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Decomposing and twisting bisectorial operators
by

WOLFGANG ARENDT (Ulm) and ALESSANDRO ZAMBONI (Parma)

Abstract. Bisectorial operators play an important role since exactly these operators
lead to a well-posed equation u'(t) = Au(t) on the entire line. The simplest example of a
bisectorial operator A is obtained by taking the direct sum of an invertible generator of
a bounded holomorphic semigroup and the negative of such an operator. Our main result
shows that each bisectorial operator A is of this form, if we allow a more general notion of
direct sum defined by an unbounded closed projection. As a consequence we can express
the solution of the evolution equation on the line by an integral operator involving two
semigroups associated with A.

1. Introduction. Let us first explain the motivation for investigating

bisectorial operators. An invertible operator A on a Banach space X is called
bisectorial if the imaginary line is in the resolvent set of A and A\(A\ — A)~!
is bounded on that line. Such bisectorial operators were considered by Mcln-
tosh and Yagi [9] in the framework of spectral calculus. Mielke [10] showed
in 1987 that, on Hilbert spaces, an operator A is bisectorial if and only if
there exists p € (1,400) such that for all f € LP(R; X) there is a unique
solution u € W1P(R; X) of
(1.1) u'(t) = Au(t) + f(t), t eR.
In that case, this property holds for all p € (1,400). Thus, Mielke proved
a result on maximal regularity for the evolution equation on the line for
bisectorial operators on Hilbert space. He applied such results to non-linear
equations and, in particular, to prove the existence of central manifolds.
Mielke’s result on maximal regularity was generalized to Banach spaces by
Schweiker [I1], and in [4] with the help of the operator-valued Fourier mul-
tiplier theorem due to Weis. Maximal regularity in Holder spaces was con-
sidered in [I].

Most interesting is the spectral theory of bisectorial operators. An inter-
esting problem is whether it is possible to decompose the Banach space X
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with the help of a spectral projection commuting with A so that the oper-
ator is the direct sum of an invertible generator of a bounded holomorphic
semigroup and the negative of such an operator. There is always a natural
spectral projection Py (see Section 3) defined by a contour integral, but this
projection is unbounded in general as was shown by McIntosh and Yagi [9]
(see also Dore and Venni [6]).

However, the spectral projection P, is always closed. This means that
its kernel and its image are closed subspaces of X. Their sum is dense in X,
if A is densely defined, but this sum is possibly different from the entire
space. The part of A in these subspaces is the generator or the negative of
the generator of a bounded holomorphic semigroup. In our main result we
show that “twisting” A by its spectral projection, we obtain the generator of
a bounded holomorphic semigroup on the entire space X. This is surprising
since it shows that each bisectorial operator is, in fact, the “twisted version”
(see Definition of a sectorial operator.

The spectral projection was investigated before by Sybille Schweiker [11].
In particular, she associated with a bisectorial operator two semigroups
which operate on the entire space X. These semigroups are holomorphic
but singular as time goes to 0. However, the singularity can never be worse
than logarithmic, as Schweiker showed. We now obtain these semigroups
very simply from the semigroup generated by the twisted version of A. They
allow one to give a representation formula for the solutions of which
are exploited further in [13].

Our main result (see Theorem also holds for non-densely defined
operators. For simplicity we do not consider more general operators which
are merely bisectorial outside a compact set as in [3], where a spectral theory
for these operators is developed.

2. Twisting bisectorial operators by unbounded projections.
Let X be a Banach space. We start by defining unbounded projections.

DEFINITION 2.1. A projection P on X is a linear operator P : D(P) C
X — X such that P? = P, i.e. Px € D(P) and Pz = Pz for all x € D(P).

If P is a projection on X, then
im(P) :={Px:x € D(P)} ={x € D(P) : Px = z},
ker(P) := {xz € D(P) : Px =0}

are subspaces of X such that im(P) Nker(P) = {0}. Moreover, it is easy to
prove the following result.

LEMMA 2.2. A projection P on X is closed if and only if ker(P) and
im(P) are closed subspaces of X.
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Conversely, if X; and X5 are subspaces of X such that X; N Xy = {0},
then letting

D(P):= X1 ® Xy, Px1+x2):=x1, x1€ X,z X,

defines a projection on X with im(P) = X; and ker(P) = X5. This projec-
tion is closed if and only if X; and Xs are closed.

REMARK 2.3 (Closability of projections).

(i) If P is closable, then P is a projection.

(ii) Let X1, X2 C X be subspaces such that X; N X9 = {0}. Then the
projection onto X; defined above is closable if and only if X; N X5
= {0}.

(iii) Let X; be a dense subspace of X which is different from X. Let
X5 be an algebraic complement. Then the projection onto X; with
domain X is not closable.

(iv) Let A be a densely defined invertible operator which is not bounded.
Let 2’ € X"\ D(A’), and let u € D(A) be such that (z', Au) = 1.
Then Pz = (Ax,2')u, with domain D(P) = D(A), defines an un-
bounded non-closable projection.

Now, let A be an operator on X with non-empty resolvent set p(A).

PROPOSITION 2.4. Let P be a projection on X such that D(A) C D(P).
Then the following statements are equivalent.

(i) PR(p, A)xr = R(p, A)Pzx for all x € D(P) and some pu € p(A).
(ii) If y € D(A) is such that Ay € D(P), then Py € D(A) and PAy
= APy.
(iii) PR(u, A)x = R(u, A)Pz, for all x € D(P) and u € p(A).

