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Rademacher functions in Cesaro type spaces
by

SERGEI V. ASTASHKIN (Samara) and LECH MALIGRANDA (Lulea)

Abstract. The Rademacher sums are investigated in the Cesaro spaces Ces, (1 <
p < o) and in the weighted Korenblyum—Krein-Levin spaces K ., on [0, 1]. They span

l> space in Ces, for any 1 < p < oo and in Kj ., if and only if the weight w is larger

than tlogg/2 (2/t) on (0, 1). Moreover, the span of the Rademachers is not complemented

in Ces,, for any 1 < p < oo or in K1, for any quasi-concave weight w. In the case when
p > 1 and when w is such that the span of the Rademacher functions is isomorphic to [z,
this span is a complemented subspace in K .

1. Introduction and preliminaries. Consider the Rademacher func-
tions on [0, 1] defined by r(t) = sign(sin 2¢7t), k € N, ¢ € [0,1], and the set
of Rademacher sums

R, (t) :Zakrk(t), ar € R for k=1,...,n,and n € N.
k=1

The behaviour of Rademacher sums in L, = L, [0, 1] spaces is well known (cf.
[6, p. 10]). In particular, it follows from the classical Khintchine inequality
that there exist constants Ay, B, > 0 such that for any sequence {ay}}_; of
real numbers and any n € N we have

(1) AP(Z \akP)l/? < NRullz,p00) < BP(Z !akP)l/?’ 0<p< oo,

k=1 k=1

and hence the Rademacher functions {r,} span an isomorphic copy of Iy in
L, for every 0 < p < co. Moreover, the subspace [r,,] >~ I3 is complemented
in L, for 1 < p < oo and is not complemented in L; since no comple-
mented infinite-dimensional subspace of L1 can be reflexive. In Lo, we have
IRnll.[0,1] = D p—1 lax| and so the Rademacher functions span an isometric
copy of Iy, which is known to be uncomplemented in L.
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In the case of rearrangement invariant spaces X on [0, 1], Rodin and
Semenov [16] proved that || 3200, axrellx = (3o lax|?)/? if and only if
G C X, where G is the closure of L0, 1] in the Orlicz space Lj[0, 1]
generated by the function M(u) = e*” — 1. Note that this Orlicz space
coincides with the Marcinkiewicz space M (p) generated by the function
p(t) = tlog;/2(2/t), 0 <t < 1, where the norm is given by ||f|lar(,) =
sUPgp<1 (1/¢(x)) §5 f*(t) dt. Here, f* is the non-increasing rearrangement
of |f|. Moreover, Rodin-Semenov [I7] and Lindenstrauss—Tzafriri [12] pp.
134-138] proved that [r,] ~ ly is complemented in X if and only if G C
X C G', where G’ is the Kothe dual space to G.

By contrast, Astashkin [2] considered rearrangement invariant spaces X
which are interpolation spaces between G and L. It turns out that there
exists a one-to-one correspondence between them and the sequence spaces F
which are interpolation spaces for the couple (1, l2); namely, || > "p2; aprl x
~ |[{ar}3,|lF, where X = (Lo, G)E and F = (l1,l2)F, with the same
parameter space .

Investigations of Rademacher sums in rearrangement invariant spaces are
well presented in the books by Lindenstrauss—Tzafriri [12], Krein—Petunin—
Semenov [10] and Astashkin [3].

The main purpose of this paper is to investigate the behaviour of Rade-
macher functions in the Cesdaro function spaces Ces, = Ces,|0, 1], which
are not rearrangement invariant (cf. [4] and [5], where also other properties
are investigated). These spaces are the classes of all Lebesgue measurable
real-valued functions f on [0, 1] such that

1 1m P 1/p
I fllces, = “ <x8]f(t)\dt) da:} <oo forl<p< oo,

0 0

and
X

[Fllces = sup T§1(0)ldt < 00 for p=oo.
0<z<1 L 0
We will see that there is an essential difference between the cases p < oo
and p = oco. Namely, for any 1 < p < oo, the Rademacher functions {r,}
span an isomorphic copy of [ in Ces,[0,1]. At the same time, in Ces[0, 1]
this system does not contain an unconditional basic subsequence.

In fact, we will consider the Rademacher functions not only in the space
Ceseo =: K, known as the Korenblyum—Krein—Levin space [9], but also in
more general K, ,, spaces or weighted Korenblyum—Krein—Levin spaces.

