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Mapping properties of fundamental operators in
harmonic analysis related to Bessel operators

by

JORGE J. BETANCOR (La Laguna), ELEONOR HARBOURE (Santa Fe),
ApaM Nowak (Wroctaw) and BEATRIZ VIVIANI (Santa Fe)

Abstract. We obtain sharp power-weighted LP, weak type and restricted weak type
inequalities for the heat and Poisson integral maximal operators, Riesz transform and
a Littlewood—Paley type square function, emerging naturally in the harmonic analysis
related to Bessel operators.

1. Introduction. In his monograph [I6] Stein suggested the study of
analogues of the fundamental operators in the classical harmonic analysis,
such as Riesz transforms, conjugate Poisson integrals, multipliers, fractional
integrals, maximal functions, square functions, in a context of discrete or
continuous expansions with respect to eigenfunctions of self-adjoint and pos-
itive differential operators. During the last years, this program, or some of its
aspects, has been successfully developed by many authors in various settings.

The study in the framework of Bessel (and also ultraspherical) operators
was initiated even before [I6] by the seminal paper [13] of Muckenhoupt
and Stein. They introduced the notion of conjugation in the Bessel setting,
and their starting point was the formulation of suitable Cauchy-Riemann
type equations leading to a definition of conjugate Poisson integrals. Then
the Riesz transform, or rather the conjugate function mapping according
to the terminology used in [I3], emerges as the corresponding boundary
value. After [13] the Bessel context was investigated by several authors. In
particular, recently Betancor and Stempak [6] and Betancor, Buraczewski,
Farina, Martinez and Torrea [3] [4] obtained some boundedness results for a
Riesz transform and g-functions in Bessel settings.

The aim of the present paper is to advance the study of LP mapping prop-
erties of several basic operators related to the harmonic analysis of Bessel
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operators. We analyze the behavior of the maximal operators for the heat
and Poisson integrals, Riesz transform and a g-function (see Section [2[ for
rigorous definitions of these objects) associated with the Bessel operator
appearing in [13],

> 2\ d
dz?2 x dx’
which is formally self-adjoint in L?(R, duy) with Ry = (0,00) and

dpx(z) = 2z, x> 0.

Ay = — )\>—1/27

Our main interest is focused on characterizing the power weights 2% for which
the above-mentioned operators are of strong type, weak type or restricted
weak type (p, p) with respect to the measure 2%dz. We shall give a complete
description of such power weights, and in all cases prove the outcomes to be
sharp.

Our results are achieved by the nowadays standard method of splitting
the integral kernels into local and global parts, where local is related to a
symmetric cone containing the diagonal of (0, 00) x (0, 00). Following Muck-
enhoupt and Stein [I3], we show that in the local region the operators behave
like those derived from the usual Laplacian, while in the global region they
are essentially controlled by Hardy-type operators. In order to get sharp re-
sults for the range of the power weights, it is necessary to obtain a precise
knowledge of the behavior of the kernels involved. We use several tools in
performing this task, one of them being the local Calderé6n—Zygmund theory
established in [I4].

We point out that in the literature there are some recent related results
regarding the harmonic analysis derived from the Bessel operator

2
A= @ A-N
dz? x2

which is formally self-adjoint in L?((0,00),dx). In particular, in [3, 4, [6]
Riesz transforms and g-functions were studied in this setting. The results
contained in the present paper have counterparts in the framework of Aj.
Moreover, for proving those twin results there is no need to carry out parallel
computations since we may directly take advantage of the estimates and
properties already shown in the Ay context. Comments sketching how the
corresponding results in the Ay setting can be deduced will be given along
the paper.

Finally, let us give a short account of the previous results concerning the
operators we investigate. For the Poisson and heat-diffusion integrals, the
unweighted case, with the restriction A > 0, was studied in [I3] and [7], re-
spectively. A g-function based on the Poisson kernel was investigated in [17],
where strong type (p,p) for p > 1, with respect to the measure puy, A > 0,
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was obtained. Considering the Riesz transform, in [I] a characterization of
the weights for strong type (p,p), 1 < p < oo, and weak type (1,1) was
given. The approach to this operator was analogous to that in [I3], through
conjugate Poisson integrals. Here we adopt the point of view taken in [3| 4],
and show that for any A > —1/2 the Riesz transform is a principal value in-
tegral with a kernel that satisfies similar estimates to those in [I]. Although
the scope of [I] for the strong and weak type inequalities is more general
than ours, we also analyze restricted weak type obtaining new weighted in-
equalities.

The paper is organized as follows. In Section [2] we introduce the main
objects of our study and state the main results, Theorems There
we also gather some general facts and lemmas that will be used throughout
the paper. The remaining Sections [3H6| are separately devoted to the heat
integral maximal operator, Riesz transform, g-function and Poisson integral
maximal operator, respectively, and the proofs of the main theorems. In
Section [6] we also take into account a square function related to the Poisson
integral.

2. Preliminaries and statement of results. Recall that the standard
set of eigenfuctions of the Bessel operator Ay consists of

(702(1') = (Zl’)_k+1/2j>\_1/2(21'), T,z > 07

where J, is the Bessel function of the first kind and order v > —1. Indeed, a
straightforward computation (cf. [I2], Section 5.2]) shows that, for A > —1/2,

(2.1) Aypd =222, z2>0.
Thus the heat kernel associated to Ay is
o
.2
Wiz, y) = | e 02 (2)ed(y) dua(z),  t.z,y > 0.
0

Computing the last integral (see [18, p.395]) leads to
zy)MY2 L "
(22) Wt)\(xa y) = (y)2t € ="y )/4tl)\—1/2 <2:';>a t,x,y >0,

with I, being the modified Bessel function of the first kind and order v > —1.
Then the heat-diffusion integral of a function f is defined by

o0

Wi f(x) = | W@, 9) f(y) dur(y), t,z>0.
0

Denote by W2 the corresponding maximal operator,

W f = sup |W; f].
t>0
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Our result concerning W, is the following (see also Figure [1{ below).

THEOREM 2.1. Let A > —1/2, 1 < p < 00, § € R. Then the mazimal
operator W, considered on the measure space (R, xdx), has the following
mapping properties:

(a) W is of strong type (p,p) iffp>1and —1 <6 < (2A+1)p—1;
(b) W is of weak type (p,p) iff =1 <8 < (2A+1)p—1o0r § = 2X;
(c) W2 is of restricted weak type (p,p) iff =1 <6 < (2A+1)p — 1.

Moreover, W2 is of strong type (00, 00).

g
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Fig. 1. Mapping properties of W, (fixed A = 1)

According to (2.1)), the Poisson kernel is given by

o
PMx,y) = | e o2 (@)l (y) dua(z),  t.x,y >0,
0
and the Poisson integral of a function f is defined as
oo
PMf(z) = | PMa,y)f(y) dpaly),  t,z>0.
0
It is noteworthy that also the Poisson kernel can be computed explicitly, and
the resulting expression contains the Gauss hypergeometric function o F (see
Section [f] for details).
Exactly the same mapping properties as for W turn out to be in force
for the Poisson integral maximal operator P f = sup; | P f].

THEOREM 2.2. Let A > —1/2, 1 < p < o0, 6 € R. Then the mazximal
operator P, considered on the measure space (R, x‘sdx), has the following
mapping properties:

(a) P is of strong type (p,p) iff p>1and —1 <8 < (2A+ 1)p — 1;
(b) P is of weak type (p,p) iff =1 <5 < (2A+1)p—1or § =2X;
(c) P is of restricted weak type (p,p) iff —1 <8 < (2A+1)p — 1.

Moreover, P is of strong type (0o, 00).
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We now pass to the Riesz transform. The Bessel operator can be repre-
sented as

Ay = D*D,
where D = d/dx is the usual derivative and D* = —z=?*(d/dx)2?* is the

formal adjoint of D in L?(R,duy). This factorization suggests the following
system of Cauchy-Riemann type equations:

0 N 0
S (@) = =DQif(x), 5 Qi f(w) = —DuP} f(3),
with Q) f being a suitably defined conjugate Poisson integral,
QM f(x) =\ QMz, ) W) dur(y), t.z>0.
0

For A > 0 the conjugate Poisson kernel consistent with the Cauchy—Riemann
type equations has the form

Qg (x — gy cos 0)(sin #)2A 1 &, tay>0

A —
Qi y) = m (22 4y + 12 = 2zycos )M

Then the Riesz transform Ry f emerges in a natural way as the boundary
value of Q7 f,

Ryf(x) = lim Q) ().

This is the classical way of defining Ry used by Muckenhoupt and Stein [13].
It is known that for each f € LP(Ry,duy), 1 < p < oo, the above limit exists
for almost every x > 0.

Nevertheless, our approach to the Riesz transform is more direct, and
the definition is based on a singular integral representation. By the results
of [3], both definitions are consistent when A > 0.

