilla) and MAR{A SILVINA RIVEROS (Cérdoba)

Abstract. We consider two-weight estimates for singular integral operators and their
commutators with bounded mean oscillation functions. Hérmander type conditions in the
scale of Orlicz spaces are assumed on the kernels. We prove weighted weak-type estimates
for pairs of weights (u, Su) where u is an arbitrary nonnegative function and S is a maximal
operator depending on the smoothness of the kernel. We also obtain sufficient conditions on
a pair of weights (u, v) for the operators to be bounded from L?(v) to LP?**°(u). One-sided
singular integrals, like the differential transform operator, are considered as well. We also
provide applications to Fourier multipliers and homogeneous singular integrals.

1. Introduction. The Calderén—Zygmund decomposition is a powerful
tool in harmonic analysis. Since its discovery in [6], many authors have
used it to derive boundedness properties of singular integral operators. For
instance, using the fact that the Hilbert and Riesz transforms are bounded
on L?, and by means of the Calderén-Zygmund decomposition, one proves
that these classical operators are of weak type (1,1). From this starting
point, in the literature one can find many boundedness results for the Hilbert
and Riesz transforms: estimates on LP, one-weight and two-weight norm
inequalities, etc.

The Calderén—Zygmund theory generalizes these ideas to provide a gen-
eral framework allowing one to deal with singular integral operators. A typ-
ical Calderén-Zygmund convolution operator T is bounded on L?(R™) and
has a kernel K on which various conditions are assumed. In the easiest case,
K behaves as the kernel of the Hilbert or Riesz transform. That is, K decays
as |z|™™ and its gradient as |z|~"~!. It was already proved in [15] that these
assumptions can be relaxed if we want to show that T is of weak type (1, 1):
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it suffices to require that K satisfies the so-called Hormander condition (we
write K € Hy),

S |K(z—y) — K(z)|de <C, yeR" ¢>1.
|z[>cly|

Hence, by interpolation, 7" is bounded on LP(R™) with 1 < p < co.

The underlying measure dx can be replaced by w(x)dx where w is a
Muckenhoupt A, weight; the Hilbert and Riesz transforms are bounded on
LP(w) = LP(w(z) dz) if and only if w € Ay, for 1 < p < oo. For p = 1, the
weak type (1,1) with respect to w holds if and only if w € A;. The decay
assumed before on the kernel and its gradient guarantees the same weighted
estimates for the operator T. However, the Hormander condition does not
suffice to derive such estimates, as is proved in [14] (see also [21]). One can
relax the decay conditions assumed on the kernel and still prove the previous
weighted norm inequalities. Namely, it is enough to require that K satisfies
the following Lipschitz condition (we write K € HX):

K(x—y) — K@) <c 1

With this condition in hand, one can show Coifman’s estimate (see [7]): for
any 0 < p < oo and any w € Ay,

(1.1) VITF@)Pw(z)de < C | Mf(x)w(z) da.
Rn Rn

These estimates can be seen as controlling the operator T' by the Hardy—
Littlewood maximal function M, and this allows one to show that T satisfies
most of the weighted estimates that M does (see [13] for more details).

When relaxing the H_ condition, the operators become more singular
and less smooth. Thus, the Coifman estimates to be expected will have a
worse maximal operator on the right-hand side. For instance, one has a scale
of Hérmander conditions based on the Lebesgue spaces L™ for 1 < r < oo
(see [17], [34] and [37]). A singular integral operator with kernel satisfying
the L"-Hormander condition, 1 < r < oo, satisfies a Coifman estimate
with the maximal operator M,, on the right-hand side (here M, f(x) =
M(|f")(2)Y/™). These estimates are shown to be sharp in [21]. Let us notice
that if 7 goes to 1 then 7’ goes to oo and the corresponding Coifman estimates
get worse. In particular, when K € H; the Coifman estimates fail to hold
(see [21)).

Sometimes, this scale of Hérmander conditions based on the Lebesgue
spaces is not sufficiently fine and gives estimates that are not accurate
enough. For instance, let us consider the differential transform operator
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studied in [16] and [4]:
(1.2) T*f(2) =) vi(Djf(x) = Dj-1f(x)),

JET

where |[{v;};]/cc < 0o and

We see that T'" is a singular integral operator with kernel K supported in
(—00,0), and therefore T is a one-sided singular integral operator (that is
why we write T7). In [4] it was shown that K € (-, H, (here H, is the
Hormander condition associated with L", see the precise definition below).
Thus one can show that 7" satisfies a Coifman estimate with M, on the
right-hand side for any 1 < ¢ < oo. Indeed, exploiting the fact that T is a
one-sided operator one can do better: M, f can be replaced by the pointwise
smaller operator M;‘ f (the corresponding one-sided maximal function) and
A by the bigger class AX (see the precise definitions and more details
below). Notice that one can take any 1 < ¢ < oo, with the case ¢ = 1
remaining open (in general, K ¢ H,). However, there are other maximal
operators between M (or M) and M, (or M,"): any iteration of the Hardy—
Littlewood maximal function, or maximal operators associated with Orlicz
spaces lying between L' and L9, such as L(log L)%, a > 0.

These ideas motivated [20] where new classes of Hormander conditions
based on Orlicz spaces were introduced. Roughly, given a Young function A,
one can associate with the Orlicz space L4 a Hérmander class H 4 (see Defi-
nition 2.3). Thus, a singular integral operator with kernel in H 4 is controlled
in the sense of Coifman by the maximal operator M z (which is the maximal

function associated with the space LA) where A is the conjugate function
of A. This was established in [20], together with the one-sided case (see
Theorems 2.4 and 3.11 below).

For the differential transform 7't introduced above one can show that
K € Het1/(1+a) for any € > 0. Thus T satisfies a Coifman type estimate

: +
with M L(log L)

(M*)3—and this maximal operator is pointwise smaller than M;‘ for any
1 <qg<oo.

Coifman’s estimates are important from the points of view of weighted
norm inequalities since they encode a lot of information about the singu-
larity of the operator T' (see [9] and [13]). In some sense, T' behaves as the
maximal operator that controls it. For instance, from (1.1) one shows that T’
is bounded on LP(w) for 1 < p < oo and w € A,. Also, T is of weak type
(1,1) for weights in A, T is bounded on weighted rearrangement invariant

1+ on the right-hand side—in terms of iterations one can write
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function spaces, T satisfies weighted modular inequalities (see [13]), etc. All
these one-weight estimates are based on the fact that (1.1) is valid for any
weight in A,., and the weight always varies within this class.

The situation changes when one works with two-weight inequalities. Let
us focus on the endpoint estimates for p = 1. In the one-weight case, M is
bounded from L!(w) to LY*°(w) for every w € A;. Also, there is a version
of (1.1) in the sense of L (w), that is, |Tf|| p1ee(w) S 1M fllp1e0) for
every w € A (see [9]). These two facts imply at once that 7" is of weak type
(1,1) for weights in A;. In the two-weight case, Vitali’s covering lemma easily
gives that for every weight u (a weight is a nonnegative locally integrable
function)

Wz €R": Mf(z) > A} < % [ 17 @) Mu(z) de.
R’VL

However, this estimate is not known for singular integral operators with
smooth kernel. Even for Hilbert or Riesz transforms the validity of this
estimate is an open question. Reasoning as above, one seeks pairs of weights
(u, Su) for which these operators are of weak type (1,1), where S will be
a maximal operator worse, in principle, than M. For instance, one can put
S = M, for every 1 < q < oo: using the fact that M,u € A; and Coifman’s
estimate (in L1*) one easily obtains the estimate proved in [8],

1T fll ooy < NTfllnroe (arguy S IM Fllpros gy S I F I L1 (argu)-
As observed before, there are some other maximal operators that lie between
M and My, such as the iterations of M or My o )e, a > 0. In [27], by
means of the Calderén—Zygmund decomposition, it was proved that if T
is a singular integral operator with smooth kernel (say K € HZ), like the
Hilbert or Riesz transform, then for any £ > 0 and any weight u,

(13) e R T/@I > A} S 5 | 1) Mpgog pyeula) do
Rn

Note that in terms of iterations one can write M?2.

The goal of this paper is to study estimates like (1.3) for operators T
with less smooth kernels. That is, if we require that the kernel of T" satisfies a
Hormander condition in the scale of Orlicz spaces, we look for a maximal op-
erator S such that T is of weak type (1, 1) with respect to the pair of weights
(u, Su). The main technique to be used is the Calderén-Zygmund decom-
position. The bad part, where the best possible result is always obtained,
is handled by using the smoothness of the kernel. For the good part, one
needs a strong two-weight estimate that usually follows from a Coifman es-
timate (see Theorem 2.6). We also obtain weighted endpoint inequalities for
the commutators of such operators with BMO functions. The corresponding
Coifman estimates have been studied in [18]. One of our main examples is
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the differential transform operator presented above, thus we also pay atten-
tion to the one-sided operators in which case one can obtain better estimates
by replacing a maximal operator by its corresponding one-sided analog.