Proof. (1)=(ii). Let y € D(A) be such that Ay € D(P). Then =z =
py — Ay € D(P) and, by (i), Py = PR(u,A)x = R(u,A)Pzx € D(A).
Moreover, (i — A)Py = Pz = nPy — PAy. Thus APy = PAy.

(ii)=(iii). Let p € p(A), z € D(P) and y = R(u, A)xz. Then y € D(A)
and py — Ay = x. Hence Ay € D(P). By assumption it follows that Py €
D(A) and (u — A)Py = P(un — A)y = Pzx. Hence R(u, A)Px = Py =
PR(p, A)z. =

DEFINITION 2.5. Let P be a projection on X and let A : D(A) C
X — X be an operator with p(A) # (. We say that P commutes with
Aif D(A) C D(P), and the equivalent conditions (i)—(iii) of Proposition
are satisfied.

Now let us give an example of a closed, unbounded and commuting
projection.
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EXAMPLE 2.6. Let

+oo
1
X = {x — @ s Y {nz (o2 + 2201 + |:c2n—x2n_1\2} < +oo}.

n=1

Then X is a Hilbert space with respect to the scalar product

+oo
1 _ _ _ _
(el9) = 3 {5 (i + 20120 2) + (22— 220 0 — o) -

n=1
Define the operator A on X by
(AZ)on = —nxan,  (AT)2n-1 = —nTap-1,

with maximal domain in X, i.e.,

+oo
D(A) = {a: = (Tn)nen : Z{|x2n]2 + |won—1]* + n?|w2y — v2p-1*} < —i—oo}.

n=1
Then A is invertible. Let Xy := {x € X : 29,1 = 0, n € N} and X_ :=
{z € X : 29, =0, n € N}. Then X and X_ are closed subspaces of X (both
isomorphic to ¢2) such that X, NX_ = {0}. The constant-1 sequence belongs
to X but not to X4 ®X_. Let P be the projection given by D(P) = X, ®X_,

(P:E)Qn = T2n, (Px)gn_l = 0.
Then P is closed and it is immediate to check that it commutes with A.
Now we introduce the basic notion of this paper.

DEFINITION 2.7. A closed, linear operator A: D(A) C X — X is called
bisectorial if

(i) iR\ {0} C p(A),
(ii) supgeg |[sR(is, A)llzx) < +oo.

For 0 < § < 7/2 we consider the open horizontal sector Xy := {re'® :
r > 0,|a| < 0}, and the open vertical bisector X} := C\ {ZpU(—Xy)}. If A
is a bisectorial operator on X then, by the usual geometric series expansion,
one obtains w € (0,7/2) such that

(2.1) 51, C plA),

and

(2.2) sup [[AR(A, A)z(x) < +oo.
AEX,

We say that an operator A generates a bounded holomorphic semigroup
if A € p(A) for Re(A) > 0 and

sup AR, A)l ) < +oc.
Re(X)>0
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In fact, we can then construct a semigroup (e*4);~o C £(X), which has a
bounded and holomorphic extension to a sector Xy for some 0 < 6 < 7/2.
This semigroup is a Cy-semigroup if and only if A is densely defined. More-
over, A is invertible if and only if the semigroup is exponentially stable,
ie. if
e ey < Me ™, >0,

for some constants £, M > 0. We refer to the monographs [2] and [§] for
these properties. Thus, if A generates a bounded holomorphic semigroup,
then A is, in particular, bisectorial.

ExAMPLE 2.8. The operator A defined in Example [2.6] generates
a bounded holomorphic Cp-semigroup on X. Indeed, for Re(\) > 0, the
resolvent of A is given by R(\, A)y = Z, with

1 - 1
mymu Toap—1 = N+

Top = Yan—1-
n
Hence,

[AZ]]

400 1 1 1 1/2
|>‘| <Z { |>\ + n|2 ﬁ (|y2n|2 + |y2n—1|2) + ‘)\ +‘ n\2 |y2n - y2n—1‘2}>

n=1

IN

< Py
Re(3)>0, neN |A + 7
Moreover, since the operator A is invertible, it generates a semigroup which

is also exponentially stable.

In the following, let A be an invertible (i.e. 0 € p(A)) bisectorial operator
on X, and let P be a closed projection on X commuting with A. Then
Xy = im(P) and X_ := ker(P) are closed subspace on X. Consider the
parts Ay and A_ of A on X, and X_, respectively, i.e.

DAy)={zeDA)NXy: Az e X1}, Asx=Azx, z€D(Ay).

Then it follows from Proposition that A, and A_ are both bisectorial
on X4 and X_, respectively.

Now, let Z := X & X_ with norm ||z1 + 23|z := ||z1]|x + ||z2]||x, where
x1 € X4 and z9 € X_. Then Z is a Banach space such that
(2.3) D(A) — Z — X,

if D(A) is considered as a Banach space with respect to the graph norm
2]l p(ay == | Az[|x (recall that 0 € p(A)). Moreover, the projections

P+:f)|Z and P,:(I—P+)|Z

are bounded as operators on Z. 3
Now we can define the twisted operator A.
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DEFINITION 2.9. Let A : D(A) C X — X be an invertible bisectorial
operator and let P be a projection on X commuting with A. Define the
operator A on X by

DA):={zeZ:-Px+P.xzcD(A)}, Azr:=A(-Pyz+ P_x).

