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A Weyl-Titchmarsh type formula
for a discrete Schrodinger operator
with Wigner—von Neumann potential

by

JAN JaNAs (Krakéw) and SERGEY SIMONOV (St. Petersburg)

Abstract. We consider a discrete Schrodinger operator J with Wigner—von Neu-
mann potential not belonging to 2. We find the asymptotics of orthonormal polynomials
associated to J. We prove a Weyl-Titchmarsh type formula, which relates the spectral
density of J to a coefficient in the asymptotics of the orthonormal polynomials.

1. Introduction. In recent papers on Jacobi matrices [6], [13], [12],
124], [23], [22] new results were found on the asymptotics of generalized
eigenvectors of these operators. For real sequences {a,}o°; and {b,}22,
the Jacobi operator J = J(an,by,) is defined in the Hilbert space [? by the
formula

(']u)n = Ap—1Un—1 + bpty + aptni1.

It is well known that the spectral analysis of Jacobi operators is closely
related to the study of the asymptotics of generalized eigenvectors. In this
work we concentrate on the discrete Schrédinger operator J = J (1, b,) with
the Wigner—von Neumann potential

_ csin(2wn +6)
(1.1) by, = — + 4n,
(1.2) ve(1/3;1/2), 2w¢nZ, {anlpzi €l

where ¢, w, d, g, € R. The Jacobi operator J is given by

(1.3) (Ju)1 = bruy + ug,
. (ju)n = Up—1 + bnun + Upa1, n > 27
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and has a matrix representation

by 1 0
1 b 1
J =

0 1 b3

in the canonical basis {e,}22; of [%. Since J is a compact perturbation of
the free discrete Schrodinger operator its essential spectrum is the interval
[—2;2]. The frequency 2w in the potential produces (in general) four critical
(or resonance) points inside this interval: +2 cos w, £2 cos 2w. At these points
the resonance occurs and the asymptotics of the generalized eigenvectors
changes (the analogous phenomenon in the continuous case is very well
studied: see [9], [7, Chapter 4] and [19, Theorem 5]) and an eigenvalue can
appear under certain additional conditions.

In the present paper we are interested in the asymptotics of the orthog-
onal polynomials P, () associated to J, which are

Pi(A) =1, P(\)=A—b,
Pri1i(A) i = (A =bp)Py(A) — Pooi(N), n>2,
and the relation of this asymptotics to the spectral density p'(\) of J.
Our main result (see Theorem on page and Theorem on page

for the exact formulation) is that there exists a function F' (the Jost
function) such that for a.a. A € (—2;2),

VA=)

1.4 ') = ———
(1.4) p(A) S F ()
and
zF(z) 1 po(z)nt=27
P,()\) = = palzjn” =7
) 1—22 2" exp( 1—2y
F 1—-2~
+ ; Ezizn exp <—%> +o(l) asn— oo,
where
1 A —iv4 — N2
A=z+—-, 2=——7"——
z 2
and

222(] 4 222w
(1.5) p2(2) = 41— 22)(2,2(__:21‘0.1))(1 — 222wy’

This result is an analog of the classical Weyl-Titchmarsh (or Kodaira) for-
mula for the differential Schrédinger operator on the half-line with summable
potential (see [27, Chapter 5] and [16]).
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We consider v € (1/3;1/2) for the following reasons. If v > 1/2, then
{b,}22, € 1? and the sum Yo% b, converges. This situation was studied
using a completely different method by Damanik and Simon in [6] for a class
of more general Jacobi matrices, with an arbitrary sequence {b,}22 ; € 12 for
which ) > | by, is convergent. In this case the asymptotics of the polynomials
P, () is simpler (of Szegd type):

