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Polynomial approximations and universality

by

A. Mouze (Lille)

Abstract. We give another version of the recently developed abstract theory of uni-
versal series to exhibit a necessary and sufficient condition of polynomial approximation
type for the existence of universal elements. This certainly covers the case of simultaneous
approximation with a sequence of continuous linear mappings. In the case of a sequence
of unbounded operators the same condition ensures existence and density of universal
elements. Several known results, stronger statements or new results can be deduced in a
unified way.

1. Introduction. The theory of universal series dates back almost a
century and during that period several results concerning various types of
these series have been obtained (see for instance [11], [8], [9] and the refer-
ences therein). We refer to [7] for an excellent survey on universality. Re-
cently Bayart, Grosse-Erdmann, Nestoridis and Papadimitropoulos have de-
veloped an abstract framework for the theory of universal series, from which
they deduce in a unified way most of the known results [10], [2]. Let A be a
complete metrizable vector subspace of KN. It turns out that the existence of
universal elements in A is equivalent to the existence of a function which ap-
proximates both a given function in the space where the universal property
holds and zero in the space A where the universal function should live. The
existence of such universal series also implies topological genericity of such
elements. The present paper deals with a special case of this abstract theo-
rem, where we impose a simultaneous approximation in A using a sequence
of continuous linear mapping Tn : A→ A. From this, we exhibit a necessary
and sufficient condition of polynomial approximation type for the existence
of universal elements a ∈ A so that Tna is dense in A and all approximations
are realized with the same sequence of indices. Moreover, if A is a separable
infinite-dimensional Banach space, we prove that the same condition im-
plies the existence and the density of universal series under a sequence of
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unbounded operators on A. As a special case, we can consider sequences (Tn)
of operators that are generated by a single linear operator T via iteration,
that is, Tn = Tn. Hence the existence of such elements implies the hyper-
cyclicity of T (a vector a is said to be a hypercyclic vector for T provided
its orbit {Tna : n ∈ N} is dense). Thus we deduce a hypercyclicity criterion
for unbounded operators. Finally, all theses results allow us to deduce and
easily unify several known results, stronger statements or new results.

2. From abstract theory to polynomial approximation

2.1. Introduction. The theory of universality can be embedded in a
very general framework. Let Y be a complete metrizable topological vector
space and Z a metrizable topological vector space, endowed with translation
invariant metrics d and ρ, respectively.

Definition 2.1. Let M be a separable closed subspace of Z and Ln :
Y → Z, n ∈ N, continuous linear mappings. An element y ∈ Y belongs to
the class U(L;M) if M ⊂ {Lny : n ∈ N}.

The most general theorem of the abstract theory is the following (The-
orem 27 of [2]).

Theorem 2.2 ([2]). Under the above assumptions, if there exists a dense
subset Y0 of Y such that, for every y ∈ Y0, (Lny) converges to an element
in M, then the following are equivalent:

(α) U(L;M) 6= ∅.
(β) For every z ∈M and ε > 0, there exist n ≥ 0 and y ∈ Y such that

ρ(Lny, z) < ε and d(y, 0) < ε.

(γ) U(L;M) is a dense Gδ subset of Y.

A more restricted form of the abstract theory with straightforward ap-
plications is as follows.

Let X be a metrizable topological vector space over the field K = R or C.
Let ρ be a translation invariant metric compatible with the operations +
and . of the vector space X. Let (xk)+∞k=0 be a fixed sequence in X. We are in-
terested in restricted universal series. We fix a subspace A of KN and assume
that it carries a complete metrizable vector space topology induced by a
translation invariant metric d, such that the following three properties hold:

(P1) the coordinate projections A → K, a 7→ am, are continuous for all
m ∈ N,

(P2) the set of polynomials G = {a = (an)n≥0 ∈ KN : {n : an 6= 0} is
finite} is contained in A,

(P3) G is dense in A.
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As usual we denote by (en)n≥0 the canonical basis of KN.

Definition 2.3. A sequence a ∈ A belongs to the class UA if, for every
x ∈ X, there exists a sequence (λn) in N such that

(1)
λn∑
j=0

ajxj → x and
λn∑
j=0

ajej → a as n→ +∞.

Observe that UA = U(L;X × {0}) with the map Ln : A → X × A, a 7→
(
∑n

j=0 ajxj ,
∑n

j=0 ajej − a). We set Y0 = G, which is a dense subset of
A = Y.

In this case, a condition of polynomial approximation type is equiva-
lent to the existence of universal elements. Indeed, Theorem 2.2 takes the
following form.

Corollary 2.4 ([2]). Under the above assumptions the following are
equivalent:

(1) UA 6= ∅.
(2) For every x ∈ X and ε > 0, there exist n ∈ N and a0, a1, . . . , an ∈ K

such that

ρ
( n∑
j=0

ajxj , x
)
< ε and d

( n∑
j=0

ajej , 0
)
< ε.

(3) UA is a dense Gδ subset of A.

2.2. Polynomial approximation and continuous mappings I. Let
us now consider a sequence T = (Tn)n∈N of continuous linear mappings
Tn : A→ A, such that for every a ∈ G, (Tna) converges to an element in A.