In agreement with a general philosophy, formally the Riesz transform R)
related to Ay has the form

(2.3) Ryf = DALY?f.
This becomes rigorous provided that f € C°(R;) and A > 0, with the

potential operator A;l/ 2 expressed in terms of the Poisson integral,
o0
AV f(@) = | B f(a)dt, x>0
0

(see [3]). In the present paper, in contrast with [I3] [3, 4], we consider the
Riesz transform R), for the full range A > —1/2. Moreover, to define precisely
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the operator A;l/ % we use the heat integral rather than the Poisson one,
/ LT
AV (@) = o= YW (@) = Xz W7 F(0))
A ¢ <oy Wy
VT
It will be shown in Section {| that the limit W f(0) = lim,_ o+ W f(2)
exists for each ¢ > 0 and A;l f (x) is well defined for x > 0, provided that
f € CX(Ry). Note that for —1/2 < A < 0 we have to consider compensated
potentials in order to ensure convergence of the defining integral. Then the
Riesz transform Ry of f € C°(Ry) is defined by (2.3). Moreover, for f €
Cgo (R"r)v

, x>0.

e

[e.e]

Ryf(x) = p.v. | Ra(w,9)f(y) dualy), x>0,
0
with the Riesz transform kernel
1 T 0 dt
R =—\ - — 0 :
)x(x’y) \/7?(8)83: t(xvy) \/i, T,y > 7$7éy

All the details will be given in Section 4l Now we state the boundedness
properties of Ry (see also Figure [2| below). Notice that Ry behaves better
than the maximal operators.

THEOREM 2.3. Let A > —1/2, 1 < p < o0, § € R. Then the Riesz
transform Ry, considered on the measure space (R, x%dx), has the following
mapping properties:

(a) Ry is of strong type (p,p) iff p>1and —1—p<d< (2X\+1)p—1;

(b) Ry is weak type (p,p) iff —1—p < I < (2A+1)p—1o0r 6 € {—2,2)\};

(¢) Ry is of restricted weak type (p,p) iff -1 —p <o < (2A+1)p— 1.

P J\‘.\ .-"'\
po strong type (p, T (s P
, . g type (p,p) e (p
2 ™. T W
2 N o ke
1 </ e ¢
weak type (1,1) ver
>
-2 -1 2\ 1)

Fig. 2. Mapping properties of Ry (fixed A = 1)

We now briefly comment on the adjoint Riesz transform RY. This op-
erator is intimately connected with Ry (see for instance the identity ({2.5)
below). In [I3] (16.8)] it was shown that for A > 0,

(2.4) Ryf = —xhyyrpo(y " haapn(f),  f € LP(Ry,dpy),
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where h,, v > —1, denotes the modified Hankel transform,
(0.)

ho(F)(@) = | 2 () f(y) i 2 (y)

0
00

= [ (@) " lay) fFp)y™ P dy, @ >0,
0

It can be proved that (2.4) holds in fact for all A > —1/2. Since h,, is an
isometry in L?(R,duy) and the Parseval type identity

| b (D@)g@)™ ! dw = | f(@)holg) (@)™ da
0 0

frg € L*(R4,duy), holds for every v > —1 (cf. [5]), the adjoint of R) is
given by

Ry f = —hy_1)2(yhagrp2(z7'f)),  f € LRy, duy).
Further, since h;! = h, in L2(R,, duy) for all v > —1, it becomes clear that
(2.5) RyRyf = RARYf = f, fe LRy, duy), A > —1/2.

On the other hand, it is remarkable that R} emerges as the Riesz transform
naturally associated with the Bessel type operator
2\ > 2x d 2\
DD*=A\+—=—5— — —+ —.
ATt x2 dz? x dxr 22
Namely, formally we have R% = D*(DD*)~!/2. This identity can be given
a precise meaning, but we shall not go into details here to avoid confusion
with the line of thought of the paper.
The results concerning R} can be summarized as follows.

PROPOSITION 2.4. Let A > —1/2, 1 < p < oo, § € R. Then the adjoint
Riesz transform R}, considered on the measure space (R+,x5d:r), has the
following mapping properties:

(a) R} is of strong type (p,p) iff p>1and —1 <5 <2A+1)p—1;

(b) R} is of weak type (p,p) iff -1 <d <2(A+1)p—1o0r 6 =2X+1;

(c) R is of restricted weak type (p,p) iff =1 <6 <2(A+1)p— 1.

Moreover,
RiR\f=R\R\f = [, [€LP(Ry,2dw),
provided that p > 1 and —1 < § < (2A+1)p — 1.

Observe that (a) above can be directly deduced from the strong type
result for the Riesz transform. For the other items we may apply the same
arguments as for Ry because, as we shall see, they rely on pointwise estimates
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of the kernel Ry(x,y). Since the kernel of R} is Ry(y,x), we easily obtain
the same kind of estimates for the adjoint Riesz transform.
Finally, consider the Littlewood—Paley type square function
o

o)) = ((S)t 0 zdt)m.

ot Wt)\f (2)
We prove the following boundedness properties of gy.

THEOREM 2.5. Let A > —1/2, 1 < p < 00, 6 € R. Then the square
function gy, considered on the measure space (R+,x5dx), has the following
mapping properties:

(a) gx is of strong type (p,p) iff p>1and —1<J < (2A+1)p — 1;
(b) gx is of weak type (p,p) iff —1 << 2A+1)p—1o0r 6 =2
(c) gx is of restricted weak type (p,p) iff —1 <d < (2A+1)p — 1.

Notice that the behavior of gy is exactly the same as that of the maximal
operators W and P (see Figure. Note also that the Riesz transform and
its adjoint, taken into account individually, behave better than the maximal
operators. However, if considered simultaneously, they lead back to precisely
the same mapping properties as those of W and P2. In addition, it is
worth mentioning that the maximal operators are bounded on LP (R, 2°dpy)
for given 1 < p < oo and A > —1/2 if and only if 2° € A;,‘; here Ag =
A, (R4, dpy) denotes the Muckenhoupt class of A, weights associated with
the homogeneous space (R4, |- |, duy).

As was already indicated in the Introduction, several harmonic analysis
operators associated with the Bessel operator

Ay =22 Az = —2 D2 D> = D*D, D =a2"Da?,
were studied earlier, usually with the assumption A > 0. We now explain how
our present results are related to those in [3, 4]. Recall that A is associated
with the Lebesgue measure space (R, dz). Consider the multiplication oper-
ator Vy f(z) = 2~ f(z), which is obviously an isometry between L?(R,, dz)
and L?(R.,duy). An essential observation is that Vy intertwines all relevant
operators in both settings in question and also establishes an L? equivalence
between them. More precisely, distinguishing with tildes appropriately de-
fined objects in the AN)\ setting, we have AN)\ = V_\A\Vi, D = V_\DVy,
ﬁ//*)‘ = V_)\W*)‘V)\, 153‘ = V_)\P*)‘V)\, E)\ = V_AR)\V)\, 5)\ = V_Ag)\V)\. Con-
sequently, we can deduce from Theorems [2.1}2.] the strong boundedness
results in LP(R+,:n5dx) for the corresponding operators in the Ay context.
Furthermore, by applying the same procedures as in the proofs of the theo-
rems just mentioned, one can also obtain the desired weak type and restricted
weak type mapping properties, as well as their sharpness. These results, ap-
propriately stated and justified, complement those from [3], [4]. After proving
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Theorems and we provide remarks concerning the boundedness
properties of the operators associated with Ay.

An important ingredient of the proofs contained in the following sec-
tions are basic differential and asymptotic properties of the modified Bessel
function I,,. Those listed below can be found for instance in [18] or [12].

One of possible definitions of I,,(z) for, say, v > —1 and z > 0 is

0 (2/2)2"+V
2. I,(z) = .
(26) (2) T;)F(nJrl)F(nJrl/Jrl)
A straightforward analysis of the above series shows that
d
(27) S = (), 2> 00> -,
and
1
2. li V(2) = ————, —1.
(2:8) S 2LE) = ey v

Furthermore, for z > 0 and v > —1, we have the following asymptotic
representation: given n =0,1,2,...,
62

(2.9) I(z) = }n:(_nk[;j, k|(22)7F + 0z Y)),
2z
k=0

the coefficients being specified by [v,0] = 1 and
(4v? —1)(4? = 32) ... (42 - (2k - 1)?)
226 (k+1) '
Objects that will frequently appear in our estimates are the Hardy type
operators

v, k| = E=1,2,....

T

HJf(z) =2 "'\ fly)y"dy, x>0,
0

HLf(@) =" | fy " dy, 2> 0,
x
considered for > —1. The relevant mapping properties of H] and HZ, are
gathered in [8, Lemmas 3.1 and 3.2] or |9, Lemmas 3 and 4] (see also refer-
ences given there). For the sake of completeness and reader’s convenience,
we reproduce them below.

LEMMA 2.6. Let n > —1 and consider Hj on the measure space
(R, 2%dzx).

(a) H{ is of strong type (p,p) when 1 <p < oo and 6 < p(n+1) —1;

(b) H is of weak type (1,1) if § < n;

(c) H{ is of restricted weak type (p,p) if 1 < p < 0o and § = p(n+1)—1.
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LEMMA 2.7. Let n > —1 and consider HJ, on the measure space
Ry, 20dx).