The paper is organized as follows. The next section contains some pre-
liminaries and definitions. In Section 3 we state our main results on singular
integral operators and their commutators with BMO functions, and we con-
sider the one-sided case. Some applications, including the differential trans-
form operator and multipliers, are given in Section 4. Finally, Sections 5
and 6 contain the proofs of our main results.

2. Preliminaries

2.1. Young functions and Orlicz spaces. We recall some background on
Orlicz spaces, referring the reader to [32] and [3] for a complete account.
A function A : [0,00) — [0,00) is a Young function if it is continuous,
convex, increasing and satisfies A(0) = 0, A(o0) = co. We will assume that
the Young functions are normalized so that A(1) = 1. We introduce the
following localized and normalized Luxemburg norm associated with the
Orlicz space LA: given a cube Q,

HfHA,Q—inf{/\>0 \Q|S <‘f( )‘>dx§1}.

For instance, when A(t) = t" with » > 1, we have

£l = <‘Q| j 70 de

It is well known that if A(t) < CB(t ) for t > tg then ||fllao < C| fllB.o-
Thus the behavior of A(t) for ¢ < ¢y does not matter: if A(t) ~ B(t) for
t > to the previous estimate implies that || f|4o =~ |/f||B,q. This means
that in most cases we will not be concerned about the values of the Young
functions for ¢ small.

We can now define the Hardy—Littlewood maximal function associated
with A as

Maf(xz) = sup || f]l4,0-
Q>3

If A(t) = t, then M4 = M is the Hardy—Littlewood maximal function. For
A(t) =" with r > 1 we have M4 f(z) = M(|f]")(z)"/".

Given a Young function A, we say that A is doubling, and write A € Ao,
if A(2t) < CA(t) for every t > tg > 0. For 1 < p < oo, A belongs to B, if
there exists ¢ > 0 such that

— g
=

(¢}
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This condition appears first in [29]; it is known that A € B, if and only if
M 4 is bounded on LP(R™).

Abusing notation, if A(t) =", A(t) =" — 1 or A(t) =t"(1 + log* t)®,
the Orlicz norms are respectively written || - ||, = || - [lzr, || - |lexp Lo,
Il - Il 7 (log L.y » and the corresponding maximal operators M, = Mpr, Mexp Lo
and Mpr(iog p)o- For k > 0, it is known that My, oq 1)k f(2) =~ MFLf(2)
where M* is the k-fold iterate of M (see [28], [33] and [13]).

In R, we can also define the one-sided maximal functions associated with
a given Young function A:

M} f(z) = sup [ flla,(zp) and My, f(x)= sup £ 1l.4,a,2)-

The one-sided Hardy-Littlewood maximal functions M, M~ correspond
to the case A(t) = t.

Given a Young function A, let A denote its associate function: the Young
function with the property that ¢t < A=1(¢)A71(¢) < 2tfort > 0. If A(t) = ¢"
with 1 < r < oo, then A(t) ~ t"; if A(t) = t"log(e + ), then A(t) ~
" log(e + t)~0"'=1),

One has the generalized Hélder inequality

1
\ng'fg‘ <2[fllacllgllze:

There is a further generalization that turns out to be useful for our purposes
(see [26]): If A, B, C are Young functions such that A1 (+)B~1(t)C71(t) <t
for all ¢ > ¢ty > 0 (in what follows we assume that ¢ty = 1 for simplicity
of computations)—sometimes, we will equivalently write A~1(¢)B~1(t) <
C~1(t)—then

21 fghllp g < Cliflasldlselhlee  Ifgleq < Clifllaclylse-

REMARK 2.1. Let us observe that when D(t) = ¢, which gives L!, then
D(t) = 0if s < 1 and D(t) = oo otherwise. Although D is not a Young func-
tion one can see that the space L? coincides with L. On the other hand,
as the (generalized) inverse is D~1(t) = 1, the previous Holder inequalities
make sense with the appropriate changes if one of the three functions is D
or D. We will use this throughout the paper.

REMARK 2.2. The convexity of A implies that A(t)/t is increasing and
thus ¢ < CA(t) for all ¢t > 1. This yields || f| .1 g < C||f]|.4,5 for all Young
functions A.

2.2. Muckenhoupt weights. We recall the definition of the Muckenhoupt
classes A;,, 1 < p < oco. Let w be a nonnegative locally integrable function
and 1 < p < co. We say that w € A, if there exists C), < oo such that for
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every ball B C R",

! d ! =g " <C
‘m;w(m) €T |B|§Bw(9€) €z = Ups
when 1 < p < 00, and for p =1,
1

] S w(y)dy < Crw(z) for ae. z € B,

B
which can be equivalently written as Mw(z) < Ciw(x) for a.e. z € R". Fi-
nally, we set Ao = [J,>1 Ap. It is well known that the Muckenhoupt classes
characterize the boundedness of the Hardy—Littlewood maximal function on
weighted Lebesgue spaces. Namely, w € 4,, 1 < p < oo, if and only if M is
bounded on LP(w); and w € A; if and only if M maps L'(w) into L5 (w).
In R, the weighted estimates for the one-sided Hardy—Littlewood maxi-
mal function M (and analogously for M ™) are characterized by the classes
A} which are defined as follows. Given 1 < p < oo, w € A} if there exists
a constant C), < oo such that for all a < b <,

b c
1 1—p/ p—1
(C_a)p((xlw(x) dm) <§w($) p dw) < C)p.
We say that w € A if M~w(z) < Chw(z) for a.e. z € R. The class AL is
defined as the union of all the A} classes, AL = J,>; A} The classes A,
are defined in a similar way. It is interesting to note that A, = A;r nA,,
A, € AF and A, C A See [35], [22], [23], [24] for more definitions and
results.

2.3. Singular integral operators and Hormander type conditions. Let T
be a singular integral operator of convolution type, that is, T' is bounded on
L?(R™) and

Tf(z)=pv. | Kz —y)f(y)dy
Rn
where K is a measurable function defined away from 0. Convolution oper-
ators are considered for simplicity, but the results presented here can be
stated for variable kernels with appropriate changes. The precise statements
and the details are left to the reader.

When n = 1 and we further assume that the kernel K is supported
on (—o0,0) we say that T is a one-sided singular integral and we write
T to emphasize it. The results that we present below for (regular) singular
integrals apply to T". However, taking advantage of the extra assumption on
the kernel, one can be more precise and get better estimates (see Section 3.3).

We introduce various Hérmander type conditions on the kernel K. The
weakest one is the so-called Hérmander condition H; (we write K € H; or
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say that K satisfies the L'-Hormander condition): there are constants ¢ > 1
and C > 0 such that

| |K@-y -K@)ld<C, yeR"
|z[>cly|
The strongest one is the classical Lipschitz condition called H, (this no-
tation is not standard but we keep H., for a weaker L°°-condition, see the

definition below). We say that K € HX if there are a,C' > 0 and ¢ > 1 such
that

|ly|*
|K(z —y) — K(z)| <C P

|z > clyl.

Between H; and HX one finds the L"-Hérmander conditions (which are
called H» = H, in the definition below). These classes appeared implicitly
in [17] where it is shown that the classical L"-Dini condition for K implies
K € H, (see also [34] and [37]). However, there are examples of singular
integrals like the differential transform operator from ergodic theory defined
n (1.2), whose kernel K is in H, for all 1 <r < oo but K ¢ Hy. As shown
in [18], K satisfies a Hormander condition in the scale of Orlicz spaces that
lies between the intersection of the classes H, for 1 < r < oo and Hy,. The
same happens with the one-sided discrete square function considered in [36]
and [20]. All these things have motivated the definition of the L4-Hérmander
conditions in [20]:

DEFINITION 2.3. The kernel K is said to satisfy the LA-Hérmander
condition, and we write K € H 4, if there exist ¢ > 1 and C' > 0 such that
for any y € R"™ and R > cly|,

o0
> @"R)MK(—y) — K()llajaf~amr < C.
m=1
We say that K € H if K satisfies the above condition with || - || o |zjvom R
in place of || - || 4|z|~2m R

We have used the notation |z| ~ s for s < |z| < 2s, and

Il jzi~s = X {l2l~st L4, B(0,25)-

Note that if A(t) = ¢ then H4 = H;. On the other hand, since t < C'A(t)
for t > 1, we have Hy4 C Hjp, which implies that the classical unweighted
Calderén—Zygmund theory can be applied to T'. Also, it is easy to see that
H’, C Hy C H 4. For convenience, throughout the paper we write |-| = ||
so that everything is adapted to cubes in place of balls (with appropriate
changes everything can be written in terms of balls). For simplicity we also
assume that ¢ = 1.
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Coifman type estimates were proved for kernels in these classes in [20]:

THEOREM 2.4 ([20]). Let A be a Young function and let T' be a singular
integral operator with kernel K € Hy. Then for any 0 < p < oo and
w E Ao,

(2.2) | ITf(@)Pw(z)de < C | Myf(z)Pw(z)de, fe L,
whenever the left-hand side is finite.