We say that A is the operator A twisted by P or that A is the P-twisted
version of A.

The part A|Z of A in Z is just the direct sum of —A, and A_. Thus fl‘Z
is a bisectorial operator on Z. For A itself we can show the following.

PROPOSITION 2.10. In the setting of Definition let X € p :=
p(A)Np(—A). Then X € p(A) and

R\, A) = P.R(\,—A) + P_R()\, A).
In particular, iR C p(A). Moreover,
(2.4) sup |R(is, A)| o(x) < +oe.
s€

Finally, 0(A) = —0(AL) Uo(A_).
Proof. Let A € p. Define
R(\) := PyR(\,—A) + P_R(), A).
Then
(2.5)  —PyR(\) + P_R(\) = —PyR(\,—A) + P_ R( ,A)
=—PyR(\,—A) — PLR(\,A) + R(\, A)
— PL(R(—A, A) - < JA) + R(\, A)
=2\P,R(—X\, A)R(N\,A) + R(\, A)
=2 \R(—\, A)PLR(N\,A) + R(\, A),
and the operator in maps X into D(A). Thus, R(\) maps X into D(A)
and
(2.6) (A= A)R(\) = AR(\) — A(~P.R(\) + P_R(\))
= AR(\) + AP (R(\,—A) + R(\, A)) — AR(\, A)
= AP (R(\,—A) — R(\,A)) + AR(M\ A)
+ AP, (R(A\,—A)+ R(\,A)) — AR(N, A)
=P {AR(\,—A) = AR(N\,A) + AR\, —A) + AR\ A)}+1=1.
Now, let y € D(A), i.e. y € Z and —Pyy 4+ P_y € D(A). Then
R(A\)Ay = (PLR(\, —A) + P_R(A\, A)) A(=Pyy + P_y)
= AR\, —A)(—Pyy) + AR\, A)P_y
= A(=PyR(\, —A)y + P_R(\, A)y) = AR(\)y.
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This shows, by ([2.6]), that
RN = Ay =A-ADRNy=y, yeDA),
and the first claim is proved.
It follows from [2, Proposition 3.10.3] that o(A) = 0(121|Z). But 14~1|Z is

the direct sum of —A; and A_. Hence a([l‘z) =—0(Ay)Uo(A-).
Finally, in order to prove ([2.4]), observe first that

isR(is, A7) = AzR(is, A7) + I 7.

Thus, sup,cg ||f~1|ZR(z's, A|Z)H£(Z) < 400, since fl‘z is bisectorial. Now con-
sider D(A) with the graph norm ||.7,‘||D(A) := || Az x. Then D(A) is a Banach
space and the embeddings

(2.7) D(A) — Z — X

are continuous. This follows immediately from the closed graph theorem.
Thus, with appropriate constants C7,Co,C3 > 0 we have, for any z € X
and any s € R,

IR (is, A)z||x < Ci||R(is, A)z|z = C1||AR(is, A) A x|z
<O sup IAR(is, A)llziz) | A~ 2l 2 < Col| A ]|z
se

< Csl|A™" || iy = Calle]x.

The results in Proposition and, in particular, estimate , do
not allow us to conclude that A is bisectorial in general. In fact, this may
not true, and the following example shows that estimate cannot be
essentially improved.

ExaMpPLE 2.11. Consider the operator A and the projection P defined
in Example We have shown that P commutes with A, so that we can
define A, the P-twisted version of A. By the definition,

+o0
D(A) = {a: = (xn)neN : Z{|x2nl2 + ’1’2”_1‘2 + n2‘$2n + xgn_1’2} < +OO},
n=1
and
(Az)9n = naon, (AT)2n—1 = —na2p_1.

It is not difficult to see that o(A4) = NU (—N), and that

~ 1 . 1
R\, A)y)on = n (RO A)y)opy = ——
(B A)ylon = y—vom,  (BOX A)y2n—1 = 1——

for A ¢ NU (—N). Now, let e, = (0,...,0,1,0,...) be the kth unit vector

Yan—1,
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and vy, = %(egk + eg—1). Then ||vg|| = 1. Let

~ 1 1
Up 1= R(ik‘, A)’Uk = i (’L ok + s egk_1>

Then

1

1 1
lugl* > 5

i—1 i+1
Hence ||R(ik, A)||z(x) > 1/V2 for all k € N, and

sup ||sR(is, A)|| g x) = +00.
seR
Thus A is not bisectorial.

3. Twisting by the positive spectral projection. The simplest way
to obtain a bisectorial operator is the following. Assume that X = X ¢ X_
is the direct sum of two closed subspaces. Let —A, and A_ be invertible
generators of bounded and holomorphic semigroups on X and X_, respec-
tively, and let A := A4 @ A_. Then A is bisectorial and, moreover, A, and
A_ are the parts of A in X, and X_, respectively. We want to give this
simple situation a name.

DEFINITION 3.1. A bisectorial operator A on X is called decompos-
able if X is the direct sum X = X, @ X_ of closed subspaces such that
R(is, A)X; C X4 and R(is,A)X_ C X_ for all s € R\ {0} and

o(Ay) c{A e C:Re(N) >0}, o(A_)C{reC:Re(A) >0},
where A, is the part of A in X, and A_ is the part of A in X_.
It is not difficult to see the following (see e.g. the appendix of []]).