(a) HZ is of strong type (p,p) when 1 < p < oo and —np — 1 < §;

(b) HL is of strong type (00, 0) for any & € R if only n > 0;

(c) HL is of weak type (1,1) when —m —1 <6 (< if n = 0);

(d) HL, n # 0, is of restricted weak type (p,p) when 1 < p < oo and

0=-—-np—1.

Another object that will be used throughout is the Gauss—Weierstrass

kernel
1

VAt

The associated heat integral,

Wif (@) = \ Wiz, y)f(y)dy, =z €R,
R

Wi(z,y) = e_(x_y)2/4t, t>0,z,ycR.

represents the classical heat semigroup {W;};~¢ on the real line. A crucial
argument used repeatedly below relies on a comparison of various operators
in the Bessel setting with the corresponding well-known operators related
to Wt.

To establish weighted LP mapping properties of certain auxiliary oper-
ators appearing in the proofs of Theorems and we shall use the
following result that can be proved by applying the local version of the
Calderon—Zygmund operator theory on the real line (or rather its vector-
valued variant), developed recently by Nowak and Stempak [14, Section 4].
It is remarkable that the results from [I4] remain valid in a vector-valued
setting.

LEMMA 2.8. Let (B, ||-||) be a separable Banach space. Assume that T is a
local vector-valued Calderon—Zygmund operator, i.e. T is a bounded operator
from L*(Ry,dz) into the Lebesque—Bochner space L%(R.,dx) such that

2z
Tf(z)= | K(z,y)f(y)dy, ae z¢suwppf, f€CO(Ry),
/2
where the B-valued kernel is weakly measurable and satisfies the standard
estimates

1K (2, y)l| < Ve K (2, 9)[| <

|z —y|?’

_C
|z =yl
in the “local” region 0 < x/2 < y < 2z, © # y. Then, for each A\ € R, the
operator Sy defined by

Sif(@) =2 T ) (@),  feOFRy),
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1s also a local vector-valued Calderon—Zygmund operator and consequently,
given any & € R, it extends to a bounded operator from LP(R,,x°dx) into
L(R4, 2°dx), 1 < p < oo, and from L*(Ry,x°dx) into L}B’OO(]RJF,:E(de),

This lemma can be justified, in a straightforward manner, by applying a
vector-valued variant of [I4, Theorem 4.3] and using the fact that each A}
class (considered in [I4]), 1 < p < oo, contains all power weights %, § € R.

Throughout the paper we use the convention that constants may change
their value (but not the dependence) from one occurrence to the next. The
notation ¢, means that the constant depends only on p. Constants are al-
ways strictly positive and finite. Moreover, we distinguish “large” and “small”
constants by using capital and small letters, respectively.

Finally, we shall implicitly use the simple fact that sup;. t% exp(—vt) =
Cp, < oo for arbitrary 3,y > 0.

3. The heat integral maximal operator. In this section we prove
Theorem Recall that for A > —1/2,

o

W f(x) =sup| | W@, 9)f(y) dpualy)|, = >0,
t>0 0

with the heat kernel given by (12.2)). We shall use the following estimates of
WtA (LIZ, y)
LEMMA 3.1. Let A > —1/2. Then for all t,z,y > 0,

pA y < /2,
W (x,y) < O\ a7 2L 4 t712(gy) e @04 /9 <y < 22,
y—2)\—1(yQ/t))\+1/26—cy2/t’ 22 < y.

Proof. First observe that if zy < ¢ then (2.8)) implies

2\ A\+1/2
(31) Wra,y) < Oy — e-@rd)/at <o L (Y -
t A\ IS = $A+1/2 = Y2\t

On the other hand, if xy > t then (2.9) leads to

1 2
3.2 Wz, y) < Cy ———— e~ @ 0)7/4,
(32) {(z,y) < )\(xy)k\/ie

Assume now that 2z < y. Then, in view of (3.1)), it is enough to consider
xy >t and by (3.2]) we get

N Cx zy\'? _ 2/16t
Wi ($ay)§W<t> eV

1/2 A+1
< O yj / eV /16t _ O yj o Y2 /16t
— A2\ ¢ y2)\+1 t ’

This implies the desired bound for W (z, y).
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The case y < x/2, by the symmetry W (z,y) = W (y,x), is easily
covered by a direct weakening of the already justified estimate for 2z < y.
Finally, the remaining estimate for comparable x and y follows by combining

and . "

Consider the auxiliary maximal operator

oo A+1/2
S (y2> exp<—c y:) fé/y) dy‘, x> 0.

Tf(xz) = sup ;

t>0

Observe that T can be controlled, up to a multiplicative constant, by the
Hardy operator HY.. Thus 7T has all the mapping properties stated in Lemma
[2.7] with n = 0. Moreover, a straightforward computation shows that 7" is
bounded on L*>(R.). Further results concerning this and the more general
operator

T f(x) =sup |« | f(y)e(s,y)y™" " dy|, >0,

s>0 e

can be found in [8, Lemma 3.3|, but they will not be used here except for
Remark [3.2] below.
We also invoke the local maximal function M{gc defined by

1

k

Mlocf(x) = sup
O<u<z<v<ku U —

(2

Vfw)ldy, >0,

for a given k > 1. This operator, for any 6 € R, is bounded on LP(R, x5d1:),
1 < p < oo, and from L' (R, 2%dz) to LV>®°(R,, 2%dz) (see [14}, Section 6]).

Proof of Theorem [2.1] In order to show sufficiency parts in Theorem
we split the kernel W (z,y) according to the regions 0 < y < z/2,
x/2 <y < 2z, 2x <y, and denote the resulting maximal operators by Nf‘,
NQ)‘ and Né\, respectively. Then

W2 f(x) < N f|(x) + N2|fl(x) + N3 |fl(2), >0
Using Lemma [3.] we get
N fl(@) < C\HP fl(x), 2 >0.
Another application of Lemma [3.1] gives
N3|fl(z) < CiTIf|(2), x>0,
Considering N2)‘, again by Lemma we have, for x > 0,

2x 2x

) dy L wwm )
Nz!f\(x)SCA(x§2\f(y)\ +3313x§2 W () ay

< CAMlicf(m)'
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Now, taking into account the above estimates and facts, and appealing
to Lemmas [2.6] and we conclude the following mapping properties of the
operator W, considered on the space (R, z%dz). For 1 < p < oo, W} is of
strong type (p,p) provided that —1 < § < (2\ + 1)p — 1. Moreover, W is
of strong type (0o, 00) for each § € R. If —1 < § < 2) then W) is of weak
type (1,1). Finally, if 1 < p < oo and —1 < 6 < (2\ + 1)p — 1 then W) is
of restricted weak type (p,p). These facts, altogether, justify the sufficiency
parts in Theorem [2.1]

We pass to the proof of the necessity parts, that is, showing the sharpness
of the above results. Our task will be done once we establish the following
three statements (as before, we assume that A > —1/2, 1 < p < 0o and the
underlying space is (R, z°dz)).

(A) If W) is of restricted weak type (p,p) then —1 < & < (2A+ 1)p — 1.
(B) W2 is not of weak type (p,p) when p > 1 and § = (2A+ 1)p — 1.
(C) W is not of strong type (1,1) if =1 < § < 2.

To this end, let f be a nonnegative function on (0, 00). Since by (2.8)),

A C)\ (24,2
Wt (:’U’y) 2 t)‘+1/2 € @y )/4ta Yy < tv

we see that
c t/x
A (242
Wi f(z) > iz | e @I f ) dua(y), x>0
Consequently, since W2 f(z) > W;\2f(:17), x >0, we get

xT T

C _ 1'2 2 CC2 C
(3.3) W f(z) > x2kA+1 Ve @A () dp(y) > mgﬁl \ £() dua(y).
0 0
Similarly, by (2.9) we have
C)\ * 1 —(z— 2 At
(3.4) W) > = | — e @A () dpa(y),  ta >0,
vt (@)
and therefore
T

(35) W@z |

T

L e~ @A F(y) dpn(y), x> 0.

Suppose now that 1 < p < oo and W) can be extended from L?(R, dpuy)
to a restricted weak type (p,p) operator on (R, z°dz). Considering f =

X(1,2)» by (3.3)) we obtain

Wif(z) > exa™7L, z>2
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Then, by the weak type (p,p) inequality satisfied by f,
4-1/(@A41)
| vay<cpay
2
for v > 0 sufficiently small. It follows that the function v — ’yp_(5+1)/(2’\+1>

must be bounded for v near 0 and we conclude that § < (2A +1)p — 1. On
the other hand, in view of (3.5)), for f = X(1,2) as above and x € (0,1),

2
A CA A —(z—y)? /4> 2
W*f($)2$“1§y6 dy = 7
1

which together with the weak type (p, p) inequality for f implies Sé 20 d < 0.
The conclusion § > —1 follows and this completes proving statement (A).