Note that this improves the previous results in [17], [34] and [37] (for
sharpness issues see also [21]). Similar results are also proved for vector-
valued and one-sided operators (see [20]).

REMARK 2.5. Abusing notation, as in Remark 2.1, if K € He, then (2.2)
holds with M ;z = M, where A(t) = t. This was obtained in [21] improving
the corresponding result for the smaller class HZ .

The previous estimates are useful in applications, as T" and M z have a
similar behavior (see [13]). For instance, two-weight estimates can be proved
in the following way:

THEOREM 2.6 ([18]). Let A be a Young function and 1 < p < oo.
Suppose that there exist Young functions D, £ such that £ € By and
D HET () < ATN(t) for t > tg > 0. Set Dy(t) = D(t'/P). Let T be a
linear operator whose adjoint T* satisfies (2.2). Then for any weight u,

(2.3) VI7f(@)Pu(z)de < C | |f(2) P Mp,u(x) da.
R™ Rn

_ REMARK 2.7. Abusing notation, the previous result contains the case
A(t) = t for which in (2.2) one has M z = M. Then D and £ are conjugate
functions and so (2.3) holds for any D, such that D € B,,. In particular,
in (2.3) we can take the pair of weights (u, My e pyp-1+su) for any ¢ > 0:
pick D(t) = t*(1 4 log™ t)P~ 119 whose conjugate function is D(t) ~ ' /(1 +
log™ )10’ =1 ¢ B,

3. Statements of the main results

3.1. Singular integral operators. We are going to obtain endpoint two-
weight norm inequalities for singular integral operators where various Hor-
mander conditions are assumed on the kernel. Namely, we look for the fol-
lowing weak-type (1, 1) estimates with pairs of weights (u, Su) where S will
be a certain maximal function depending on the smoothness of the kernel:

(3.1) u{x e R" . |Tf(x)| > A} < % S |f(z)|Su(zx) dz.
R
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THEOREM 3.1. Let T be a singular integral operator with kernel K.

(a) Let A be a Young function such that A € Ay and assume that there
exists r > 1 so that liminf; . A(t)/t" > 0. If K € H4 then (3.1)
holds for the pairs of weights (u, M zu).

(b) Let A be a Young function and assume that there exist 1 < p < 0o,
and Young functions D and & such that D=1 (t)E71(t) < A7L(t) for
t >ty >0 with & € By. If K € Hy, then (3.1) holds for the pairs
of weights (u, Mp,u) with Dy(t) = D(t'/P).

(c) If K € He, then (3.1) holds for the pairs of weights (u, M (1og 1)e1)
for any € > 0.

REMARK 3.2. In part (c¢) we improve [32], as we consider a wider class
of kernels (recall that HY C H).

REMARK 3.3. Let us notice that when lim inf; o A(¢)/t" > 0, the pair
of weights in (a) is better than the one in (b): one can see that A(t) < Dp(t)
for t > 1. Take an arbitrary ¢t > 1. The fact that £ € By implies £(t) < t?',
Also, A(t) >t as A is a Young function. Then, from the condition assumed
on A, D and £ it follows that D=1 (t) < t'/? and therefore

AT (#) = DTN )ETN (1) 2 DTN DT P 2 DTN = D, (8).

REMARK 3.4. We emphasize that in part (a) the associated Coifman
estimate in Theorem 2.4 tells us that T" is controlled by M z. Here we show
that the pair of weights of the form (u, M zu) is suitable. In the previous re-
mark, we have observed that in (b) one gets a bigger maximal operator Mp,.
In many applications, even if we take p very close to 1, we always obtain a
maximal operator pointwise greater than M . This is the case in (c) which
covers the classical Hilbert and Riesz transforms. Here, as these operators
are controlled by M (in the sense of Coifman), one would wish to show
that the pair of weights (u, Mw) is suitable. However, this remains an open
question and the best known result is (u, M, 1og 1)< t)-

There is a general extrapolation principle that allows one to pass from
pairs of weights (u, Su), with S being a maximal operator, to general pairs
of weights (u,v). The main ideas are implicit in [11], [12] and are further
exploited in [10]. Below we present a proof in the one-sided case (see Theo-
rem 3.14), which can be easily adapted to the present situation.

THEOREM 3.5. Let F be a Young function and assume that a given
operator T satisfies

C
(3.2) u{z €R": [Tf(x)] > A} < < | 1f(2)|Mru(z) da
R
for every weight u and A > 0. Given 1 < p < oo, let G, H be Young functions
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such that G (t)H~1(t) < F~L(t) for all t > to > 0 and H € B,. Then for
any pair of weights (u,v) satisfying

(3.3) lu'Pllg@lo™/Pllw g < C

and for any A > 0 we have
(3.4) u{x e R": |Tf(z)] > A} < — )\p S |f(x)|Pv(z) dz.

3.2. Commutators with BMO functions. We are going to consider com-
mutators of singular integral operators with BMO functions. Let us recall
that a locally integrable function b is in BMO if

1bllBmo = P o] | [b(x) — bl da < oo,

\QI

where the sup is taken over all cubes (Q C R™ with sides parallel to the
coordinate axes and where bg stands for the average of b over Q.

We define the (first-order) commutator by
Ty f(2) = b, T)f () = b(@)T f(z) = T(bf) ().

The higher order commutators Tbk are defined by induction as Tlf = [b, Tf_l]
for k > 2. Note that for every k > 1,

TFf(x) =p.v. | (b(x) — b)F K (x — y) f(y) dy.
Rn
For £ = 0 we understand that Tb0 =T.

In [18], Coifman’s type estimates were proved for commutators of singu-
lar integral operators with kernels in the following Hérmander classes that
depend on the order of the commutator.

DEFINITION 3.6. Let A be a Young function and k& € N. We say that
the kernel K satisfies the L4*-Hormander condition, and write K € H .,
if there exist ¢ > 1 and C' > 0 (depending on A and k) such that for all
y € R" and R > cly|,

o0

S @R mME (-~ y) ~ K ajaemn < C:

m=1
We say that K € Ho, if K satisfies this condition with || - || ec z|vomp in
place of || - || 4,jz|~2m R

As before, for simplicity we will assume that ¢ = 1. For these classes the
following Coifman estimates are obtained:
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THEOREM 3.7 ([18]). Let b € BMO, and k > 0.

(a) Let A, B be Young functions such that A= (t)B~1(t)C. ' (t) < t for
t>tg > 0 with Ci(t) = ettt 1. If T is a singular integral operator
with kernel K € Hg N Hay, (or, in particular, K € Hpy,), then for
any 0 < p< oo and w € Aw,

k
(85) VI f@)Pw(@) dz < ClblRyo § Maf (@) w(z)ds,  f e LY,
R" R
whenever the left-hand side is finite.

(b) If K € HNH i, (or, in particular, K € Hoo ) then (3.5) holds
with M**1 the (k 4 1)th iteration of M, in place of M ;.

This result and Theorem 2.6 can be used to derived endpoint estimates

of the form
(36)  ufz eR™:|Tf f(z)| > A} < C | ChllbllEmolf (@)]/N)Su(x) da,
RTL
where Ci.(t) = t(1 + log™ t)*.
THEOREM 3.8. Let T be a singular integral operator with kernel K,
ke N, b € BMO and let Tf be the kth order commutator of T.

(a) Let A, B be Young functions such that A=()B~1(t)C. ' (t) < t for
t > to > 0 with Cp(t) = 1 Let K € Hp N Hyy (or, in
particular, K € Hg,).

(a.1) If A€ Ay and there exists r > 1 with liminf, ., A(t)/t" >0,
then (3.6) holds for the pairs of weights (u, M zu).

(a.2) Assume that there exist 1 < p < oo and Young functions
D and & such that DY) EL(t) < AL(t) fort > to > 0 with
£ € By. Then (3.6) holds for the pairs of weights (u, Mp,u)
with Dy(t) = D(tY/P).

(b) If K € HoNH /x, (or, in particular, K € Hoo ), then (3.6) holds
for the pairs of weights (u, ML(logL)ng) for any € > 0.

REMARK 3.9. In part (b) we obtain the same result as in [30], but con-

sidering a weaker condition on the kernel K, since HX, C Hy o N Hetl/k x

REMARK 3.10. Notice that we can view (b) as an extension of (a) when
B corresponds to L™ and so A(t) = Cy(t) = et'’* — 1. Observe that in that
case we also have A1 (£)B~1(t)C; ' (t) <t (where B~L(t) = 1).

This result can be extended to the multilinear commutators considered
n [31]. Given k > 1, a singular integral operator T' with kernel K, and a

vector b = (b1,...,bg) of locally integrable functions, the multilinear com-
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mutator is defined as

k
T/ (@) = | (TI0@) — b)) K (@,9)f () dy.