PROPOSITION 3.2. Let A be the generator of a holomorphic semigroup
such that iR C p(A). Then A is bisectorial and decomposable.

Even on Hilbert spaces there exist indecomposable invertible bisectorial
operators. This was shown by McIntosh and Yagi (see [9, Theorem 3]).

THEOREM 3.3 (MclIntosh, Yagi). Let X be a separable Hilbert space.
Then there exists an invertible bisectorial operator A which is not decom-
posable.

Our aim is to prove the following.

THEOREM 3.4. Let A : D(A) C X — X be an invertible bisectorial
operator. Then there exists a (possibly unbounded) projection Py, commuting
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with A, such that the operator A obtained by twisting A by Py generates a
bounded holomorphic semigroup.

Theorem whose proof will be given at the end of this section, says
that if we allow a more general notion of direct sum, defined by a (possibly)
unbounded projection, any invertible bisectorial operator can be obtained by
an unbounded decomposition. In fact, we have A = A and so A is the twisted
version of A, which is the generator of a bounded holomorphic semigroup.

In order to prove Theorem [3.4] we start by defining the projection P}
which will fulfill the requirement.

Let A be an invertible bisectorial operator and let 0 < w < 7/2 be such
that X, C p(A) and supycxy [AR(A, A)|[g(x) < +00 (see and (2.2)).
Let ¢ > 0 be such that {z € C: |z| < e} C p(A). For w < 0 < 7/2 we
consider the contour I (;f . which consists of the line {re=" :r > &}, the arc

{ee?™ : —0 < a < 6}, and the line {re? : r > £} oriented downwards. Let

_ 1 ¢ R(\A)
@ =5 S A

dA.

ry.
Then Q4 € L£(X) and, by Cauchy’s Theorem, it does not depend on the
choice of 0 and ¢ > 0 satisfying the requirement above.

PROPOSITION 3.5. Let Py := AQ+ with domain D(Py) = {x € X :
Q+x € D(A)}. Then Py is a closed projection commuting with A.

Proof. Letw <0 <0 <7/2,and 0< e <&’ besuchthat {z€C:|z| <&}
C p(A). Then, using Cauchy’s Theorem and the resolvent identity, we get

1  R(\A) /1 1
2 - ’ - !
(@) =55 S A <2m' S N(N = \) ‘M>CM
9Jyr5 ;;,El
1 RN, A) [ 1 1 )
 2mi S N <2m' S AN = \) dA) dX
F+
0/ ,e! 0,e
1 RWN,A) ., 1 R(\, A)
- 2mi +S (\)2 N = SF e
FQ’,&’ FG,E
Hence Q4 € L(X;D(A)) and
1 ¢ AR\ A)—T
2 _ - ’ =
AQ+)" = 5 | 2 dA = Q4.

+
FE,G

Now, let x € D(P;), i.e. Q1 € D(A). Then
Qi Pro = Q1 AQ x = A(Qy)’r = Q.
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Hence Pyx € D(Py) and
(P+)2IE = AQ+P+$ = AQ+(L’ = P+SL'.
Now, let x € D(A) be such that Az € D(P;), i.e. Q1+ Ax € D(A). Then

1 R(\A) 1 R(M\A)
QJFAx_Tm’ S A Az d>\_27rzAFS+ A

+
F@,s 0,e

rdh = AQ .

Therefore Pyx = AQix = Q+Ax € D(A) and, by direct computation,
it follows that AP,x = P, Ax and so, by Proposition P, commutes
with A. =

Now, let X :=im(P). Then the following holds.

PROPOSITION 3.6. Let Ay be the part of A in Xy. Then o(A4) C

{1 € C:Re(n) > 0} and
(3.1) Rip Ay) = —— | R(A, 4)

21

Moreover, there exists M > 0 such that
(3.2) [ R(, Al oxyy < My, Re(u) <0.

Proof. Tt follows from Proposition [2.4|that p(A) C p(A+) and R(u, A)|x,
= R(u, Ay) for all u € p(A). Now, let Re(u) < 0 and, in order to show that
w € p(Ay), define

Then Ry € £(X) and, adapting the computations in the proof of Proposi-
tion [3.5] it follows that R1Q4 € £(X; D(A)) and that

(h—A)RQt = Q.
Observe that, if z € D(A), then Ryx € D(A) and AR,z = R} Ax. It follows
that (u — A)Ry Pyx = Pyx for all x € D(Py) and Ry (u — A)x = x for all
xz € D(A)N X4. This shows that u € p(A4) and R(p, Ay) = Ry.
Finally, formula and the bisectoriality of A yield the existence of a
constant C' > 0 such that
AL

A A)
IR anl < § BT A o< § ]
+ r+

0,e 9

A _
A2

and conclude the proof. =

Since the spectrum of A4 is included in the right half-plane, we call Py
the positive spectral projection associated with A.
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Similarly, we let I}, := —1T, 9+ . be oriented upwards,

1 ¢ RO\ A)
) =3

= — d\
@ 2mi ’
I,

and P_ := AQ_. Observing that, for any integrable f : F9+,5 — X, we have
=V JENd = | Fya

Ly Ly

and taking into account that R(\,—A) = —R(—\, A) for any A € C, it
follows immediately that P_ is the positive spectral projection associated
with —A.