Next, fix 1 < p < 00, let § = (2\ 4+ 1)p — 1 and suppose, on the contrary,
that W) can be extended to a weak type (p,p) operator on (R, z%dz). Tt
is straightforward that with p’ being the conjugate of p, 1/p + 1/p' = 1,
the integral S(l) 2(2A=9P"+3 g is infinite. Therefore, for each n > 1 there ex-
ists a nonnegative function f, € L?((0,1),duy) N LP((0,1),2%dx) such that
[ frll Lo (0,1),20d0) < 1 and S(l) fn(x) dux(z) > n. Extending f,, to Ry by letting
fn(x) =0 for x > 1 and making use of we can write

WA fn(x) > cxna™1, z>1,n=1,2,....
Now, in view of the weak type (p,p) boundedness of W, we get

(n/(n—1))1/>+D)

P
S ygdySC}\(’f”HLP((O,l),m‘Sda:)) <0 1
. n—1 (n—1)P
for n = 2,3,.... This in turn implies the boundedness of the sequence

{nP — (n—1)? : n > 2}, a contradiction because p > 1. Thus statement
(B) is justified.

It remains to prove that W is not strong type (1,1) on (R, z°dz) when
—1 < § <2\ Assuming that x > 1 and ¢t < 1/2 and restricting the interval
of integration in (3.4]) we get

2z

1 )
W f(a) > ex | —m— e M f(y) dua(y)
RGC)
1 2x
ez | eI dy, w21 e<1),
z/2

For 0 < e <1/2 consider 1 <y <14¢ and 1+ 2¢ < x < 2. Then obviously
x/2 < y < 2z and, moreover, if t = (x — 1)2/2 (notice that this quantity is
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less than 1/2) we have

(z—y)? 1fex—1+y—1\> 1 £\? 9
3.6 < - <-(1l+—)] =-.
(36) 4t -2 -2 *

Therefore, choosing f. = x(1,14¢), We arrive at

WA f(z) > ex ¢ T 1+2<z<2.

T —
Consequently,
oo 2 5 2
T dx 1
S\W?fg(x)|x5dx >cye S dx > cyse S 1 :cx’gelogQ—.
0 142 7 142¢ 7 <

On the other hand, clearly || fel| 1k, 464s) < Cse. Letting e — 07 we see
that W) is not bounded on L'(R,z°dz). Statement (C) follows.
The proof of Theorem [2.1] is now complete. m

REMARK 3.2. The boundedness properties of the maximal operator W*’\
can be obtained by following the proof of Theorem [2:1] taking into account
that Wt)‘ (z,y) = (zy) "W (x,y). In fact, Lemmaimplies that W2 f can be
controlled by H()\f—l—MféCf—l—TIz‘f, with ¢(s,y) = (yQ/S))‘+1/2€_Cy2/s. Invoking
the mapping properties of qu‘ from [8, Lemma 3.3], and making use of

and , leads to similar results for W;\ to those stated in Theorem just
replacing the interval (—1, (2A+1)p—1) by (=Ap—1, (A+1)p—1). However,
in contrast with the Ay setting, these parallel results are not uniform in A.
A singularity occurs at A = 0, exactly as described by the statements of [8]

Theorem 2.2| with « replaced by A —1/2.

4. Riesz transform. In this section we prove Theorem [2.3] Recall that
the Riesz transform associated with the Bessel operator Ay is formally de-
fined by

Ry=DA? A>—1/2

We begin with a rigorous definition of the operator A;1/2. Then we obtain
a representation of Ry in terms of a principal value integral.
The negative power of Ay can be defined, at least for smooth functions
with compact support, by
_ I dt
AT (@) = <= W (@) = xpraoy W (0) =
A t {A<0} "Vt )
with W £(0) understood as lim,_,o+ W f(x). Note that the compensating
term is necessary to make the integral convergent when —1/2 < A < 0, as
can be seen below.
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PROPOSITION 4.1. Let A > —1/2 and f € C®(Ry). Then the limit

W f(0) exists for each fived t > 0, and the function A;l/Qf(x), x>0, is
well defined.

Proof. Suppose that supp f C (a,b), 0 < a < b < co. To see that the
limit exists it is sufficient to notice that, in view of (2.8)), we have

1 1 —y2/4t
222N +1/2) t>\+1/2 ’
the convergence bemg umform iny <b.

Now fix = > 0. By using (2.6 we get

Wt’\(O,y) = hm Wt (z,y) =

dt
| W2 f(2) = xpacop W F(0)| —
1 ﬁ
oo b
(xy)f)\+1/2 Ty (242
< vy z?+y?) /4t
X e ) /4t dt
e £ W)l dpa(y) -
C 22220 (N 4+ 1/2) Vit
®t —(22+y?) /4t —y? /4t ( ) dt
< Cpa | V(e — X{r<0}€ [+ =5 ) If Wl dualy) x=
1la
YT X<y Xpsoy | (ay)?
< CA,b,mS S A2 + AL + A+3 dt|f(y)| dpa(y)
al

and the last double integral converges. Further, an application of (2.9) gives
1

dt
(S)‘Wt)\f(x) - X{,\go}W{\f(O)\ \ﬁ

1b

o~ (@) X{A<0} 2 dt

< O § (L2 et X020 1) 1) da) 2
0

1
P(@- D\ et
_ y|1/2 ) ; 3/4

1 1/4
fxpeny = (2) e 2 pay,
<0} 172 Mt t/\+3/4

The last expression is controlled, up to a multiplicative constant, by the
convergent integral SZ(]:B " x{,\go}y_l/2)|f(y)| dy. Combining the

above facts we conclude that the integral defining A;l/ 2 f(x) converges ab-
solutely. m

< C)\,a,b T

|
iz
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PROPOSITION 4.2. Let A > —1/2. For f € C*(Ry.) the function A;l/Qf
18 differentiable and

Ryf(x) = DA f(x) = pv. | Ba(ey)f(y) dpa(y), x>0,
0
with the kernel given by
1 T 0o, dt
R}\(x7y):% S %Wt (x,y) %7 (L‘,y>0,$7éy

0
Proof. Our reasoning is based on a comparison with the classical setting,
which allows us to control the essential singularity. Let H denote the Hilbert
transform and let f € C2°(R). It is well known that

(4.1) Hf(x) = % p-v. | yf(_yl dy
R
1 T o dt
:pVﬂi ﬁéa t(x7y)\/i>f(y)dy
197 dt
Sy T (g)(wtf(x) ~W0) 7 wER
Thus we decompose
DA 1) = a2 YT Wi Do)
0
A AL T A\ () — A a
NG (S)(Wt(y @) = Wiy £)(0)) i
+ ¢17? 8% (S) (W F (@) = xp<op W2 F(0)
—e W) + 5 W0
= Il - IQ + 1—3'

In view of (4.1)) it follows that

T(1 T o dt
I, = p.v. — \ =Wy(z,y) —= —A d :
1 =pv (S) (\/% (S) 5 Wil ) \/i>(xy) F(y) dpx(y)
this term contains the crucial singularity and, as we shall see, no singular
integrals emerge from 7y and Zs.

Next, we prove that it is legitimate to pass with d/0x under the integral
sign in Z3. This task, however, is directly reduced to showing that, for any
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fixed 0 < a < b < 00, the quantities
Ji(t) = sup [Wi(y*f)(@) = Wi(y*)(0)],

z€[a,b]

9 wai(e) - L )|,

Jolt) = sup Ox ox

z€a,b]

can be majorized by functions of ¢ belonging to L' (R, ¢~ /2dt). In addition,
without any loss of generality, it may be assumed that supp f C [a, b], with
0<a<b<oo,and | flloo <1, | flloo < 1.
Observe that
b

Filt) < = sup |[e"@ 4 _ 1) gy

~ /2 x€la,b] ,,

For ¢t > 1 and z,y € [a, b] we have

2 2 4 4
e~ om0/t _ =it _ ‘Zt_ (x ;ty) +O((w—y) >_O<y)‘ < G

Also, since for all t > 0 and z,y € [a, b],

|€*(xfy)2/4t _ efy2/4t‘ < em(@y)?/4t 4 o—a?/dt

we get
1 b 2 2 2 T 2
W S |67(x7y) /4t eiy /4t| dy S W S €7u /4t du = 4ﬁ
a —00
Then

Ji(t) < Cymin(t~%/2,1) € LY(Ry, t~/2dt).
The treatment of 75 is not as straightforward. We consider two cases.

CaSE 1: t < b%. By ([2.7) we get

0
%WtA (33’, y)

At1/2
_ 1 o—oy/2t 2 L e*(xfy)2/4t zYy I_12 uzd
(20X 0z \ V2t 2t R

y  (ay\ xy y (a2 442) /a1
L _7 _ _Z —\r" Ty
~wp(a)  (on(E) ~nen(E) )

EHA,l@JZZ/) _H/\,Q(tax7y)7 t7x7y> 0.
Next observe that (2.9)) implies
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Hy1(t,z,y)

-l e (0 (3)

= (azy) ™ (,f Wi, y) - & 5232 . >e‘<z‘y>2/“0<;y)7 2,y € [a,0].
In order to analyze Hy o(t,x,y) we use again and obtain

-2
Y (z—y)? zy t
[Haa(t 2, y)l = g€ ey /4t<2t> O<my>, z,y € [a,b].