R I=1
When k& = 0 we understand that Tg — T. Notice that if k = 1 and b = b
thenTg:Tbl. For k>1ifb; =---=0b, =b then TI;:T;“.

For standard commutators, one assumes that b € BMO, and by John—
Nirenberg’s inequality we have ||b[[Bmo ~ supg || — bgllexp £.¢- This can be
seen as the supremum of the oscillations of b on the space exp L. As in [31],
when dealing with multilinear commutators, the symbols b; are assumed to
be in one of these oscillation spaces. Given s > 1 we set

”fHOsc(expLS) = Slle ||f - fQHexpLﬁQ,

and the space Osc(exp L*) is the set of measurable functions f € L{ (R")
such that || f]|osc(exp L+) < 00. Let us notice that Osc(exp L*) C Osc(exp L')
= BMO. We assume that for each 1 <1 <k, b; € Osc(exp L*) with s; > 1,
and we set 1/s = 1/s1 + -+ + 1/si. For these commutators in [18, Theo-
rem 7.1] it is shown that under the previous conditions, if K € Hpy and
flfl(t)[)’*l(t)cl/ (t) <t with Cy/4(t) = €', then Ty satisfies a Coifman esti-
mate with M 7 on the right-hand side. In the case K € Hy, 1, the maximal
operator is My q,, 7y1/s- In this way, we can extend Theorem 3.8 to the mul-
tilinear commutators: in (a) we assume K € Hp ), and replace k by 1/s, and
in (b) we assume K € H , and replace k by 1/s. The precise formulation
is left to the interested reader. The proof of this result follows the same
scheme (see Remark 5.2 below).

3.3. One-sided operators. In R we can consider a smaller class of op-
erators and obtain estimates for the so-called one-sided operators. These
are singular integral operators with kernels supported on (—oo,0) and we
write T to emphasize it. One can also consider operators T~ with kernels
supported on (0, 00); for simplicity we restrict ourselves to the first type.

As one-sided operators are singular integral operators, the previous re-
sults can be applied to them. For instance, if K € H (indeed K € Hy
suffices) then T can be controlled by M on LP(w) for every 0 < p < 0o
and w € Ay, and consequently T is bounded on LP(w) for every w € A,
1 < p < o0. These follow from the classical theory of Calderén—Zygmund
operators. However, exploiting the fact that the kernel of T is supported
on (—o00,0) one can do better: in the Coifman estimate we can use the
pointwise smaller one-sided maximal operator M ™ and consider a bigger
class of weights w € AZ; thus T is bounded on LP(w) for every w € A},
1 < p < oo (note that A, C AF).
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The same happens with Theorems 2.4, 3.7 and 2.6:

THEOREM 3.11 ([20], [18]). Let T be a one-sided singular integral op-
erator with kernel K supported in (—o0,0).

(i) Under the assumptions of Theorem 2.4 or 3.7, one can improve (2.2)
and (3.5): Aso can be replaced by the bigger class of weights AL, and
M z by the pointwise smaller operator M;‘f; in (b) of Theorem 3.7,
M*+1 can be replaced by (MT)*F+1,

(ii) Under the assumptions of Theorem 2.6, if the adjoint of T+ (which
is a one-sided operator with kernel supported on (0,00)) satisfies
(2.2) for all 0 < p < o0, w € A and with Mif on the right-hand
side, then, for any weight u, T satisfies (2.3) with Mgpu in place
Of MDPU.

Here, we can obtain one-sided versions of Theorems 3.1 and 3.8:

THEOREM 3.12. Let T be a singular integral operator with kernel K
supported in (—00,0).

(i) Under the assumptions of Theorem 3.1, T satisfies (3.1) for the
pairs of weights (u, Miu) in (a), (u, Mgpu) in (b), and (u, ML_(lOgL)su)
in (c).

(i1) Under the assumptions of Theorem 3.8, T;”k (the kth order commu-
tator of T) satisfies (3.6) for the pairs of weights (u, Miu) in (a.1),

(u, Mgpu) in (a.2), and (u, ML(10 Lyrett u) in (b).

REMARK 3.13. In (i) when K € H,, we improve the results in [1] where
the stronger condition K € H was assumed. For examples of such kernels
see [1].

We can also get an improvement of the estimates in Theorem 3.5 when
we start with pairs based on one-sided maximal functions:

THEOREM 3.14. Let F be a Young function and assume that an operator
T satisfies (3.2) with Mz in place of My. Let 1 <p < 0o, and let G, H be
as in Theorem 3.5. If (u,v) is a pair of weights such that, for all a < b < c
with b —a < ¢ — b,

Hul/pHg,(a,b)Hv_l/pHLp’,(b,C) <C,
then for all A > 0,

u{z €R:[Tf(z)] > A} < Slf( )[Po(z) da.

Let us notice that here one does not need to work with one-sided oper-
ators as this abstract result does not use any property of T' but the initial
two-weight estimate which involves the one-sided maximal function M.
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Notice that when applying this result, 7" will be T or T, b+ * from Theo-
rem 3.12.

To prove Theorem 3.14 we need to find sufficient conditions on (u,v)
that guarantee the boundedness of M, from LP(v) to LP(u). This result
with Mz appears in [11] and here we extend it to the one-sided case. For
convenience we state it in terms of M ; ; to pass to Mz one just switches the
intervals of integration in the corresponding Muckenhoupt type condition.

THEOREM 3.15. Let 1 < p < oo and let A, B, C be Young functions
such that B~1(t)C7Y(t) < A7) for all t >ty > 0, with C € By. If (u,v)
is a pair of weights such that, for all a < b < c with b—a < c— b,

(3.7) ”ul/pHLP,(a,b)||U_1/p||8,(b,c) <C,
then
S M} f(z)Pu(z) dz < CS |f(z)[Pv(zx) du.
R R

4. Applications. In this section we present some applications. As we
have already observed, our results include those in [27] and [30] for Calderén—
Zygmund singular integrals operators with kernels in HX . We observed
before that weaker conditions on the kernels, say Ho, for T and K €
Hy N Hetl/k k: (or, in particular, K € Hyy) for Tbk, lead us to the same
conclusions.

4.1. The differential transform operator. Let us consider the differential
transform operator studied in [16] and [4],

(4.1) THf(2) =) v(Djf(x) — Dy f (),
JEZ
where |[{v;};]/cc < 0o and

x+27

| r@)dt.

T

1

Djf(z) = 9%

This operator appears when studying the rate of convergence of the aver-
ages D;f. Observe that D;f — f a.e. as j — —o0, and D;f — 0 as j — oo.
Notice that Tt f(z) = K  f(x), where

1 1
K(z) = Z vj (2] X(—27,0) (z) — 21 X(—2-1,0) (iﬁ))-
JEL
Since K is supported in (—oc, 0), T'" is a one-sided singular integral operator
(so we write T). In [4] it is proved that, for appropriate functions f,
No

T+ xr) = hm vi(D; x)— D._ T fOr ae. € R.
f@) (Nl,]\72)—>(—o<>,oo)J,ZN1 i(Dif (@) j—1f(z))
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It is known that K € (),~; H, and so T" is bounded on LP(w) for all
w e Af, 1< p< oo, and maps L' (w) into L>°(w) for all w € A .

When trying to prove Coifman type estimates for 7", one finds that 7"
is controlled by M for every 1 < s < co. In general K ¢ H, (see [18] for the
case {v;} = {(—1)7}), thus it is not clear whether one can take s = 1, that is,
whether T behaves as a one-sided singular integral operator with smooth
kernel. This motivated the new Hormander type conditions in [20], [18]: If
one shows that K belongs to some class near L*° then one would obtain a
maximal operator near M. In [18] it was shown that K € H /042 for any
€>0,and K € Hetl/(prkﬁ)’k for any € > 0 and k > 1. Thus, by Theorems

2.4 and 3.7 for any k >0, > 0,0 < p < oo, and w € AL,
K
Ty f (@) Pue) de < © § My, ey f@)P () da.
R R
Applying Theorem 3.12 we obtain the following endpoint estimates:
THEOREM 4.1. Let b € BMO and k > 0. Let T" be the differential

transform operator defined above, and let TbJr k be its kth order commutator.
Then, for any € > 0,

ufz € R: T f(@)] > A} < O [Cu(lf @)/ N M
R

u(zx) dx

log L)k+1+5

for all A > 0.
Note that this result includes the case & = 0 for which TbJr S

REMARK 4.2. One can write the last estimate in terms of iterations

of M~ since MZ(lOgL)HHEu(:L') < C(M™)F+3y(x) for € > 0 small enough.

Thus, the previous estimate holds for the pair of weights (u, (M ™) 3u).

