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A Hankel matrix acting on Hardy and
Bergman spaces

by

PETROS GALANOPOULOS and JOSE ANGEL PELAEZ (Malaga)

Abstract. Let p be a finite positive Borel measure on [0, 1). Let H,, = (fin,k)n,k>0 be
the Hankel matrix with entries pn i = S[o " t"* du(t). The matrix H,, induces formally
an operator on the space of all analytic functions in the unit disc by the fomula

oo oo

Hu(£)(2) = 3 (D pnrar)z", 2 €D,

n=0 k=0

where f(z) = 0 anz" is an analytic function in D.

We characterize those positive Borel measures on [0,1) such that H,(f)(z) =
f(t)
S[O,l) 1-tz

for which H,, is bounded and compact on H 1. We also study the analogous problem for
the Bergman space AZ.

du(t) for all f in the Hardy space H', and among them we describe those

1. Introduction. We denote by D = {z € C : |z| < 1} the unit disc
and by T the unit circle. Let Hol(D) be the space of analytic functions in D
and let HP (0 < p < 00) be the classical Hardy space of analytic functions
in D (see [D]).

If 0 < p < oo the Bergman space AP is the set of all f € Hol(D) such
that

1% == Y If()IP dA(2) < oc,
D

where dA(z) = 7 'dxdy is the normalized Lebesgue area measure on D.
For the theory of these spaces we refer to [DS] and [Zh].

Let 1 be a finite positive Borel measure on [0, 1) and let H,, = (5% )n k>0
be the Hankel matrix with entries i, = S[o N t"* du(t). The matrix H,,

induces formally an operator (which will also be denoted H,,) on Hol(D) in
the following sense. If f(2) = >_, -4 anz" € Hol(D), by multiplication of the
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matrix with the sequence of Taylor coefficients of the function,

{an}nZO = { Z Un,k’ak}nzoa

k>0

we can formally define

(1.1) Hu(f)(z) = i(i ,un’kak)z”, z € D.

n=0 k=0

If 1 is the Lebesgue measure on the interval [0,1) we get the classical
Hilbert matrix ‘H = {ﬁ}n,kzo This matrix induces, in the same way
as above, a bounded operator on H?, p € (1,00) (see [DiS]), and on AP,
p € (2,00) (see [Di]); estimates on the norms have also been obtained.
Recently in [DJV], a further progress has been achieved in this direction.

In this paper we shall focus our attention on the limit cases H' and A2,
that is, we shall study the boundedness, compactness, and other related
properties of H,, on these spaces in terms of p. Similar investigations have
previously been conducted by several authors in different spaces of analytic
functions in D (see e.g. [W], [Pd]).

The classical Hilbert matrix H is well defined but it is not bounded
on H' (see [DiS]). It is known that the operator induced by the Hilbert
matrix is not even well defined on A?. Indeed, f(z) = o2, mz” € A2
but Hf(0) = > 02, m = oo (see [DJV]). Thus, it is natural to
study under which conditions on the measure u the corresponding matrix
H,, induces a well defined and bounded operator on H 1 and on A2

The structure of the paper is as follows. In Section 2 we deal with the
case of the Hardy space H'. Let u be a positive Borel measure in . For
a > 0 and s > 0, we say that u is an a-logarithmic s-Carleson measure,
resp. a vanishing a-logarithmic s-Carleson measure, if

(5 () (log i) " _ L #(5(0))(log =ia)”
sup 0, resp. hm =
acp  (1—lal?) jal—1- (1 —lal?)?

By S(a) we denote the Carleson boxr with vertex at a, that is,

1—|a\}
< .
- 2

The above definition is a generalization of the fundamental notion of
classical Carleson measure introduced by Carleson (see |[C]). These are mea-
sures that occur for « =0 and s = 1.

We shall prove that any classical Carleson measure induces a well defined
operator on H', and conversely being Carleson is necessary in the following
sense.

arg(az)
27

S(a):{ZEID):l—|z|§1—|a|,
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PROPOSITION 1.1. Suppose that i is a finite positive Borel measure on
[0,1).