Thus Hy; and H) 5 satisfy

0 1 _
‘H)\l (t,z,y) — (zy)~ Aafwt(ﬂﬁ ?/)‘ C)\abtl/Q (@ y)2/4t, z,y € [a,b],
1
|[Hx2(t, 2,9)| < Crap 775 a7z ¢ e WPy e [a, b

Consequently,

|

)
Hy (t,z,y) — (zy)~ Aathxy ‘If M dpa(y)

o

< Chrab 775 e~ Gy = C) 4,

and
b

VIHa2(t 2, 9)| £ @) dpa(y) = Crap.

a

Hence Ja(t) < C) 4 when t < b2.
CASE 2: t > a?. We deduce from . that

ﬁw)\( )_# —(z2+y?) /4t Yy ? Yy _/\_1/2] zy
oz YT a2 “\2t) 2t M1/2 o

2 y
2t<2t> In- 1/2<2t>>

Then (2.8) implies
d T a2y (Y2 Crap
’%Wt (x,y)’ < C',\,a,bme (@+v7)/ 7—1—1 < 3z DY E [a, b].
Therefore
b
8 Chab
[ W2 )] dint) < 58, o€ il
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On the other hand, for every z € [a, b],

b

| (xy)™

a1 i)

b

=yl a2 Chrap
< | (ay)™> ! o | o~ 14 £ () dpa(y) < o

In this way we conclude that Jo(t) < C,\,(th_l for t > a2.
A combination of Cases 1 and 2 reveals that

Ja(t) < Crapmin(1,t7Y) € LY (R, ¢~ Y2d1).

Now passing with d/0z under the integral in Z3 is justified and we get

DA;l/Qf(x) = p.v. S (\% S aagjwt(x,y)j?i)(xy)’\f(y) dpx(y)
0 0
1 T/0 A 2 0 A dt
+ 7 §) %Wt flz) —x %Wt(y f)(@) NG
=14 +1s.

Having in mind the estimates obtained so far in this proof, it is straightfor-
ward to check that
1 TT /0 o dt
Is = — —WMz,y) — (2y) " —=Wi(z, d —
o= 72 VL (Gt = @ om0 )
and that the double integral above converges absolutely for any fixed x > 0.
Thus the order of integration may be switched and then the cancellations
occurring between Z; and Z5 lead to the desired principal value integral
representation of DA;l/ 2 f(x). Notice that the differentiability of A;l/ 2 fis
implicitly contained in the whole reasoning. =

It is perhaps worth mentioning that the kernel Ry(z,y) can be expressed
explicitly in terms of the Gauss hypergeometric function 9 F3 (for the defini-
tion see for instance |12, Chapter 9]). More precisely, by means of ({2.7]) and
the integral formula (cf. [15 2.15.3 (2)])

o0
(4.2) S 22797, (B2) dz
0
v 2
_ 32 B\ I'(v+3/2) JF) V+3/2,V+5/2;V+1;,87 7
2 I'v+1) 2 2 a?
valid for v > —3/2 and a > 8 > 0, one computes that for z # vy,
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R,\(a?,y)
2 I(A+2) i ase o (A2 A+3 22043,
e S N PTG F ; ;49
ﬁF(A+3/2) (l‘y) Yy zy 241 2 ; 2 ) 2 ’ T,y
A41/2 oy (A1 A+2 2041
_ @-F F . AP
)\+1 X z,y 24771 2 3 2 3 2 3 T,y )

with &, , = zy/ (22 +y?). This representation, even though explicit, does not
seem to be convenient for performing necessary kernel estimates since there
are essential cancellations between the two terms containing oF; functions
with different parameters. For A = 0 the above expression can be simplified
(the relevant property of o F} can be found in [12, Section 9.8]) and we have

1/ 1 1
(4.3) Ro(x,y)zﬂ<y_$—y+x>, T # Y.

Note that the same result can be obtained more directly since WY (x,y) =
Wi(x,y) + Wy(z,—y) (this identity follows from the fact that I_;/5(2) =
\/2/mzcosh z, cf. [12, (5.8.5)]) and the conclusion is obtained by a compar-
ison with the Hilbert transform kernel. Finally, by we see that Ry f
coincides with the Hilbert transform of the even extension of f, restricted to
the positive half-line.

The following estimates for the kernel Ry (z,y) will be crucial in proving
Theorem [2.3] They can also be obtained as consequences of [I, (1.6)], but
our procedure, via the heat kernel, is different from that contained in [10]
Lemma 2.1], [I1, Theorem 2.1] and proving the estimate in [I].

LEMMA 4.3. Let X\ > —1/2. Then for all x,y > 0, x # y, the integral
defining Ry(x,y) converges absolutely and we have

1 —A

Ra(z,y) = — (zy)™" o(y—”—l (1 + log xy2>> 2/2 <y < 2.
T Y- (y — )

Moreover, in the off-diagonal region,

—2X2—1

T ;o y<w/2,
Ry(z,y)| < C
[Ra(z,y)| < )\{:Uy”\?’ 9% <y,

Proof. Observe first that by ([2.7)),
0

ox

(4.4) Wi (z,y)

1 (v 2 oy f,\71/2I oy
—eomz\T\2t) \ 2t ATL2\ o

—A+1/2
_a (a0 s s 0
2t \ 2t A=1/2\ "o T '
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Now assume that 0 < /2 <y < 2z and x # y. We write

e}

zy
Mo d Yo i
\/7?R>\($7y) - [S) 85[)Wt (LL‘,y) \/z +m§y ath (I‘,y) \/7?

= R(z,y) + Ri(z,y).
By (4.4) and (2.8) it follows that

|R3 (2, )]
oo 2 2
Yy x\ dt xy x —on_1
< S P < .
<) (o ) < (g + gyen) < 00

Next, by (4.4) and (2.9)) we get
TY 5 A—1/2 -2 1/2
2 Ty y [y Ty
1 — il AN el ZJ
R(@,y) = g AL <2t> <2t(2t> I’\+1/2(2t>
Ca (' e\ ey,
2t \ 2t A12\ ot

ry -\
1 S(»”Ul/) <y—$+o<t)>e—(r—y)2/4tdt

T2v2) 2 \Vor y
1 -A Tl ey
- _ — dt
™ (zy) My — ) (S) e
R S RN b Qs cy
N (zy) " (y — ) mﬂy 2 ¢ di

+ (z —*wio L) emta?/a gy
y) S 2 Yy €
0

= K{(2,y) + K3 (,9) + K3 (2, y).
We analyze each K Z)‘(m, y), i = 1,2, 3, separately. By a direct computation

1 (zy)™
y—x

K (z,y) =

S

To estimate K3 (z,y) we write
A
K5 (2,9)

_ T a2y dt _
< (ay) My —af § e O S < (wy) M
xy ry

(o]
dt —oa-1
S 2 < Chy .
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In the case of K3 (z,y) one has

K3 (,y)]

T
(x—y)2/4t dt < C y—2)\ 1 S T du,
U
(z—y)?/4zy
and splitting the last integral according to v < 1 and u > 1 makes it clear
that

N\H

< Ch(zy)~ ;S
0

K (z,y)| < Chy 21 (1 + log xy)
’ 3( )‘ (l’—y)Q

This completes the proof of the diagonal estimate of the lemma.

In order to justify the remaining estimates it suffices to bound suitably
Ri(z,y), i = 1,2, in the off-diagonal region. Notice that (2.8)), together with
(4.4), implies

(e.9]

1 2
]Ri(w,yﬂ < Chx S a2 (yt + 1> e~ (@ +y?) /4t gy
xy
2 (2 +y?) /dzy

Yy A1 —u
< C/\x(22>\+2 ) e du
(% +y%) 5

1 (z%4y?) /4zy

A —u

+ oo pus S u’e du)
(% +y?) 5

x
(22 4+ y2) M1
From this we easily obtain the desired estimates, with R)(x,y) replaced by
R3(z,y). Finally, by applying (2.9) together with (4.4),

zy

Ry(2, )| < Calwy) Ma +y) | e @Y
0

< Cy

2/4t dt
2

<C M:}yﬂdt<c v
= T g =y ] = A g — g

and the off-diagonal estimates follow again, this time for Ri (z,y). The proof
of Lemma [4.3]is finished. m

We now show that the off-diagonal estimates of Lemma [4.3] are sharp in
certain regions.

LEMMA 4.4. Let A > —1/2. There exist b > 1 and a (positive) constant
¢y such that
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Ra(z,y) < —cxz™ 271 0<y <a/b,
Ry(z,y) > cxay ™72, 0<bar<y.