Proof of Theorem 4.1. Given k > 0 and ¢ > 0 we fix D(t) =
tP(1 + log™ t)k 1+ 5o that Dy(t) ~ t(1 + logt t)* 1+ We take 1 < p < 1+
e/(2(k+2)), A(t) ~ exp(t/+k+e/Er))) —1 and B(t) ~ exp(t!/(1+e/@r)) — 1,
Then, as mentioned before, K € HgNH 4 (note that for k = 0, we just have
K € H4). We also notice that for k > 1 it follows that A~ (£)B~1(t)C; ' ()
<t for t > 1. Next, we pick £(t) ~ 7' /(1 + log® )=’ =1/2=(:+1) and ob-
serve that our choice of p guarantees that e(p’—1)/2— (k+1) > 1, therefore
& € By. Moreover, DY (t)é71(t) < A7Y(¢t) for ¢t > 1. Then applying The-
orem 3.12, that is, the one-sided version of Theorem 3.1(b) when k£ = 0,
and the one-sided version of Theorem 3.8(a.2) when k£ > 1, we deduce the
desired estimate. m

As a corollary of Theorem 4.1, applying Theorem 3.14 we get the follow-
ing weak-type estimates for general pairs of weights (u,v):
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COROLLARY 4.3. Let b € BMO and k > 0. Let T" be the differential
transform operator defined above, and let TbJ“/LC be its kth order commutator.
For any € > 0, if (u,v) is a pair of weights such that, for all a < b < ¢ with
b—a<c—0b,

Hul/pHLP(log L)(k+2)p=1+e (g.b) Hv_l/pHLP' ,(b,c) <G,
then for all A > 0,

u{z €R: [T, ()] > A} < M,srﬂ z)Pv(z) da.

This result follows at once from Theorem 3.14. The starting estimate is
given by Theorem 4.1, thus F(t) = t(1 + log™ ¢)*+1%¢ for every £ > 0, and
we take H(t) = t*' /(1 +logt t)'*9 € B, for any § > 0. This leads to the
desired function G. Details are left to the interested reader.

4.2. An example of a one-sided operator with K € Hyo N Hetl/k x We
consider the one-sided operator

T f(z) = > vj(Dif(x) — Dj-1f(x)),
JEZ
where |[{v;};]|cc < 0o and

z+27

! | f)de

Djf(x) = m

Observe that

1 1
#0) = 320 (i )~ g Gy Ko )

JEZ

This operator is similar to the previous one. In [18] it was proved that K €
H,onN Hetl/k L Thus, by Theorems 2.4 and 3.7 for each k£ > 0, 0 < p < o0,

and w € AL,
(4.2) V1T  p @) Pw(e) de < C Y MG f (@)Pw(a) da.
R R

Note that on the right-hand side one can alternatively write (M*)**1f as
(M) f ~ M+10gL f a.e. We apply Theorem 3.12, that is, when k = 0
we use the one-sided version of Theorem 3.1(c), and when k£ > 1 we employ
the one-sided version of Theorem 3.8(b). Thus, we deduce the following
endpoint estimates: given b € BMO, for all £ > 0 and ¢ > 0,

(4.3)  ufw € R: (T f(2)] > A} < CYCu(|f (@) /N My, pyise
R

Note that taking € > 0 small enough, M L_(log Lykte

u(x) dx.

u(z) < O(M™)F2u().
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REMARK 4.4. In terms of iterations of the one-sided Hardy-Littlewood
maximal function, notice that in (4.2) we have k+1 iterations and in (4.3) we
have k+2, so we obtain an extra iteration. This is because in Theorems 3.1(c)
and 3.8(b) and their corresponding versions for one-sided operators we loose
a small power of the logarithm. This also happens with Calderén—Zygmund
operators with smooth kernel, like the Hilbert and Riesz transforms: they
are controlled, in the sense of Coifman, by M, but the endpoint estimate
holds for the pair of weights (u, M?u)—indeed, one can write (u, M, (10g 1)=1)
for any € > 0. It is not known, even for the Hilbert and Riesz transforms,
whether the pair of weights (u, Mw) is suitable for the corresponding weak-
type estimate.

Notice that in the case of the differential transform operator in both the
Coifman inequality and the endpoint estimate the number of iterations for
the kth order commutator is k + 3. This happens as we already have a small
power of the logarithm floating around.

From Theorem 3.14 proceeding as in Corollary 4.3 we obtain the follow-
ing two-weight weak-type estimates: given b € BMO, for every k£ > 0 and
for any € > 0, if (u,v) is a pair of weights such that, for all a« < b < ¢ with
b—a<c—b,

Hul/pHLP(log L)(E+D)p=1+¢ (q.b) Hv_l/pHLP' ;(bye) <G,

then T, * f maps LP(v) into LP°°(u). This extends the sharp results obtained
in [11] for Calderén-Zygmund operators with smooth kernels to the setting
of one-sided operators.

4.3. Multipliers. Let m € L>°(R™) and consider the multlpher operator

T defined a priori for f in the Schwartz class by Tf(f) m(ﬁ’)f({) Given
1<s<2and0<1!éeN wesay that m € M(s,1) if

sup R'O"HDO‘mHLsme < oo, forall|a] <I.
R>0

In [18] the following was proved. Let m € M(s,l) with 1 < s < 2,
0<I!I<mnand!>n/s. Thenforall k>0,e>0,0<p<ooand we€ Ay,

(44) [ 1T £ (@) Pw(e) de < C | Mypryof(a)Pw() do.
R» R”

The proof consists in showing that a family of truncations of the kernel
{KN} y are uniformly in H i 1og Lykr s With 7' = n/l+¢. Thus, taking A(t) =

t, B(t) = t"(1+logt t)*" we have K € HgN H 4, (this follows easily from
KN ¢ Hpr(og 1yir ). Notice that A~ (¢ )B‘l(t)Cgl(t) < ¢ for t > 1 and
therefore (4.4) follows from Theorem 3.7 for the kth order commutators
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of TN (which is the operator whose kernel is KV) with constants that are
independent of N. A standard approximation argument leads to the desired
estimate for TF. We refer the reader to [18] for more details.

The same argument allows us to apply Theorems 3.1(a) and 3.8(a.1)
to TN. Observe that A(t) = ¢''; thus choosing 1 < s < 7/ we obtain
liminf; . A(t)/t* = co. Therefore, taking limits we have the following re-
sult:

THEOREM 4.5. Let m € M(s,l) with 1 <s<2,0<[<mnandl>n/s.
Then for all k>0 and € > 0,

ufe € RY < [TEf(2)] > A} < C | Cull £(@)|/N) Mty cu(w) da.
]Rn

From this estimate one can obtain weak-type estimates for general pairs
of weights by using Theorem 3.5. The precise statements are left to the
reader.

4.4. Kernels related to H, and Mpr. As was implicit in [34] (see also
[17], [37]), and observed in [21], if K € Hpr, that is, if the kernel satisfies
the L"-Hérmander condition, then 7' is controlled by M;,,,. In [18] various
extensions of that inequality for higher order commutators were considered.
In the notation of Theorem 3.7, Table 1 lists the conditions and maximal
operators obtained, for 1 < r < oo and k£ > 0.

Table 1. Examples of H,-conditions

Hp Hp N Hy g Mz f

Hpr g Hpr O Hpr(log 1)~k Mt 0g Lysr
Hir1og 1) k HprogLyer N Hrr i My, f
Hiprgogyr gk | HrrogLyr N HL"(logL)*k(T*”,k MLr’(logL)kf ~ (MLT’)]{:Jrl

Thus, applying Theorems 3.1(a) and 3.8(a.1) we see that T} satisfies
(3.6) with the different pairs of weights (u, M zu) in the above table.

4.5. Homogeneous singular integrals. Denote by X = X,,_; the unit
sphere in R™. For = # 0, we write 2/ = x/|z|. Let 2 € L'(X). This function
can be extended to R™\ {0} as 2(z) = 2(2’) (abusing notation we call both
functions §2). Thus (2 is a function homogeneous of degree 0. We assume
that { 2(z') do(2') = 0. Set K(x) = 2(x)/|z[" and let T be the operator
associated with the kernel K.
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Given a Young function A we define the LA-modulus of continuity of 2

walt) = |Sl|1p 192(- +y) — £2(-)]
y|<t

Fix 2 € LB(Y) and T as above. Let k > 0 and A, B be Young functions
such that A~1()B~1(t)C; ' (t) < t for all t > 1. If

as

A3

: d + 1\ K dt
(S)wlg(t)t+§)(1+logt> wA(lt)7 < oo,

then it was proved in [18] that K € Hg N H 4 and therefore

| |7E (@) Pua) de < © | Mgf(@)Pw() de
R® R”
for every 0 < p < oo and w € A
Once it is known that K € Hp N H 4y one can apply Theorems 3.1
and 3.8 to derive the corresponding two-weight endpoint estimates. The
precise statements and further details are left to the interested reader.

5. Proofs of the main results

Proof of Theorem 3.1. Without loss of generality we can assume that u
is bounded and has compact support (otherwise we prove the corresponding
estimate for uy = min{u, N}xp(,n) with bounds independent of N and
apply the monotone convergence theorem). We assume that 0 < f € L2°(R")
and consider the standard Calderén—Zygmund decomposition of f at level A:
there exists a collection of maximal (and therefore disjoint) dyadic cubes
{Q;}; (with center x; and sidelength 2r;) such that

(5.1) F<oma.