Then it follows from the residue theorem that Q; + Q_ = A~!, and so
D(P;) = D(P-) and Py = I — P_ in the domain of the projections.

Defining X_ := ker(Py), and letting A_ be the part of A in X_, we
deduce from Proposition that o(A_) is in the left half-plane, and that
there exists M_ > 0 such that

(3.3) IR(u Al ecxy < M_.  Re(js) > 0.
Next we take advantage of the following theorem.

THEOREM 3.7 (Phragmén-Lindeldf, [5, Corollary 6.4.4]). Let Cy :=
{z € C: Re(z) > 0}, and let h : Cy — X be continuous and holomor-
phic on Cy. Assume that, for each § > 0, there exists C > 0 such that

Ih(z)]| < Ce, 2z ey

Moreover, assume that

sup || h(is)|| < 4o0.
seR

Then there exists M > 0 such that ||h(2)|| < M for all z € Cy.
Define, for any p € C,,
h™(p) :== pR(p, A-).

Then estimate (3.3), Theorem and the bisectoriality of A_ (see Sec-
tion 2) imply that there exists M_ > 0 such that

(3.4) IuR(1 A )lxy < M-, Re(u) > 0,

Moreover, Theorem still holds, of course, if we replace everywhere C
with C_ := {z € C: Re(z) < 0}. Then, defining for any u € C_,

h* () == pR(p, Ay),
and using also estimate (3-2) and the bisectoriality of Ay, we find that there
exists M > 0 such that

(35) IR A,y < Myr Re() <0.
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Now consider the operator A obtained by twisting A by Py. Then, by
Proposition [2.10] one has

o(A) = —0(A;)Uc(A_) C {A € C:Re()\) < 0}.
Furthermore, (3.4) and (3.5)) imply that there exists M > 0 such that

R (p, A|Z)||£(Z) <M
for any p € C,. This implies that

| R(, A)HE(X) <M, peCy,
for some M; > 0. Indeed, taking embeddings (2.7)) into account, and recall-
ing that 0 € p(A), we have with appropriate constants C7,Cy > 0, for any
x € X and any u € CT,
(36) [IR(u Azllx < O1l|R(w, Al = C1| ARG A2l
= C1l|pR(p, A)A™ z — A7 ez < CL(M +1)[| A7 e 2
< CLCo(M + 1)[|[ A 2 4y = CLCo(M + 1)z

In particular, ||R(is, A)HL(X) < M; for all s € R (as we already proved in
ProposmoHE In the context here, where the positive spectral projection
is used, we can improve the estimate.

PROPOSITION 3.8. Let A be the Py -twisted version of an invertible bi-

sectorial opemtor A, where Py is the positive spectral projection defined in
Proposition [3.5. Then

(3.7) sup ||sR(is, A)”L (x) < +oo.

seR
Proof. For p € p(A) N p(—A) we have
R(u, A) = Py R(p, —A) + P_R(p, A) = Py(R(p, —A) — R(n, A)) + R(p, A)
= S(u) + R(p, A),
where S(u) := Py (R(u, —A) — R(p, A)). Since A is bisectorial we only have

to show the assertion for S(u). For this purpose, let u be to the left of F(;:.
Then, by Cauchy’s Theorem,

e
I "1y,
_ R(X, A)
== | TESR

0,e

Since PyR(p, A) = AQ4+R(pn, A) and AR(N\, A) = AR(M\,A) — I for any



Decomposing and twisting bisectorial operators 217

A € p(A), we have

1
Py R(p, A 5f§
T
1 1 d\
= — 7’d)\——
2mi S DY 2mi &A(M—A)
0 FO,E

_ Lo A4
2 -
Ly

Now let p be to the left of the curve I'" consisting of the lines {re® : r > 0}

and {re™" : 7 > 0} oriented downwards. Then, by Cauchy’s Theorem, we
have
1 RN A
ﬂMMM:—fS(’)ﬁ,
27 W= A
F/
and, if —pu is to the left of I, then
1 ¢ R(\A
ERW—MZ—HRFMMZ—Q.S()M
T, A
1 A A
- S R, 4) d.
2mi o A p

In particular, for p = is (s # 0), we have
S(is) = Pr(R(is,—A) — R(is, A))

:?g,(, L1 )R(A,A)dA

27r2F s+ is— A
LSL
i 5, 87+ A

R(\, A) dA.

Observe that

1 + cos(260)

la + be??| > (a+b), a,b>0.

Therefore, taking (2.2)) into account, there exist M, C' > 0 such that

+oo C|S|

1 AS 2
A A)dA —_—
™ S R( ) H T S |52_|_,,a262@9|

Isss)l < | 5§ 775

20 2 s 2
< — dr=M;| ——— .
— 7 \/ 1+ cos(20) (S) 52472 1+ cos(20) "
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Now, basing on the estimates (3.6 and (3.7)) we can prove Theorem
with the help of the Phragmén—Lindel6f theorem.