(1.6) P,(\) = i}i(zgzln—i-jfiziz”—l-o(l) as n — oo,
and this was proven in [6] Theorem 8.1] not for a.a. A € (—=2;2), but in the
sense of convergence in Lo((—2;2), p/(z)dzx). If one proves that holds
for a.a. A € (—2;2) (which for the potential of the form is much simpler
than the analysis that we develop in the present paper), then can be
deduced from results of Damanik and Simon ([0, Theorems 5.6 and 8.1]) in
a non-trivial way (this was pointed out by Dr. Roman Romanov in a private
communication). On the other hand, the type of the asymptotics for v €
(1/2;1] is the same as in the simple case v > 1. For 7 = 1/2 the type of the
asymptotics changes. This happens also for every v = 1/1,1 € N\{1}. We are
forced to consider a different (depending on /) number of terms in the asymp-
totic expansion that we use (see (3.7))). The greater [ is, the more terms are
significant. Our method works for every v > 0, but we restrict ourselves to
the case v € (1/3;1/2). However, in the final section we state the correspond-
ing result for v € (1/2;1] (Theorem and indicate how to simplify the
proof for that case. The main idea of the method is inspired by [5] and uses
the discrete version of a change of variables introduced by Eastham in [7].
We could as well consider a finite sum of terms like as the potential,

b, — zL: ¢ sin(2win + 0;) n

nm

mny

=1
with the same conditions imposed on ¢, wy, v, 0; and {g,}°2 . This would
increase the number of critical points and complicate the notation and cal-
culations, so we restrict ourselves to the case of one such term only.

After this work was sent to publication we learned about the work of
Lukic [20] who studied a 1D Schrédinger operator H with a more general
potential given by a sequence in [P (p € N) which is of generalized bounded
variation. In particular he proved that the spectral measure of H has no
singular continuous part and its point spectrum in (—2;2) is contained in a
specific finite set (which in our case is exactly the set of critical points).

In the continuous case (a differential Schrodinger operator on the half-
line) Wigner-von Neumann potentials were studied in numerous works: [21],
12, [3], [10), [I5], [I7], [18], [5], [19], and formulas for the spectral density
analogous to were obtained in different variations in [21], [2] and [5].
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The Weyl-Titchmarsh type formula can be used to study the spectral
density of the Jacobi matrix J. The type of the asymptotics of orthogonal
polynomials changes at critical points, and analyzing the process of this
change it is possible to prove that the spectral density has zeros at critical
points. For the case v = 1, in the forthcoming paper we plan to prove the
following. Let v, be one of the critical points £2 cosw. If { P, (ver) }02 is not
a subordinate solution of the spectral equation, then both one-sided limits

PN

lel
— VCI" 2|sin w]|

(1.7) lim
A—Ver 20 | A

exist. In the case v < 1 the zeros of the spectral density at critical points
presumably have exponential type, but this problem seems to be much more
difficult than in the case v = 1.

2. Preliminaries. For every complex A the spectral equation for 7,
(2.1) Up_1 + bpliy + Upir1 = Aup, N> 2,

has solutions P, (\) (orthogonal polynomials of the first kind) and Q(\)
(orthogonal polynomials of the second kind) such that

Pi(AN) =1, Py(\)=\—b,
For non-real A there exists m(\) (the Weyl function) such that

is the unique (up to multiplication by a constant) solution of (2.1)) that
belongs to [? (see [1]). The Weyl function and the spectral density of J are
related by the following equalities:

m(x) = | 2
R

1
p'(A) = =Rem(\+1i0) fora.a. \eR.
T

A e C\R,

For any two solutions u and v of (2.1)) with the same parameter A the
(discrete) Wronskian defined by

W (u,v) := UpVp+1 — Up+1Un

is independent of n. For the polynomials P(\) and Q(\) the Wronskian is
equal to one for every .

3. Reduction of the spectral equation to a system of L-diagonal
form. Consider the spectral equation for 7,

(3.1) Upn_1 + bply + Upi1 = My, 1> 2.
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Let us write it in vector form:

(32) (il) - (—01 A—l bn> <u2n1> ne®

Consider a new parameter z € D (we denote by D the open unit disc) such
that

1
A=2z+4—
z
and conversely

A —iv4 — N2

P=

where the branch of the square root is chosen so that z € D for A € C\[-2; 2],
ie., z=—i for A\=0. Let

Up 1= ,
" 22 -1 —1/,2 1 Un+1

which is equivalent to

Unp, 1 1
= Vp, N >1.
Unt1 1/z =z
We make this substitution to diagonalize the constant part of the coefficient
matrix:
<o 1>_<1 1)(1/2 o><1 1>1
-1 A \1/z /N0 z/\1/z 2]
Equation (3.2]) becomes

1/z 0 bopr (1 22
. n = n > 1.
(3.3) Un+1 K 0 z> + 21 (_1 e v n

The goal of the present section is to reduce the system (3.3) to an “L-
diagonal” form. If we put

Wy, 1= Tn_l(z)vn,

then (3.3]) becomes
_ 1/z 0 bop1 (1 22
wntt =T (2 [( 0 z) * z2n— 1 <1 —22 Tu(@)wn.