\le S
We write f = g + h where

ngan\UijJerQjXQj, h= Zh—Zf fa;)xq;
J J

where fq, denotes the average of f over @;. Recall that 0 < g(z) < 2"\ a.e.
and also that each h; has vanishing integral. We set (); = 2Q);, {2 = Uj Qj,
and u = UX g - Then
w{z € R" : |Tf(z)| > A} < w() +u{z € R*\ 2: |Th(z)| > \/2}
+ufz € R"\ 2: |Tg(x)| > \/2}
=I1+1I+1I1I.
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We estimate each term separately. The estimates for I and I are obtained
in the same way in the three cases (a)—(c). We show that
1 1
(5.2) I< X S fl@)Mu(z)dz, II S " S ()M zu(x) d,
R R
where, in case (c), as K € Hoo = Hp it is understood that A(t) =
so Mz = My = M. Observe that both estimates lead us to the desired
conclusions in the three cases (a)-(c). Regarding I, Mu is controlled by
M zu in (a) (as A is a Young function), by Mp,u in (b) (since we pointed
out in Remark 3.3 that D~1(¢) < ¢1/P for t > 1, which yields Dj(t) > t for
t > 1), and by My, )eu in (c). For 11, M zu is the desired weight in (a);
in (b) we observed in Remark 3.3 that M zu < Mp,u; and in (c) we have
Mﬂu = Mu S ML(logL)su.
Let us show the first estimate in (5. 2) By (5.1) we have

oy () .
=o(U@) <3 @) =237 e AZ 0] g g
Jj Q@ R”

Next, we estimate II: as the functions h; have vanishing integral,

II:u{xER”\fZ:’ZThj(x‘>)\/2} AZ | 17h(@)u() de

i RMW\Q
2
<32 1 | VK@ —y) = K@ —2g,)h;(y) dyfu(a)
J RMN\Q Qj
2
=3 YoVl VK@ —y) - K(z - xq,)|u(e) do dy.
i@ R™\Q;
We claim that for every y € Q;,
(5.3) S |K(z —y) — K(x — 2q,)|u(z)dz essQinfMﬂu.
i

R™\Q;
This estimate leads to
1 . 1 .
I1 < XZes%;nfMju S |hi(y)| dy < XZeszinfMju S f(y)dy
J J Qj
1
< AZ | £ (v)dy < 3 | fy)Mzu(y) dy.
J Q] R™

We obtain (5.3): using the generalized Holder inequality for A and A (when
K € Hy we understand that A(¢) = t and so we have the corresponding
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L'-L> Holder estimate)
| |K(z—y) - K(z - 2q,)|u(x) do
R™\Q;

IA

> | |K(z —y) = K(x — 2q,)|u(z) dx

k=l|z—zq;|~2r;

S D @)K —y) — K( —2q,)

k=1
< Cessinf M zu,
Qj

Ul 1
Tj S| —

where in the last estimate we have used the fact that K € H 4.

To complete the proof, it remains to estimate II1I. Here, the proof is
different in each case. We start with (a). As liminf; ... A(t)/t" > 0, there
exists ¢ = ¢, such that A(t) > ct” for every t > 1. On the other hand,
since A € Ay there exist 1 < s < oo (indeed we can take s > 7) such that
A(t) < Ct® for every t > 1 (this follows by iterating the Ag-condition). Then
taking p > s we have

(54) 11 =ufz € R*\ 9 : [Tg(z)| > \/2} < ii; | [T(a)Pi(z) da
e

§ TP M) e 55 § Maola)Mote)do

P
—)\p

where in the last inequality we have used Theorem 2.4 and the fact that
M,u € Ay C Ay as r > 1. Notice that one has to check that the left-hand
side of (2.2) is finite. Indeed, as we have assumed that u € L* we have

V ITg(@)P M) do < |[ul = | [Tg(2) de S |lull= | g(x)? da
R™ R® R™
Sl Xt | gla) da = Jfull X7 | f(2) dx < oo,
Rn Rn
where we have used that T is bounded on LP(R™) as K € Hy C Hj; and

also that f and u are bounded with compact support. We can continue with
the estimate of I11: as A(t) < Ct® for every t > 1 it follows that

(5.5) III< % | Mag(a) Myi(e) do = — | M(g*)(2)"/* Myii() da

AP
R R

S;SMWMM)MSLQAWMMMM,

where we have used that M, @ € Ay, therefore M is bounded on LP/*(M, i)
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and also that A(t) > ct” for every t > 1. We claim that
(5.6) | g@)Mzi(z)dz < | fla)Mgi(z) da.
Uj Qj U]' Qj
From (5.5), this estimate and the fact that 0 < g(x) < 2™\ a.e. yield

1 _
IIT < X S g(x)M zu(r) dx
RT’L
1 . 1 .
=5 S f(@)M zi(x) dw + X S g(z)M zu(x) dz
R"\Uj Qj Uj Q;

g% | f2)Mgi(s) do g% | £2)Mgu(z) d,
R» Rn

which is the desired estimate for I711.

To complete the proof of (a) we need to show (5.6). We first prove
that for any Young function C, any weight v with M¢cv < oo a.e., and
any cube @,

(5.7) Me(vxrm20)(y) ~ ess inf Mc(vxrm2g)(2), ae y€Q.

Let y € Q and R be any cube such that y € R. If R\ 2Q = ( then
[oxmagllc,r = 0. Otherwise, £(R) > £(Q)/2, which implies that @ C 5R.
Then

[vxrm2glle,r S lvxrmogllesr < ess. mf Mec(vxrm20)(2),

and taking the supremum over all cubes R > y we deduce the desired esti-
mate. Next, we use (5.7) to obtain (5.6):

S g(x)M zi(x) dx = Z S g(x)M zi(x) dx
U; Qs i Qj

= Zan S Altxrn\2q;) (@) dz

< Z S x)dx ess mf MA(uan\zQ )(2)

J Q]
<>\ f@)Mg(ixpm ;) (x) do
J Q]
= S f(z)M zu(z) dx.
Uj Qj

This completes the proof of (a).
To show (b), we only have to estimate I11. The argument is very simi-
lar, the main change consists in proving (5.5) with D, in place of A. Once
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we have that, the above argument adapts trivially and the desired esti-
mate for 111 follows. Note that our hypotheses guarantee that we can apply
Theorem 2.4 to the adjoint of T—observe that T* = T where T is the
singular operator with kernel K(z) = K(—xz) € Ha—and so Theorem 2.6
yields

(5.8) I =ufz € R"\ @: |Tg(x)| > \/2} < 3 | ITg(2)Pi(z) do
R

< % S g(x)P Mp, () dx.
R’ﬂ
As just mentioned, the ideas used before apply directly and the desired
estimate follows at once.

Finally, we show (c¢). Given € > 0 we pick p > 1 and § > 0 so that
p— 1+ 0 =€ (note that p is taken very close to 1 and § very small). Then,
by Remark 2.7, (2.3) holds for the pair of weights (u, M (1og 1,y-u). Thus, the
previous case mutatis mutandis leads us to the desired estimate. m

REMARK 5.1. There is another argument to derive (c): Given € > 0 we
pick p > 1 and 6 > 0 so that p — 1+ 20 = e. Let A(t) = t(1+log™*)%/?. Note
that Hy, C H4 and so K € Hy4. We take D(t) = tP(1 4 log™ #)P~1729 and
Et) = t* /(1 +1log" )19 =1) ¢ B,,. Then we can apply (b) to obtain the
desired estimate for the pair of weights (u, Mp,u). To conclude we observe
that D,(t) = D(t'/?) = t(1 +log™ t)°.

Proof of Theorem 3.8. The argument follows the scheme of the proof
of Theorem 3.1, which corresponds to the case k = 0, and we only give
the main changes. We proceed by induction to obtain (a). The proof of (b)
follows as in Theorem 3.1 from (a.2) by a suitable choice of A and B (see
Remark 5.1).

We assume that the cases m = 0,1,...,k — 1 are proved and we show
the desired estimate for Tlf. Thus, we fix a weight © € L2° and 0 < f € L2°.
By homogeneity we can also assume that ||b||gmo = 1.

