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The canonical injection of the Hardy—Orlicz space H?
into the Bergman—Orlicz space BY

by
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Abstract. We study the canonical injection from the Hardy Orlicz space HY into
the Bergman-Orlicz space B7.

1. Introduction and notation

1.1. Introduction. There are two natural Orlicz spaces of analytic
functions on the unit disk ID of the complex plane: the Hardy space HP and
the Bergman space BP. It is well-known that H? C BP and the canonical
injection J, from H? to BP is bounded, and even compact. Recently, we in-
troduced natural generalizations of these two spaces, the Hardy—Orlicz space
HY and the Bergman-Orlicz space BY, associated to an Orlicz function ¥,
and studied composition operators C, acting on either of those spaces
([T, [9]). It turns out that, in most cases, the compactness of C,: H? — HY
implies the compactness of C: BY — BY. Therefore, it seems natural to
study directly the link between H” and BY.

In fact, for any Orlicz function ¥, one has HY C BY and the canoni-
cal injection Jy: HY — BY is bounded. In this paper, we investigate the
compactness and weak compactness of this injection, as well as other prop-
erties, like being Dunford—Pettis, absolutely summing, order bounded. We
show that the compactness of Jy requires that ¥ does not grow too fast.
In Section [2] we actually characterize the compactness: Jy is compact if and
only if lim, o ¥(Ax)/[¥(z))? = 0 for every A > 1, and the weak compact-
ness: Jy is weakly compact if and only if limsup,_, . ¥(Az)/[¥(z)]? < oo
for every A > 1. We show that even though these two properties are “of-
ten” equivalent (this happens for example if ¥(2x)/x is non-decreasing for x
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large enough), it is not always the case. We actually show a stronger result
in Section {4} there is an Orlicz function ¥ such that Jy is weakly com-
pact and Dunford—Pettis, but not compact. We also prove in Section 3.2
that Jy is compact if it is p-summing with p < 2 (Theorem . Finally,
we show that Jy is order bounded into the weak Orlicz space L¥*>°(ID, my)

(Proposition [3.7).

1.2. Notation. An Orlicz function is a non-decreasing convex function
V:[0,00) — [0,00) such that ¥(0) =0, ¥(x) > 0 for z > 0, and ¥(c0) = oo.
One says that the Orlicz function ¥ has property As (¥ € Ay) if ¥(2z)
< C¥(x) for some constant C' > 0 and z large enough. This is equivalent to
saying that, for every 5 > 1, ¥(fBx) < Cg¥(x). It is known that if ¥ € Ay,
then ¥(x) = O(zP) for some 1 < p < co. One says (see [0], [7]) that ¥ satisfies
the condition AU if, for some 3 > 1, one has lim, .., ¥(8z)/¥(z) = .

If ¥ € A then ¥(x)/xP — oo asx — oo forevery 1 < p < oo. Indeed, let
1 <p < 0. For every # > 1 one can find ¢ > 0 such that ¥(8z)/¥(x) > [P
for x > x¢; then ¥(6"xg) > "W (x) for every n > 1. That implies that
W (z) > CpaP for every x > 0 large enough. Since p > 1 is arbitrary, we get
P = o [¥(x)].

We say that & € V(1) if, for every A > 1, ¥(Ax)/¥(z) is non-decreasing
for = large enough. This is equivalent to saying (see [7, Proposition 4.7]) that
log ¥ (e®) is convex. When ¥ € Vg (1), one has either ¥ € Ay, or ¥ € A”.

If (S, S, 1) is a finite measure space, one defines the Orlicz space L¥ ()
as the set of all (classes of) measurable functions f: S — C for which there
is a C' > 0 such that {4 ¥(|f|/C) dp is finite. The norm || ||y is the infimum
of all C' > 0 for which the above integral is < 1. The Morse—Transue space
MY () is the subspace of f € L¥(u) for which {4 ¥(|f|/C)dp is finite for
all C' > 0; it is the closure of L>®(u) in L¥ (u). One has MY (u) = LY (p) if
and only if ¥ € As.

If U(x)/x — oo as © — o0, the conjugate function @ of ¥ is defined by
®?(y) = sup,~o(zy — ¥(x)). It is an Orlicz function and [MY¥ (u)]* = L (u)
isomorphically.

Note that if ¥(x)/x - oo as x — 00, we must have ¥(z) < azx for
some a > 1 and x large enough. Then LY (u) = L' () isomorphically and so
@(y) = oo for y > a (giving L? (i) = L>° (1) isomorphically).

We denote by D the open unit disk of C and by T = 0D the unit circle.
The normalized area-measure on I is denoted by mo and the normalized
Lebesgue measure on T is denoted by m.

The Hardy-Orlicz space H? is defined as {f € H'; f* € L¥(m)}, where
f* is the boundary value function of f, and HMY = HY N M¥(m) is the
closure of H*® in HY. The Bergman-Orlicz space BY is the subspace of
analytic f € L¥(mg), and BMY = BYNMY (my) is the closure of H* in BY.
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Since, for f € HY, ||fllgv = supgc <y [Ifrllgw (see [T, Proposition 3.1]),
where f,(z) = f(rz), one has

T (M) ey (e iy

2\ Al ) 2w = )\ fellge ) 2m =
hence
\f(m“)\) [ <\f(7“e”)\>dt}
W o | dme =\ | \ W S ) 5| 2rdr <1
é) <HfHHW " (S) (S) Wfllge ) 2m rdr <1,

so f € BY and ||f||ge < ||f| e It follows that H? C BY and the canonical
injection Jy: HY — BY¥ is bounded, and has norm 1. Let us point out
that the boundedness also follows from [7, Theorem 4.10, 2]), since Jy is a
Carleson embedding Jg: HY — BY C LY (my).