The system is in L-diagonal form if the coefficient matrix is a sum of diagonal
and summable matrices. So we have to find matrices T;,(z) to provide this
property. This is possible not for every z # 0,1, —1.

Let us denote

(3.4) U:=C\{0,1, -1, _oFiw (2w _ E2iuw)
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LEMMA 3.1. Let z € U. For every n € N there exist matrices R%Q)(z)
and invertible matrices T, (z) such that

T (2), T, (2) = I+ o(1),

1

asn — oo and

@[ ()2 () ) e
_ i<1+0“;§j)) Z<112(z)> +RP(2),

n2y

where pa(z) is given by (1.5). T,,(z) and Rg)(z) are also analytic in U for
all n, and on every compact subset of U the estimate (3.5)) is uniform with
respect to z.

Proof. Let us denote

1/z 0 ceZ0to) 1 2
2 —i(2w+d) /1 2
O ._ 1 (12 N o cem z
Rn (Z) . 21 <_1 _22>7 —2(Z) . 2i(z2 — 1) 1 _22 ’
so that

bn+1 1 22 B einn 6—2iwn ©)
z2—1(—1 _zz)‘mN2<Z>+ =22+ ()

We will find 7,(z) in two steps.

The first (and main) step of the construction is to find matrices 7, T(Ll)(z)
such that

s @ () (] ZQZ)}T}%)

0 =z 22—1\-1 —2

- (W 0) V8 m ),

0 =z n2y

where V(z) does not depend on n and R (z) is summable.



A Weyl-Titchmarsh type formula 173

Following the ideas of [7] and [5] we look for T,(ll)(z) of the form

2iwn B—inn
1) TP = e Sl + X ale)
4iwn e—4iwn
+ o Xy4(2) + o X_4(Z)>,

where X49(z) and X14(2) are to be determined. Define
(3.8) Myy = L(AX 0% + WX 5% A) + N Xoo

— eFX o Ny — e WX 5 AX 4o
and

(3.9) V= 3(A(XoX 2+ X 2Xo) + (XoX 2+ X 2X2)A) + No X
+ N_2X2 - (GQWXQN_Q + 672in_2N2) - (62in2AX_2 + 672WX_2/1X2).

Take expansions of T7(L1) and (Téi_)l)*l as n — oo up to the terms of the

order 1/n?Y. After a long but transparent calculation we have

(1) \—1 e2iwn e—2ium ) )
(3.10)  (T,1y) [/1 + = Ny + = N_o+ R, |T),
2iwn ) —2iwn )
=A+ 5 [N2 + AX9 — €2le2/1] + 5 [N_Q +AX_9 — 6_2%'}X_2A]
n n
4iwn ) —4iwn )
+ o [M4 + AXy — €4le4/1] + o [M_4 + AX_4 — 6_4ZWX_4A]

Vv 1
+W+O W+\qn+1| as n — oo,

since | R | = O(lgns1]).

We want to cancel the coefficients of 2™ and e***™ in ([3.10) by a suit-
able choice of Xi9(z) and X14(z2), respectively. To this end, four conditions
should be satisfied:

€2in2/1 — AX2 = NQ,
6_2in,2/1 - AX,Q = N,Q,
e X A — AXy = My,
674WX_4/1 —AX_4=M_4.