We recall some properties of BMO to be used later. Given b € BMO, a
cube @, 7 > 0 and ¢ > 0, by John—Nirenberg’s theorem we have

(5.9) (=) llza.0 < 16—V lig, o = 1D —belllp 1.0 < CllblBuo-
On the other hand, for every I > 1 and b € BMO, we have

l l
(5.10)  |bg —bagl < Y Ibam-1g — bamql < 2" > [|b— bamgllz1 2mg

m=1 m=1

< 2"[b|lBmoO-
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We perform the Calderén-Zygmund decomposition of f at level A. Let
g, h= Z hj, Qj;, Q], 2 and @ be as in the proof of Theorem 3.1. Then

w{z € R™ : |TFf(z)| > A} < u(Q) +uf{z e R*\ 2: [TFh(z)| > A/2}

+uf{z € R"\ 2: [TFg(x)] > \/2}
=I+1II+1I1I,
and we estimate each term separately. For I we obtain the first estimate
in (5.2) exactly as before. Then
1
153 § 1M s < | GUI@INMute) do
Rn

and we observe that Mu is pointwise controlled by either M zu, Mp, u or
M7 (10g 1yr+eu. So the desired estimate follows in all cases.

Next, we estimate I by using the induction hypothesis and the condi-
tions assumed on the kernel. As in [28] we can write

k—1
(5.11)  TFh ZTb - Z C’hme’”(Z(b— ij)k*mhj)(g;)

i
+Z x) = b, )*Thj(z) = Fi(z) + Fa(x),

and we estimate each functlon in turn.

For F; we would like to use the induction hypothesis. We start with
(a.1). If 0 <m <k —1then Hqp C Ham and so K € Hg N H g1, Also, as
Cr(t) < Cpn(t) we have

AWB (0, (1) < A (OB (HT (1) <.
Thus the hypotheses on (a) are satisfied for every 0 < m < k — 1 and
therefore

u{x € R"\ 2 : |Fi(x)] > \/4}

ﬂ{$ : ‘Tbm(Z(b - ij)k_mhj>(x)‘ > )\/C}

(St pasi

R"

| >
~1

IN
3 w
g

e
—

N N
kS
L

Con (b — b, |F~™|hy| /N) M gt dz
i Q

3
Il
=)

e
—

N

essinf M gii | Cr(|b — b, 7™ |hyl/A) da
J @ Qj

3
=}
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where in the last estimate we have used (5.7). As C; '(¢)C,.t, (1) < Chl(1),
Young’s inequality implies

(512) | Cullb—bo, | ™ (hyl/A) da

Qj
< § Culhyl/(eN) da + | Crmlelo — bo, ™) da
Q; Q;
S § Gl e+ § e e < | enlingl/N) de+ 1),
Qj Q; Q,

as ||blmo = 1 implies, by John-Nirenberg’s theorem, that ||b—bg, |lexp ,Q;
< ¢~ 1. Moreover, since Ci(t)’, 0 < 6§ < 1, is concave and so subadditive it
follows that Cj is quasi-subadditive—that is, Cx(t1 + t2) < Ci(t1) + Cr(t2).
Therefore, by Jensen’s inequality for Cy,

V Crllhyl/ ) da <\ Cu(£/N) dz +1Q41Ck(fo,/A) < 2 | Cr(f/A) dar
Qj Qj Qj
Also, (5.1) implies

Qi < 5 S fde < | Cu(f/N) do
QJ Qj
Plugging these estimates into (5.12) we obtain

k—1

uw{z e R™\ 2 : |Fy( )\>/\/4}<ZZessmeAuSCk(f/)\)

m=0 j Q;
<3V af/NMgade < | Cu(f/N)Mgude.
J Qj Rn

This gives the desired estimate for F} in case (a.l). Notice that the same
computations hold in case (a.2) upon replacing everywhere M z by Mp,.

Next, we estimate Fj:
& 4
uw{z € R"\ 2 : |Fy(x)| > \/4} < X Z S |b(x) — ij]k]Thj(a:)\u(a:) dx
j R"\Q
<3 S| 1) b § K (@~ )~ K(x— aq,) Iy (y)| dyu() d

J RM\Q Qj

= %Z Vi)l | K (z —y) = Kz —2q,)| [b(x) — bg,|*u(z) dz dy.
7@ R™\Q;
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We claim that for every cube @) (whose center is zg) and every y € Q,

(5.13) S |K(z —y) — K(x — 20)| |b(x) — bo|Fu(x) dz < enginf M zu.
R™\2Q
This estimate applied to each @; implies

~ 1
R™\ 2:|F A4S < inf M z hi(y)| d
i €RIN D[P0 > A/ S 53 esgint Mg § 10y

Qj
1
§—ZessinfouS y)dy < < ZS u(y) dy
A J Qj 8 Qj A J Qj
< 1§ F)Mguly)dy < § Gl (2)|/ )M gu(w) .
R™ Rn

Note that this leads to the desired estimate in (a.1) and also in (a.2) (we
observed in Remark 3.3 that M zu < Mp,u). Collecting the inequalities
obtained for F; and F5 we complete the estimate of I1.

We show (5.13). Let @ be a cube with center zg and sidelength 2r.
Using (5.10), the generalized Holder inequality for .4 and A, and also for A,
B and Cy, and (5.9), we obtain

| IK(z—y) - K(z - 20)|[b(z) — bo|*u(w) dz
R7\2Q

Y K@ —y) - K@ - 20)|[b(z) = byl u(z) d
—i—Zlk S |K(z —y) — K(z — zg)|u(z) dx

o0
,S Z(QZT)nHK( - y) - K( - xQ)HBJx—ij\Ner
k
X |[(b = ba+19)"llg, 211 llull 221110
o0
k
+Z @)K (- —y) - K(- — 2Q) |4 jz—ao|~2tr Ul 221410
I=1
< engmeju,

where we have used that K € Hg N H 4.

To complete the proof we need to estimate I1I. The proof is almost
identical to that of Theorem 3.1. For the case (a.1), in (5.4) we apply The-
orem 3.7 in place of Theorem 2.4. Once we have that estimate, the proof
follows the same computations once we check that |T)g|PM, % € L'(R™)
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(we show this below). For the case (a.2) we need to show that T} satisfies
the corresponding estimate in (5.8). But this follows from Theorem 2.6 as we
can apply Theorem 3.7 to the adjoint of T)¥ —note that (T}%)* = (T*)*, and
T* is a singular integral operator with kernel K (z) = K(—z) € Hg N Hap.

As just mentioned, we only need to check that |Tjg|PM,u € LY(R").
Since v € L2, it suffices to see that Tbkg € LP(R™) for p large enough. This
is trivial if one assumes that b € L as our assumption on K implies that
K € Hy and thus T is bounded on LP(R™) for every 1 < p < oc:

k
1T gl oy = | > Congb ™ TE"g)| S 6l gl eny

LP(R™)
1

< Bl AP £l| gy < o0
Thus, we obtain (3.6) with Su = M zu under the additional assumption
that b € L*°. We pass to an arbitrary b € BMO: for any N > 0 we define
by(z) = b(x) if =N <b(z) < N, by(x) =N if b(xz) > N, and by(x) = —N
if b(z) < —N. It is not hard to prove that |by(x) — bn(y)| < |b(z) — b(y)]
and hence ||by|Bmo < 2||b|[Bmo- Therefore, as by € L> we can use (3.6)
with by in place of b and so

(5.14) ufz € R": [T} f(x)| > A} <C | Crlllon ol f (2)1/M) M gu(x) de
Rn

C | Cullbllintol f @)/ M qu(x) da
R
where C does not depend on N. Since f € L2 it follows that for 0 < m < k,
(bn)™f — b™f as N — oo in L? for ¢ > 1. The fact that T is bounded on L?
implies T'((bny)™f) — T(b™f) as N — oo in LY. Passing to a subsequence
the convergence is almost everywhere and so using the equality

T, £ ZcmkbN TR ) ()

it follows that Tk f(:n) Tff(:z;) for a.e. z € R™ as j — oo. Thus, we
clearly have X{ka>>\}( z) < liminfj oo xgpe o3 (2) a.e. Consequently, Fa-
by,

tou’s lemma and (5.14) lead to the desired estimate for 7;%. This completes
the proof of (a).

To obtain (b), we proceed as in Remark 5.1. Given € > 0 we pick p > 1
and 6 > 0 so that (k+1)p — 1+ 28 = k +¢. Let A(t) = exp(t!/++0/P)) — 1
and B(t) = exp(t?/’) — 1. Note that A~ (t)B~'(1)C;'(t) < t. Also,

Hoo C Hp and H 1/x, C Hap (as A(t) S et —1fort > 1). Then K €
Hpg N Hy . We apply (a.2) with D(t) = tP(1 +log™ t)FTP=1420 and £(t) ~
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/(1 +log® )1+ =1) ¢ B, (note that D~ (1)E~1(t) < A~
obtain the desired estimate for the pair of weights (u, Mp
we observe that Dy (t) = D(t'/?) = t(1 + log™ t)*+<. u

1(¢)). Then we
,u). To conclude

REMARK 5.2. The proof for the multilinear commutators follows the
same scheme; we just indicate some of the changes, leaving the details to
the reader. To estimate II we use ideas from [31] and replace (5.11) by

Ty (oG X0 ) )
+Z|m 6= X)|[Thy(a)

=F(x )+F2( ),

[ Tyh(2)| S

where the first sum runs over all partitions o1, o2 of {1,...,k} with oy # ;

TEU2 is the multilinear commutator associated with the vector by, = (b (1))15

T (T) = [ voyqy and gy 4y (8) = [Ty vis and ¥ = ((b1)g,, .- - (br)q,)-
With this in hand we estlmate F1 using the induction hypothesis since #02 <
k — 1, and we estimate F using that K € Hg, (see [18]).