Definition 2.5. An element a ∈ A belongs to the class UA,T if, for
every x ∈ X and b ∈ A, there exists an increasing sequence (λn) of positive
integers such that

ρ
( λn∑
j=0

ajxj , x
)
→ 0, d

( λn∑
j=0

ajej , a
)
→ 0, d(Tλn(a), b)→ 0(2)

as n→ +∞. In this situation, Theorem 2.2 becomes

Corollary 2.6. Under the above assumptions the following are equiv-
alent:

(i) UA,T 6= ∅.
(ii) For every x ∈ X, b ∈ A and ε > 0, there exist n,m ∈ N with m ≥ n

and a0, a1, . . . , an, an+1, . . . , am ∈ K such that

ρ
( n∑
j=0

ajxj , x
)
< ε, d

( n∑
j=0

ajej , 0
)
< ε,
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d
( m∑
j=n+1

ajej , 0
)
< ε, d

(
Tn

( m∑
j=0

ajej

)
, b
)
< ε.

(iii) UA,T is a dense Gδ subset of A.

Proof. Observe that UA,T = U(L;X × A × {0}) with Ln : KN → X ×
A×A, a 7→ (

∑n
j=0 ajx

j , Tn(a),
∑n

j=0 ajej−a). Then it suffices to prove that
condition (β) of Theorem 2.2 is equivalent to condition (ii).

(β)⇒(ii): Assume that, for every z = (x, b, 0) ∈ X ×A×{0} and ε > 0,
there exist n ≥ 0 and y ∈ A such that

ρ
( n∑
j=0

yjxj , x
)
< ε/2, d(Tn(y), b) < ε/2,

d
( n∑
j=0

yjej , y
)
< ε/2, d(y, 0) < ε/4.

Using the fact that G is dense in A and Ln is a continuous map, it follows
immediately that there exists a polynomial a =

∑m
j=0 ajej , with m ≥ n,

such that d(a, y) < ε/4 and

ρ
( n∑
j=0

yjxj ,
n∑
j=0

ajxj

)
< ε/2, d(Tn(y), Tn(a)) < ε/2,

d
( n∑
j=0

yjej ,

n∑
j=0

ajej

)
< ε/4.

By using the triangle inequality, we get

ρ
( n∑
j=0

ajxj , x
)
< ε/2 + ε/2 = ε, d(Tn(a), b) < ε/2 + ε/2 = ε,

d
( m∑
j=n+1

ajej , 0
)
≤ d(a, y) + d

(
y,

n∑
j=0

yjej

)
+ d
( n∑
j=0

yjej ,
n∑
j=0

ajej

)
< ε/4 + ε/2 + ε/4 = ε,

d
( n∑
j=0

ajej , 0
)
≤ d
( n∑
j=0

yjej ,

n∑
j=0

ajej

)
+ d
( n∑
j=0

yjej , y
)

+ d(y, 0)

< ε/4 + ε/2 + ε/4 = ε.

(ii)⇒(β): This is trivial.

2.3. Polynomial approximation and continuous mappings II.
As in the abstract theory developed in [2], we need a small step forward
in the abstract theory to cover the case of universal Taylor series. Let us
first introduce the following formalism. We keep the notations X and G.
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Denote by E a complete metrizable topological vector space, with topology
induced by a translation invariant metric d. Let (ẽk)+∞k=0 be a fixed sequence
in E and suppose that, for any n ∈ N, we have a continuous linear map
φn : E → K. For every a ∈ G, we consider the polynomial ga =

∑+∞
j=0 aj ẽj

(which belongs to E) and we set deg(ga) = max{j ∈ N : aj 6= 0}. We shall
make the following assumptions.

(E1) The set {ga : a ∈ G} is dense in E.
(E2) For every a ∈ G and every j ∈ N, φj(ga) = aj .

Let T = (Tn)n∈N be a sequence of continuous linear mappings Tn : E → E
such that, for every a ∈ G, (Tn(ga)) converges to an element in E.

Definition 2.7. An element f ∈ E belongs to the class UE,T if, for
every x ∈ X and y ∈ E, there exists an increasing sequence (λn) of positive
integers such that ρ(

∑λn
j=0 φj(f)xj , x) → 0, d(

∑λn
j=0 φj(f)ẽj , f) → 0 and

d(Tλn(f), y)→ 0 as n→ +∞.
Hence we have the following extension of Corollary 2.6, whose proof is

similar.

Corollary 2.8. Under the above assumptions the following are equiv-
alent:

(i) UE,T 6= ∅.
(ii) For every x ∈ X, y ∈ E and ε > 0, there exist n,m ∈ N with m ≥ n

and a0, a1, . . . , an, an+1, . . . , am ∈ K such that

ρ
( n∑
j=0

ajxj , x
)
< ε, d

( n∑
j=0

aj ẽj , 0
)
< ε,

d
( m∑
j=n+1

aj ẽj , 0
)
< ε, d

(
Tn

( m∑
j=0

aj ẽj

)
, y
)
< ε.

(iii) UE,T is a dense Gδ subset of E.

As in Section 1.3 of [2], it is possible to have universality not only in a
single set X, but also in a countable union of such sets. Hence we assume
that (Xk)k≥1 is a sequence of metrizable topological vector spaces over K,
equipped with translation invariant metrics ρk. For any k ≥ 1, let (xk,j)+∞j=0
be a fixed sequence in Xk. We keep the same assumptions (Ei), i = 1, 2,
with trivial modifications.

