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Convergence of multiple ergodic averages along cubes
for several commuting transformations

by

QING CHU (Marne-la-Vallée)

Abstract. We prove the norm convergence of multiple ergodic averages along cubes
for several commuting transformations, and derive corresponding combinatorial results.
The method we use relies primarily on the “magic extension” established recently by B. Host.

1. Introduction

1.1. Results. By a system, we mean a probability space endowed with a
single or several commuting measure preserving transformations. We prove
the following result regarding the convergence of multiple ergodic averages
along cubes for several commuting transformations:

THEOREM 1.1. Let d > 1 be an integer and (X,B,u,T1,...,Ty) be a
system. Let f., e € {0,1}9\{00...0}, be 2¢—1 bounded measurable functions
on X. Then the averages

d
1 e
® D M | (e

i=1 ' n;€[M;,N;) e€{0,1}¢
i=1,nd  €£00...0

converge in L*(11) for all sequences of intervals [My, N1), ..., [Mg, Ng) whose
lengths N; — M; (1 <i<d) tend to oo.
To illustrate, when d = 2, the average is
1
2 T fio - T2 for - T 15 f1a.
(2) (N, = 20) - (Mo — M) > T fio- T3 for - T TS
n1€[M1,Ny)
na€[Ma2,N2)
When Theorem is restricted to the case that each function fe is the

indicator function of a measurable set, we have the following lower bound
for these averages:
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THEOREM 1.2. Let (X,B,pu,T1,...,T,) be a system and let A € B. Then
the limit of the averages

d

(3) ] e D DI O A R R
i=1" " ¢ ni'E[Mi,Ni) ec{0,1}4

i=1,...,

exists and is greater than or equal to M(A)Qd for all sequences of intervals
[My, N1),...,[Mg, Ng) whose lengths N; — M; (1 <i <d) tend to cc.

Recall that the upper density d*(A) of a set A C Z% is defined to be

d
1
1oicg =10

A subset E of Z¢ is said to be syndetic if Z? can be covered by finitely
many translates of F.
We have the following corresponding combinatorial result:

THEOREM 1.3. Let A C Z¢ with d*(A) > 6 > 0. Then the set of n =
(n1,...,nq) € Z¢ such that

d*( ﬂ {A+ (nyeq, . .. ,nded)}) > §2°
ec{0,1}4

18 syndetic.

1.2. History of the problem. In the case where 77 = --- =Ty =T,
the average is
d

(4) H ]Vli]\/_fz Z H Tnl€1+"'+nd5df€‘

i=1 n;€[M;,N;) e€{0,1}¢
i=1,.d  €£00...0
The norm convergence of was proved by Bergelson for d = 2 in [4], and
more generally, by Host and Kra for d > 2 in [7]. The related pointwise
convergence problem was studied by Assani who showed in [I] that the
averages converge a.e.
Some lower bounds for the average (3)) were provided by Leibman in [§].
In the same paper, he gave an example showing that the average can
diverge if the transformations do not commute.
However, Assani showed in [I] that the averages

N
Nz Y FI{)e(T ) (T )

n,m=1
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do converge a.e. even if the transformations do not necessarily commute. He
extended this result to the case of six functions in [2].

The norm convergence of multiple ergodic averages with several com-
muting transformations of the form

1 N
(5) N T T
n=1

was proved by Conze and Lesigne [5] when d = 2. The general case was
originally proved by Tao [9], and subsequent proofs were given by Austin [3],
Host [6] and Towsner [10].

1.3. Methods. The main tools we use in this paper are the seminorms
and the existence of “magic extensions” for commuting transformations es-
tablished by Host [6]. The magic extensions can be viewed as a concrete
form of the pleasant extensions built by Austin in [3].

2. Seminorms and upper bound

2.1. Notation and definitions. Given a probability space (X, B, u),
in general we omit the o-algebra from our notation and write (X, u).

For an integer d > 1, we write [d] = {1,...,d} and identify {0,1}¢ with
the family of subsets of [d]. Therefore, the assertion “i € €” is equivalent to
¢; = 1. In particular, ) is the same as 00...0 € {0, 1}9. We write e =, &
for the number of elements in e.