This injection is not onto, since there are functions f € BY¥ with no
radial limit on a subset of T of positive measure (the proof is the same as in
BP: see [4, §3.2, Lemma 2, p. 81]). Note that Jy is not an into-isomorphism
(i.e. is not an isomorphism between HY and Jy(HY)): take f,(z) = 2" for
every n € N; it is easy to see that {f,}, tends to 0 in BY, but not in HY.

2. Compactness and weak compactness. In order to characterize
the compactness and weak compactness of Jg, we introduce the quantity
U(Azx)
2.1 4 = limsup ——=
=y M T
which will turn out to be essential.
We start with compactness.

A>1,

THEOREM 2.1. The canonical injection Jg: HY — BY is compact if and
only if

v (Ax)
(2.2) lim

a—o0 [W(x)]?
REMARKS. 1) Condition ([2.2)) means that Q4 = 0 for every A > 1. This

is equivalent to saying that

(2.3) sup Q4 < oo.
A>1

Indeed, assume that M :=supy.; Qa < 00. Let 0 <e <1and A > 1; we
can find x4 = z4(¢) > 0 such that ¥(Az/e)/[¥(x)]? < 2M for x > 4.
By convexity, ¥(Ax) < e¥(Az/e), and hence ¥(Ax)/[¥(z)]? < 2eM for
x>x4. Weget Qq =0.

2) It is clear that condition is satisfied whenever ¥ € A,, but
U(x) = ellog@ DI _ 1 satisfies without being in Ag. However, condi-
tion implies that ¥ cannot grow too fast. More precisely, we must have

=0 for every A > 1.

<
<

W(z) =o(e”") for every a > 0.
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Indeed, W(At) < [W(t)]? for t > ta, and, by iteration, W(A™t4) < [W(t4)]>"
for every n > 1. For every x > 0 large enough, taking n > 1 such that
Aty <z < A"ty we get W(x) < Cy €2 with o = log 2/log A. Since
A > 1 is arbitrary, o may be any positive number. The little-oh condition
follows from the fact that the inequality is true for all o > 0.

Proof of Theorem . By definition, BY is a subspace of L¥ (DD, ms);
hence we can view Jy as a Carleson embedding Jy: HY — L¥(D, my). If
S, h) ={z € D; |z —¢| < h}, the compactness of Jy implies, by [7, The-
orem 4.11], that, for every A > 1, every £ > 0, and h > 0 small enough,

4e

h? <4 R —
that is, setting # = ¥~1(1/h), we have ¥(Az) < 4e[¥(z)]?, and (2.2) is
satisfied.

Conversely,
t t2
sup sup 7”12[5(6’ ) < sup — =h,
0<t<h |¢|=1 t o<t<h t

which is o((1/h)/W[A¥~1(1/h)]) for every A > 1 if (2.2) holds; hence, by
[7, Theorem 4.11] again, Jy is compact. m

We now turn to weak compactness.

THEOREM 2.2. The following assertions are equivalent:

(a) Jy: HY — BY is weakly compact;
(b) Jg fizes no copy of co;

(¢c) Jw fixes no copy of leo;

(d) Qa < oo for every A > 1;

(e) HY CBMY;

(f) Jw is strictly singular.

Recall that an operator T: X — Y between two Banach spaces is said
to be strictly singular if there is no infinite-dimensional subspace Xy of X
on which T is an into-isomorphism.

The proof will be somewhat long, and before beginning it, we remark
that if ¥ € A, then the condition

(2.4) Qa <oo forevery A>1
implies (2.2). Indeed, if lim, . ¥(8z)/¥(x) = oo, we get, for every A > 1,
U(A U(Az) U(BA U(A
lim sup (Az) _ lim (Az) ¥(pAz) < lim sup (Az) Qpa =

e, W@ e U(BA) )P T K U(5Aq)
This remark yields:
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PROPOSITION 2.3. If, for some A > 1, ¥(Ax)/¥(x) is non-decreasing
for x large enough, then the weak compactness of Jy is equivalent to its
compactness.

Proof. 1f, for some A > 1, ¥(Ax)/¥(x) is non-decreasing for z large
enough (in particular if ¥ € V(1)), one has the dichotomy: either ¥ € Ay,
and then Jy is compact; or ¥ € A°, and hence the weak compactness of Jy
implies its compactness, by the above two theorems. =

However, it is easy to construct an Orlicz function ¥ which satisfies
condition , but not . We do not give an example here because we
have a stronger result in Section [

In order to prove Theorem we shall need several lemmas.

LEMMA 2.4. Let ¥ be any Orlicz function and define W (t) = [¥(t)]?,
t > 0. Then ¥, is an Orlicz function for which HY C BY' and the canonical
injection of HY into BY1 is continuous.

Proof. It is enough to see that HY continuously embeds into L¥1(my),
and for this we can use Theorem 4.10 of [7] for the measure y = mg. Recall
that 0

t
pu(h) = sup pu[W(E, )] and K (k) = sup P2,
l€l=1 0<t<h
where W (&,h) = {2z € D; |2| > 1 — h and arg(z§) < h} is the Carleson
window of size h centered at £.

It is easy to see that, as h — 0T, pp,(h) ~ h% and K, (h) ~ h. Observe

that, for ¢t > 1, we have ¥1[¥~1(t)] = ¢2, and so, for h € (0, 1),
1/h 1/h
= =h > Kn,(h).
U [W-1(1/h)]  1/h? = Ko (h)
Using part 2) of Theorem 4.10 in [7], the lemma follows. =

LEMMA 2.5. Let M > 6 > 0 and {f,}n be a sequence in HY N BMY
such that:

(a) {fn}n tends to 0 uniformly on compact subsets of D;

(b) [ullase > 8 for every n > 1;

©) | fullge < M for every n > 1.
Then there exists a subsequence {fn,}r such that >, |fn,(2)] < oo for
every z € D, and for every a = (ag)r € ls one has, writing Ta(z) =
Zzozl ak‘fnk (Z)z
(2.5) TaeB? and (5/2)|alo < ||Tallgr < 2M||e|oo.