Definition 2.9. An element f ∈ E belongs to the class UE,T if, for every
k ≥ 1, every x ∈ Xk and y ∈ E, there exists an increasing sequence (λn) of
positive integers such that ρk(

∑λn
j=0 φj(f)xk,j , x) → 0, d(

∑λn
j=0 φj(f)ẽj , f)

→ 0 and d(Tλn(f), y)→ 0 as n→ +∞.
We obtain the following result.
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Corollary 2.10. Under the above assumptions the following are equiv-
alent:

(i) UE,T 6= ∅.
(ii) For every k ≥ 1, x ∈ Xk, y ∈ E and ε > 0, there exist n,m ∈ N

with m ≥ n and a0, a1, . . . , an, an+1, . . . , am ∈ K such that

ρk

( n∑
j=0

ajxk,j , x
)
< ε, d

( n∑
j=0

aj ẽj , 0
)
< ε,

d
( m∑
j=n+1

aj ẽj , 0
)
< ε, d

(
Tn

( m∑
j=0

aj ẽj

)
, y
)
< ε.

(iii) UE,T is a dense Gδ subset of E.

For the proof we notice that a combination of Corollary 2.8 and Baire’s
Theorem yields the implication (i)⇒(ii). The rest is straightforward.

2.4. Polynomial approximation and unbounded operators. Ob-
serve first that condition (ii) of Corollary 2.6 can be replaced by another
condition of polynomial approximation type.

Lemma 2.11. Under the assumptions of Corollary 2.6, assertion (ii) is
equivalent to the following condition:

(ii′) For every q ∈ N, x ∈ X, b ∈ A and ε > 0, there exist p, n,m ∈ N
with m ≥ n ≥ p ≥ q and ap, ap+1, . . . , an, an+1, . . . , am ∈ K such
that

ρ
( n∑
j=p

ajxj , x
)
< ε, d

( n∑
j=p

ajej , 0
)
< ε, d

( m∑
j=n+1

ajej , 0
)
< ε,

d
(
Tn

( m∑
j=p

ajej

)
, b
)
< ε, d

(
Ti

( m∑
j=p

ajej

)
, 0
)
< ε, i = 1, . . . , q.

Proof. Indeed, (ii′)⇒(ii) is trivial. The converse implication is not much
more difficult: using the continuity of the mappings Ti, there exists 0 < ε′ <
ε/2 such that for any h ∈ A satisfying d(h, 0) < ε′, we have d(Ti(h), 0) < ε,
for every i = 1, . . . , q. Since condition (ii) implies the existence of universal
elements, let a ∈ UA,T . Observe that, for any a′ ∈ G, we have a+ a′ ∈ UA,T ,
thus there exists some p ≥ q so that c = (0, . . . , 0, ap, ap+1, . . . ) belongs to
UA,T and d(c, 0) < ε′/2. Since c ∈ UA,T , we may find n > p such that

(3) ρ
( n∑
j=q

ajxj , x
)
< ε, d

( n∑
j=p

ajej , c
)
< ε/2, d(Tn(c), b) < ε/2.

Since the operator Tn is continuous, there exists 0 < ε′′ < ε′/2 such that
for any h ∈ A the inequality d(c, h) < ε′′ implies d(Tn(c), Tn(h)) < ε′. Since
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c ∈ UA,T , we may find m > n such that d(
∑m

j=p ajej , c) < ε′′. It follows
d(Tn(

∑m
j=p ajej), Tn(c)) < ε′. By the triangle inequality, we obtain

d
(
Tn

( m∑
j=p

ajej

)
, b
)
≤ d
(
Tn

( m∑
j=p

ajej

)
, Tn(c)

)
+ d(Tn(c), b) < ε′ + ε/2 < ε,

d
( n∑
j=p

ajej , 0
)
≤ d
( n∑
j=p

ajej , c
)

+ d(c, 0) < ε/2 + ε′/2 < ε,

d
( m∑
j=n+1

ajej , 0
)
≤ d
( m∑
j=p

ajej , c
)

+ d
( n∑
j=p

ajej , c
)
< ε′′ + ε/2 < ε.

Moreover,

d
( m∑
j=p

ajej , 0
)
≤ d
( m∑
j=p

ajej , c
)

+ d(c, 0) < ε′′ + ε′/2 < ε′,

which implies d(Ti(h), 0) < ε for every i = 1, 2, . . . , q. Therefore we have
(ii′).

Clearly we can replace conditions (ii) of Corollaries 2.8 and 2.10 by (ii′)
with obvious modifications.

Assume now that A is a separable infinite-dimensional Banach space and
let (Tn) be a sequence of densely defined and closed linear operators. We
keep the notations X, G of the previous sections and we suppose that G
is a dense subset of the domain of Tn for all positive integers n, such that
for every a ∈ G, (Tna) converges to an element in A. Then condition (ii′)
implies the density of the set UA,T (see Definition 2.5) of universal elements.

Theorem 2.12. Let (Tn) be a sequence of densely defined and closed
linear operators and suppose that G is a dense subset of the domain of Tn
for all positive integers n, and that for every a ∈ G, (Tna) converges to an
element in A. Assume that

(ii′) for every q ∈ N, x ∈ X, b ∈ A and ε > 0, there exist p, n,m ∈ N
with m ≥ n ≥ p ≥ q and ap, ap+1 . . . , an, an+1, . . . , am ∈ K such
that

ρ
( n∑
j=p

ajxj , x
)
< ε,

∥∥∥ n∑
j=p

ajej

∥∥∥ < ε,
∥∥∥ m∑
j=n+1

ajej

∥∥∥ < ε,

∥∥∥Tn( m∑
j=p

ajej

)
− b
∥∥∥ < ε,

∥∥∥Ti( m∑
j=p

ajej

)∥∥∥ < ε, i = 1, . . . , q.

Then UA,T is a dense subset of A.
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Proof. If we take aj in Q or in Q + iQ, the assumption implies that X
is separable. Let (ys) (resp. (ỹt)) be a dense sequence in X (resp. in A).
Let us consider an enumeration (ysi , ỹti) of all pairs (ys, ỹt). For notational
convenience, we will just write (yl, ỹl) instead of (ysi , ỹti). Let h =

∑
j≥0 hjej

be in G and ε > 0.