Let (X, u,T1,...,T;) be a system. For each n = (ni,...,nq), € =

{i1,...,ix} C [d], and for each integer 1 < k < d, we write
TG T4
TGn = 1—;1 P CZ—:Lk i

For any transformation S of some probability space, we denote by Z(.S)
the o-algebra of S-invariant sets.
We define a measure p; on X2 by

H1 = [ XZ(1y) H1-
This means that for fy, f1 € L (u), we have
V(fo® fi)(@o, z1) dur (z0,21) = \E(fo | Z(T)) - E(f1 | Z(T1)) dpe.
For 2 < k < d, we define a measure 1, (see [6]) on X2" by
Pk = k-1 XI(TkA) Wp—1, Wwhere TkA =T x - xT}.
k-1

We write X* = X2, and points of X* are written as z = (z. : € C [d]). We
write p* 1= ug.
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For f € L*(u), define

e€{0,1}4
It was shown in Proposition 2 of [6] that |||z, .. 7, is a seminorm on L (u).
We call this the box seminorm associated to 11,...,Ty.

For e C [d], € # 0, we write ||-||¢ for the seminorm on L (u) associated to
the transformations T;, i € €. For example, | - ||110...00 is the seminorm asso-
ciated to T1, Ty because € = 110...0 € {0, 1}¢ is identified with {1,2} C [d].

By Proposition 3 in [6], if we rearrange the order of the digits in €, the
seminorm || - || remains unchanged.

2.2. Upper bound. In the following, we assume that all functions f,
€ C [d], are real-valued and satisfy |f¢| < 1.

ProPOSITION 2.1. Under the above notation and hypotheses,

d
1
6 lim su ~ E : e
( ) Ni—Mi—>poo 11:[1 Ni — M; H ‘ fe L2 ()
i=1,d O n€[M1,N1)x+x[Mg,Ng) eCld] a
LA 6#@
< min || f. .
< min I fellz...r.
e£0

Proof. We proceed by induction on d. For d = 1, we have

1
- Tnl
HN1 - M Z i h

n1€[M1,N1)

2

— E(A | Z(T0)? du = | 113, -
L2(p)

Let d > 2 and assume that @ is established for d — 1 transformations.
We show that for every o C [d], « # ), the limsup on the left hand side of
(6) is bounded by || fallz,...z,- By a permutation of digits if needed, we can
assume that o # 0...01 (d — 1zeros). The square of the norm on the left
hand side of @ is equal to

1
_ E T
HNd — M, afo.o

ndE[Mvari)
d—1
1 e g
'HN._M. > I 70 T3Fn)
i=1"" " me[My,N1)x-+x[Mg_1,Na—1) nC[d—1] L2

n#0
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By the Cauchy—Schwarz inequality, this is less than or equal to

1 1
(7) N, — M, > HNZ-—Mi
ng€[Mg,Ng)'" i=1
2
Z H T (fno - Ty fin)
meE[Mi,N1)xx[My_1,Na_1) nCld—1] L2(w)

n#0
By the induction hypothesis, when N; — M; — oo, ¢ = 1,...,d — 1, the
lim sup of the square of the norm in @ is less than or equal to
. n 2
ﬁg[lcgll} HfTIO ’ TddmeTh---,Td—l’
n#0

where || - ||7,..7,_, is the seminorm associated to the d — 1 transformations
TI, . e ,Td_l.

Note that « is equal to 70 or nl for some n C [d — 1], and by the

Cauchy—Schwarz inequality, we have
. 1 2d—1
lim N, — M, Z Hf770 'T;dfn:lHTlm-wTd—l

Ng—Mg—o0 Nd — Md
ng€[Mgq,Nq)

. 1 .
= N N DL Z S ® (fno - Ty fi1) dpta—1
o I d nqa€[Ma,Na) nCld—1]

(@ falrir) B ® gufa )

nCld—1] nCld—1]
< (1[2( @ s 7@ duar) “=(§ @ sut) =15l
acld] acld]

This completes the proof. m

The following is a generalization of Proposition 2.1 although its proof
depends upon that result.