(i) If p is a classical Carleson measure then the power series H,(f)(2)
represents a function in Hol(D) for any f € H', and moreover

(1.2) Hu(H)(z) = |
[0,1)

(i) If the integral in (1.2)) converges for each = € D and f € H', then u
is a classical Carleson measure.

f_(tzz du(t), feH"

The hope that any classical Carleson measure p induces a bounded op-
erator H, on H is unjustified, because the Lebesgue measure does not. The
next result describes the appropriate subclass of classical Carleson measures.

THEOREM 1.2. Suppose that u is a classical Carleson measure on [0,1).

(i) H, : H' — H' is bounded if and only if p is a 1-logarithmic 1-
Carleson measure.

(i) H, : H' — H' is compact if and only if u is a vanishing 1-
logarithmic 1-Carleson measure.

In many papers (see [CS], [JPS], [T], [PV] and [Pe]), another approach to
the study of Hankel operators on spaces of analytic functions is developed,
using the symbol of the operator, which in our case is essentially the function

(1.3) hu(2) = 2", =\ " du(t).
" 0,1)

A characterization of the boundedness and compactness of the operator
H, : H' — H' in terms of h,, follows from [PV], Theorems 1.6 and 1.7] (see
also [CS], [JPS] and [T]). We shall provide two proofs of Theorem a first
one based on the integral representation and a second one which uses
the last cited result.

In the case of H?, H,, is bounded if and only if y is a classical Carleson
measure (see [Pe]). Power, [Pol p. 428], proved that if 8[071) du(t)/(1—1)? < o0,
then H,, is a Hilbert-Schmidt operator, and raised the question of a neces-
sary condition. The next result solves this problem.

THEOREM 1.3. Let p be a finite positive Borel measure on [0,1) and
suppose that the operator H, is bounded on H?. Then H, is a Hilbert-
Schmidt operator on H? if and only if

p([t,1))
(1.4) | 007
[0,1)

du(t) < oo.
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In Section 3 we turn our attention to A2. First we clarify for which
measures the operator is well defined on this space and also gets an integral
representation.

PROPOSITION 1.4. Let p be a finite positive Borel measure on [0,1).
(i) If p satisfies (L.4]) then the power series H,(f)(z) is in Hol(D) for

any f € A% and moreover

(1.5) Hu(f)(z) = | o), feA
[0,1)
(i) If for any choice of f € A? and z € D the integral in (1.5) converges,
then (1.4) is satisfied.
Unfortunately, condition (1.4) does not imply the boundedness of H,
on A? (see Theorem [1.5/and Proposition [1.7] below), so we need to look for a

stronger one. Observe that ([1.4)) can be restated by saying that the analytic
function h, belongs to the Dirichlet space

D= {f(z) = Zanz" € Hol(D) : S If'(2)|? dA(z) < oo},
n=0 D

which is a Hilbert space equipped with the inner product (f,9)p = agho +
Y on>0(m + 1)ans1b,p1. We characterize in these terms the boundedness of
the operator ‘H, on A2,

THEOREM 1.5. Let p be a finite positive Borel measure on [0,1) that
satisfies (1.4). The operator H, is bounded in A? if and only if the measure
\h;(z)|2 dA(z) is a Dirichlet Carleson measure.

We remind the reader that a finite positive Borel measure v in D is called
a Dirichlet Carleson measure if the identity operator is bounded from the
Dirichlet space to L?(D,v). We refer to [S] and [ARS] for descriptions of
these measures.

It would be nice to relate the boundedness of the operator directly to a
condition on the measure. In this spirit, we are able to describe the Hilbert—
Schmidt operators on A2

THEOREM 1.6. Let p be a finite positive Borel measure on [0,1) that
satisfies (1.4). The operator H,, is a Hilbert-Schmidt operator on A? if and
only if

p([t,1))
1.6
(1.6) S (1—1)2

Obviously, (|1.6) gives bounded operators H,, on A?; maybe surprisingly,
it is sharp for the boundedness in a certain sense.

log 1 tdu(t) < 0.
[0.1) a
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PROPOSITION 1.7. For each 3 € [0,1) there is a finite positive Borel
measure i on [0,1) such that

p(ft, 1) 1’
(1.7) [O’Sl) e (log - t) du(t) < oo,

and H,, is not bounded on A2,

2. The Hankel matrix H, acting on H'. Before we proceed to the
proofs of Proposition and Theorem some results and definitions must
be recalled. First, we present an equivalent description of the a-logarithmic
s-Carleson measures (see [Z]).