REMARK. It is clear that, by (2.5, we are defining an operator T' from

(s into BY which is an isomorphism between £, and its image. In particular,
the subsequence {fy,, }+ is equivalent, in BY_ to the canonical basis of cp.
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Proof. First we are going to construct, inductively, a subsequence { fy,, }x
of {f»}, and an increasing sequence {7} in (0, 1), such that limg_, .o 7, = 1
and, setting
Dy ={z€D;|z|<ri} fork>1
and
Ci=Dy, Cpr=Dp\Dy1={zeD;r_1<|z|<r}, k>2,

we have

(2.6) |fnn(2)] <27%  for every 2z € Dy and every k > 2,
and
(2.7) | frw Iovcy Ml v < 627%2  for every k > 1.

Start the construction by taking n; = 1. It is a known fact (see [12], The-
orem III.14], for example) that, for every function f in the Morse-Transue
space M¥(my),

2.8 li 1 =0.
(28) o 1 Lalze

Now, using (2.8) with f = f,, and A = {z € D;r < |z| < 1}, we get
r1 € (0,1) such that, for C1y = Dy = {z € Dj |z| <r},

I filpyo, e < 6275

By the uniform convergence of {f,}, to 0 on D1, we can find ny > n; such
that

|fun(2)| <1/4  forevery z € Dy and || fn,1p,||w < 627°.

Using this last inequality and (2.8) again (for f = f,,), we get r2 € (r1,1),
ro > 1 —1/2, such that, setting Cy = {z € D; 1 < |z| < ra2}, we have

| frx I\l pw < 6274
Now that we have and for k =1 and k = 2, it is clear how we
must iterate the inductive construction. When choosing r; € (rg—1,1), we
also impose the condition r; > 1 — 1/k in order to get limy_, o 7 = 1.
Once the construction is finished, let us see why the subsequence { fy,, }
works. The condition and the fact that limg_,o rx = 1 imply that, for
every compact set K in D and z € D, there exists g € N such that

| frn (2)] < 2% for every z € K and every k > k.

This yields two facts. First, Y, | fn, (2)| < oo for every z € D, and secondly,
for every bounded complex sequence o = {oy}i € loo, the series Y, ag fn,
converges uniformly on compact subsets of D, and its sum, the function T«
is analytic on .

It remains to prove the estimates in for the norm of Tv in L¥ (ms).
By homogeneity, we may assume that ||a|o = 1. Let us write gx = fn, L,
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and hy = fn, 1p\c,, for every k > 1, and

g= Zakgk and h= Zakhk.
k= k=

We have Ta = g + h. By and the fact that |ax| < 1, we deduce that
h € L¥(ms) and ||h| ;¢ < 6/4.

By the condition (c¢) in the statement, and the definition of the norm
in HY we have, for every n and every r € (0, 1),
1 2m
o= Bl /M) dt < 1.

0
The function gy is 0 outside of Cf, and the sequence {Cj}y is a partition
of . Therefore

(2.9)

Vo (lgl/M)dmy ="\ w(|gl/M)dmy ="\ @(|agl| | fn,]/M) dms
D k*le k=1 Cy
< Z V @(| £l /M) dms.
k=1 Cy

Integrating in polar coordinates, setting ro = 0, and using (2.9)), we get

127r

\llgl/ M) dima < 3 | 20 o § W\ fu (re™) /M) dt dr
0

k=17Tk—1

Si S 2rdr =1,

k=17Tk—1

and therefore ||g||v < M, and || Tal/;er <d6/4+ M < 2M.
On the other hand, for every k, we have

36
lglze > llgheglle = larl | fy = hillpr > low] (5 = 8/27%) > - oy,

Taking the supremum over k, we get ||g||zz > (30/4)|a|lcc = 36/4. Conse-
quently,
ITallpe = llgllpe = IAllLe = 35/4 —0/4=6/2,

and Lemma [2.5] is fully proved. =

In the followmg lemma we isolate the proof of the implication (c)=-(d)
in Theorem [2.2]

LEMMA 2.6. Assume that the Orlicz function W is such that, for some
A>1,

U(Ax)

2.10 limsup ——5 = o0
(210 PP WP
Then the injection Jy: HY — BY fizes a copy of lso
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Proof. Let us take a sequence {d, }, of positive numbers and a sequence
{&}n in T such that the disks {D(&,,d,)}n are pairwise disjoint in D. In
particular, we should have lim,, ., d,, = 0.

The convexity of ¥ implies the existence of some ¢ > 0 such that ¥(z) >
cx for every > 1. Given a sequence {fy}, in (4,00) to be fixed later, we
can find, thanks to , an increasing sequence {x,} satisfying

(2.11) x> 1, W(x,) >1, @(Az,) > Bu[¥(z,)]?, for every n € N.
Define y,, as the point in the interval (z,, Az, ) such that
(2.12) W (yn)])? = ¥(Azy,).

Put now h,, = 1/¥(y,) and r,, = 1 — h,. By (2.11)) and (2.12]), we have
[¥(y,))? > B, > 4, and therefore h,, € (0,1/2). Define

un(z):<hn>2 and [ (2) = g tin(2).

1—r.é,2
It is easy to see that ||up|lco = 1 and |[uy || < hy.

We first impose on 3, the condition 3, > 16/d?. That gives [¥(y,)]* >
16/d2 and hy, < d,/4. Let us write D,, for the disk D(y, dy). Observe that,
for z € D\ D,,, we have
ll_rngnZ’ = [1—=rp+ry fngn_rngnz| > 7an|§n_2’_hn > (1/2)dp—hyn > dy /4,
and therefore, since [¥(z,)]? > ¥(x,) > czn,

| fn(2)] < yn <4h”>2 __ 16y, 16Az, _ 164
RN A [P (yn)]> — & Bl (zn)]? T cdi
We also impose the condition 3, > 164n2/(cd?), and so
(2.13) |fa(2)] <1/n*  for z €D\ D,.