We use the following lemma to solve them.
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LEMMA 3.2. If u #1,2%,1/22, then the matriz

zfn zf12
-1 22p-—1
x=|"
zfan f22
i (u—1)
satisfies the equation
JXA— AX = <f11 f12>.
fa1 fa2

Proof. The assertion can be verified by direct substitution. =

It follows that we can take

. z 23
XQ(z) — w e2iw — 1 22e2iw _ 1
2i(z2-1) | % N .
(311) eiw _ 2 e2iw _ %)’
) z 2
X_Q(Z) = —w 6727"“" —1 22672211.) -1
2i(22 — 1) z P
_6721“’ — 22 _6721'0.1 -1
and
2(Mia(2))11 2(Mia(2))12
etdiw _ 1 2etdiv _ |

2(M14(2))21 (Mx4(2))22 |’
etliw _ 2 (w1

where (M14(2))11,12,21,22 are the entries of the matrix Mi4(z), which are

given by and . We see that Xi5(z) are defined and analytic
in C\ {1,—1,e*@, —e*@} Myy(z) and V(z) are defined and analytic in
C\{0,1, -1, e, —e*@} and Xoq(z), R (2), TV (2), (T (2)) " are de-
fined and analytic in U.

With this choice of TT(LI)(Z) the remainder

RO (z) = (T, (2)) ! [A(z)+ z:nNQ(z)ﬁ_sz_z(zH RO ()| 70 (2)
— A(z) — ‘2(2'?

satisfies the estimate
1
BN = O 5 +lawnl)  asn—oc

uniformly with respect to z on every compact subset of U.
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The second step of the construction of the matrices T),(z) is to consider

T (2) = exp<Y<Z))

n2v

with some Y (z), which will be determined. Taking the expansions of 7%

and (T,(Li)l)*1 up to the order of 1/n?7, we have
(2) \—1 4 1 2
(To¥1) </1 tont R}, )>Tr(L )

1 1

Let us cancel the anti-diagonal entries of V' —[Y, A] by the choice of Y. This

leads to the equation
0 W
Y, A] = ( 12).
Vor 0

R = ]

We can take

What remains is

0 =z

which can be seen from (3.9) and (3.11)) by a straightforward calculation.
The matrices Y(z),qu) (z) and (T,,(l2 (2))~! are defined and analytic in U.
The remainder in the system after the transformation,

RO (2) = <T,§i)1<z>>1(/1<z> A R,&”(z)) TO)(2) — A(2)

n2v

ding V() = () (17 ).

_ diagV(z)

n?r

satisfies the estimate
1
1RO =05 + lawal)  asn— o0
uniformly with respect to z on every compact subset of U. Taking T),(2) :=
TT(LI)(z)T,?)(z) we complete the proof. =
Finally, we have come to the following system in L-diagonal form:

1 (2)
(312) w1 = Z<1 +:;27) (112(@) + RP) (2) | wn.

n2y

It is easy to check that for z € TN U the value pa(z) is purely imaginary.
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4. Asymptotic results. In this section we prove several results needed
for the analysis of the system . They are more or less standard, and
the approach is similar to [I1], [25] and [4]. In the cited papers, the existence
of a base of solutions with special asymptotic behavior is proven. Here we
find the asymptotics of a (roughly speaking) generic solution defined by its
initial value.

Let us use the following notation:

0 0
Zl::O7 1_[1::
and for ni,ng > 1,
ni—1 ng mni—1
>y M -TI(IT)
n=ni n=ni

The first lemma, is a klnd of dlscrete variation of parameters.

LEMMA 4.1. Let f € C? and let the matrices A, be invertible for every
n > 1. If for every n > 1,

(4.1) (H Al)erZ( H A1>kavk,

k=1 I=k+1
then

(4.2) Tnt1 = (An + Rn)xy
for everyn > 1.

Proof. Consider
YD = (ﬁ Al>71xn.
I=1
We can rewrite as
(4.3) 97(;21 —yM = (ﬁ /11)_1Rnxn.
I=1

At the same time (4.1)) is equivalent to

n—1 k _
(4.4) u = f+ Z(H Al) leﬂl?k-

k=1 [=1

Clearly, (4.3)) follows from (4.4). m

REMARK 4.2. Lemma says that the x given by (4.1]) is the solution
of the system (4.2) with 1 = f. Every solution x of (4.2)) can be represented

in the form (4.1) with f := ;.
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In what follows let us consider systems with matrices A,, of the form

A, = <)\n 0 ),
0 1/\,

where A\, € C. The following lemma gives an estimate on the growth of
solutions of the system (4.2)).
LEMMA 4.3. Suppose that