The estimate for 111 is obtained by using [18, Theorem 7.1] and observ-
ing that (7;)* = (T™)_; and that T™ is a singular integral operator with
kernel K (z) = K(—x2) € Hgy.

6. Proofs in the one-sided case

Proof of Theorem 3.12(i). The proof follows the same scheme of the
proof of Theorem 3.1. We will only highlight some of the details. Again, we

can assume that v is bounded and has compact support, and also 0 < f €
L (R). Let

Q={zeR:M"f(x)>\} = UI = J (a;,8)),
j
where I; = (aj,b;) are the connected components of 2 that satisfy (see [25])

1
- dy = A,
|Imﬂjtz‘(y) y

Note that if = ¢ (2, then for all h > 0,

1 z+h

7 S fly)dy < A

T
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Therefore f(x) < A for a.e z € R\ (2. Let fj_ = (¢j,a;) with ¢; chosen so
that |f]_] = 2|I;| and set

o=Ja; v =1
J J
We write @ = UXR\ G and f = g+ h where

(f = fr,)x1

Mg

g:fXR\Q+ZijXIja h = Zha

7=1 7j=1 7=1

Observe that 0 < g(x) < A for a.e. z, and h; has vanishing integral. Thus
w{r €R:|THf(x)| > A} <u() +ufz € R\ 2: |TTh(z)| > \/2}
+ufz e R\ 2:|THg(z)| > \/2}
=I+11+111.

Now we proceed in the same way as in the proof of Theorem 3.1. We esti-

mate I:
(UI) Z I7) + ulLy)).

For each j we have

Ay o w3 .
() = S = 3 e < S S
and then
Su@) £ 5 @M ute) dr < 5 §1F@)IM () de
J n R

On the other hand, since M is of weak type (1,1) with respect to the pair
of weights (u, M~u) € A] (see [22]),

Zu(Ij) =u(2) < % S f(z)M ™ u(z) dz,
J R

and therefore

I<

> Q

S f@)M ™ u(z) d.

R

Observe that, as before, M~ u is controlled by M zu in (a), by My U in (b),
and by My, 1)-u in (c).
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We estimate II. Let r; = |I;| = |f]_]/2 We use the fact that h; is
supported in I; and has vanishing integral, and that K is supported in
(—00,0):

Ir<= Z | 1Thj(2)|u(z) do

i R\O
2
<3 YVl | K@ —y) - K(z - aj)|u(e) dz dy
J I R\I;
2 K
=25 Tl § 1K —y) — Ko~ ag)utx) drdy.
j Ij —00
Then it suffices to prove that for every y € I,
¢
(6.1) S |K(z —y) — K(z — aj)|u(z) de S esinnfM;u,
e j

which readily leads to the desired estimate

1 1
11 < " Zess}infMju S |hi(y)| dy < XZess}infMju S fly)dy
, i - j
I; J I;

<1 | £ )M u(y) dy.

T2V TW)Muy)dy <
7 I

)/

<

We show (6.1). Let y, z € I;. Using the generalized Holder inequality for A
and A, and the fact that K € H 4, we obtain
<
| 1K (z —y) — K(z - aj)|u(z) de
—o0
00 aijkrj
=Y | K@-y) - K —a))u(z)de

k=1 aj—2k+1rj

oo

k
ZQ TJ”K —y)— K(-— a]')||A,|:rfaj|~2krj
k=1

x HUX(ajf2k+1rj,aj72krj) rj

o0
k
< S K )~ K~ ap)l gy i 1l 4 —rerr, -
k=1

<
S Mju(z).
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To estimate 11 we first claim that for any Young function C, any weight
v with M, v < oo a.e., and any interval I = (a,b) we have

(6.2) Mg(UXR\(f_UI))(y) ~ eszsei}lf Mg(UXR\(T_uI))(Z), a.e.y €I,

where I~ = (¢, a) with ¢ so that |[7~| = 2|I|. Assuming this the proofs of the
three cases (a)—(c) adapt readily to the one-sided setting. For (a) one uses
the fact that M~ @ € A C AL and therefore M+ is bounded on L9(M, )
for every 1 < q < oo. For (b) we apply Theorem 3.11(i) to the one-sided
operator T~ = (T+)* (whose kernel K () = K (—z) is supported on (0, c0))
and then Theorem 3.11(ii) to deduce (5.8) with Mp, @ on the right-hand
side. In case (c) we only need to adapt Remark 5.1 to this setting.

To complete the proof of (i) we show (6.2). Fix y,z € I = (a,b) and
write I~ = (¢, a), where we recall that |1~ | = 2|I|. Observe that if ¢ < t < y
then (t,y) C (¢,b) = T~ U 1. Thus,

Mg (vXgy 7-un) W) = Sup loxg, 7-un lle.ty) = sup xR 7-un lle,ty)-
Yy c

Given t < ¢ and X\ > 0, it follows that

C<U($)XR\§\T—U1)($>> ] S C(U(JJ)XR\(;—UU(SU)) o

y—ty

1
y—t

e @

-t 1 §C(v($)xR\(f_U1)(ﬂf)>dx

3 1 ¢ /v(z)x \(:U)(x)
S§ tSC< RAITOI >dac

and therefore HUX]R\(T—UI)HQ(M/) < %||UXR\(T—UI)||07(75,Z)’ which in turn gives
the desired estimate. m

Using the previous ideas the proof of Theorem 3.12(ii) can be obtained
by adapting the proof of Theorem 3.8. Further details are left to the reader.

Proof of Theorem 3.14. By homogeneity it suffices to consider the case
A=1.Let 1 <p<ooand 2= {z:|Tf(x) > 1}. Then, by duality, there
exists G € L (u) with ||G]|,, (u) = 1 such that

w(@)V? = |Ixallrw = | G@)u(w) dx.
N
Using the hypotheses and Holder’s inequality we obtain

W@V < 1£(@)| M (Gu) (@) do < [l | Mz (Cu)| 1 1oy
R"
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Our hypotheses guarantee that we can apply Theorem 3.15 (indeed the cor-
responding version for M) to infer that Mz maps LP (u'=?") into LP (v!=7").
Therefore,

w( P SN o) | Gull ot vy = I 1 ep@) Gl oy = 1l Lo(0)- m

REMARK 6.1. As observed before, this proof can be easily adapted to
yield Theorem 3.5: one only needs to see that (3.3) guarantees that Mr is
bounded from L¥ (u!~?") into L¥ (v'~?') (see [11]). For further results and
a deep treatment of extrapolation results of this kind the reader is referred

o [10].

Proof of Theorem 3.15. We use ideas from [33]. First we observe that it
suffices to assume that u is bounded and compactly supported (otherwise
we work with ur = uX{|z|<R, u(z)<ry and let R — o0o).

Fix f continuous with compact support, and for & € Z define {2, =
{x € R:2F < M} f(z) < 2"2}. For any x € (2; there exists ¢; > z such
that 2F < 1|4 (0 < 2F+2 Using the continuity of the integral it is easy
to show that there exists d, € (x,c;) (which can be taken sufficiently close
to x satisfying 0, < (c; +x)/2) such that [z,d,) C §2 and 2¥ A (82 c0)
< 2F2 We write I}, = [z,0;) and I}, = (0, ¢;) and therefore

_ - k k+2
(6.3) %= |J I, and 2 <Nl <2542
TESy,

As in [5] (see also [33, Lemma 2]) there exists a finite subcollection of pair-
wise disjoint intervals {;} }jecs such that

u(£2) < BZU([_
jedJ
This and (6.3) yield
| ML f()Pule)de <> | (M fPude <) 2u(e2)

R kEZ 2 =
k

S22 ull <ZZHHIAI+ u(l3;)

kez.  jeJ kezZ jeJ
1 _

_ ZZ | fv /Py 1/10HAI+ ul Jk)
keZ jeJ

<20, ”f“l/png,fﬁ Hv_l/pHZ,Ifk ||“1/p||ip,1{k 15 1
keZ jeJ « , ,

Note that

170 Plle s, < 20f0 Plle g o, < 2Me(fo'P)(2), @ € I
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This, (3.7), and the fact that the intervals I}, are pairwise disjoint and
contained in (25 imply

| MG f@pPu@) des 30D PIE  11

R keZ jeJ
SO\ Me(fo' Py (@) de < | Me(f0'P) () da
kEZ JeJI]_—k kEZ $2,

<2\ Me(fo'/P)(@)P do | | £(2)Po() da,
R R

where in the last estimate we have used the fact that C € B, and conse-
quently M is bounded on LP(R) (see [29]). This completes the proof. m
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