From we deduce that {f,}, converges to 0 uniformly on com-
pact subsets of . Moreover implies that, for every bounded sequence
{on }n of complex numbers, the series ), - ay, fr, is uniformly convergent on
compact subsets of D. Let us write f¥ for the boundary value (on T = 0D)
of the function f,. We claim that

o0
(2.14) S=>_|fil € LY(T,m).
n=1
From this, it is not difficult to deduce that, for every bounded sequence

{an}n of complex numbers, the function » 7, oy f, is in HY and, for
M = [|S]| e (1),

(2.15) Hi anf
n=1

v < M|[{an}nlloo-
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On the other hand, taking A, = {z € D; |z — &,| < hy,}, there exists a
constant v € (0, 1) such that mg(A,) > vh2, and, for every z € A,
|1 - Tngnz‘ < ’1 - Tn’ + |Tn£ngn - Tngnz| = hyp + rn|Z - fn‘ < 2hy,,
and consequently |u,(z)| > 1/4. If § = v/(4A), we have, for every n,

S (!nt> dms > S y‘x(%) dmg > ’mimpG Ayn>
D An

> hiw(Ayn) > h%‘I’(A%) =L

Thus || fn||ge > 0 for every n € N. Using Lemma and (2.15)), we get a
subsequence { fy, }r such that, for every a = (ag); € oo,

< Sl

This clearly says that Jy fixes a copy of £
It remains to prove ([2.14]). To do this we impose the last condition on
the sequence {f, }n:

(6/2) I{onhelloo < Hzakfnk < M{ar}ello.

(2.16) i 1//Bn < 1.
n=1

Let us set g, = |f|1p,. Thanks to ;S = >0 gn is a bounded
function. Thus we just need to prove that G > 1 gn is in LY(T). We
have |G| vy < A. Indeed, recalling that the Dy’s are pairwise disjoint,
and that each g, is 0 outside D,,, we have

§w<j>dm=§: | W(j)dm:i | m(’ﬁb')m

n=1D,NT n=1D,NT
Uu.
<3 v (220550 .
n=1T

and by the convexity of ¥ and the fact that \un] <1,

fjmu w( ) =3l (%)

1T

3
Il

[e.e]

U(x U(xy)
X ey = 2 iC

o

IN

IN

||M8 ||M8

1
— <1,

by the required condition (2.16)); this ends the proof of Lemma "
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We are now in a position to prove Theorem [2.2]
Proof of Theorem [2.2. We shall prove that
(a)=(b)=(c)=(d)=(e)=(a),

and that (b)<(f).

The implications (a)=-(b)=-(c) and (f)=(b) are trivial, and we have seen
in Lemma [2.6] that (¢)=-(d).

(d)=(e). By Lemma there exists a constant C' > 0 such that, for
every f in the unit ball of HY,

(2.17) w1/ dms < 1.
D

For every A > 0, there exists x 4 such that ¥(Az) < (Qa+1)[¥(x)]? for every
x > x4. Thus for every z > 0 we have ¥(Az) < (Qa + 1)[¥(z)]? + ¥(Az4).
Then, by ,

S U(A|f]/C)dma < 0o for every A > 0.

D
Therefore f € BMY for every f in the unit ball of HY, and thus for every
fin HY.

(e)=(a). Let {f.}» be in the unit ball of HY. We have to prove that
{fn}n has a subsequence which converges in the weak topology of BY. By
Montel’s Theorem, { f,}, has a subsequence converging uniformly on com-
pact subsets of D to a function g, which, by Fatou’s lemma, also belongs to
the unit ball of HY. If this subsequence converges to ¢ in the norm of BY,
we are done. If not, after perhaps a new extraction of a subsequence, there
exist 6 > 0 and a subsequence {fy, }+ such that

ank —g”%g, > d and ank _gHHW < 2.

Since moreover {f,, — g}r converges to 0 uniformly on compact subsets
of D and, by condition (e), fn, — g € BMY, we may apply Lemma
to conclude that {f,, — g}, has a subsequence equivalent to the canonical
basis of ¢g in BY, and is therefore weakly null. This shows that {f,}, has a
subsequence converging to ¢ in the weak topology of BY.

(b)=(f). Suppose there exists an infinite-dimensional subspace X of HY
on which the norms || - ||z and |- || g» are equivalent. We shall have finished
if we prove that X contains a subspace isomorphic to ¢y, because then Jy
will fix a copy of cp.

We can assume that X is contained in BMY because we already know
that (b) implies (e). X being infinite-dimensional, there exists, for every
n € N, f, € X such that ||f,| g+ = 1 and ]?n(k‘) =0for k=0,1,...,n. By
the equivalence of the norms in X, there exists § > 0 such that || f,| v > 0
for every n. The unit ball of H? is compact in the topology of H(ID). Since

lim fn(k) =0 for every k > 0,
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the only possible limit of a subsequence of { f,, },, is the function 0. So {f,}»
converges to 0 uniformly on compact subsets of D. As f,, € X € BMY for
every n, we can apply Lemma - to conclude that {f,}, has a subsequence
generating a space Y isomorphic to c¢o in BY. The space Y is contained
in X, where the norms are equivalent, so Y is also isomorphic to ¢y for the
norm of HY. =

3. Other properties

3.1. Dunford—Pettis. Recall that an operator T: X — Y between
two Banach spaces X and Y is said to be Dunford—Pettis if {Txy}, con-
verges in norm whenever {z,}, converges weakly. Every compact operator
is Dunford—Pettis. The next proposition shows that, in “most” cases, these
two properties are equivalent for Jy.

PROPOSITION 3.1. Assume that the conjugate function of ¥ satisfies the
condition Ag. Then Jg: HY — BY is a Dunford—Pettis operator if and only
if it s compact.

We shall see in Section [4] that without condition Ay for the conjugate
function, Jy; may be Dunford-Pettis without being compact.