Z HRkH
P\k\

and there exists M such that for every m > n,

i 1
H ‘)\l’ > M
l=n+1
Then every solution x of the system
A O
4.5 Tpil = + Rylxn, n>1,
4 o [(0 1/An> ]

satisfies the estimate

T LA
46) ol < (TT Iul) exo((1+ 227 > )22zl

=1

_ fl) .: @ ._ _Tn
f <f2 . X1, Yp~t —

Then (by Lemma {y,(f)} satisfies the equation

4.7 @ _ (1 ) ( )Rk@)'
o =) ) 5 ) B

Consider this as an equation in the Banach space [*(C?). Consider the

vector o
: fi
f T n—1 )\—2
LS N fR) ),
and the operator

n—1 o0
1 0 Ry,
V:{un}?f—lH{E:( ) } .
i1 \U Hl k1 A ’\k nel

In this notation (4.7) reads

Proof. Let

y:f-f—Vy.
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The powers of the operator V' can be estimated as follows:
1+ M3 S IR/ | A )™

m)!

Y

and so (I — V)~! exists and

e < 212y S B
I = V) e < exp( (1+2r2) 32 L),

o e

Therefore

1= < exp 1+ 347 Z ) asani.

Returning to the solution x we arrive at the desired estimate (4.6)). m

The following lemma gives the asymptotics of the solutions of the system
(E3).

LEMMA 4.4. Suppose that
Z ||Rk||
el =
and there exists M such that for every m > n,

(4.8) IE -

l=n+1

Suppose that x is a solution of the system

An 0
49 n = + Rn ny Z ]-
( ) Tn+1 KO 1/)\n> ]x n
(a) If
(4.10) [T Nl < o,
=1
then

n—1 9] k
lim (H Al>_1xn =x1 + Z(H Al>_1kak
e =1 k=1 =1

(the limit and the sum both exist and the equality holds).
(b) If

(4.11) thm
=1
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a:n (1 0) { . Rz ]
lim T+ 5
noee H 0 0 k=1 Hl:l Al

(the limit and the sum both exist and the equality holds).
Proof. (a) Equation (4.4]) can be rewritten as follows:

(4.12) (ﬁ Al) Tp =21 + § (ﬁ Al> 71Rk$k-
=1

k=1 [=1
Let us show that the sum on the right-hand side is convergent. By Lemma

then

-1

@ k k
I(TT) e < R (IT5)
X exp( (14 M?) mi ||) (1+ M?)||z1]-
Since

(115 116 o)l e (T’

is bounded by hypothesis, we have

k
—1
H(I |Al) Rka:kH < const - “ij,
I=1 A

which is summable. Therefore the limit of (4.12)) as n — oo exists.
(b) Consider the sum on the right-hand side of (4.7). Lemma |4.3| yields

k
0 Hz ft1 A Ak

R 1B |

[Bell |\ (2
< 1+ M|

which is summable. Since (4.11)) holds, by Lebesgue’s dommated convergence
theorem the limit as n — oo of (4.7)) exists:

) 10 < /1 O\R
k=1

Returning to 2 from y® we obtain the assertion of the lemma in case (b). =

REMARK 4.5. Condition (4.8) together with (4.10]) or (4.11]) is a case of
the standard dichotomy (Levinson) condition (cf. [4], [I1], [25], [26]).
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5. Asymptotics of polynomials, the Jost function and the spec-
tral density. In this section we apply the results of the previous two sec-
tions to find the asymptotics of the polynomials P, (\) associated to the
matrix J and to prove the Weyl-Titchmarsh type formula for the spectral
density.

THEOREM 5.1. Let {b,} be given by and suppose the condition
holds. Let P,(\) be the orthonormal polynomials associated to the Jacobi
matriz J given by . Then for every z € DN U (where U is given by
(13.4)) there exists F(z) (the Jost function) such that:

o if ze€ D\ {0} (ie., A\=2+4+1/2€ C\[-2;2]), then
zF(z z)nl=2
1) 2 20 L ()

(5.1) P, (z +

z 1—22 2 1—2y
1 R, 1-2~v
—i-o(wlexp(eﬁtf(j);y)) as n — oo

(where pa(2) is given by (1.5)),
e ifzeTNU (ie, A=z+1/z€ (=2;2)\ {£2cosw, +2cos2w}), then

1 zF(z) 1 po(z)nt=2
52) P (z+2) = 1 [(FeB)n 7
(52) (z+z> 1—z2z”eXp< 1—2y

2F(z) pa(z)nt=2
+ 52" exp (—1 -

o )—I—o(l) as n — oo.
The function F is analytic in D\ {0} and continuous in TNU.