Let 1 < p < oo and w be a quasi-concave function on I = [0, 1], that
is, w(0) = 0, w is non-decreasing, and w(z)/x is non-increasing on (0, 1].
The spaces Kp.,, = Kpw[0,1] are the classes of all Lebesgue measurable
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real-valued functions f on [0, 1] such that the norm

1 ¥ » 1/p
5 lirora)

is finite. These spaces are Banach ideal spaces on I. The ideal property
means that if |f| <[g| a.e. on I and g € K4, then f € Kp,, and || f| k., <
l9llx,..,- In the special cases when w(z) = 1 and w(x) = = we obtain the
well-known spaces L, and the Korenblyum-Krein-Levin spaces K, (see [9]),
respectively. Moreover, K1 = K = Cesqo.

) Il = s (5

zel, x>0

C
For two Banach spaces X and Y the symbol X — Y means that the
imbedding X C Y is continuous with norm not greater than C, i.e., |||y <
C|lz||x for all x € X.

2. Rademacher sums in Cesaro type spaces. First we consider the
Rademacher sums in the spaces Ces,[0,1] with 1 < p < oco.

THEOREM 1. For any 1 < p < oo, the Rademacher functions {r,} span
an isomorphic copy of la in Cesp[0, 1].

Proof. We need to prove that there are positive constants A’ B’ such
that

B () =S, =)

k=1 k=1

1/2

for every n € N and any real numbers a, ..., a,.
Firstly, let us show that the following continuous embeddings hold:

/

(4) Lp&Cesp‘LCesl :Ll(lnl/t)ﬁ.[/l/g if 1 <p< oo,
and
(5) L2£0681 :Ll(lnl/t) ‘%Ll/g ifp:1.

The first embedding in is a consequence of the well-known Hardy in-

equality [7] and the second one follows directly from the fact that L, [0, 1] N
L,[0,1]. Since

§<;3§|f<t>rdt)dx=§($ iz ) (o) §|f il a
)

0 "0 0
we have Ces; = Li(In1/t). Assume now f € L1(In1/t) with || f][z, an1/) =
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Since In1/t > 1—tif 0 < ¢ < 1, it follows that

1

[FOIQ —t)dt > | f*(1—t)(1—t) dt

0

1=\ |f(®)|n1/tdt >

O ey =

fr(s)sds > | f(s)sds > f(t)t*/2,

O e = O ey

0
or f*(t) <2/t?. Thus,
1 1 1
ViFoBae=\ @) de < | (26723 dt = 3-2/3
0 0 0

and so | f||z, /5 < 54, which finishes the proof of the last imbedding in (4)
and .
For p = 1 the first embedding in is a consequence of the Holder—
Rogers inequality
1 1 1 1 1/2
§17@ln g o<l (02 Fat) - = V2N
0 0
and the second one is obviously still true for p = 1.
In view of the Khintchine inequality (1) we obtain || Ry ||ces, = |[{ax } 11 |1
or, more precisely,

Az 1

S (o)l € I Ballce, < Dyl Balls, < DByl (os} s
where D, =p’ :=p/(p—1) if p > 1 and D, = v/2 if p = 1, and inequalities
are proved. m

The next result concerns the behaviour of the Rademacher sums in the
space Cesy := K and in its weighted version, i.e., the K, ,, space. Our main
result is the following:

THEOREM 2. For every 1 < p < oo,
9—m 1/p, m
~ n
O Wb~ Mool + g (165 ) ]S

Proof. Firstly, we note that it is easy to see that for every p > 1 and all
m=0,1,...,n we have

27m
(7)) | [Ra@)Pdt=2"" 3" |ar+ -+ am + Emr1@ms1 + - + Enanl’,
0 ep==x1
where the sum is taken over all choices of signs €p,41 = £1,...,e, = £1.