Proof. Using (4.4) and then performing the change of variable u = 2t /2>
we obtain

00 “A-1/2 vy
mieo =gt (+(3) (5) 1on(3)
—A+1/2
y y —(x 2 4 dt
_<2t> I 1/2<2t>> aeiya A
00 —A—1/2
_ z e
= b ((G) () ()
1 —A+1/2
T (i> Doy <z>>6_(1+22)/2“ du, x,y>0,

where z = y/z. Then, with the aid of (2.8) and the dominated convergence

theorem (a suitable integrable majorant can be derived by means of ([2.8)
and ([2.9)), we see that

. 1 T 2I(A+1)
] 22+1 _ _ 2w 0 — — -/
Jim 2R Y) =~ e 12 (S) w2 © YTTTOr12)

and the desired bound for y < z/b follows. Similarly, changing the variable
u = 2t/y?, we can write

x T 12\ M2 z
Ry(z,y) = \fy”‘” S i\ w2\ It1)2 "

1 —A+1/2
L) n ) e

where now z = x/y, thus, again in view of (2.8]) and the dominated conver-
gence theorem,

2242
lim
z—0t

R)\(Q?, y)

[e.o]

B 1 1 1 . T+
T FIT(A 1 1/2) § u>\+2<()\—|—1/2)u _2>e A = T'(A+3/2)

This gives the remaining bound for bz < y. =

Consider the auxiliary operator
2x
Moo/ (#) = ~pv. |

Aloc p b

x/2
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defined for, say, f € C>°(R4). Note that the principal value integral con-
verges for a.e. x > 0 if only f is locally integrable; this follows by the relation
with the Hilbert transform.

According to |2, Lemma 1], the local Hilbert transform Hj joc is bounded
on L?*(R,,dz) (this fact can also be proved directly by combining the L2-
boundedness of the Hilbert transform with the classical Hardy inequalities).
Consequently, applying Lemma to the scalar-valued operator T' = H joc
we get the following.

LEMMA 4.5. Let A € R. Then Hy 1oc @5 a local Calderon—Zygmund oper-
ator, hence, for each § € R, it is bounded on LP(Ry,z%dz), 1 < p < oo, and
from LY(Ry, z°dx) into LY (R, 20dx).

We are now prepared to give the main proof.

Proof of Theorem[2.3. We shall justify the sufficiency parts first. To this
end assume that f € C°(R4). Similarly to the proof of Theorem we
split the Riesz operator

x/2 2z oo
(45 Bf@={ | 4oy |+ ] JRa@ ) @) duay)
0 x/2 2x

= Ry f(z) + Raaf(x) + Rasf(z).
The operators Ry 1, Ry2 and Ry 3 will be analyzed separately. Note that
only the diagonal part R) o is given by a singular integral.
Applying Lemma [4.3] we obtain, for all > 0,
/2
1
[Ranf(@)] < Cx 3oy S |F(y)ly? dy < CAHB fl(2),

’R/\,3f($)|§0/\$g|f( )|y < C\HL|f|(2),

2x
and also
2x 1
|Raaf(z) — Hajoof ()] < Ca S (1 +log —— >|f( )| dy.
2 Y (x —y)?
Note that the operator N defined by
2x
1
Nf(x) = | (1+1og xyg)ﬂy) dy, x>0,
o2 (z =)

and occurring above, is bounded on LP(R,,z%dx) for each 6 € R and each
1 < p < oo. Indeed, observe first that the integral defining N1(z) is finite
and in fact does not depend on z > 0. Then, using Jensen’s inequality and
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changing the order of integration, we get

00 [e) 2z

1 T
| INF(@)Pa’ de < Cp | 2® | (1+1og (x_yy)g)rf@)rpdydx
0 0 /2

7 2 1 Ty
p - 1
Cpélf y)| §2$<1+10g($_y)2>a: dz dy
y

< Cps S F () Py’ dy.
0

Taking into account Lemmas[2.6)and 2.7} the above facts and Lemma[4.5]
we deduce the following mapping properties of Ry considered on the space
(R, x%dz). For 1 < p < oo, Ry is of strong type (p,p) if -1 —p < § <
22X+ 1)p — 1. If =2 < 6 < 2X then Ry is of weak type (1,1). Finally,
R, is of restricted weak type (p,p) when 1 < p < co and —p—1 < ¢§ <

(2\ + 1)p — 1. These properties combined justify the sufficiency parts of
Theorem 2.3

The necessity parts will be justified once we show the following state-
ments (we assume that 1 < p < oo and the underlying space is (R, 20dz)).

(A) If Ry is of restricted weak type (p, p) then —p—1 < § < (2A+1)p—1.

(B1) R, is not of weak type (p,p) when p > 1 and § = —p — 1.

(B2) R, is not of weak type (p,p) when p > 1and 6 = (2\+ 1)p — 1.
(C) Ry is not of strong type (1,1) for —2 < § < 2.

Item (A) can be deduced immediately by a standard interpolation argument,
once we prove the other items. For item (B1) observe that, in view of the
above considerations and , Ry is of weak type (p,p) for 6 = —p — 1,
p > 1, if and only if R) 3 has the same property. Moreover, by Lemma if
R, 3 has this property then the operator H, L also has it. But it is known (see
[2 Theorem 5|) that H! fails to be of weak type (p,p) for § = —p—1, p > 1.
Therefore the same negative result holds for Ry; this gives (B1). Treatment
of (B2) is similar: Ry is of weak type (p,p) for § = A+ 1)p—1, p > 1,
if and only if Ry has this property. Then, using Lemma {.4] we infer that
the property for Ry ; implies the same for Hg’\. However, it is known (see
[T, Theorem 1]) that H2* does not have the property in question, thus (B2)
follows.

It remains to show (C). For 0 < € < 1/4 consider the function f.(x) =
:c_)‘X(LHE)(:I:), x > 0. By the estimate in the diagonal region from Lemma
we have
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00 2 2x
[ IR f(@)a’ de > § | | Ba(e,9)f-(9) din(y)|e’ do
0 142¢ x/?
1 2 1+e d 2
> — S 20 S W dx — C) S Nf.(z) 20 da.
1+2¢ 1 Yot 1+2¢
Then, if Ry were bounded on L'(R,, 2%dx) we would have
2 1+e 1
S 20 S py— d?/‘ dr < Ox([[Bafellpr . zode) T IV fell L1y 20 da))
1+42¢ 1 Y

< C)\,(Sch‘HLl(RJr,w‘de)

and hence it would follow that

|’L1(R+,x5dx)
2

>crg | log
1+2¢

r—1

1 1
dx = log—+(1—¢)l .
—dz CA,6<5 0g4€+( £) og1_5>

But the inequality between the outer expressions cannot hold with ¢s ) inde-
pendent of € € (0,1/4), as can be seen immediately by letting ¢ — 0%. Thus
R, is not bounded on L'(R,z%dz) and (C) is justified.

The proof of Theorem [2.3]is now complete. =

REMARK 4.6. The boundedness properties of the operator R)\ related to

A,\ can be proved by a careful analysis of the proof of Theorem |2.3] Split
R) into three parts,

z/2 2z oo
Baf@) ={ § +pv. |+ }Ra(@,0)r ) dy
0 x/2 2z

= E)\ 1f(.’IJ) + E)\ 2f<1‘) + E)‘ 3f($)

Since RA(x y) = (:Uy))‘RA(x y), with the aid of Lemmas and 4.4 the
operators R)\l and RA3 can be controlled above and below by Hj X and
HXH, respectively. Moreover, RAQ is a local Calderén—Zygmund operator
with respect to Lebesgue measure; this follows from the corresponding prop-

erty for Ry o (see Lemmas and [4.5). Thus we obtain similar results for

R) to those stated in Theorem [2.3] just replacing the role of the interval
(—p—L(2A+1)p—-1) by (=(A+1)p—1,(A+1)p—1).

5. The heat integral square function. This section is devoted to the
proof of Theorem [2.5] Recall that the square function we take into account
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is given by

2 1/2
dt) , x>0.

We will need several technical results, one of them being the following im-
portant estimate.

o)) = ( ¥

2 W) ) di(v)
0

LEMMA 5.1. Let A > —1/2. There exists a constant C such that for all

z,y >0,
2 1/2
dt>

(I
< Oy (max{z,y}) 2L

Proof. We first show that the estimate holds in the diagonal region 0 <
x/2 <y < 2x. We shall consider two cases determined by the asymptotics
at 07 and oo of the Bessel function involved.