Proof. For z € U every solution u of the spectral equation (3.1]) corre-
sponds to a solution w of (3.12)) by the equality

<UZ11) N (1},2 i)Tn(z)w"'

Let us define the solution ¢(z) of (3.12)) that corresponds to the polynomi-

als P,()\):
. 1 1 -t Pn(z+1/z)
(5.3) onl2) :=T(2) <1/z z) (Pn+1(2 + 1/Z)>'
Define
1 p2(2) 1-2 1-2 i
e e (R VA ) I
(5.4) 2) = {7 p(l -2y >

1 p2(2) 19 :
Z2€Xp<1_2,y2 g 1fn: 1,
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and

1<1 + “2§j)> ~al2) 0
R®(2) =R (z)+ | # " 12(2) e

1— —
’ (-5) -5

so that the system (3.12)) reads

An(2) 0 > 3 }
5.5 1 = + R® - > 2.
(5.5) Wn41 [( 0 1/(2) (z)|w n

Let us check that Lemmas and [£.4] are applicable to this system. With
the definition ([5.4)), the product of the diagonal entries looks simple:

n—1

1 1-2~
TTMGe) = Sexp( 2B 7Y sy
e z™ 1— 2y

Let K be a compact subset of DN U. For m > n we have

IT )= ’Z‘,}L_n eXp(RlefQ;j) (m+1)'2 = (n+ 1)127))
l=n+1

> ! exp<—|Re'u2(Z)‘(m _ n)127>,

where we have used the inequality
(m + 1)1727 o (n 4 1)1727 < (m o n)172'y

(which holds because the function x + z'727 is concave). Further, since
Repg(z) =0 for z € T, the function

Re p12(2)

1=z
is smooth on U, hence there exists ¢1(K') such that for every z € K,
[Re pa(2)| < er(K)(1 = [2]).

Also |z| < el?I=1, for every z and therefore

I ) = e [(1 - rzn(m —n- f_”;(m _ n>1—2v)]

l=n+1
Let
K
ca(K) = sup< c1(K) 72— a:),
x>0 1- 2’)/
which is finite. For every z € K and m > n, we have

(1—|z]) <m —n— 101_([;)}/ (m — n)l_%’) € [—ca(K); +00)
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and

H IA(2)] > e,

I=n+1
Further,

1
RPN =0 +lawal) a5 o0

uniformly with respect to z € K and

1<1 i M2(Z)> ()
_ 1<1 N #:ng) ~exp [1“2(;)7((71 F ) - n1—2v)D

Analogously

p2(z) I 1
<1_ n2y _)\n(z)_o n2v+1 )’
1
RPN = O 55 +lawnl) asn—oc

uniformly with respect to z € K. Also for every z € K and n,

1 2’Reu2(2)|>
< |z exp< .
PGl

R(3
Z l

as a function of z is bounded on K (111 fact it is continuous in U). For
ze TNK, [[L; Ni(z) is bounded, while for z € DN K,

and finally

Thus the sum

H)\l(z) — 00  asmn — oo.

We see that Lemma [£.4]is applicable. It implies that for every z € K we can
define

) 1-2v 3)
(5.6) D(z) < )+ Zz exp< s R (2)pn(2) ;
for every z € TN K we can deﬁne
~ z)n!
@ =) \RG) N
@)=l +§j (Y RO e
and the solution ¢(z) has the following asymptotics: for z € TN K (case (a)
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of Lemma [4.4)),

R sy

on(e) = | o o ey (2 () o)
-

as n — oo, and for 2 € DN K (case (b) of Lemma[4.4),
1 =27\ /(@
(5.8) on(z) = o exp('lm(z)n> << (z)) + 0(1)> as n — oo.