LEMMA A. Suppose that 0 < o < 0o and 0 < s < 00 and | is a positive
Borel measure in D. Then p is an a-logarithmic s-Carleson measure if and

only if

2 “ 1—lal?> \*
2.1 log ——— —— ) d .
e mplosri) § () w0 <

We shall write BMOA|qg.o, a > 0, (see [Gi] and [PV]) for the space of
those H! functions whose boundary values satisfy

(2:2)  [lfllBMOAy o = |F(0)]

a 1 21 ‘
ssup(log ) o )~ s@IPe?) a0 < o
a€bD | ’
where P, (") = (1 —|a|?)/|1 — ae~|? is the Poisson kernel.
We shall write VMOA| , for the subspace of H L of those functions f
such that

la[—1~

i (1o 2 \* 60 _ (g 00 4o —
i (1052, §76) @) a0 =0

If a = 0, we obtain the classical space BMOA [VMOA] of H!-functions
with bounded [vanishing] mean oscillation. For simplicity, we shall write
BMOA,s [VMOA,] for the space BMOA|o, 1 [VMOA| 1].

We shall also use Fefferman’s result (see [Gi]) that (H')* 2 BMOA and
(VMOA)* = H!, under the Cauchy pairing

2
1 e
(23)  (frg)me = lim o | f(re)g(e™) do,
0
feH' g BMOA (resp. VMOA).

Proof of Proposition (1.1, (i) Let f(z) = Y_,50an2" € H' and assume
that p is a classical Carleson measure. This means equivalently that (see
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[Pé€, p. 42]) sup, ey pin(n+1) < oo. This fact together with Hardy’s inequality
(see D, p. 48]) implies that

|a|
Zunkrakr Z 1 =Cllw, neEN,

so Hu(f)(z ) € Hol(D). The above inequalities also justify that
Zﬂn,kak = S tf(t)du(t), neN.

k>0 [0,1)
Then
1N = (§ rrmanm)=r= | I auw, zen
n>0 [0,1) [0,1)
The last equality is true since u is a classical Carleson measure and so
1
S (§ 1Ol )" < Clfllm 1=

n>0 [0,1)

(ii) Assume that for any choice of f € H' and z € D the integral (1.2)
converges. Fix f € H! and choose z = 0. This means that S[o 1) |f(t)] du(t)
< oco. If for any 3 € [0,1) we define T : H' — L'(dp) by setting Ts(f) =
J* X{o<|z|<p}, then there is C' > 0 such that

ITs(N iy =\ 1F@dut) < | [F(@®)]dut) < C
0,3) [0,1)
for any § € [0,1), which together with the uniform boundedness principle
gives supgeo1) 175l L1(au) < oo, that is, the identity operator from H! to
L*(dp) is bounded, thus by Carleson’s result (see [D, Theorem 9.3]) y is a
classical Carleson measure. m
Now we are ready to prove our main result in this section.

Proof of Theorem[1.3,

Proof of (i): Boundedness. We observe that the duality relation
(VMOA)* = H!, Proposition Cauchy’s integral representation for func-
tions in H' (see [D, Theorem 3.9]) and Fubini’s theorem imply that

(24) H,:H'"— H"is bounded

< lim

r—1-

2,1
o S (Sl;f(t)dﬂ( )> (ela)de‘ < Cllf 1 lgliBaroa

2 tret?
0 O
1

& tim |[£0) g0t du(t)| < Clf i lglmuon,

r—1-

for all f € H' and g € VMOA.
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Suppose that H, : H I — H' is bounded and select the families of test
functions

1— b
2.5 J(2) =1 , — 7Y abelo )
(25)  galz) =log——  fol2) A—pz @€ [0,1)
A calculation shows that {g,} € VMOA and {f,} C H! with
(2.6) sup ||gallBMoa < oo and  sup || fpllgr < oo.
a€0,1) be[0,1)

Next, taking a = b € [0,1) and 7 € [a,1) we obtain
1

C1—a? 2
!§ fot)9a(r) dp(t)] > b =2 B T
log 25
> (o, 1)),

which bearing in mind (2.4) and (2.6) implies that p is a 1-logarithmic
1-Carleson measure.