\ 0
Wt (z,y) — X{O<x/2<y<2x}($y) *Vvt(ﬂj Y)

ot ot

CASE 1: zy > t. Observe that

8W( ) g ie—(x—y)Q/ALt (l‘ )—Ae—xy/Qt Ty I/I Yy
ot Y T 5\ Ve Y 2t A=L/2\ o

2O _, ay\ 2 x 1 .-
+ (zy) )\(31?(6 ym(;) I 1/2< y))\ﬁe (z-y)?/at

= E\i(t,z,y) + Exa(t 2, y).
Then, according to (2.9), we get

Exa(t,z,y) = (%A §t<\/1ﬂ e(xy)2/4t> <1 o <::y)>

= (zy) gtWt(w y)

~en0( 55 ) (e ~ g -9 )

) 0
= (l‘y) A &Wt(xvy) + E}\,l(taxa y) + Ei,l(tv'xay)'

Integrating the last two terms in ¢ < xy we obtain

zy Ty /

(Ve samPar)” < Caan ™ (§ et ar)
0 0

< Cy(ay) 12
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Yy

(VB P ar)”
0

xy )2 ) 1/2

< Ch(zy)~ < S < > e~ (T /2t dt) < Cy(azy) V2
0

Next, we analyze Ey o(t, z,y). By using it follows that

E)\,Q(ta Z, y)

oy O (e (N (VY L e
ot ot ) P\ 2t ) ) V2t
— (l’y)_/\+1 —(z—y)2/4t [ —ay/2t( LY 1/21 ry
22152 ¢ or ) 12y

_ 2Mt (xy 1/2 xy _ xy 1/2 Yy
—€ xy/%my<2t> In_1)2 or | e /2 9% Iyi1y2 9% ) )
Then applying (2.9) we see that

E/\,Z(tv z, y)

_ % e—(:c—y)2/4t{ (1 — () ;y + O<(;;2))

(- o{e) - ol )

where ¢(v) = [v —1/2,1] = (v — 1/2)? — 1/4. Hence, due to the occurring
cancellations,

T —A+1 t2
|E)\,2(t,l',y)| = (yt)5/2 e_(x y)? /4t0< )

(zy)?
Consequently,
e 2 1/2 -1 e —(z—y)?/2t 1/2
(§ Bt y)2at) ™ < Cnlay) ([ e ™2 )
0 0

< Ca(ay) 12

In view of this and the previous estimates we conclude that for z,y > 0,
(5

which finishes Case 1.

2 1/2
dt) < Cy\(ay) V2

D W) — ) D Wilay)
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CASE 2: zy < t. Observe that (2.7) leads to

R

ot
—A+1/2
_gA-1/2—(ay?yae [ _ AT L2 (ay / 7 zy
372\ 2t A2\ oy
vy [y —/\+1/2I oy
AR A1/20 of
Ly (o T zy
4+5/2 \ 2t AZL/2 o
Then (2.8)) implies
0 C)\ (l’y)z .'EQ + y2 —(x24y2?) /4t
(%Wt (z, y)‘gtM?’/z <1+ 2 + " e y
Ch (2 4y?) 3t

hence we can write

(5.2)

(i

P 2\ 1/2 oo RN
tWt (z,y) dt) < CA( S A2 e~ @)/ dt>

0

(z?4y?) /4zy 1
/2
S ue v du)
0

C
(22 + y2)M1/2
< Oy (ay) V2

Moreover, by a straightforward computation,

0 c _ (x —1y)? C 2
o —(m—y)?/4 = J) = (z—y)?/8t
6tVVt(:J: y)‘ <anc ( + " < e

and therefore

( | t|(zy)” ;Wt(x, y)

<

2\ 1/2 NGE ” 1/2
dt> < C(zy)~ < S t—Qe’(I’y) / dt>
zy
< C(wy)f/\fl/Z'
Now, combining the estimates of Cases 1 and 2, we conclude that for
0<z/2<y<2x,

00 2 1/2
(S | W) = ) )| de) < Caa) 2

< Oy (max{r, y}) 2"
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It remains to prove the relevant bound in the off-diagonal region. By
symmetry of the kernel Wf‘ (z,y) it is enough to focus on the cone 0 < y <
x/2. As above, we consider two cases.

CASE 1: xy > t. According to (5.1) and (2.9)),
0

at”t)\(xvy)
2-A-1/2 > A+1/2 t
_ 2 lay?/at) _ -X *
N a { 2-7t3/2 (=) (1 +O(wy>)

2 (o)) O (1o L))

This implies
0

-2 2, .2 2., .2
xy) 226t (1 1 zy x4y Tt 4y
Ry 72 , <C ( z?/ R e
atwt (z y)’_ N € t+a:y+ 2 + 2 + o
(zy)a? 2
<Oy L2 e/

since by the present assumptions on z,y and ¢ we have

2., .2 2., .2 2
i<1<x+y <:c—|—y <2£
xy —t T tey T t2 T2

Using again the assumptions zy > ¢ and y < x/2 it follows that

o \ 2 1/2 zy \ 22 . 2 1/2
( S t &Wt (x,y) dt) < C)\< S t|(zy)~ We*m / dt)
0 0
1 TY s 2\ 2D 1/2
S C)\ M(Iﬂy S <> 673: /8t dt)
T 0 t
Ty
S C)\ Wa

and the last quantity can be easily estimated from above by Cyz =21,

CASE 2: xy < t. Notice that by (5.2)) we have
7Wt)\ (fL‘, y)

00 2 1/2
( |t 4 dt) PR O S Chz 221,
Ty

ot = (22 4212 S

Putting the two cases together produces

2\ 1/2
=Wz, y) dt) <Chz™ 271 0<y<a/2,

(315

ot

which is precisely what we needed.
The proof of Lemma [5.1] is finished. m
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LEMMA 5.2. Let A > —1/2. There exist (positive) constants a = ay and

c = ¢y such that

0
aWt/\(xa y) <

if either 0 < x,y < a andt > 1, or 0 <y <z and 22/t < a.

c
pAF3/2

Proof. The conclusion follows in a straightforward manner by combining
(.1) and (2.8). =

Define the auxiliary square function

(5.3)  gxloc(f) ()
-(F ) e
0 : ;

which is the local part of a modification of the classical vertical square func-
tion.

2x

| (™ ;Wt(w, y)f(y) dua(y)
/2

LEMMA 5.3. Let A € R. Then, for each 6 € R, gxjoc s bounded on
LP(Ry,2%dx), 1 < p < oo, and from L' (R, x%dx) into LY (R, x0dz).

Proof. Observe that the mapping go 1o is bounded on L?(R,dx). This
can be easily verified by invoking the well-known fact that the classical ver-
tical g-function g (restricted to R, and given by a formula analogous to that
defining go1oc, but with the integration in y from 0 to oo) is bounded on
L?(Ry,dr), and then using classical Hardy inequalities.

From the L2-boundedness of go,loc We infer that the operator G assigning
to an f € L?(R,,dx) the function

2x

0
Ry 3067 = { | gWileasay
Z‘/Q t>0
is bounded from L*(Ry., dz) to the Bochner-Lebesgue space L7, (1) (Ry, dx).

Moreover, G is associated, in the sense of Lemma [2.8], with the vector-valued
kernel

K = G}

This follows essentially by the known fact that g, viewed as a vector-valued
Calderon—Zygmund operator, is associated with the same kernel. In addition,
K satisfies the standard estimates from Lemma (even for all z,y € R),
as is known and not hard to check.

Taking into account the above facts and applying Lemma 2.8 with T = G
we see that the mapping f(z) — 27 G(y*f)(z) is a local vector-valued
Calderon—Zygmund operator, hence, for every § € R, it extends to a bounded
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operator from LP(R,,z%dx) to L’L'Q(t dt)

(R, 2%dz) for any 1 < p < 0o, and

to a bounded operator from L'(R,,2%dzx) to LL’Q(tdt) (R, 2°dx).
Finally, notice that these boundedness results imply precisely the desired
mapping properties of gy joc (the fact that the vector-valued bounded ex-
tensions correspond to gy 1oc given by (5.3) follows by a standard density

argument). m
Having the above results we are ready to prove Theorem [2.5]

Proof of Theorem[2.5. Making use of the triangle inequality for the norm
| - |2ty and then applying Minkowski’s integral inequality we get

g (f)(x)
/2 o
<{] 25}(5 2w w.y)

21‘ o]
+§(§ | 2wy~ ) D)

2\ 1/2
dt) ) da(y)

2\ 1/2
dt) )] dyaw)

z/2
oo | 2z 9 1/2
+<St | (zy) ™ gtWt(fﬁ ) f(y)dpa(y) dt) :
0 'z/2

Then by Lemma [5.1] it follows that, for z > 0,
g (f)(z) < CA(H§A|f|(iB) + HLIf1(x) + N fI(@) + gxrjoc(f)(2)),

where A denotes the operator

2x

Nf(z)= S @dy, x> 0.

x/2 y
Note that NV is bounded on LP(R, , 2%dz) for each 1 < p < 0o and each § € R
(this can be easily verified by means of Jensen’s inequality and Fubini’s theo-
rem, as in the case of the operator N emerging in the proof of Theorem [2.3]).
Furthermore, by Lemma , g loc is bounded on LP(R,, 0dz), 1 < p < o0,
and from L'(R,x%dz) into L»® (R4, 2%dx), for each § € R.

Then, as in the proof of Theorem by means of Lemmas and
we conclude that gy is bounded on LP(R,, z%dz) when 1 < p < oo and
—1 < d < (2A\+1)p—1, it is bounded from L' (R, z°dz) into LV>® (R, 2°dx)
when —1 < § < 2), and finally it is of restricted weak type (p, p) with respect
to (Ry,2%dz) when 1 < p < oo and —1 < § < (2A + 1)p — 1. These facts
justify the sufficiency parts in Theorem

We now prove the necessity parts. It suffices to show the following state-
ments (we assume that A > —1/2, 1 < p < oo and the underlying space is
(R, 2%dx)).
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(A) If gy is of restricted weak type (p,p) then —1 < < (2A\+ 1)p — 1.

(B) g is not of weak type (p,p) when p > 1 and 6 = (2A 4+ 1)p — 1.

(C) ga is not of strong type (1,1) if —1 <6 < 2.