Step 1: There exists u1 ∈ A such that Tn(h) → u1 as n → +∞. There
exists an integer q1 > max{j : hj 6= 0} such that ‖Tn(h) − u1‖ < 1/22 for
every n ≥ q1. By assumption, there exist p1, n1,m1 ∈ N with m1 ≥ n1 ≥
p1 ≥ q1 and ap1 , ap1+1, . . . , an1 , an1+1, . . . , am1 ∈ K such that

ρ
( n1∑
j=p1

ajxj , y1 − h
)
< 1/22,

∥∥∥ n1∑
j=p1

ajej

∥∥∥ < ε/22,

∥∥∥ m1∑
j=n1+1

ajej

∥∥∥ < ε/22,
∥∥∥Tn1

( m1∑
j=p1

ajej

)
− ỹ1 + u1

∥∥∥ < 1/22.

Step 2: There exists u2 ∈ A such that Tn(h +
∑m1

j=p1
ajej) → u2 as

n→ +∞. We may find q2 ≥ m1 + 1 such that ‖Tn(h+
∑m1

j=p1
ajej)− u2‖ <

1/23 for every n ≥ q2. By assumption, there exist p2, n2,m2 ∈ N with
m2 ≥ n2 ≥ p2 ≥ q2 and ap2 , ap2+1, . . . , an2 , an2+1, . . . , am2 ∈ K such that

ρ
( n2∑
j=p2

ajxj , y2 − h−
m1∑
j=p1

ajxj

)
< 1/23,

∥∥∥ n2∑
j=p2

ajej

∥∥∥ < ε/23,

∥∥∥ m2∑
j=n2+1

ajej

∥∥∥ < ε/23,
∥∥∥Tn2

( m2∑
j=p2

ajej

)
− ỹ2 + u2

∥∥∥ < 1/23,

∥∥∥Tn1

( m2∑
j=p2

ajej

)∥∥∥ < 1/23.

Assume that, for every i = 1, . . . , l − 1, the integers mi ≥ ni ≥ pi ≥ qi and
the coefficients api , . . . , ami are constructed.

Step l: There exists ul ∈ A such that Tn(h+
∑l−1

i=1

∑mi
j=pi

ajej) → ul as
n→ +∞. We find ql ≥ ml−1 + 1 such that ‖Tn(h+

∑l−1
i=1

∑mi
j=pi

ajej)− ul‖
< 1/2l+1 for every n ≥ ql. By assumption, there exist pl, nl,ml ∈ N with
ml ≥ nl ≥ pl ≥ ql and apl

, apl+1, . . . , anl
, anl+1, . . . , aml

∈ K such that

ρ
( nl∑
j=pl

ajxj , yl − h−
l−1∑
i=1

mi∑
j=pi

ajxj

)
< 1/2l+1,

∥∥∥ nl∑
j=pl

ajej

∥∥∥ < ε/2l+1,

∥∥∥ ml∑
j=nl+1

ajej

∥∥∥ < ε/2l+1,
∥∥∥Tnl

( ml∑
j=pl

ajej

)
− ỹl + ul

∥∥∥ < 1/2l+1,
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∥∥∥Tni

( ml∑
j=pl

ajej

)∥∥∥ < 1/2l+1, i = 1, . . . , l − 1.

We set a = h+
∑+∞

i=1

∑mi
j=pi

ajej =
∑+∞

j=0 ajej . Clearly we get

‖a− h‖ ≤
+∞∑
i=1

∥∥∥ mi∑
j=pi

ajej

∥∥∥ < +∞∑
i=1

ε/2i = ε, so ‖a‖ ≤ ‖h‖+ ε.

Let x ∈ X, b ∈ A and η > 0. We will find N ∈ N so that ρ(
∑N

j=0 ajej , x) < η,

‖
∑N

j=0 ajej − a‖ < η and ‖TN (a) − b‖ < η. First we let l ≥ 1 be a fixed
integer and observe that( M∑
i=l+1

mi∑
j=pi

ajej , Tnl

( M∑
i=l+1

mi∑
j=pi

ajej

))
=
( M∑
i=l+1

mi∑
j=pi

ajej ,

M∑
i=l+1

Tnl

( mi∑
j=pi

ajej

))

→
( +∞∑
i=l+1

mi∑
j=pi

ajej ,
+∞∑
i=l+1

Tnl

( mi∑
j=pi

ajej

))
as M → +∞. Since Tnl

is closed, the vector
∑+∞

i=l+1

∑mi
j=pi

ajej is in the
domain of Tnl

and

Tnl

( +∞∑
i=l+1

mi∑
j=pi

ajej

)
=

+∞∑
i=l+1

Tnl

( mi∑
j=pi

ajej

)
.

It follows that a belongs to the domain of Tnl
. Clearly we may find l ∈ N

such that ρ(x, yl) < η/2, ‖b − ỹl‖ < η/2 and 2 < 2lη. By construction, we
have ρ(h+

∑l−1
i=1

∑mi
j=pi

ajej +
∑nl

j=pl
ajej , yl) < 1/2l+1, which implies

ρ
( nl∑
j=0

ajej , x
)
≤ ρ
( nl∑
j=0

ajej , yl

)
+ ρ(yl, x) < 1/2l+1 + η/2 ≤ η.