Conversely, suppose that p is a 1-logarithmic 1-Carleson measure. Then
by Lemma [A]

(2.7) K, :=suplog

2 1 —|al?
du(z) < oo.
uplos s | )

1—az|?
Let us see that H, is bounded on H 1. Using (2.4)), it is enough to prove

1
(28)  lim VIFO1g(rt) du() < Ol £l llgllpmoa
0

r—

for all f € H' and g € VMOA,
which together with [D Theorem 9.3] and Lemma [A]is equivalent to

1— 2
(2.9) lim supS il

—=|g(rz)|du(z) < Cllgllmoa  for all g€ VMOA.
r—1" aeD |1—az|

On the other hand, for each r € (0,1), a € D and g € VMOA,

1—Jaf?
(2.10) Sm@(mﬂ dp(z)
D
1—a|? 1 — |al? B
< |g(ra)| | Tz ) + | T az29(r2) = 9(ra)] diu(2)
D

D
= 11(7", CL) + IZ(T’ CL).
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Bearing in mind that any function g in the Bloch space B (see [ACP]) has
the growth

l9(2)] < 2|lglls log 7—— ’ ‘ for all z e D

and BMOA C B (see Theorem 5.1 of [Gi]), by (2.7) we have

1 —af?
2.11 I < 1 d
(2.11) 1(r;a) < Cllgl[Byoalog 1— |a‘ é} i ()

< CK,llgllBMmoa < oo for all 7 € (0,1) and a € D.
Next, combining (2.7]), [D, Theorem 9.3], (2.2) and the fact that BMOA
is closed under subordination (see [Gi, Theorem 10.3]), we deduce that
1— |al? ;
B(r.a) < OK, § =5 latre?) — g(ra)] a9
T
< CK,llgrllBMoA
< CK,llgllBmoa forallr e (0,1),a € D and g € VMOA,

which together with (2.10) and (2.11]) implies (2.9).

Proof of (ii): Compactness. Suppose that H,, : H' — H' is compact.
Let {fy} be the family of functions defined in (2.5) and let {b,} be a
sequence of points of (0,1) such that lim, .. b, = 1. Since {fp,} is a
bounded sequence in H', there is a subsequence {bn,} and g € H 1 such
that limy oo [[Hyu(fo,,) — 9llmr = 0. Now, as {fp, } converges to 0 uni-
formly on compact subsets of D and p is a 1-logarithmic 1-Carleson measure,
{Hu(f,, )} converges to 0 uniformly on compact subsets of D, which implies
that g = 0. Thus, combining the fact that limy .o [[Hu(fb,, )l = 0 with
the inequality (for all g € VMOA)

1
lim |§ £y, (0)g(rt) du(t)| < ClHu(fo,, )llalglBMoA,

r—1-
and the reasoning used in the boundedness case, we deduce that

11([bny,, 1)) log =5—
lim kE —
k—o0 1-— bnk

Consequently, u is a vanishing 1-logarithmic 1-Carleson measure.
Conversely, assume that p is a vanishing 1-logarithmic 1-Carleson mea-
sure. The proof of the sufficiency for the boundedness yields

1
(212)  {If 119t dp(t) < CELflla lglBmoa

0
for all f € H' and g € VMOA.
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So, it suffices to prove that for any sequence { f,, } such that sup,, e || fnll g1
< 0o and lim,, .+ f,, = 0 on compact subsets of D,

1
(2.13) lim || £, (t)|[g(t)|dpu(t) =0 for all g € VMOA.
0

Let us write dpy = X{r<|z|<1}dp- Since p is a vanishing 1-logarithmic
1-Carleson measure, lim, ,,- K, = 0. This together with the fact that
lim;, o0 frn = 0 on compact subsets of D, and , shows (using a standard
argument) that H,, is compact on H'. m

In order to present a second proof of Theorem some definitions and
known results are needed. Given g(£) ~ >°°° _ g(n)¢" € L?(T), the asso-
ciated Hankel operator (see [Pe] or [PV]) is formally defined as

Hy(f) = P(gJf)

where P is the Riesz projection and

TR =@ = > f(=n—-1)¢", (€T,

n=—oo

Moreover, if y is a classical Carleson measure, Nehari’s Theorem implies
that (see [Pe, p. 3] or [D, Theorem 6.8]) there is g, € L*(T) with pu, =
gu(n+1), so

Hu(f)(z) = Hy, (£)(2),

and consequently H,, is bounded on H' if and only if H, g, s bounded on H L
On the other hand,

Py(gu)(2) == P(g)(2) — 9,(0) = Zgﬂ(n)z" = Zgu(n +1)z"
n=1

n=0

= z:,unz"+1 = zh,(2).
n=0

Thus, we have the next result joining [PV| Theorems 1.6 and 1.7] (see
also [CS], [JPS] and [TJ).