Proof of Theorem . Let h(p) := pR(p, A). Then h is holomorphic
and continuous on C,. Moreover, h is bounded on iR by Proposition
The estimate shows that h is of subexponential growth on C,. Thus
Theorem implies that h is bounded on C. This implies that A generates
a bounded holomorphic Cy-semigroup on X. =

4. The semigroups associated with a bisectorial operator. Let
A be an invertible, bisectorial operator on X. We consider the operators Q4+
defined in the previous section, and the spectral projections P+ = AQ+.
Let A be the operator A twisted by Py, and let (7'(t)) be the holomorphic
semigroup generated by A.
PROPOSITION 4.1. Define, for any t > 0,
TH(t):=P,T(t), T (t):=P.T(t).
Then T*(t) € L(X) for all t >0, and
TE(t+5) = TH()TE(s), t,5>0.
Moreover, TT(t)T~(s) =T~ (t)T"(s) =0 for all t,s > 0.
Proof. Since T(t)X C D(A) C Z, the operators T (t) and T (t) are
bounded. Since @4 and ()_ commute with the resolvent of A, they also
i2.10

commute with R(u, A) = Py R(p, —A) + Py R(p, A) (see Proposition
Consequently, Q1 and @ also commute with 7'(¢). Hence also Py and P-
commute with T'. This implies the semigroup property. Since

P.g=x—Pix, z€D(Py)=DP-),

we have Py P_x = P_Pyz = 0. This implies TT ()T~ (s) = T~ (s)T(t)
=0. =

It follows from the definition that
T =T @) +T(t), t>0.
Moreover, T% € C*°((0,4+00), X) and

%Ti(t) = TAT*(t), t>0.
It follows that, for xz € Z,
t
(4.1) FA\T*(s)wds = T*(t)z — .
0

It is possible to express the semigroups T# directly by a contour integral,
without using T'. Let w < § < 7/2 as in Section 3.
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PROPOSITION 4.2. One has, fort > 0,

1
+ _ —At
(4.2) THt) = 5 | e™MR(), A)d,
.
() = [ e
(4.3) T(t) = o Fg eMR(A, A) d.
0,e

Proof. For t > 0 let

1 Y
t) = — A, A)dA X).

rf.
If € X_, then R(\, A)x has a holomorphic extension to C4, as a conse-
quence of Proposition Hence S(t)x = 0 by Cauchy’s Theorem.

Now let € X ;. Then replacing A by —A we have

L N
S(t)r = —o— | MRy A A)wd) = — | MR\, —A)zdx
Fei; Feis

_ 1 At A _ — 7t
=5 FS_ MR, Az d\ =Ttz =T (t)x
0,e

by the usual exponential formula for the holomorphic semigroup 7. Hence
S(t)x =T (t)x for all z € Z.

Now let A € p(A). Since R(\, A) is injective from X into D(A), and
R(\, A) commutes with TF(¢) and S(t) for any ¢ > 0, the statement follows
by taking embeddings into account. Indeed, for any x € X we have

St)x = (M — A)SEH R\, A)x = (M — A)TT(#) R\, Az =T  (t)z. =
Even though T'(t) = T (t) + T (t) converges strongly to the identity as
t — 0 if A is densely defined, the norms of T (¢) and T~ (t) blow up as t

approaches to 0 whenever P1 is unbounded. More precisely, the following
holds.

PROPOSITION 4.3. Let x € X and let A be densely defined. Then the
limit limy_o T (t)z exists if and only if © € D(Py) and, in this case,
limy .o TH(t)x = Pyra. If Py is unbounded, then limy_o | T (t)]| z(x) = +oc.

Proof. If x € D(Py), then limy_o T (t)z = lim;_oT(t)Pyx = Pyx.

Conversely, assume that lim;o 7" (¢t)x = y. Since limy_o T (t)r = x and
P, is closed, it follows that # € D(Py) and Pyz = limy_o P T(t)x =
limy_o T (t)x = y.

Now, assume that there exists t, — 0 such that |7 (t,)]lzx) < C.
Then for z € D(Py) one has ||Pyz| = limy,— 400 || T (t0) 2| < C||2||. Since

D(Py) is dense, it follows that Py is bounded. =
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However, the following result (see [II, Lemma 1.2.3]) shows that the
singularity of 7% at 0 is mild.

PROPOSITION 4.4 (Schweiker). There exists a constant C > 0 such that
IT=t)|lcx) < Cllogt], 0<t<1/2.
Proof. Since 0 € p(A), there exists a constant M; > 0 such that

My
R(MN A <
RO, Al 2x) < T
for all X = re*® r > 0. Let I consist of the two rays {re*® : r > 0},
where 6 is chosen as in Section 3, directed downwards. Then, by Cauchy’s
Theorem,
1
TH(t) = — \ e™R(\, A) d).
®) 271 15,6 B> 4)
Hence there exists a positive constant My such that, for 0 < ¢ < 1/2,
+00

+oo
1 1 M ds
+ —rt cos(0) _ 1 —(s—1)tcos(0) =2
1T @l e < 5 2M (S] e T30 = | e P

_ %etcos(e) Osoe—stcos(e) @ < % ecos(@)/? S e—rcos(@) ﬁ

™ S ™
1 t

+00 1

M d d

< ecos(e)/2< S o~ cos(6) 4T +ST> < My (My —logt). m
T 1 r ¥ T

It is possible to define the semigroups 7+ and 7'~ directly by the contour
integrals and , without using A. This is what Schweiker has done
in [T1], where also the semigroup properties of T+ and T~ are proved directly
from these formulas and in particular the surprising estimate at the origin
(cf. Proposition [4.4]). Moreover, Schweiker proved in [I1, Lemma 1.2.3] that,
if 0 < w < @:=inf{|Re(\)| : A € 0(A)}, then there exist M > 0 such that