Proof. We remark first that when we speak of the conjugate function
of ¥, we implicitly assume that ¥(x)/z tends to co as x goes to oco.
Assume that Jy is not compact. By Theorem [2.1], there are some A > 1
and a sequence {z;}; going to oo such that W(Az;) > [W(x;)]%. Setting
r; = 1 —1/W¥(x;), this is equivalent to saying that A¥~1(1/(1 —r;)) >
~1(1/(1 —r§)?). Define

1—r; \?
e = (152

One has f; € HMY and ||f;]|g# < 1 (see [7, Corollary 3.10]). Since {f;};
converges to 0 uniformly on compact subsets of D, {f;}; converges to 0 in
the weak-star topology of HY ([7, Proposition 3.7]). But, since the conju-
gate function of ¥ satisfies condition Ay, HY is the bidual of HMY ([7,
Corollary 3.3]); hence {f;}; converges weakly to 0 in HMY.

On the other hand, if S; = D(1,1 —r;) N D, then |1 —7;z| < 2(1 —15)
for z € Sj; hence, writing K = || f;|| gz, one has
= Vw(lfl/K) dma = \ (1f;1/K) dms = ma(S))¥ (x;/ (4K)).
S;) > a(l —r;)? with 0 < a < 1, we get (as ¥(az;/(4K)) <
by convexity)

Since ma(S;)
a¥(z;/(4K)),
oy
, > (/4 J
Hf]H%‘p = (Oé/ ) yv/fl(]./(]. — T‘j)2)
Therefore Jy is not Dunford—Pettis.

e o
= M G ) T aA
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On the other hand, one has:
ProrosiTIiON 3.2. If Jy is Dunford—Pettis, then it is weakly compact.

Proof. By Theorem [2.2] if Jy is not weakly compact, there is a subspace
Xo of HY isomorphic to ¢ on which Jy is an into-isomorphism; hence Jy
cannot be Dunford—Pettis. =

We shall see in the next section that Jy may be weakly compact without
being Dunford—Pettis.

3.2. Absolutely summing. Every p-summing operator is weakly com-
pact and Dunford—Pettis; so it might be expected that Jy is p-summing for
some p < 00. The next results show that this is never the case as soon as ¥
grows faster than all the power functions.

Recall that an operator T': X — Y between two Banach spaces X and
Y is called (p, q)-summing if there is a constant C' > 0 such that

- D\ /P e g\ Ve
(;umu )< c sw (;m (21)|7)

for every finite sequence (x1,...,x,) in X. If ¢ = p, then T is said to be
p-summing. Every p-summing operator is (p, ¢)-summing for all ¢ < p.

THEOREM 3.3. If Jy: HY — BY is p-summing, then, for every q > p,
U(z) = O(x?) for z large enough. Moreover, if p < 2, then Jy is compact.

In order to prove this, we need two lemmas.

LEMMA 3.4. If the canonical injection Iy: A — BY is (p,1)-summing,
where A = A(D) is the disk algebra, then W(x) = O(z*) for x large enough.

In particular, J,.: H" — B" is (p,1)-summing for no p < r/2, and if
U e AY, then Jy is (p,1)-summing for no p < oc.

Recall that the disk algebra is the space of continuous functions on D
which are analytic in D.

We refer to [10] for a detailed study of r-summing Carleson embeddings
H" — L"(p). In particular, it follows from these results that J,: H" — B"
is 1-summing for 1 < r < 2. On the other hand, it is easy to see that
Jo: H? — 92 is not Hilbert-Schmidt (i.e. not 2-summing): for the canonical
orthonormal bases {2"},, and {y/n + 12"}, of H? and B2, J, is the diagonal
operator of multiplication by {1/v/n+ 1},. It also follows from [I10] that,
for r > 2, J, is p-summing for no finite p.

Proof of Lemma 3.4 Assume that we do not have ¥(z) = O(z?) for
x large enough. Then limsup,_,., ¥(z)/2?? = co. Given any K > 0, take
y > 0 such that ¥(y)/y?** > K and h = 1/\/¥(y) < 1/2. Let N be the
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integer part of 1/h + 1. Writing §; = e2mi/N e set

h2
uj(z) = —.
1= (- h)E,7)
Then u; € A(D). By [7, Lemma 5.6], one has, since h > 1/N,
N-1
1—(1—h)2Y e?
)| < Nh? < =:C.
D T Ok [ e e e
1 1 1 Nh? Nh ;
In fact, =)~ < == 1/N)~ < —i/c and =R = 2=h < 1 since we

have assumed that h < 1/2. Hence
N-1

swp_ 3 Ja ()] £ €

[lz* ]| 4+ <1 =0

On the other hand, it is easy to see that |u;j(z)| > 1/9if [z—(1—h);| < h;
hence, for S; = {z € D; |z — (1 — h)j| < h}, one has, since ma(S;) = h?,

= () amate) > ngw(nujfw) o> 0 ()

s0 ||lujllgge > 1/[9%~1(1/h?)]. Since y = ¥~1(1/h?), one gets

N » 7 (y) 12 g2
Zuum > o= aop | 20| T 2

This shows that the (p,1)-summing norm of Iy should be greater than
K'Y /(9C), and, as K is arbitrary, Iy is not (p, 1)-summing. =

REMARK. When Iy: A — BY is p-summing, we have this shorter ar-
gument. By Pietsch’s factorization theorem, Iy factors through HP. It fol-
lows from [7, Theorem 4.10] that ah? < p,,(h) < 1/¥~1(A/RY/P) for some
constants 0 < o < 1 and A > 0, and h small enough. This means that
¥(x) < Cz* for x large enough.

LEMMA 3.5. If the canonical injection Iy: A — BY is 1-summing, then
Jw 1s compact.

Proof. The canonical injection J;: H! — B! (as well as Jy whenever
W € Ay) is compact. Hence we may assume that H? is not H' and hence
that ¥(z)/x tends to co as = tends to oo.