THEOREM A. Suppose that p is a classical Carleson measure on [0,1).

(i) H,: H' — H' is bounded if and only if h,, € BMOA,qg.

(ii) H, : H' — H' is compact if and only if h,, € VMOA .

Second proof of Theorem

Proof of (i): Boundedness. If H,, : H' — H' is bounded, then by Theo-
rem [A] the function h, is in BMOA,,. For any a € (0, 1) we deduce that
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2

@11) LT () - ha() SO
' 2 0 ui€ N |1 — aet?|?
12 1-a® |; tdu(t)
=— | il - do
|1 — ae®| O(l—tel )(1 — ta)

27 1
1 1—qa? tdu(t)
> = . do
= or §] \1aew|Re<§( " te)(1 )>

(
_128” 1—a? § t(1 — tcos())
2 \1—aei9| |1 —te?]2(1 — ta)

du(t)do

1 2
t(1—a?) [ 1 1 —tcos(0)
=\ 7= : ——df | du(t
(S) 1—ta < m (S) |1 — tet?|2]1 — ae'?| u(t)
1 2T
1et(l—a®)? /1 1 —tcos(9)
> \— — . ——df | du(t).
- Q(S) 1—ta \27m (S) |1 — tei?|2|]1 — ae?|? u(t)

Assume, for the moment, that

2m
1 1 —tcos(9) 1
2.15 — - —— df =
(2.15) 27 (S) 11 — tei?)2|1 — aei?|? (1 —at)(1—a2)
for any a,t € [0,1).

This together with (2.14) yields

2 tt(1—a?
S( )

sup log oV a)2
0

a€l0,1) 1-

du(t) S CHhHHBMOAlog < 90,

so i is a 1-logarithmic 1-Carleson measure.
Now, (2.15) will be proved. We assume that a # ¢ (if a = t a similar
calculation also gives (2.15))), and we write

z) = Z_%(ZQ—{_U
o= o mG-ai—a)

Therefore, using the residue theorem we see that

1 2§r 1 —tcos(9)
11

— te9]2[1 — et

df = Res(F,t) + Res(F,a)

L B a—%(a®+1)
(I1—at) (t—a)(l—at)(l—a?
1

T (I—at)(1—a?)’

(t —a)

which proves (2.15)).
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Conversely, suppose that p is a 1-logarithmic 1-Carleson measure. Then
h,, has finite radial limit a.e. on T, indeed h, € H? (see [Pé, p. 42]), and for
any a € D,

17" 1—|af?
2.16)  — \ |hu(e?) — hu(a)|— 5 db
( 6) ot (S) ’ M(e ) 'u(a)||]_7a619‘2
_ Ly 1zl S tdp) |
S 2n o 11— ae|| 7 (1 —te)(1 — ta)
2m 1
177 1—laf? dp(t)
< — . db
~ 27 S \1fae’9|x\1 te?| |1 — tal
0 0
1—|a2; 1 7 df
< A — du(t
- 27 S|1—ta\ S |1 — ae?| |1 — te'] u(t)

1—|a| 201 or o \Y2/ 0 de \V?
< W
= S <S 11— aeif|2 (S) 11— te2 dpft)

0

C(1 - |a?)Y/? du(t
’a" |1 ta‘ t)1/2 /’[/()

1
S
0
1
1—’CL| 1/28

dp(t).