Therefore, by (2)) and by the Holder—Rogers inequality, for every m=1,... n,
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we obtain
1 2=m 1/p
> P
Il > (G | 1B )
om(1-1/p) 2~ ™
2m(1 1/p)—
= T Z lag + -+ + am + Emp1@mi1 + - 4 Enan|
ep==x1
- Qm(l—l/p)— ( )
2 T a1+ -+ am + Em10m+1 + - FEnan
w(2-m)1/p i
2m(1 1/p)— gnm l/p m
e el = () 1Sl
Hence, for every m=1,...,n,
9—m 1/p, m
> —— .
0 Rl > (i) | o]

k=1

On the other hand, by and the classical Khintchine inequality , we
obtain

T

1 1/p
R, > — R, (t)|P dt
1Rallcy 2 iz s, (§1Ra(O1 )

1 A .
= s Bnlliion = S Hawdizille:

This together with implies that

1<m

9—m 1/p, n
IRull 2 Co (Wil + mos () | 2]

T max{A,w(1)~1/P, 1}
Let us prove the converse inequality. Since R,,(t) is a constant on [0,27"],

we have

where Cp .y =

T 2—n

1

- VRo)Pdt=2" | [Ru(t)Pdt (0<az<2™).
0 0

Moreover, by the quasi-concavity of w, one has z/w(z) < 27"/w(27") if
0<z<2™and w(27/) <2w(z)ifz >27771 (j=1,2,...). Therefore, we



240 S. V. Astashkin and L. Maligranda

obtain

1 xX
sup R, (0)|Pdt
wE(O,l]w(I)(S) )

1 1
_ £)|Pdt
max | sup S|Rn( ) ’121]?;{nm6[27nfl:1}12—n+k] w(z)

Ot 8B

\Rn<t>|f’dt}

T 27n+k

1
SO dE, max ———— et
Lze(0,2—7] W 33) §)|R ( )| ’121133}{7110(2—"4-’6—1) (S) |R ( )| :|

2—n 27n+k

- ;
< max | IR OPdt, w2 RO
- 0
2

1<k<nw(2-"tk) 0

—_n 2—n+k

1
< P T o—nik)
<omas[ oy | IO e ot |

|Rn<t>|pdt]
0

1 9—n+k
-9 o »
R S ey (S) R (t)[Pat,
and so
27n+k

1 1/p
< 91/p P )
O Ml <2 s (G | IRop @)

Now, taking into account and using the Minkowski inequality together
with the upper estimate from the Khintchine inequality (1), we see that for
allk=0,1,...,n,

ok—n

(§ Imaoypa)”
0

1/p
= (2‘” Z |CL1 +rtapkptEn—kt10n—f41 + -+ 6nan|p)

ei=*%1
1/p
< (2—n Z lag + - + an_k’p)
g;==%1
_ 1/p
+ <2 " Z ‘e'ﬂ—k—f—lan—k—l-l + -+ 5nan|p)
g;i==%1

n—k k

— 2(16—”)/?(‘ ; ai‘ + H ; an—kH”HLp[o,l})

< 2(k—n)/p(‘ nz_:kai
i=1

k
+ Byl{an-r4s Yl )-
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Therefore, using @, we get

1<m<n

B . 9—m 1/p, m
||Rn”Kp,w S 21/p <Bp’u)(1) 1/pH{ak}k.:1Hl2 + max <M> ‘ZCLk‘)
k=1

(
1 -1 27 A\
< 2P max{Byw(1)""/7, 1}(\{%}}321\\12 + max. <w(2_m)> ‘ZakD,
- k

and the proof is complete. m

THEOREM 3. The norms ||Ry,| k., are uniformly equivalent to the norms
{ar}r_qlli, with respect to n € N if and only if there is a constant ¢ > 0
such that

(10) w(t) > ct logg/2(2/t) forall0 <t <1.
Proof. 1f holds, then for all 1 < m < n we have
(11) (2_m>1/pm1/2 < o Up
w(2-™m) - ’

Since, by the Cauchy—Schwarz inequality,

m
> ar| < m et
k=1

@ and give the required equivalence.

Conversely, suppose that condition does not hold. Then, by the
quasi-concavity of w, inequality is not satisfied and hence there exists
a sequence of natural numbers my — oo such that

g-me \ VP
(12) <w(2_mk)> mk/ — oo ask — oo.
Consider the Rademacher sums Ry(t) corresponding to the sequences of
coefficients a* = (a¥)!™ , where a¥ = m;1/27 1 <i < my. Wehave |a¥|, =1
forall k =1,2,..., but 3™, ak =m/* (k =1,2,...), which together with

and @ implies that || Rk, ., — 00 as k — oco. =

REMARK 1. Let 1 < p < oo and let w be a quasi-concave function
on [0,1]. Consider the p-convexification M, ,, of the Marcinkiewicz space
M, . = M (w) with the norm given by
z 1/p
| ey dt> .
0
The space M, ,, can be treated as a rearrangement invariant version of K, ..
It is not hard to check that the embedding G C M,,,, (see Section 1) holds
if and only if the condition is satisfied. Therefore, by Theorem 3 and by

1Flar,.0 = sup (
0<z<1

w(z)
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the result of Rodin—Semenov [16] (see also [12] Th. 2.b.4]), it follows that
the Rademacher functions span ls in M, ,, if and only if they span l2 in K.