Assume that Jy is not compact. Then, as in the proof of Proposi-
tion there are some A > 1 and a sequence {zy}; going to oo such
that W(Awxy) > [W(xr))%. Setting hy, = 1/ (zy), we define, as in the proof of
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Lemma [3-4]
h2
k —
[1— (1 = hg)éy ;2]?
where &, ; = e2™i/Nk  with Nj, the integer part of 1/hy + 1. Then uy; € A
and (see the proofs of the two cited propositions)

uy,j(2) =

et e da 1
JZO ek (€ < O and el > oz
It follows that
Nt Nk da 1/hy o W(xy)

> _ = E— .

Hence Iy is not 1-summing. =

Proof of Theorem . Since Jy: HY — BY is p-summing and the ca-
nonical injection Iy: A — BY factors as Iy: A — HY — BY, this injection
is p-summing. By Lemma ¥(x) = O(x?P) for x large enough. Hence we
have the factorization A — H?» — HY — 9BY. Since the first injection is
2p-summing and the last one is p-summing, the composition is max(1, p;)-
summing, with 1/p; = 1/(2p) + 1/p (see [2, Theorem 2.22]), i.e. p1 = Zp.
If p1 > 1, we can use again Lemma with p; instead of 2p; we find
that ¥(xr) = O(2?7*) for z large enough, and the factorization Iy: A —
H?1 — HY — 87 is max(1, p2)-summing with 1/py = 1/(2p1) + 1/p. In
the same way, we get a decreasing sequence {py}, such that the canonical
injection 4 — BY is max(1,p,)-summing and 1/p,+1 = 1/(2p,) + 1/p.
Writing p,, = ap, we get a1 = 20, /(2 + 1); hence p,, — p/2 asn — oc.
In particular, ¥(z) = O(x?) for every q > p.

If p < 2, one has max(1,p,) = 1 for n large enough, and Lemma
implies that Jy is compact. =

REMARKS. 1) It is not clear whether Jy p-summing, with p > 2, implies
that Jy is compact. However, when r > 2, J,.: H" — B" is p-summing for
no p < oo (see [10]).

2) An operator T: X — Y between two Banach spaces is said to be
finitely strictly singular (or superstrictly singular) if for every € > 0, there
is an integer N. > 1 such that, for every subspace Xy of X of dimension
> N, there is an © € X such that ||Tz| < ¢||z|. Every finitely strictly
singular operator is strictly singular. It is not difficult to see that every
compact operator is finitely strictly singular, and it is shown in [I1] (see also
[5, Corollary 2.3]) that every p-summing operator is finitely strictly singular.
We do not know when Jy is finitely strictly singular.
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3.3. Order boundedness. Recall that an operator T: X — Y from a
Banach space X into a Banach lattice Y is said to be order bounded if there
is y € Yy (Y} denoting the cone of non-negative elements of Y') such that
|Tz| <y for every x in the unit ball of X. Since the Bergman—Orlicz space
BY is a subspace of the Banach lattice LY (D, ms), we may study the order
boundedness of Jy. Actually, we are going to see that the natural space for
the order boundedness of Jy is not Lg’(]D),mQ), but the weak Orlicz space
LY°(D, my), the definition of which we recall below (see [7, Definition 3.16]).

DEFINITION 3.6. Let (5,8, ) be a measure space; the weak-LY space
L% is the set of all (classes of) measurable functions f: S — C such that,
for some constant ¢ > 0,

1
p(lf| >t) < —— for every t > 0.

U (ct)

One has LY C L% and ([7, Proposition 3.18]) the equality LY = L
implies that ¥ € A°. On the other hand, this equality holds when ¥ grows
sufficiently quickly, for example, if ¥ satisfies the condition Al: 2¥(x) <
V(o) for some constant o > 1 and x large enough.

PROPOSITION 3.7. Jy: HY — BY is order bounded into LY>°(D, my).
Proof. One has (see [7, Lemma 3.11])

1 1 1
(3.1) W_1< ) < sup |f(2)] < 4LT/_1< )
S S A e -1z
Hence, denoting
(3.2) F(z) = sup |f(2)],
Il g <1

one has, for ¢ large enough,
2 1

ma|F| > 1) < maf{z €Ds 2] > 1 =10/} < Gorn < iy

and the result follows. m

Since we also have, for ¢ large enough,
1
F|>t)> D; 1-1/w(4t)}) > ——
ma([F| > t) =2 ma({z € D; [2] > /¥( )})_W(‘lt)’
we get:

COROLLARY 3.8. Jy is order bounded into LY (D, ms) if and only if
LY = LY. This is the case if ¥ € Al

REMARK. Unlike compactness, or weak compactness, which requires
that ¥ does not grow too fast, the order boundedness of Jy into LY (D, ms)
holds when ¥ grows fast enough. Nevertheless, for the Orlicz function ¥ (x) =
exp[(log(z + 1))?] — 1, Jy is compact and order bounded into L¥ (D, ms).
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When Jy is weakly compact, Jy maps HY into BMY (Theorem [2.2));
hence, we may ask whether Jy may be order bounded into M lI’(]D),mg);
however, we have:

PROPOSITION 3.9. Jy is never order bounded into MY (D, ms).
Proof. 1f it were, we should have F' € MY (D, m3) (where F is defined in

(3.2), and hence
|w g g1 dma(z) < oo
4 1— 2| 2 ’

D

which is false. m

4. An example

THEOREM 4.1. There exists an Orlicz function ¥ such that Jg is weakly
compact and Dunford—Pettis, but not compact.

Note that such an Orlicz function is very irregular: ¥ ¢ Ag, ¥ ¢ A9 so,
for every A > 1, ¥(Ax)/¥(x) is not non-decreasing for x large enough, and
the conjugate function of ¥ does not satisfy condition As.