Moreover, using that p is a 1-logarithmic 1-Carleson measure and a stan-
dard argument (see [G] or [Z]) we conclude that

1

1
sup (1 — a?)1/?
a€(0, 1)( ) S (1 —ta)(1—1)1/2

which together with (| shows that h, € BMOA|, thus by Theorem |Al .,
H,:H'— H'is bounded
The proof of (ii) is analogous, so it will be omitted. =

Proof of Theorem (1.5 - We recall that H,, is a Hilbert—Schmidt operator
on H? if and only if > ko 1 Hy (er)||32 < oo for any orthonormal base
{er}2y- We choose the orthonormal base ey (z) = 2*. For z = re’? € D, we
observe that Sgw Hyu(ex) (re®) 2 do = 37,5 lin k| 7"2”. So

STl =SS kP =350 || )™ dia(s) da(t)

(1- t\a| (1 —t)1/2

du(t) < oo,

k>0 k>0n>0 k>0n>0 [0,1) [0,1)
_ I - ([t 1))
[0,1) [0,1) [0,1)

This finishes the proof. =
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Finally, we shall see that although H,, is not bounded on H ! for a classical
Carleson measure p, in some sense H,, is close to having this property.

THEOREM 2.1. If u is a classical Carleson measure supported on [0,1)
and 0 <p <1, then H, : H' — HP is bounded.

Proof. As p is a classical Carleson measure,

210 < s § (] ) o
[0,1)

0<r<1 __ |1 — trew\
t 1
<C(|fIE, sup sup ———df for any f € H'.
( )H HHl 0<7‘<1Sﬂ_ 0t 1 —t?"619|p

On the other hand,

1
2.18 sup sup —— <1 if|0] >« /2,
( ) o<r<1o<t<1 |1 — t7“619|p i /

and a straightforward calculation shows that for 6 € (—m/2,7/2),

1 1 1
sup —— < ma -
0<t1<)1 |1 —tref|p — * { |1 —rei®|P’ sin?(6) }’

which together with (2.17) and ([2.18)) finishes the proof. =

Indeed, the previous result must be improved. We remind the reader that
f € Hol(D) is a Cauchy transform if it admits a representation

2

dv(6
f(Z) = S 1_(61'327 KAS ]D,
0
where v is a finite complex valued Borel measure on T. As usual, K will
denote the space of all Cauchy transforms. It is known (see [CSi]) that
Mo o HP S K C H 1 and moreover K is isometrically isomorphic (under
the Cauchy pairing) to the dual space of A, the disk algebra, which consists
of all g € Hol(D) such that g is continuous on D. This allows us to assert
that

£l = sup{{f, 9)m2 : g € A, llgll= <1}

THEOREM 2.2. If p is a classical Carleson measure supported on [0,1)
then H,, H' — K is bounded.

Proof. Putting together the fact that p is a classical Carleson measure,
Proposition Cauchy’s integral representation for functions in H' and
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Fubini’s theorem we deduce that for f € H! and ¢g € A,

;ﬂ(g) <(§)1_f(t?€wdu(t)>g(e”)d9‘

(2.19)  lim

r—1-

1
= lim | { £(6)g(rt) du(t)|

r—1-
1

lgllzre= § 1£ @) dpa(t) < CILf e llgllrres
0

IN

so Hy : H! — K is bounded. m

In particular, Theorem implies that for any f € H', H,(f)(e?) is
finite for a.e. € on T. Indeed, a little more can be said.

PROPOSITION 2.3. If v is a classical Carleson measure supported on
[0,1) then the operator H,, is of weak type (1,1) on Hardy spaces. That is,
there is a positive constant C such that

A A C
{e” € T: (A = M < Sl flen for all f € H'.

Proof. Using that p is a classical Carleson measure and Nehari’s theorem
(see [Pél, p. 3] or [D, Theorem 6.8]) we deduce that there is g € L*(T) such

that
21

S e Mg(t)dt =: g(n), n=0,1,2,....
0
Then, by [DJV], Theorem 1],

Mu(f) = PM,T(f) forall fe | JH?
p>1

1

:U’n:%

where T'f(et) = f(e™®) and M, is the multiplication operator by g. Thus,
using standard techniques and well-known results we deduce that H,, is of
weak type (1,1) on Hardy spaces. m

3. The Hankel matrix H, acting on A?. We recall that the Bergman
projection Pf(z) = { f(w)K.(w) dA(w) is bounded from L?( dA) to A? (see
[Zh]), where K,(w) = (1 — zw)~? is the Bergman kernel of A2. It follows
that any f € A? can be represented by its Bergman projection and moreover

(A%)* = A? under the pairing (f, g) 42 = SD f(2)g(z)dA(z).