Let f = X(a/2,a), Where a is the constant from Lemma @ Then, accord-

ing to that lemma,

oo 2\ 1/2
dt)

|

1

a

O Wz, y) dua(y)

NGOE < j 2

Suppose that gy can be extended from L?(R,,du,y) to a restricted weak type
(p, p) operator on (R, x%dx). For sufficiently small 4 > 0 we then have

a
5 _ —
0
which implies § > —1.
On the other hand, using again Lemma [5.2] we get

00 1 1/2
50 a0@za( | | lwden)| @)
z2/a 0
1
> ox T ) duly), @ >,
0

for any nonnegative measurable function f on Ry. Thus taking f = x(1/2,1)
we have g\(f)(z) > cxz™? 71, provided that = > 1. Consequently, if gy can
be extended from L?(R.,duy) to a restricted weak type (p,p) operator on
(R, 29dx), then

A1/ (@A)

5 _ _
1
for v > 0 small enough. This implies § < (2A + 1)p — 1 and (A) is justified.
In order to show (B) we use the estimate (5.4)) and proceed as in the
proof of the corresponding result in Theorem [2:1]

Considering (C), we argue as in the proofs of the parallel properties
in Theorems 2.1 and [2.3} We shall first see that gy oc is not bounded on
LYRy,2%dz). Let 0 < € < 1/2 and assume that 1 < y < 14¢, 142e < 2 < 2
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and t > 2(z — 1)2. Then we have
0 (x —y)? ~(2—y)? _
14 J7 T—y)? /4t o _ " 3/2
ot 2\Ft3/2 ( LT ‘ =

for some ¢ > 0, because (z — y)?/2t < 9/16 (see (3.6])). Hence, letting
fe = X(1,14¢), it follows that

Wiz, y) =

oo | 2z 9 2 1/2
i) = ( §1] | SWiCe)on) L dinto)| )
0 'z/2
< 1/2 14¢
2”( 5 t2> () @)
2(z—1)2 1
> .
Z O € (14 2¢,2)
Consequently,
7 s 2 s 2 20dy
S O loc(fe)(z)2® dz > S Oxloc(fe) ()2’ dx > cre S —
0 14-2¢ 1+42¢ r

1
> ¢y 5€ log %

Now, if g 1oc Were bounded on L'(Ry, 2%dx) we would have

o0

1
(5.5) exgelog o= < | artoc(fe) (@)2’ do < C S fe(2)2’ dw < Cge,
0

which obviously cannot hold as ¢ — 0. Thus g\ loc 1S not bounded on
L'(R,,2%dx). On the other hand, by Lemma and Minkowski’s integral
inequality we see that, for z > 0,

9 loc fa)
2\ 1/2
< R < ((xy)~ /\Wt(l‘ Y)) — gtWt (z, y)) fe(y) dux(y) dt>
oo | 2z 9 1/2
+ ( [ | 2 Wi 9)fl) diny) dt>
0 "x/2

2z oo | 2z 2 1/2
SC)\{ § fe;y)|dy+<§t § gtWt (,9) f=(y) dpx(y) dt> }
z/2 x/2

This gives
Ixloc(fo) (@) < OAWNISf](z) + ar(fe) (@), =€ (1+2¢,2).
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Hence, taking into account weighted L!-boundedness of the operator N, if
g) were bounded on L'(R ., z%dx) then would hold, for all 0 < e < 1/2,
a contradiction. Thus gy is not bounded on L' (R, z%dx) and statement (C)
follows.

The proof of Theorem is complete. m

REMARK 5.4. Similar facts to those from Remark 3.2 are true for the cor-
responding g-function in the Ajy-setting. In particular, the relevant interval
forgyis (=\p—1,(A+1)p—1).

6. Operators related to the Poisson integral. Recall that the op-
erators analyzed in the previous sections were defined by means of the heat
kernel Wf‘(x,y). In this section we consider the maximal operator and a
square function related to the Poisson kernel PR (z,v) associated with Ay,
A>—1/2.

First of all, we shall compute Pt)‘(l‘, y). By the principle of subordination,

o0

A\ B A\ e “du
(6.1) Pf(z,y) = (S) Wt2/4u(x7y) W

Then an application of the integral formula (4.2)) leads to
Pt)\ (CC, y)

t A+1 A4+2 22+1 22y 2
:C(A)($2+y2+t2),\+12F1< 2 ' 9 ' 9 ’<x2+y2+t2> )7

with C(\) = 27~ /20(A\ + 1)/ (X + 1/2). We now transform the above ex-
pression in order to see the exact behavior of the Poisson kernel. Using the
formula (cf. [12, (9.5.3)])

2Fi(a, Biv;2) = (1— 2)7" P o Fi(y — o,y — B; 75 2),

valid for z < 1, one gets

t(a® +y? + %)
(& + )2 + 2][(x — y)* + 7]

o (A AL 241 22y 2
2141 27 92 ) 9 9 $2+y2+t2 .

We observe that the values of the last 9F} function are separated from 0
and oo; this is because the function z +— 9F1(A/2,(A —1)/2; A+ 1/2;2) is
continuous on [0,1), has value 1 at z = 0 (see [12, (9.1.1)]), its limit as
z — 17 exists and is positive (cf. [12, Section 9.3|) and, finally, there are no
zeroes in (0, 1) since the Poisson kernel is strictly positive (this is of course
a consequence of the same property for the heat kernel). Thus we obtain the
following.

P} z,y) =C(\)




Harmonic analysis related to Bessel operators 137

PROPOSITION 6.1. Let A > —1/2. There exists a constant C such that,
forallt,z,y >0,

Cy 't Cit
2 2 2§ 2 2§Ptk($ay)§ 2 2 2,\/\ 2 4 42]°
(22 +y? + ) M(z —y)* + 7] (2% +y? + ?)M(z —y)* + 7]
It should not be surprising that in the case A = 0 the Poisson kernel has a
particularly simple form. Notice that the first parameter in the 9 F7 express-

ing P?(z,y) is zero, consequently the hypergeometric function is identically
equal to 1 and we get

0 1 t t
Frie) = w<<x—y>2+t2 ! <x+y>2+t2>'
This shows that P(z,y) = Py(z,y) + Pi(x, —y), with P; being the classical
Poisson kernel. Clearly, the same identity could be deduced immediately
from the analogous, already discussed in Section , connection between W
and Wt.
Apart from the maximal operator P} we consider the Littlewood-Paley
type square function
2 1/2
dt) .

T.|o
(1)) = (] 7o)
0
It turns out that various boundedness results for the two operators can be
deduced, in a straightforward manner, by means of Theorems [2.1] and [2.5]
A key fact here is that P2 f and 3,(f) can be controlled pointwise by W) f
and g)(f), respectively.

PROPOSITION 6.2. Let A > —1/2. Then, for sufficiently regular func-
tions f,

PMf(x) < W2 f(x),  OA(f)(2) < V20r(f)(z), @>0.
Proof. By subordination and Fubini’s theorem,

7 e “du

P;\f(m):sup ) W

t>0
< A e " du A\
< S sup |Wt2/4uf(‘,r)’ — =W f(x)

o t>0 VTU

Next, again by subordination,

wf)(x):(x \;j Wt o )

e "du
§) (8tW)\)t2/4uf(w) % \/ﬁ

)

L2(tdt)
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where (OtW’\)tz/4uf(x) is the derivative in s of W2 f(x), taken at the point
s = t?/4u. Then applying Minkowski’s integral inequality and changing the

variable we obtain
oo

oy
D) < L IUOW )0 @131 o
B Tetdu (T |0 A\ 2 1/2
—\/§§) Jru <§5‘65W5f(x) ds)

= V2gr(f)().
The proof is complete. m

Thus, by Proposition [6.2| and Theorems and we obtain strong
type, weak type and restricted weak type mapping properties of the Poisson
integral based operators. However, since the subordination principle means
a kind of averaging, it is far from obvious whether these results are sharp
in respect of admissible powers §. In the case of P the precise behavior of
the corresponding kernel is known (Proposition and is relatively simple.
Hence we can easily obtain the following estimates, similar to those from
Section 3 and now involving the Poisson kernel.

PROPOSITION 6.3. Let A > —1/2. There ezists ¢y > 0 such that

PMx,y) > e t<1/2, z,y € (1,2),

t
2+ (x —y)*
and such that, for every nonnegative measurable function f on (0,00), we
have

PM@) 2 o0 | e (), o€ (0.)
0

+42)

and
X

PMf(x) > exa™ | f(y) dualy), =z € (0,00).
0

Now, using the arguments from the proofs of Theorems[2.1and [2.5to jus-
tify necessity parts, we obtain sharp results for the Poisson integral maximal
operator stated in Theorem

Proving similar results for 0y requires a deeper and more subtle analysis,
which is beyond the scope of this paper. We only mention that in order
to obtain suitable kernel estimates one has to deal with terms involving
hypergeometric functions with different parameters and examine essential
cancellations occurring between those terms (for that purpose it seems to be
more convenient to use, instead of o F}, the integral representation of
P)M(z,y) in terms of W(z,9)).
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