1—-2y 0
We can see Lemma [£.3]is also applicable. Let
=N

c3(K) := max ,
€K £~ an(2)]

ea(K) = exp((1+*20)es(K)) (1 + ) max o1 (2)] .
ze
Lemma [4.3] implies that for every z € K and n,

e(K)  (Reps(z)nt>
lon(2)l < 252 xp( 2 )

Consider the expression (5.6 for @(z). We have
1-2~v
» exp<_w)3§><z>%<z>

< (3)
i < a(IED )

—O( +]qn+1|> as n — 0o

uniformly with respect to z € K. It follows that the function @ is analytic in
the interior of K and continuous in K. Since the set K C DNU is arbitrary,
@ exists and is continuous in DNU and is analytic in D\ {0}. The asymptotics
holds for every z € TN U and the asymptotics holds for every
z e D\ {0}.

It follows that for z € D\ {0},

(e i) = 3o (257) (e o ((75) +o)

_ @(Z)Zin exp<u2iz)n21;27> <<1}z> + 0(1))

as n — oo, since Tp,(z) = I 4 o(1). If we define

1— 22
(5.9) F(z) :=P(2) o

then we arrive at the first assertion of the theorem.
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It also follows in an analogous fashion that for z € TN U,

a0y (P YL (B (1)

+ &(2)2" exp<—’“W> <1> +0(1)

1—2")/ z

as n — oo. The first component of this vector equality gives the asymptotics
of P,(2+41/z), and to complete the proof we only need the following lemma.

LEMMA 5.2. For every z€ TNU,
B(z2) = D(z).

Proof. This follows from the fact that the values of the polynomials
P,(z + 1/z) for z € T are real. Consider the imaginary part of the first

component of (5.10)):
P(2) — B(2) 1 exp(”Z('z)nl_}y)

0= 2 o 1— 2y
P(z) = P(2) n pa(z)n' =
+ TZ exp ﬁ + 0(].) as 1 — OQ.
Suppose that @(z) # @(z). Then
~ 2
Z*" exp <2i arg(?(z) — P(z)) — 1”_2(22’3n1_27> —1 asn— oo.
Let
- . ~ . 2pa (2
B(2) = expl2iarg(@() — B, fle) = 2,
We have
sZA5(Z)22neﬂ(Z)"1727 —1 asn— 0.
On the other hand,
gﬁ<z)22(n+1)eﬂ(Z)(nJrl)lf27 — js(z)z?neﬂ(Z)n“%Z? (1 +0 (;)) — 22
n

It follows that 22 = 1, which is a contradiction. m
This completes the proof of the theorem. m

The following (final) theorem gives a formula of the Weyl-Titchmarsh
(or Kodaira) type for the spectral density. It follows from the asymptotics
of the orthogonal polynomials given by Theorem in a standard way (see
[27, Chapter 5] and [16]) and contains the Jost function, which appears in
the asymptotics of P, ().
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THEOREM b5.3. Let {b,} be given by and suppose the condition
holds. Then the spectrum of the Jacobi matriz J given by 18
purely absolutely continuous on (—2;2) \ {£2cosw, £2cos2w}, and for a.a.
A € (—2;2) the spectral density of J equals

V4 — N2

2P} - V)P

(the Weyl-Titchmarsh type formula), where the Jost function F is defined
in Theorem[5.1] The denominator in (5.11)) does not vanish for A € (—2;2)\
{£2cosw, +2cos2w}.

Proof. If we rewrite ((5.11)) in terms of the variable z, it reads

1 1— 22
5.12 / - =—.
(512) P <Z+ z> 2miz|F(2)]?
Polynomials of the second kind have asymptotics of the same type as

polynomials of the first kind. Indeed, define the truncated Jacobi matrix J;
to be the original matrix J with the first row and the first column removed,

(5.11) /()

b 1 O
1 by 1
T =

0 1 by

The polynomials of the second kind @, () associated to J are the polyno-
mials of the first kind for J;. The matrix J; also satisfies the conditions of
Theorem [5.1], which shows that there exists a function Fy analytic in D\ {0}
and continuous in D N U such that for z € D\ {0},

(513) Q. <z+ i) _zh(z) 1 exp(lw(z)nl_%)

T 122 1—2y
1 R 1-2~
—|—0<|Z|nexp(eﬂf(_z);y>> as n — oo.

This and the asymptotics (5.1)) of P, imply that the combination Q,(\) +
m(A) P, ()\) belongs to [? for A € C; and A € C_ only if

(5.14) m<z + i) = —P;((j)) for z €D\ (—1;1).