Proof of Proposition . (i) Fix n € N. If f(z) = D00 axz® € A2, then
by the Cauchy—Schwarz inequality,
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61 | msen] <X malarl < {00+ 02} e

k>0 k>0 k>0
But
(82) D (k+1) i ((t_sinp du(s) du(t)
k20 [0,1) [0,1)
=2 § | u@ji)gdu(s)du(t)ﬂ | ‘(‘fh_ Bgd (t)
[0,1) [t,1) [0,1)

Thus, if 1 satisfies ((1.4)) the power series (1.1]) is well defined and it represents
an analytic function in D. Under (1.4)) we can also write

> pmpar =\ f(t) dp(t).

k>0 0,1)
So, for z € D,
1N =3 § e anm)== | L au)
n>0 [0,1) [0,1)

The last equality is true since

, . (1) ) !
S(§ ensenan)ler < {2 § D gl s

n>0 [0,1) [0,1)

(ii) Take f € A?. Assume that the integral in (1.5)) converges for each
z € D. We choose z = 0. So, there is C' > 0 such that

| r®duo| < § 1rOldu® < § @) dut) <
[0,8) [0,8) [0,1)

for all g € (0,1).
On the other hand, the integral representation of f € A? through the
Bergman projection, and Fubini’s theorem, imply that

Ot = § § s dAG) duty

(3.3)

1 — wt)
[0,8) [0,3) D
1
= | fw) | mdﬂ(ﬂ = (f, 98) a2,
D [0,8)

where gg(w

= S 8 = wt)Q du(t) € A? for every 3. Then, combining (3.3)),
the fact that (A2 ) ~ A

2 under the pairing (-, -) 42, and the uniform bound-
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edness principle, we Conclude that supg|lgsll4a2 < C. Thus, using that
||96||?42 = S[O,ﬂ) S[o,g) T—ts)2 ts) > du(s) du(t), we get

= (1_1753)2du(s)clu(t)ZLll | /é([:))g dp(t).
[0,1) [0,1) 01)

So condition (|1.4)) is true. m

Proof of Theorem . It is known that (4%)* = D and D* = A? un-
der the Cauchy pairing (f,g9)p2 = > ,~0@nbn Where f(2) = > a,2"
€ A% and g(z) = X, bu2" € D . We observe that, under this relation,
H,, is self-adjoint. Therefore, H,, is bounded on A? if and only if it is
on D.

If f,g € D we shall write fi(z) =, |an|2", g1(2) = >_,, |bn|2"™ so that
[fllo = Ifillp and [lg]lp = [lg1[[p- Then

[(Mu(f), 9)p|
[e.e]
<) (n+ 1)(Zun+1,k|ak|) [b+1| + polaol [bol + [bol >~ prs1lari1]
n>0 k>0 k=0
< 3 pna (300 + Dbl lan—l) + oll fllollgllo
n>0 k=0

+lolo § (22O G aac)
D

| £1(2)95 (=)0, (2) dA(2) + poll F o g 10

D

fl(o)
+llgllp | | =—=——= | h,(2) dA(2).

So, if |h;(z)]2 dA(z) is a Dirichlet Carleson measure, we get

IN

(M, (7). g)o
<{J IR o) Pl aam Y + wlfllalo
D
1/2
{S BO—AOL ppase} | feraae)
D D
< Ol lglo

and consequently H,, is bounded.
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Conversely, assume that H,, is bounded on D. Then

|§ ) ()5, (2) dA()|

D
1 n

< I3+ Do (3o Dlbgsa| lan ] )™ dr

0n>0 k=0

<Y (n+ 1)<Zun+1,k\ak\) bt
n>0 k>0

= [(Hu(f1), 91)p| < CllfllpllgllD-

So (exchanging also the roles of f and g) we have

(70 R dAG)| < I Illo

D
for every f,g € D. Finally, Theorem 1 of [ARSW] (see also [Wu]) implies
that |h;(z)]2 dA(z) is a Dirichlet Carleson measure. =