PROPOSITION 2.2. Let r be an integer with 1 < r < d. Then

(8)  limsup E H T7 fe Sncli[(% I felle-
NoM—oollig M= Mi o S g i B g5
- 0<lel<r

Proof. We show that for every a C [d] with || = r, the limsup in (8) is
bounded by || fala-
By a permutation of digits we can restrict to the case that

a=11...100...0.
—
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We show that

d
li " fe < .
©)  dmsup ] 557 > II 777 <Ufala
=t n€[My,N1)x-x[Mq,Ng) €C|d] L2(p)
T 0<|e|<r
The norm in @D is equal to
d 1 r 1
<10) H N: — M; Z H Teme'H N.— M;
i=r+1 7 T e My 1, Ny 1) XX [Mg,Ng) eC{r+1,...,d} j=1""9"
r41;4Vr41 d,4Vd JRRRE]
e#0

Z ( H Iy H +9f779> (I7" - T fa)

n€[My,Ny) %X [M;,N;) nClr] 0C[d—r]
n#0 [n6|<r

where r+ 60 ={r+k:k €0} Let

H +0fn9a 0< |"7| <,
0C[d—r]

L2 ()

In = mei<r
Ja ‘77| =T
Then is equal to
d
1 m
i=r+1 MmE[My41,Npy1)X--X[Mg,Ng) eC{r+1,...,d}

e£0

r

My, 2 (7

T ne[My,N1)x-x[Mr,Ny) 1Cr]
n#£D

By the Cauchy—Schwarz inequality, the square of is less than or equal
to

L2(p)

r

1
5 2. 11 T"gn
VM
J=1 [Ml N1)>< X[MT,NT)HC T‘]
n#0
By Proposition the limsup of as N; — M; — oo, i =1,...,7, 18
bounded by

ME[Mp41,Npy1) X X[Mg,Nq)

d
1 2 2
H m Z HfaHTl,...,TT - HfOéHTl,.‘.,TT'
i=r+1 niG[Mi,Ni)
i=r+1,....d

This completes the proof. m
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3. The case of the magic extension. We recall the definition of a
“magic” system.

DEFINITION 3.1 (Host [6]). A system (X, u, 11, ..., Ty) is called magic if
whenever f € L (u) is such that E(f | \/%_, Z(T;)) = 0, then || f||z..., = 0.

Given a system (X, u, 11, ...,Ty), let X* and p* be defined as in Section
We denote by T the side transformations of X*, given by
Tiz. if ¢ =0,
for every e € {0,1}4, (T7z). = e 1 K
Te if ¢, = 1.
By Theorem 2 in [6], (X*, p*, 1Y, ..., T;) is a magic system, and admits
(X, u,T1,...,Ty) as a factor.
For e C [d], € # 0, we write || - ||¥ for the seminorm on L (u*) associated
to the transformations T}, i € €. Moreover, we define the o-algebra
zr=\/1(T})
1€€
of (X*, u*). For example, 200y = I(TY) VI(Ty) VI(Ty).
We prove Theorem for the magic system (X*, p*,T5,...,T5).

THEOREM 3.2. Let fe, € C [d], be functions on X* with || fe|| ooy < 1
for every e. Then the averages

d
1 %
U S TN DU | £

1 n€[M1,N1)x--x[Mg,Ng) eCld]
e#£0

converge in L?(u*) for all sequences of intervals [My, N1),...,[Mg, Ng)
whose lengths N; — M; (1 < i <d) tend to oc.

(13)

2

Since the system (X*, u*,T7,...,Ty) admits (X, u,T1,...,Ty) as a fac-
tor, Theorem [3.2] implies our main result, Theorem [T.1}

THEOREM 3.3. For every e C [d], € # (), and every function f € L (u*),
(14) if Eu(f|25)=0, then [f[¢=0.