Moreover,∥∥∥a− nl∑
j=0

ajej

∥∥∥ =
∥∥∥ ml∑
j=nl+1

ajej +
+∞∑
i=l+1

mi∑
j=pi

ajej

∥∥∥
≤
∥∥∥ ml∑
j=nl+1

ajej

∥∥∥+
+∞∑
i=l+1

∥∥∥ mi∑
j=pi

ajej

∥∥∥ ≤ ε/2l+1 + ε/2l < η.

Finally, we get

(4) ‖Tnl
(a)− b‖ ≤

∥∥∥Tnl

(
h+

l∑
i=1

mi∑
j=pi

ajej

)
− b
∥∥∥+

∥∥∥Tnl

( +∞∑
i=l+1

mi∑
j=pi

ajej

)∥∥∥.
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Combining (4) with the estimates∥∥∥Tnl

(
h+

l∑
i=1

mi∑
j=pi

ajej

)
− b
∥∥∥ ≤ ∥∥∥Tnl

(
h+

l−1∑
i=1

mi∑
j=pi

ajej

)
− ul

∥∥∥
+
∥∥∥Tnl

( ml∑
j=pl

ajej

)
− b+ ul

∥∥∥
≤ 1/2l+1 + 1/2l+1 < η/2

and∥∥∥Tnl

( +∞∑
i=l+1

mi∑
j=pi

ajej

)∥∥∥ ≤ +∞∑
i=l+1

∥∥∥Tnl

( mi∑
j=pi

ajej

)∥∥∥ ≤ +∞∑
i=l+1

1/2i = 1/2l < η/2,

we deduce ‖Tnl
(a)− b‖ < η. This completes the proof.

As in Section 1.3 of [2], it is possible to have universality not only in
a single set X, but also in a countable union of such sets. Hence we as-
sume that (Xk)k≥1 is a sequence of metrizable topological vector spaces
over K, equipped with translation invariant metrics ρk. For any k ≥ 1,
let (xk,j)+∞j=0 be a fixed sequence in Xk. Assume that there exists a dense
sequence (ys,k)+∞s=1 in Xk, for every k ≥ 1.

Definition 2.13. An element a = (a0, a1, . . . ) ∈ A belongs to the class
ŨA,T if, for every k ≥ 1, every x ∈ Xk and b ∈ A, there exists an increasing
sequence (λn) of positive integers such that

ρk

( λn∑
j=0

ajxk,j , x
)
→ 0, d

( λn∑
j=0

aj ẽj , a
)
→ 0, d(Tλn(a), b)→ 0 as n→ +∞.

Theorem 2.14. Under the above assumptions, assume that

(ii′) for every q ∈ N, k ≥ 1, x ∈ Xk, b ∈ A and ε > 0, there exist
p, n,m ∈ N with m ≥ n ≥ p ≥ q and ap, ap+1, . . . , an, an+1, . . . , am
∈ K such that

ρk

( n∑
j=p

ajxk,j , x
)
< ε,

∥∥∥ n∑
j=p

ajej

∥∥∥ < ε,
∥∥∥ m∑
j=n+1

ajej

∥∥∥ < ε,

∥∥∥Tn( m∑
j=p

ajej

)
− b
∥∥∥ < ε,

∥∥∥Ti( m∑
j=p

ajej

)∥∥∥ < ε, i = 1, . . . , q.

Then ŨA,T is a dense subset of A.

Proof. Let (ỹt) be a dense sequence in A. Let (ysi,ki
, ỹti , ρki

) be an enu-
meration of all triplets (ys,k, ỹt, ρk). We proceed as in the proof of Theorem
2.12.
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Remark 2.15. Theorem 2.12 seems to give a new sufficient condition for
the existence of hypercyclic vectors of an unbounded operator. Let us recall
that a vector a is hypercyclic for an unbounded operator T on a separable
infinite-dimensional Banach space A if for every integer n ≥ 0, Tna is in the
domain of T and the orbit {a, Ta, T 2a, . . . } is dense in A. We deduce from
Theorem 2.12 the following.

Theorem 2.16. Let A ⊂ KN be a separable infinite-dimensional Banach
space and let T be a densely defined and closed linear operator on A for
which Tn is a closed operator for all positive integers n. Suppose that the
set of polynomials G = {a = (an)n≥0 ∈ KN : {n : an 6= 0} is finite} is a
dense subset of the domain of Tn for all positive integers n, and for every
a ∈ G, (Tna) converges to an element in A. Then T is hypercyclic if for
every q ∈ N, b ∈ A and ε > 0, there exist p, n,m ∈ N with m ≥ n ≥ p ≥ q
and ap, ap+1 . . . , an, an+1, . . . , am ∈ K such that∥∥∥ m∑

j=p

ajej

∥∥∥ < ε,
∥∥∥Tn( m∑

j=p

ajej

)
− b
∥∥∥ < ε

and ∥∥∥T i( m∑
j=p

ajej

)∥∥∥ < ε, i = 1, . . . , q.

We can compare this result with Theorem 2.1 of [3].

3. Applications

3.1. Universality and weighted backward shift. We set E=A=CN

which is endowed with the classical metric d(a, b) =
∑∞

n=0(1/2n)(|an − bn|/
(1 + |an − bn|)), a, b ∈ A. We fix a compact set K ⊂ C such that 0 /∈ K and
Kc is connected. Let X = H(C) be the space of entire functions endowed
with the metric ρ(f, g) =

∑∞
n=0(1/2n)(‖f − g‖n/(1 + ‖f − g‖n)), where

‖f − g‖n = supK |f (n) − g(n)|, f, g ∈ H(C). The metric spaces A and X
satisfy our assumptions. We set xj = (z 7→ zj). Let

T : A→ A, a = (a0, a1, a2, . . . ) 7→ (a1, 2a2, 3a3, . . . ).