Moreover, it is instructive to compare the behaviour of Rademacher sums
in the spaces M ,, = M(w) and K1, in the case when w(t) = tlog;/q(Q/t),
where ¢ > 2. Then ) does not hold and, by @

1Bl ~ an} iy + max m™ /q];ak
On the other hand, by the result of Rodin—Semenov [16, p. 221] and Pisier
[15] (see also Marcus—Pisier [14, pp. 277-278]), the norm || Ry [ () is equiva-
lent to the norm of the sequence of coefficients in the Marcinkiewicz sequence
space lq oo given by

m
s}ty = sup w3,
m=1,2,... —1

where {a}} is the non-increasing rearrangement of {|ay|}72 .

The following corollaries follow directly from Theorem 1 in the special
case w(z) = x.

COROLLARY 1. For any 1 < p < oo we have the equivalence

(13) |Rallsc, ~ [{axHios 1y + max ]Zak

and, in particular, the same holds for the space Cesy|0,1] = K.

COROLLARY 2. Let 1 < p < 0o. The series Zzozl agrr 1S convergent in
K, if and only if Y 7o, ai < 0o and the series Y g aj is convergent.

COROLLARY 3. The sequence of Rademacher functions is equivalent in
K, to each of its subsequences.

COROLLARY 4. The system of Rademacher functions does not contain
an unconditional basic subsequence in K.

REMARK 2. From we obtain

00 m
(14) H akT‘kH ~ ||{ak}°°: ||l + sup ‘ ak’.
kz:l Ky h=1il meN ;

A similar equivalence holds also for the BMO space on [0, 1]. In 1985 Mikhail
Leibov showed in his PhD dissertation [I1] that

0o m
~ 0
H E akrkHBMO ~ |{ar}rZilli, +  sup ‘Zak"
pt k=1

I,meN;I<m
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Noting that

m m
Zak‘ < sup ‘Z&k‘
1

sup ‘
meN e I,meN; I<m bl
-1 m
= sup )Zakuak‘§2sup‘Zak‘,
I,meNI<m k=1 k=1 meN k=1

we obtain estimates which are similar to but with BMO instead of K.
Note that the spaces K}, and BMO are not comparable, that is, no one of
them is embedded in the other.

3. Complementability of Rademacher subspaces in Cesaro type
spaces. We first consider the problem of complementability of the closed
linear span [r,]52; in the spaces K, ,,. We begin with the case when p = 1.

THEOREM 4. For every quasi-concave function w, the subspace [rp]>2
of the Banach space K1 ,, is not complemented in that space.

Proof. We will consider only the case when lim, o+ x/w(z) > 0 (in other
words, when K ,, coincides with the Korenblyum-Krein-Levin space K :=
Cesso|0, 1] with equivalence of norms) because the proof in the remaining
case when lim,_,o4 x/w(x) = 0 is completely similar and even a little easier.
Suppose that [r,]0° ; is a complemented subspace of K, and P is the cor-
responding bounded linear projector. Since, by Theorem 2, the Rademacher
functions form a basic sequence in K, there exist functionals ¢, € K*

(n=1,2,...) such that
(15) Pfz) =) ¢u(fIralz) (f € K).
n=1

By [13], the Kothe dual K’ equals Ly with equality of norms, where

1£1lz, = IFllz,,  with f(w)zess[s%plf(t)l-
te|x,

Since L; is a total set in K, by [8, Ch. 10, Theorem 3.6, Russian edition],
(16) K* =K o (K",

where (K')? is the set of all singular bounded linear functionals on K. In
particular, if § € (K’)¢, then

(17) 0(f) =0 forevery f € Ky,

where K is the separable part of K.
Equality implies that ¢, = 1, + 0, where 1, € K’ and 6, € (K')¢