It follows that the zeros of F'in D correspond to the eigenvalues of J outside
the interval [—2;2] and hence can only lie in (—1;1). For every z € TN U,

(5.14) has a limit,
1 F
m<z+ +z’0> __Ak)
z
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This is what we are looking for, because

o (z + i) - erem<z + % ¥ iO) - F(Z)F;(;Z?|;(g(§)Fl(z),

and the spectrum of J is purely absolutely continuous on the intervals
(—2;2) \ {£2 cosw, £2 cos 2w} (from the fact that the limit is finite at every
point of these intervals, [8], [14]).

Theorem also gives, for z € TN U,

1 . ZFl(Z) 1 uQ(z)nl_QV

2h(z) 2" exp <_ po(z)n! =2

22 -1 1—2y
Substituting this expression and the analogous one (5.2)) for P, into the
formula for the Wronskian of P and @ (which is constant and equal to one),
after a short calculation we get

- W<P<z+ 1>Q<Z+i>>
_ n<z+i)QnH<z+i) —Pn+1<z+i>Qn<Z+i>

2(F(2)Fi(2) = F(2)F1(2))
N 1— 22 ’
where the o(1) terms cancel each other, so that the result does not depend
on n. From this we have

+ )—i—o(l) as n — o0o.

1
F(2)Fi(z) — F(2)Fi(z) = P
which together with (5.12)) gives (5.11)). m

COROLLARY 5.4. Under the conditions of Theorem [5.3

o) VA2
P S i oo [Past (M) — 2Pa (V)2

Proof. From (5.3, , Lemma and (5.9) we have: for z € TN U,
1 1 1-2v
Pn+1 z+ - —ZPn z+ - Znexp _%
z z 1—2v
1 1 1\ 1 1=2y
Poilz+—-|—=-FPulz+—-||—exp M
z z z AL 1—2~

_ (?Z;) fo(l) asn — oo

for a.a. A € (—2;2).
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Therefore
Pasi(N) = 2Pa(N)] = [F(2)]  as n— oo,

and together with (5.11)) we obtain the assertion of the corollary. m

6. The case 7 € (1/2;1]. In this section we formulate the result for the
simpler case v € (1/2;1] and show how to simplify and modify the proof of
the corresponding result for v € (1/3;1/2) to fit this case. We will need this
as a step in proving the asymptotics of the spectral density .

THEOREM 6.1. Let {b,}2°, be given by (1.1) and

ve /21, wénZ,  {mlpl €l
Then for every z € T\ {1,—1,e*™ —e*™} there emists F(z) such that
the orthonormal polynomials P, associated to {by}° have the following
asymptotics:

1 F 1 F
Pn(z—i—z):Z (Z)f—i-z (z)z"—i-o(l) as n — oo.

1—2220 0 22-1
The function F is continuous in T\ {1, —1, e —e*™} and does not have
zeros there. The spectrum of the Jacobi matriz J given by (1.3|) is purely
absolutely continuous on (—2;2) \ {£2cosw}, and for a.a. X € (—2;2) the
spectral density of J equals
4—)\2
PN

2n F (3 — 72"

Proof. We assume v € (1/2;1] and return to previous sections. The
statement of Lemma [3.1] holds true if we replace U with

C\{0,1,-1,e**, —e},
the estimate (3.5]) with

1
”Rg)(Z)H = O(n?V + |Qn+1> as n — oo.

and po(z) with zero. In the proof of Lemma3.1], we include terms of the order
O(1/n?7) into the remainder and hence make no use of M14(z), X+4(2), V(2)

and TV(L2)(2). The condition e**® # 1 is not needed anymore. The system

(3.12) becomes
1
Wn41 = [( /2 O> —i—Rﬁ?)(z)] Wy,
0 =z

In the statement and proof of Theorem we can also replace
U, O(/n +lgnsal),  p2(2)
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with respectively

C\{0,1,~1,e™, =™}, O(1/n*" + |gn+1]), 0.

Most of the estimates that we use there become trivial. The same modifica-
tions should be applied to the proof of Theorem together with replacing

(—2

;12) \ {£2cosw, £2cos2w} by (—2;2) \ {£2cosw}. =
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