For any n ∈ N∗, we denote Tn = Tn.

Proposition 3.1. Let K ⊂ C be a compact set with 0 /∈ K and Kc con-
nected. Let T be the weighted backward shift defined by T (a0, a1, a2, a3, . . . ) =
(a1, 2a2, 3a3, . . . ) for a ∈ CN. Then there exists a sequence a = (an) ∈ CN

such that for every b ∈ CN and every entire function h there exists (λn) ∈ NN

such that for every l ∈ N,

T λn(a)→ b and sup
z∈K

∣∣∣( λn∑
j=0

ajz
j
)(l)
− h(l)(z)

∣∣∣→ 0 as n→ +∞.
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The set of such sequences is Gδ and dense in CN endowed with the Cartesian
topology.

Proof. We prove that condition (ii) of Corollary 2.6 holds.
Let p ∈ N, ε > 0, h ∈ X and b ∈ A. We fix N ∈ N such that

N > max(p, supz∈K |z|) and
∑+∞

n=N+1 1/2n < ε/4. Since 0 /∈ K and Kc

is connected, we find a simply connected open set Ω such that 0 /∈ Ω
and K ⊂ Ω. By Runge’s Theorem, there exists a sequence (qk) of poly-
nomials converging to h(z)/zN+1 uniformly on compact subsets of Ω. We
set pk(z) = zN+1qk(z). Clearly using Weierstrass’ Theorem we obtain, for
a large enough k0, supK |p

(l)
k0
− h(l)| < ε/8 for l = 0, 1, . . . , N. We have

pk0 =
∑n0

j=N+1 ajz
j . Therefore we get

(5)

d
( n0∑
j=N+1

ajej , 0
)
<ε/4, ρ

( n0∑
j=N+1

ajz
j , h
)
≤

N∑
l=0

2−l‖pk0 − h‖l + ε/4 < ε/2.

Consider b′ = (b0, b1, . . . , bN , 0, . . . ) and k1 > n0 such that

(6) |b0|Nk1−l/(k1 − l)! < ε/8 for l = 0, 1, . . . , N.

We set

b′′ =
(

0, . . . , 0,
b0
k1!

,
1!b1

(k1 + 1)!
, . . . ,

N !bN
(k1 +N)!

, 0, . . .
)
,

where b′′k1 = b0/k1!. An easy calculation gives Tk1(b′′) = b′ and d(b′, b) < ε/4.
Denote

n0∑
j=N+1

ajej +
k1+N∑
j=k1

bj−k1
j!

ej =
m∑
j=p

ajej ,

upon setting m = k1 + N, aj = 0 for p ≤ j ≤ N and for n0 < j < k1. Let
n = k1; thus from (5) and (6), we get

(7) ρ
( n∑
j=p

ajz
j , h
)
≤ ρ
( n0∑
j=N+1

ajz
j , h
)

+ ρ(anzn, 0) < ε/2 + ε/2 = ε.

We also have d(
∑n

j=p ajej , 0) < ε/4 and d(
∑m

j=n+1 ajej , 0) < ε/4. Moreover,
taking into account the property Tn(

∑n−1
j=p ajej) = 0, we obtain

d
(
Tn

( m∑
j=p

ajej

)
, b
)

= d
(
Tn

( m∑
j=n

ajej

)
, b
)

= d(b′, b) < ε/4.

Hence condition (ii) of Corollary 2.6 is satisfied.

Let us recall that there exists a sequence (Kk) of compact set of C with
0 /∈ Kk and Kc

k connected such that every compact set K ⊂ C with 0 /∈ K
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andKc connected is contained in someKk (see [9]). We combine the previous
result with Corollary 2.10 to obtain the following.

Theorem 3.2. Let T be the weighted backward shift defined by the equal-
ity T (a0, a1, a2, a3, . . . ) = (a1, 2a2, 3a3, . . . ) for a ∈ CN. Then there exists a
sequence a = (an) ∈ CN such that, for every b ∈ CN, every entire function
h and every compact set K ⊂ C with 0 /∈ K and Kc connected, there exists
(λn) ∈ NN such that, for every l ∈ N,

T λn(a)→ b and sup
z∈K

∣∣∣( λn∑
j=0

ajz
j
)(l)
− h(l)(z)

∣∣∣→ 0 as n→ +∞.

The set of such sequences is Gδ and dense in CN endowed with the Cartesian
topology.

Remarks 3.3.

1. In the last theorem, we can require the approximation of partial sums
for l = 0 alone, and by Mergelyan’s Theorem we can assume that
h ∈ A(K). This gives a special case of Theorem 2.8 of [6].

2. Proposition 3.1 and Theorem 3.2 are also valid if we replace T by an-
other weighted backward shift Bω with Bω(ej) = ωj−1ej−1 for j ≥ 1,
whenever (ωj) is a sequence of strictly positive real numbers satisfy-
ing (

∏n−1
k=0 ωk)

−1Cn → 0 as n → +∞, for every C > 0. Under these
conditions, Bω is obviously a continuous map and the same proof
works.

3. In Theorem 3.2 and Proposition 3.1 the case l = 0 implies the result
for all l = 0, 1, 2, . . . because C \ {0} is open.