The following lemma is undoubtedly well-known, but we have found no
reference, so we shall give a proof. Recall that a sublattice X of L(y) is
solid if |f| < |g| and g € X implies f € X and ||f|| < |g]-

LEMMA 4.2. Let (S,S,u) be a measure space, and let X be a solid Ba-
nach sublattice of L(u), the space of all measurable functions. Then, for
every weakly null sequence {fn}n in X and every sequence {Ay}, of dis-
joint measurables sets, the sequence {f,14, }n converges weakly to 0 in X.

Proof. If the conclusion does not hold, there are a continuous linear
functional o: X — C and some ¢ > 0 such that, up to taking a subsequence,
lo(fnla,)| > 6. Set, for every A € S,

,un(A) = U(nt[A)'
Then p, is a finitely additive measure with bounded variation. By Rosen-

thal’s lemma (see [3, Lemma 1.4.1, p. 18] or [I, Chapter VII, p. 82]), there
is an increasing sequence {nj}; of integers such that

Ik Ik
Now, if A = Ul21 Ay, then {f,, 14} is weakly null, but

0 (fur L)l 2 lo(Fo La, )| = o | (U Ani ) = 6= 8/2 =672,
£k

so we get a contradiction. m
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Proof of Theorem . We begin by defining a sequence {x,, },, of positive
numbers in the following way: set 1 = 4 and, for every n > 1, x,11 > 2z, is
the abscissa of the second intersection point of the parabola y = 22 with the
straight line containing (z,,,z2) and (2z,, z}); we have x,41 = =3 —2x,, (for
example, o = 56). Define ¥: [0,00) — [0,00) by ¥(x) = 4z for 0 < z < 4,
and, for n > 1,

(4.1)  W(z,) =22, W(2x,) =i, W affine between z, and z, 1.
Then V¥ is an Orlicz function and
(4.2) 22 <W(z) <zt forx >4

For this Orlicz function ¥, Jy is not compact, since ¥(2z)/[¥(x)]? does
not tend to 0. However, Jy is weakly compact, because one has the factor-
ization H? — H? — B4 — BY (by and Lemma [2.4)).

Assume that Jg is not Dunford—Pettis: there exists a weakly null se-
quence {f,}, in the unit ball of H? which does not converge in the norm
of BY. Then {f,}, converges uniformly to 0 on compact subsets of D (since
it is weakly null) and we may assume that ||f,||gz > 0 for some 6 > 0.
We may also assume that ||f,|cc — 00 as n — oo, because if {f,}, were
uniformly bounded, we should have || f,, ||z — 0, by dominated convergence.

We are going to show that there exist a subsequence { f,, }x and pair-
wise disjoint measurable sets Ay C T such that the sequence {f,, 14, }r C
L¥(T,m) is equivalent to the canonical basis of £1, which contradicts Lem-
ma

Let us note that the Poisson integral P maps boundedly L?(T) into
L*(D). Indeed, L?(T) = H2®H? and the canonical injection is bounded from
H? into B*, by Lemma[2.4] If | P|| stands for the norm of P: L?(T) — L*(D),
it follows that P: L¥(T) — L¥(D) is bounded and its norm is < ||P||, thanks
to the factorization L¥(T) — L2(T) 5 L4(D) — L¥(D).

We have seen in the proof of Lemma that there exist a subsequence
{fn, }r and disjoint measurable annuli C1 = {z € D; |z| < m} and C, =
{z €Dyrg1 < |zl < g}, k> 2, with 0 < r; <rg < -+ <1, such
that || fn, Loy llpe ) > /2. The assumptions of that lemma are satisfied
here: || fullge < 1, || fullge = 9, {fn}n converges uniformly to 0 on compact
subsets of I, and f, € BMY because HY C BMY, since Jy is weakly
compact. Then we have:

FActT 1. There exist two sequences {oy }i, and { B}, with By > oy, — o0
as n — 00, such that if g = f;kﬂ{akg|f;k|§ﬁk}7 then

1P (g) |l ey = 0/3,

where f, is the boundary value of fpn, on T.
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Proof. 1) Let o, = %W_l(l/mg(ck)) and v, = ,P(f;k]lﬂfi{kkak})lck‘
One has
Vo (|vel/(6/12)) dmy = | W (jug| /(5/12)) dmy
D Ck
< ¥(ap/(0/12)) ma(Cr) = 1,
SO |lvllpry < 6/12. Since P(f;,) = fn,, we have [|[P(f;)1c,llLrm) =
ank]lC'kHL‘p(]D)) > 5/27 and we get

12 12°
2) Let wy, = f;k1{|f§k|20‘k}' Since P(wkl{\wkbﬁ}) — 0 uniformly on Cj,

. 5 5 5
1P Mgz, zany) LollLr o) 2 ([ fn Loy v ) = okl e o) = > 127

as 3 — oo, Lebesgue’s dominated convergence theorem gives
Hp(wk]l{|wk|>ﬁ})]10k ”LW(]D)) < Hp(wk]l{|wk|>ﬁ})]10k ”L4(]D)) m 0,

so there is some B > ay such that [|P(wrl{jw,>s) Loyl Lr @) < 6/12.
We then have, with g = f;k]l{akélf;klﬁﬂk}v
56 0
1P (gi)ll Ly = 1P (gk) Loy | vy = B -3
and that ends the proof of Fact 1. m

FAcT 2. There are a further subsequence, still denoted by { fn,}r, and
pairwise disjoint measurable subsets Ey C {ay, < |fy | < Br} such that if
hk = f;k]lEk, then

P (hie)l v (y = /4.