Proof. Assume |¢| = r > 0. By a permutation of digits we can assume
that

e={d—r+1,d-—r+2,...,d}.

We define a new system (Y,v, S1,...,S,), where Y = X2 and v =
pd—r, the d — r step measure associated to T7,...,T; . Define

Si=Tgrti X X Tgryy

9d—r
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on Y fori=1,...,r. Note that by definition, Y* = X2 = X* and

* _ mx VAN a7AN
Si =Tg vqir S; =Ty 4

fori=1,...,r. Moreover,

V1=V X1(S) V= Hd—r Xg(p2

) Hd—r = Hd—r+1-
d—r+1

By induction,

41 i I(Sﬁl) i Hd—r+i I(Tcﬁr+i+1) Hd—r+i Hd—r+4i+1,
for i = 1,...,7 — 1. Therefore (X*,u*,Tj_,,,...,Ty;) is just the magic

extension (Y*,v*,S7,...,5F) of (Y,v,S1,...,5:). So

zr =\ 2(17) = \/ Z(0) = Wy
i€€ i=1

If f e L®(u") with Eu«(f|Z¥) = 0, this is equivalent to E,-(f|W5)

= 0, and by Theorem 2 in [6], we have |||f”|f9i<5* = 0. Thus || f|¥ =

.71

* J—
Sr..5r=0m

PROPOSITION 3.4. Let f, e C [d], be functions on X* with || fell oo (u+)
<1 for every €. Let r be an integer with 1 < r < d. Then the averages

d
(15) lj[l NEM > I .

n€[M1,N1)X-x[My,Ng) €C[d]
0<le|<r

converge in L?(u*) for all sequences of intervals [My, N1),...,[Mg, Ng)
whose lengths N; — M; (1 <i < d) tend to co.

We remark that Theorem follows immediately from this proposition
when r = d.

Proof. We proceed by induction on r. When r = 1, the average is

d
1 *
(16) Hm > T™foe- T fo o
i=1"" " ni€[M;,N;)
i=1,..d

By the Ergodic Theorem, this converges to

E(f10..0 [ Z(T7)) - - - E(fo-01 | Z(T7))-
Assume r > 1, and that the proposition is true for » — 1 transformations.
For a C [d], |a| =7, if E«(fa| Z%) = 0, then by Theorem we have
Il fall%, = 0. By Proposition the average converges to 0. Otherwise,
by a density argument, we can assume that

fa = Hfa,i

1€
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where f,; is T*-invariant. Then
) 1

T;:nfa = H Ta*c{i}fa,i-

[t

Thus

H Te*nfe = H T;ngnv

eC[d] nCld]
0<|e|<r 0<|n|<r—1

where

f’V] |7]| <r-— 17

gn = anfnUi,i In| =r—1.

i¢n
Therefore converges by the induction hypothesis. »

4. Combinatorial interpretation

Proof of Theorem[1.2. Apply Theorem [I.I] to the indicator function 1 4.
We know that the limit of the averages
d

o o X § I mee et

. 1 M’L d
=1 TLZG[MZ,NZ) 66{0,1}

i=1,...,
exists. By Lemma 1 in [6], if we take the limit as Ny — M; — oo, then as
No — My — o0,..., and then as Ny — My — oo, the average converges
to |||1AW%F?,.“,T¢1‘ Thus the limit of the average is |”1A”’2Tj,m,Td' Since
d A
.., = [E( & r|zaD)|
eCld—1]

2

L2(pg—1)

> (V@ Fduas) =11y

eCld—1]
we have || 1allry,..7, > Lallr, > §1adp = p(A), and the result follows. m
Theorem [1.2] has the following corollary:

COROLLARY 4.1. Let (X,B,u,Th,...,Ty) be a system, where Ty, ..., Ty
are commuting measure preserving transformations, and let A € B. Then
for any ¢ > 0, the set of n € Z* such that

p( () T T ) 2 (AP -
e€{0,1}4
18 syndetic.
The proof is exactly the same as for Corollary 13.8 in [7].
Theorem follows by combining Furstenberg’s correspondence princi-

ple and Corollary
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