(n=1,2,...). Moreover, since P is a projection onto [r,]>°,

(18)  Pn(rn) +0n(rn) =1 and b, (ri) +0,(r;) =0 if i #n.
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By , On(ri) = On(X[0,1]) := cn for all positive integers n and i. Therefore,
implies that 1, (r;) = —¢, for all i # n. On the other hand,

1

(19) Ua(f) =V gu () f(2) dt,

0

where g, € L1 (n = 1,2,...). Taking into account that L; C L; and that
{ri} is a uniformly bounded orthonormal sequence of functions we have

Y (ri) — 0asi — oo foreveryn = 1,2,.... Therefore, ¢, =0 (n=1,2,...),
and, by and , we conclude that

1 1
(20) Vonra(t)dt =1 and  {gn(t)ri(t)dt =0 ifi#n.

0 0

Moreover, the restriction of the projection P from to the separable part
Ky (we will denote it in the same way) may be represented in the form

oo 1

Pf@)=> Vogu®)f(t)dtra(x) (f € Ko).

n=10
Next, we note that there exist a small enough h € (0,1) and a positive
integer ng such that for all n > ny,

1

21) [ onOyraty ] 2 5.
h

In fact, otherwise, implies that there is a subsequence {gn,} C {gn}
satisfying

1/d 1/1
(22) | 1gn, () |dt>’ Gn, (), (t dt‘ >f (i=1,2,...).

0

By Theorem 1, for every f € Lo, C K we have

Z(S dt) < 00,

=1

which implies that g, — 0 in L1 [0, 1]. Therefore, by the DunfordPettis
criterion [I, Theorem 5.2.9], {g,}5°, is an equi-integrable set in L;[0,1],
which contradicts . Thus, inequalities hold for all n > ng.

Now consider the operator P, defined by

oo 1

Puf(x) =" g (&) f(t) dtrn(z).

n=1h
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Since, by Theorem 2 and the classical Khintchine inequality ,

HZ nln L1[01] Hzanm

P, acts boundedly from K into L1[0,1]. At the same time, if f is a measur-
able function on [0, 1] such that supp f C [h, 1], then
1

1 1
< = —_ < —
sy < 1l = sup, 21170t < 1l

)

and therefore P}, : Li[h, 1] — L1[0, 1] is bounded. Moreover, by the definition
of the operator P, and inequality , we see that P, is weakly compact.
Since the space Li[h, 1] has the Dunford—Pettis property [Il Theorem 5.4.5]
it follows that P, is weak- to—norm sequentially continuous. Therefore, taking
into account that ryXxi 1 % 0 in Ly[h, 1], we find that | P (rn X 1]>HL1[0 1]
— 0. On the other hand, by (1)) and ( .,

oo 1 2\ 1/2 1 1

1PaCraxin )l = (D2 (Jai®m® dt) ) = | fan@rat) dt| = 3,
i=1 h h

for all n > ng. This contradiction concludes the proof. =

In the case p > 1 the situation is completely different.

THEOREM 5. Let 1 < p < oo. If the weight w satisfies condition ,
then the subspace [ry,]52; is complemented in Kp .

Proof. By [17] (cf. [12, pp. 134-138]), the orthogonal projection

oo 1

rn(8) f(t) dt rp(x)

O e

=1
is bounded in L,[0,1] (1 <p < oo) Therefore, Theorem 3 yields

which implies that @ is bounded in K. =

REMARK 3. In contrast to the spaces K 4, the subspace [r,]>2  is com-
plemented in a Marcinkiewicz space M., = M(w) if and only if G C
M(w) C G’ (cf. [I7] and [12, pp. 134-138]). Note that the left hand em-
bedding is equivalent to condition .

Finally, let us consider the case of Cesaro spaces with finite p. First we
note that, in contrast to K = Cesx|0, 1], the spaces Cesp[0,1] (1 < p < 00)
are separable. This implies that Ces,[0, 1]* coincides with the Kéthe dual
Cesp[0,1]" (described in []). It is also easy to see that for any h € (0,1)
there is a constant Cj, > 0 such that for every measurable function f on [0, 1]
with supp f C [h, 1], we have || f||ces, < Cl|f|L,. Therefore, by Theorem 1,
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arguing in the same way as in the proof of Theorem 4, we can prove the
following result:

THEOREM 6. For any 1 < p < oo, the subspace [ry] is not complemented

in Cespl0, 1].
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