Proof. First, since g, € L®(T) € MY(T), there exists e > 0 such
that m(A) < ey, implies ||grLallpw(ry < §/(12[|P]]). Hence [P (grla)|l L (m)
< 0/12 for m(A) < g

Let By, = {ar, < |fn,| < Br}. Up to taking a subsequence, we may
assume that ), , m(B;) < €. Let

By =B\ | B
I>k
The sets Ey, k > 1, are pairwise disjoint, and
6 6 )
IP(geLe) e ) = P9kl )| Lo ) — 1P 9rly,., B) Ly m) = 3T 1

so we get the conclusion with hy = gxlg, = f; 1g,. =

Set
Fr={z € B ¥(1f5,(2)]) < M| fr (2)]*}.
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For z € E} \ Fj, one has

| 1l dm MSW(IkaI)de
Ep\Fy,

so || fo LearFll2ery < 1/VM and

IP(frleam)loem) < 1P leam) L)
] Pl _ 9
<P fa L0\ Rl 22(T) < NiYi < 3
for M large enough. It follows that, for M large enough, |P(f;, 1)l L7 m)
> /8 and
(4.3) o Ll vy = 6/ (8IIPI))-
Now, we may assume that, for some o > 0,
VI fr P1p, dm > a,
T
because, if not, there would be a subsequence {f; 1 Fy, }; converging to 0
J
in L?(T); but then {P(fnkj ]lej)}j would converge to 0 in B*, and hence
in BY, contrary to (&.3)). It follows, using (4.2), that
(4.4) | w155, 1) dm > a.
Fy,
The following lemma is now the key of the proof.
LEMMA 4.3. Let 6, = 2zp_1/7n = 2/(22_; — 2). If U(z) < M2? and

x > Ty, then, for n large enough (n > N), one has ¥(ex) > CprreW(x) for
o <e<1.

Proof. We may assume that x, < x < x,41, because if 2, < = < 211
with k > n, then € > §,, implies € > d.
We shall first show that

14
W) 1Y for 2w, <2 <y < s,

Indeed, on the one hand,

lp(y) - l*p(mn) _ Y—Tn v Y.
U(z)—¥(r,) x—mp /2 x’

and, on the other hand, ¥(y) — ¥(z,) > ¥(y) — ¥(y/2) > ¥(y) — 3¥(y) =
%W(y) , SO

(4.5)
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We shall separate three cases:

1) ez <z, < x < 2xy. Then ez > ex, and hence U(ex) > ¥(exy).
But 22,1 < ez, < x,, since € > §,; hence (4.5) implies that ¥(ex) >
(e/4)¥(xy,) = (¢/4)z2. On the other hand, by hypothesm, W(z) < Ma? <
M (2x,)?, so we get W(sx) (e/(16M))¥(x).

2) x, <ex <z < 2x,. Then, since 1 < 1/e,

v(x) Mz? M(2x,)?
U (ex) = U(xy) = x2

M
=AM < —
13

3) For > 2z, the conditions ¥(z) < M2? and = > 2z, imply that
x > x2/v/M. Indeed, if x > 2z,, then ¥(z) > ¥(2x,) = x4, and the
condition ¥ (z) < Mx? implies 22 < Ma?, ie. x> 22/VM.
In this case, one has ex > 22 /M > 6,22 /M = 2(xy_1/x0)x2 )V M
= 2xp_12n/VM > 2x, if ©,—1 > VM. Hence (4.5) gives, for 2z, < x
< Tp41 (since then 2z, < ex <z < XTpi1),
V) gw 4
Ulex) = ex ¢
That ends the proof of Lemma[4.3] =

Extract now a further subsequence of {f,, }, still denoted by {f,,}, in
order that (see Fact 1) ay > xn1k. The assumption of Lemma holds
for x = W(|f, (2)]), z € Fy, for every k > 1; one has (since, by definition,

V(| fnpl) < M| f, |* on Fy)

S U(elfp,)dm >eCla:=ce fordyip <e <1
Fy,

We have now reached the final part of the proof of Theorem put
up = f;;kll F,, and take an arbitrary sequence {\}; of complex numbers
such that >, <, [Ax| = 1. Let dg = >~ 5 0. Then 6y < 1, because we may
assume that N had been taken large enough. One gets

1[/(‘ ;)\kukb dm = ;; | Z(2kfrue]) dm

>1 Fy,

> Y el D L #( S l) dm
[Ak|>0N 1k M| <On 1k Fr

> > clul= C<1 - > |>\k|)
[Ak|>ON 1k [Ar|<ON 1k

20(1—25k):c(1—50):

k>N
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Since c¢g < 1, this implies, by convexity, that
AxU H > .
DI LT
E>1

Hence {uy}x is equivalent to the canonical basis of ¢1, and this concludes
the proof of Theorem .

REMARKS. 1) It follows from Theorem that, for this ¥, Jy is not
p-summing for p < 4. By modifying the definition of ¥ (taking ¥(z,) = $:L/ 2
and ¥ (2z,) = z),), we get, for every 4 < r < oo, an Orlicz function ¥ such
that Jy is Dunford—Pettis and weakly compact, without being p-summing
for p < r, and without being compact. We do not know whether it is possible
to have Jy p-summing for no finite p.

2) Let us point out that the fact that Jy is Dunford-Pettis does not
trivially follow from its weak compactness: H¥ does not have the Dunford—
Pettis property. In fact, if it had, the weakly compact injection HY — H?
would be Dunford-Pettis, and hence so would be H* < H? (since H* —
HY — H?). But the latter is not the case: the sequence {z"},, converges
weakly to 0 in H*, whereas it does not converge in norm to 0 in H2.

PRrROPOSITION 4.4. There is an Orlicz function ¥ for which Jy is weakly
compact, but not Dunford—Pettis.

Proof. Let ¥ be the Orlicz function constructed in Theorem [£.1] and set
W (z) = Wo(2?). Then, with 3 = 2, ¥(Bz) = Wy(4x?) > 4y (2?) = (28)¥(x);
that means that the conjugate function of ¥ satisfies As.

Jy is weakly compact (since it factors as HY «— H* — 88 — BY) but
not compact, since [¥(y/Z,)]? = ¥ (V2 /Zr). Since the conjugate function
satisfies Ao, Jy is not Dunford—Pettis, by Proposition "
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