3.2. Universal Taylor series under derivatives. As usual, we de-
note by Ĉ = C ∪ {∞} the Riemann sphere, and we now suppose that Ω
is a simply connected domain in C such that Ĉ \ Ω is connected. Now
A∞(Ω) denotes the set of functions f ∈ H(Ω) such that each derivative f (l)

extends continuously on Ω. We endow this space with the family of semi-
norms sup|z|≤n, z∈Ω |f (l)(z)|, l, n ∈ N. Thus A∞(Ω) becomes a Fréchet space
equipped with the standard invariant metric d. We denote by E = X∞(Ω)
the closure of the set of polynomials in A∞(Ω). The space (X∞(Ω), d) is
complete. Notice that there exists a sequence of compact sets Kk ⊂ C with
Kk ∩ Ω = ∅, Kc

k connected, and such that every compact set K ⊂ C with
K ∩Ω = ∅ and Kc connected is contained in some Kk [2]. We let Xk, k ≥ 1,
be the space of entire functions endowed with the standard metric ρk in-
duced by the seminorms supz∈Kk

|f (l)(z)|, l ≥ 0. Set Ln = Ω ∩ {z : |z| ≤ n}
and let ζ ∈ Ω be a fixed point in L1. Clearly

⋃
n Ln = Ω. For f ∈ E and

n ≥ 0, we set ẽn = (z 7→ (z − ζ)n) = xk,n and φn(f) = f (n)(ζ)/n!. Clearly
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the assumptions of Section 2.3 are satisfied. Let T : E → E, f 7→ f ′. For
any n ∈ N∗, we denote Tn = Tn.

Theorem 3.4. There exists a holomorphic function f ∈ A∞(Ω) such
that, if we denote SN (f, ζ)(z) =

∑N
n=0(f (n)(ζ)/n!)(z − ζ)n, the following

property holds: for every function g ∈ X∞(Ω), every entire function h and
every compact set K ⊂ C with K ∩Ω = ∅ and Kc connected, there exists an
increasing sequence (λn) ∈ NN such that for every compact set L ⊂ Ω and
every l ∈ N, we have

sup
z∈L
|f (λn+l)(z)− g(l)(z)| → 0 as n→ +∞,

sup
z∈K
|S(l)
λn

(f, ζ)(z)− h(l)(z)| → 0 as n→ +∞.

The set of such f is Gδ and dense in X∞(Ω).

Proof. It suffices to prove that condition (ii) of Corollary 2.10 holds. Let
k ≥ 0, p ∈ N, ε > 0, x ∈ Xk and y ∈ E. We fix N ∈ N such that N > p
and

∑+∞
n=N+1 1/2n < ε/4. As in the proof of Theorem 6 of [2], we construct

a polynomial P (z) =
∑n0

j=N+1 aj(z − ζ)j satisfying

sup
z∈Kk

|P (l)(z)− x(l)(z)| < ε/8,

sup
z∈LN

|P (l)(z)| < ε/8,
l = 0, . . . , N.(8)

Since y ∈ X∞(Ω), the closure of the set of polynomials in A∞(Ω), there
exists a polynomial q(z) =

∑n1
j=0 qj(z − ζ)j such that

sup
LN

|q(l) − y(l)| < ε/4, l = 0, 1, . . . , N.

Take R > max(1, supz∈Kk∪LN
|z − ζ|). We set

qk1(z) =
n1∑
j=0

(j!qj/(j + k1)!)(z − ζ)j+k1

and choose k1 > n0 such that for l = 0, 1, . . . , N,
n1∑
i=0

(i!|qi|/(i+ k1 − l)!)Ri+k1−l < ε/8.

Denote
∑n0

j=N+1 aj(z − ζ)j +
∑n1+k1

j=k1
(qj−k1/j!)(z − ζ)j =

∑m
j=p aj(z − ζ)j ,

upon setting m = k1 + n1, aj = 0 for p ≤ j ≤ N and for n0 < j < k1. We
set n = k1 and we end the proof as in Proposition 3.1. Indeed, we have
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ρk

( n∑
j=p

aj(z − ζ)j , x
)
≤ ρk

( n0∑
j=p

aj(z − ζ)j , x
)

+ ρk(q0(z − ζ)k1/k1!, 0)

< ε/2 + ε/2 = ε,

d
( n∑
j=p

aj(z − ζ)j , 0
)
≤ d
( n0∑
j=p

aj(z − ζ)j , 0
)

+ d(q0(z − ζ)k1/k1!, 0)

< ε/2 + ε/2 = ε,

d
( m∑
j=n+1

aj(z − ζ)j , 0
)

= d
( n1∑
j=1

aj(z − ζ)j , 0
)
< ε/2,

d
(
Tn

( m∑
j=p

aj(z − ζ)j
)
, y
)

= d(q, y) < ε.

Remarks 3.5.

1. We refer the reader to [4] or [2] for results of the same type as Theo-
rem 3.4.

2. In Theorem 3.4, we can require the approximation for l = 0 alone
and we can choose a compact set L ⊂ Ω with Lc connected. Thus, by
Mergelyan’s Theorem, we can assume that g ∈ A(L) and h ∈ A(K).
This yields a special case of a result of [5].

3.3. Universal Dirichlet series and unbounded operators. In this
section, we consider ordinary Dirichlet series

∑+∞
n=1 ann

−z absolutely con-
vergent for <(z) > 0.

Definition 3.6. A compact set K ⊂ C is called admissible for Dirichlet
series if Kc is connected and K = K1∪· · ·∪Kd, where each Ki is contained
in a strip {z ∈ C : ci ≤ <(z) ≤ bi} with bi − ci < 1/2, the strips being
disjoint.