(4.4) IT=@)llexy < Mge™*, 21,

5. Squares and roots. In this section we investigate the square of a
bisectorial operator. We use the following notion (cf. [7, Section 2.1]). An
operator B on X is called sectorial if (—o00,0) C p(A) and

HS(S_'_B)_I”,C(X) <M, s >0,
for some M > 0. We denote by
pece(B) = {0 € (0,7] : o(B) C Ty, sup [ARO\, B) | 2x) < +o0}
AES,

the sectorial angle of B. Then 0 < pge(B) < 7w (by a geometric series
argument, see [7, Section 2.1] or [2, Corollary 3.7.12]).
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Thus, the operator —B generates a bounded holomorphic semigroup if
and only if B is sectorial and ¢gec(B) < /2. We also recall that for each
sectorial operator B there exists a unique sectorial operator B'/2 such that
(BY/2)2 = B. Moreover, ¢sec(B'/?) = pgec(B)'/? (see [T, Proposition 3.1.2]).

PROPOSITION 5.1. Let A be an operator.

(i) If A is bisectorial, then A? is sectorial.
(ii) If A? is sectorial, then iR\ {0} C p(A) and, if A is also invertible,
then

(s, 4l ooy < M
for all s € R and some M > 0.
Proof. For s € R\ {0} we have
(5.1) s+ A% = (A —is)(A +is).

(i) Assume that the operator A is bisectorial. Then it follows from ([5.1)
that (s? + A?)~! = R(is, A)R(—is, A) and

5% (% + A%) 7 Hlg(x) < (Silg IsR(is, A)llx))* < +ec.
S
(i) Assume that A2 is sectorial and let s # 0. Then it follows from

(5.1)) that (A —is)™' = (A +is)(s> + A%)~!. Assume, in addition, that A is
invertible and let M := sup,cg ||s*(s* + A%) Y|z (x). Then

14%(s% + A%) T Hlgxy = 1 = 8°(8* + A%) Mgy < M+ 1.
Hence
IA(s* + A%) 7 gy = AT (5% + A THexy < IA7 g0 (M +1).
Thus (A +is)~! = A(s? + A2)~! +is(s? + A?)~! is bounded. =

However, if A? is sectorial, it does not follow that A is bisectorial. In
fact, it may happen that ||R(is, A)| zx) = C > 0 for some constant C' and
all s € R.

EXAMPLE 5.2. Consider the operator B = A from Example Then
iR C p(B)7 SUPgeRr HR(st B)HE(X) < 400, but
IR (ik, B)l| cex) = 1/V2
for all £ € N. Thus B is not bisectorial. An estimate similar to the one given

in Example shows that B? is sectorial.

In Proposition [5.1](i) we have shown that, if A is a bisectorial operator,
then A2 is sectorial so that is possible to define its square root. In the
following proposition we show that if A is also invertible, the square root
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of A? is the negative of the operator A twisted by its positive spectral
projection.

THEOREM 5.3. For any invertible bisectorial operator A, the square root
of A? is the negative of the P, -twisted version of A:

_A _ (A2)1/2.

Proof. Let Q+ and Py be defined as in Section 3. A change of variable
and the resolvent identity show that

Qi-Q = { | BAA) | R();\’A)d)\}

2mi ) )
0,e FG,E
! R(M\, A) — R(—), A)
2 S A dA
rf.
1
=92 — —
(27”, | RO\ A)R( A,A)dA)
ry.

1 1

=2(— 2 A =— A?yw/?

(27”_ | R, )d)\> oo | Rw, A% w2 dw
oe (I5.)?

— ()71,
where (I,7)? = {2? : z € I;_}, and the last identity is the well-known

formula for the square root [2, (3.51), p. 166]. It follows from Proposition [2.10]
that A=' = —P, A=' 4+ P_A~!. Since P, and P_ commute with A, we have

AV = cPLAT L PAT = Qe — Q) = (A7)
Hence A = —(A%)1/2. u

6. Mild solutions. Let A be a closed, linear operator on X. Given
fe LIIOC(R; X), in this section we study uniqueness of the solution for the
problem

(6.1) u'(t) = Au(t) + f(t), tER,
and we give a representation formula for this solution in terms of the semi-
groups (T (t)) associated with A.

We say that a continuous function u : R — X is a mild solution of (6.1])
if Sg u(s)ds € D(A) and
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In order to prove uniqueness of the solution of (6.1)), we need a spectral
condition on A and a growth condition on wu.

DEFINITION 6.1. Let g € Li_(R;X). We say that g is polynomially
bounded if

lg@®)] < a(L+[t)*,  teR,

for some k£ € N and some a > 0. The function g is called weakly polynomially
bounded if

Vllg@)II(L + 1) ™" dt < +oo
R

for some k € N.

The notion of weak polynomial boundedness is clearly weaker than that
of polynomial boundedness. Note that ¢ is weakly polynomially bounded
whenever g € LP(R; X)) for some 1 < p < co. Now we can prove the following.

PROPOSITION 6.2. Let A be a densely defined, closed and linear operator

on X such that iR C p(A). Then there exists at most one weakly polynomi-
ally bounded mild solution u of (6.1]).