REMARK 3.1. We recall that [ARS, Theorem 1] says that a positive
Borel measure v in D is a Dirichlet Carleson measure if and only if there is
a positive constant C' such that for all a € D,

(3.4 [ (5 Nt 2 Ehs < oSt
arg(az)

S(a)
1 —|a
< .
2 - 2

We note that if v is finite, (3.4)) is equivalent to the simpler condition

(3.5) | ((5() N S(a))? ud_Af,)) < Cu(S(a)),

S(a)
because in this case

where

S(a) = {ZE]D):I—M < 2(1—|al),

dA(z)
| w(s(z)ns))? A= -272

S(a)\S(a)
<c—la)? | ((5(:) N 5())? dA()

<C(—la))?v(S(a)?* | dA(z) < Ov(S(a)).
S(a)\S(a)
Consequently, combining Proposition [I.4and Theorem if 41 is a finite

positive Borel measure on [0, 1) that satisfies (1.4]), H,, is bounded in A? if
and only if the measure v = |h/,(z)|* dA(z) satisfies (3.5) for all a € D.
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Proof of Theorem. Take the orthonormal basis {ej } x>0 = (k+1)1/22F
and observe that

(3.6) Z 1M (en) e = Z(’f +1)) (1),
ko:OO ’;LIO 1
= S+ D[ L tog 1 du(t) du(s)
k=0 00
_ o A1)
= [081) a-1? log T3 du(t)

So the operator is Hilbert—Schmidt if and only if (1.6 holds. m
Finally we shall prove Proposition [I.7}

Proof of Proposition . We claim that if H,, is bounded on A? then

. p Jo G0F Garloe ) )

a€(0,1) 2 log T_a2
Assume for the moment. Let 5 € [0,1), « € ((1+3)/2,1) and con-
sider the measure duq(t) = (1log %_t)_a dt. Using that uo([t,1)) =

(1—1t)(log 1), we deduce

1

1 B B—2a
pa((t, 1)) 1 o 1o/ 1
(S)( g < 10g1—t> d,ua(t),\s(l_t)<tlog1_t> dt < oo

0

and

(o) 3 R () s

[0,1)

1 1 \! 1 /1 1\ 2/1 1 \?2
—log —— — (=1 “log—— ) dt
C<a2 Ogl—a2> S 1—t<t Ogl—t) <t2 Ogl—t2)

[0,a)

1 2—2a
>C <log 1 ) ;
—a

which in particular implies that

LN b)) 1, 1Y
li — 1 T 2| —log ——— | dpa(t) = oo.
"t <a2 Ogl—a2> S (1—1¢)2 \at 1 at Ha(t) = o0
(0,1)
So, fto does not satisfy (3.7]) and thus H,,, is not bounded.

Y
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In order to prove (3.7), using that (A?)* = A2 under the pairing (, ) 42,
we obtain

(3.8)  H,:A? — A% is bounded

(1 a0 )tz aae)
D

16 < C|Ifllazllgll a2 for all f.g € A%
[0,1)

54

Set gq(2) = 1_1aZ, € (0,1). Then ||ga||1242 = a—glog# and
ga(z) _ = n - =\n
| 22 dAGz) = | (Z(az) )(Z(tz) )dA(z)
D D n=0 n=0
1
= —log —— t 1).
g ate(01)

Then, by (3.8)) (with g = g,) and Fubini’s theorem, we get
1

(3.9) sup Hf(t) dua(t)‘ <O fllaz  forall fe A2,
ac(0,1) '

where

1 1
at 10g 1—at

dpa(t) = )1/2 dp(t).

(ai2 log l—la2

So, there is C' > 0 such that

B
(3.10) sup ) [ re dua(t)’ <O|fllaz  forall fe A2,
a,8€(0,1) '
Next, arguing as in the the proof of Proposition we obtain
B
dpg(t
(3.11) sup S LL < 00,
a,B€(0,1) 0 (1 — wt) A2
which together with the fact that
B 2 0o B
dpra(t) 2
— = (n—&—l)[ t"dua(t)}
I il
> (S log _li( +1)§t2n Llog 2 (£, 8)) dp(t)
= a2 %12 n:on : at 81 _—at) M a

-18 1pe -1 2
> (e =) S(at(lg_ 1t);t) pl[t,3)) du(t)

finishes the proof. =
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