Let 1 < p < +∞ and set A = `p, the Banach space endowed with the
norm ‖a‖p = (

∑
j≥1 |aj |p)1/p. We fix a compact set K ⊂ {z ∈ C : <(z) ≤ 0}

admissible for Dirichlet series. Consider the space X = H(C) of entire func-
tions equipped with the metric ρ(f, g) = supK |f − g|, f, g ∈ H(C). Define

T : A→ A, a = (a1, a2, a3, . . . ) 7→ (− log(2)a2,− log(3)a3, . . . ).

For any n ∈ N∗, we denote Tn = Tn. Observe that T can be viewed as the
operator S(∂/∂z(

∑
n≥1 ann

−z)) where S is the backward shift. Clearly the
set of Dirichlet polynomials is a dense subset of the domain of Tn and for
every a ∈ G, Tna converges to zero. Moreover, for any n ∈ N∗, Tn is an
unbounded and closed linear operator. We need a result on approximation
by Dirichlet polynomials.
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Lemma 3.7. Let K ⊂ {z ∈ C : <(z) ≤ 0} be an admissible com-
pact set. Let g : K → C be a function continuous on K and holomor-
phic in K̊, and let ε > 0, l ∈ N and q ∈ N. Then there exists a Dirichlet
polynomial h(z) =

∑m
j=q+1 ajj

−z such that supz∈K |h(z) − g(z)| < ε and
(
∑m

j=q+1 |logl(j)aj |p)1/p < ε.

Proof. This follows from Lemma 2 of [1] by taking f = 0 with slight
modifications. Indeed, we may suppose that g is an entire function, by
Mergelyan’s Theorem. Write K = K1 ∪ · · · ∪ Kd with Ki ⊂ {z ∈ C :
ci ≤ <(z) ≤ bi}, and 0 ≥ b1 ≥ c1 > b2 ≥ · · · > bd ≥ cd, bi − ci < 1/2. We
fix σ1 ∈ R such that K1 + σ1 ⊂ {z ∈ C : 1/2 < <(z) < 1} and σ1p > 1.
Consider n1 ≥ q such that

∑
j≥n1+1(logl(j)j−σ1)p < (ε/2)p. We end as in

the proof of Lemma 2 of [1, p. 174].

Theorem 3.8. Let A be an `p, 1 < p < +∞. Under the above assump-
tions, there exists a sequence a = (an) ∈ A such that for every b ∈ A and
for every entire function h there exists (λn) ∈ NN such that Tλn(a)→ b and
supz∈K |

∑λn
j=1 ajj

−z − h(z)| → 0 as n→ +∞. The set of such sequences is
dense in A.

Proof. It suffices to prove that condition (ii′) of Theorem 2.12 holds.
Let q ∈ N and ε > 0. By Lemma 3.7, there exist integers n, p, with
n ≥ p ≥ q, and complex numbers ap, . . . , an such that supz∈K |

∑n
j=p ajj

−z−
g(z)| < ε and (

∑n
j=p |logq(j)aj |p)1/p < ε/2. We fix N ∈ N such that

(
∑

j≥N+1 |bj |p)1/p < ε. Let b′ = (b1, . . . , bN , 0, . . . ). Then ‖b − b′‖p < ε.
Moreover, choose an integer k > n so that( N∑

j=1

|bj |p

logp(j + 1) . . . logp(j + k − i)

)1/p

< ε/2, i = 0, 1, . . . , q.

We set m = N + k and c = (cj)∞j=1, with

cj =


0 for j ∈ {1, . . . , p− 1} ∪ {n+ 1, . . . , k} ∪ {m+ 1,m+ 2, . . . },
aj for = p, . . . , n,

(−1)kbj−k
log(j + 1− k) . . . log(j)

for j = k + 1, . . . ,m.

Then we get

sup
z∈K

∣∣∣ k∑
j=p

cjj
−z − g(z)

∣∣∣ = sup
z∈K

∣∣∣ n∑
j=p

ajj
−z − g(z)

∣∣∣ < ε,

( k∑
j=p

|cj |p
)1/p

=
( n∑
j=p

|aj |p
)1/p

< ε,
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( m∑
j=k+1

|cj |p
)1/p

=
( N∑
j=1

|bj |p

logp(j + 1) . . . logp(j + k)

)1/p

< ε,

‖Tk(c)− b‖p = ‖b′ − b‖p < ε.

Finally, the following estimate holds, for every i = 1, . . . , q:

‖Ti(c)‖p ≤
( n∑
j=p

|logq(j)aj |p
)1/p

+
( N∑
j=1

|bj |p

logp(j + 1) . . . logp(j + k − i)

)1/p

< ε/2 + ε/2 = ε.

Therefore condition (ii′) of Theorem 2.12 is satisfied.

Let us recall that there exists a sequence (Kk) of admissible compact
sets contained in {z ∈ C : <(z) ≤ 0} such that every admissible compact set
K ⊂ {z ∈ C : <(z) ≤ 0} is contained in some Kk (see [2, Lemma 5]). We
combine the previous result with Theorem 2.14 and Mergelyan’s Theorem
to obtain the following.

Theorem 3.9. Let A be an `p, 1 < p < +∞. Under the above assump-
tions, there exists a sequence a = (an) ∈ A such that, every b ∈ A, for
every admissible compact set K ⊂ {z ∈ C : <(z) ≤ 0} and every function
h continuous on K and holomorphic in K̊ there exists (λn) ∈ NN such that
Tλn(a) → b and supz∈K |

∑λn
j=1 ajj

−z − h(z)| → 0 as n → +∞. The set of
such sequences is dense in A.
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