Proof. Let u be a weakly polynomially bounded mild solution of
for f = 0. Then the Carleman spectrum of u, as defined in [2, Section 4.6],
is empty. This is proved as the last six lines of the proof of [4, Theorem 2.7].
It follows from [2, Theorem 4.8.2] that u(t) =0 for allt € R. m

REMARK 6.3. Conversely, Schweiker [12, Theorem 1.1] showed the fol-
lowing. If, for each f € BUC(R; X), there is a unique mild solution u €
BUC(R; X) of (6.1)), then iR C p(A) and sup,cp ||R(is, A)|| < +o0. She also
showed that on Hilbert spaces this condition is sufficient for this type of
well-posedness.

Now we assume that A is densely defined, bisectorial and invertible, and
keep the notations of Sections 3 and 4. In particular, we consider the semi-
groups (T (t)) and (T~ (t)) associated with A. Recall (see Proposition
and estimate ) that there exist w > 0 and C > 0 such that

IT*(®)]| < C(1 + [log(t)))e™*, > 0.

Let f € Li _(R; X) be weakly polynomially bounded. Then the function

loc

u: R — X given by

t +oo
(6.2) u(t) = | T (t—s)f(s)ds— | TT(s—t)f(s)ds

—00 t
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is continuous and weakly polynomially bounded. Indeed, we have

fa+ |t|)_k_2H +§OT_(t —8)f(s) dsH dt
R t

t—1

< NA+ )2 AT (= 9) £ (s)ll ds dt
R —00
¢
+ @+ 2 V=9l lIfs)l dsdt
R t—1
=1+ Is.
Now let .
c(f) = | IF@OIQ+1t) ™" dt < 4oc.
Then we have
t—1
n<cof@+e)™ 2 | (14 log(t —s)|)e )
R —00

(L4 [sDFILF () I(L + |s|) 7" ds dt.

Since

Cwites) (L sD*
Cs :=sup sup (1 + |log(t — s e—w(t—s) \Z T 121
2 teR s§t-1( [log( ) (1+ |t)k

Cor (L[t +7)E
< supsup (1 + log(r))e " —————
teR r>1 ( 5(r)) (1+ [t])*

< sup (1 + log(r))e ™" (1 + )% < +o0,
r>1
it follows that

I < Ce(f)Cy | (1 + [t]) 2 dt = 2Cc(f)Cs.
R
On the other hand, we can estimate I by changing the order of integra-
tion:
s+1
< CYIFE Y 0+ )21+ llog(t — s)l)e 0~ dids < Ce(/)Cs,
R s

where
1
Cy = sup (1+[s)* | (1 + r + s))7"2(1 + [log(r)|) dr

seR
0 1

<sup sup (1+ |s)F(1+|r+ s])_k_QS (1 + [log(r)|) dr < +o0.
s€eR 0<r<1 0
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Analogously, one can prove the same for the second term on the right-hand

side of (6.2)).

Finally, we can prove the following.

THEOREM 6.4. Assume that f € Ll _(R;X) is weakly polynomially

bounded. Then the function u defined by (6.2)) is the unique weakly poly-
nomially bounded mild solution of problem (6.1)).

Proof. Let u be defined by (6.2). To show that u is a mild solution we
consider the function v given by v(t) := A~ u(t). It suffices to show that
t t
v(t) = v(0) + Afv(s)ds + [ A7' f(s) ds.
0 0
Note that, by definition,

s +o00o
v(s) = S T (s —r)A7 f(r)dr — S TH(r—s)A7Lf(r) dr.
Hence, by Fubi;li’s Theorem,
t 0 ¢ tt
Sv(s) ds = S ST_<S — )AL f(r) dsdr + S S T (s—r)A7 f(r)dsdr
° o oot
— SST+(7“ —s)A7 f(r)dsdr — S ST+(7" — 5)A7 f(r) ds dr.
00 t o
Since A is closed we obtain, by , for t > 0,
t 0
Afv(s)ds= | (T (t—r)AT f(r) = T~ (=r) A7 f(r)) dr
0 —00

- V@ =)AT ) = T () AT f(r)) dr

0 t +o0
=v(t)— | T (=) A7 f(r)dr =\ A f(r)dr + | TF(r)A f(r)dr
—00 0 0

=v(t) — SAilf(r) dr —v(0). m
0
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Our point is the representation formula . In special cases it had been
proved before. Lunardi [8 (4.4.26), p. 164] gave a proof when A generates
a holomorphic semigroup, and Schweiker [I1, Chapter 2| gave a different
proof if f € BUC(RR; X) and A is densely defined. Here we do not address the
question of maximal regularity. This was done in previous work with the help
of multiplier theorems. In fact, in [I] it is shown that for each f € C*(R; X)
there exists a unique classical solution u € C'"*(R;X) of (6.1), where
a € (0,1). Since a classical solution is also a weak solution we now have
a representation formula for this solution. On the other hand, with the help
of the representation formula one can prove that u € C1T*(R; X) for
f € CY(R; X) more directly as in [8, Theorem 4.3.1] without making use of
Fourier multiplier theorems. This is done in [13].

In the LP-context the following is known. Let p € (1,400). If X is a
Hilbert space and f € LP(R; X)), then there exists a unique strong solution
u € WHP(R; X)NLP(R; D(A)) of (see [] or [10]). Again we can deduce
that w is given by If X is a UMD-space this result remains true if A is
R-bisectorial (instead of merely sectorial, see [4]).

Acknowledgments. We are grateful to Fulvio Ricci and Giovanni Dore
who inspired us to obtain the results on squares and roots as presented in
Section 5.
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