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Hardy spaces for the Laplacian
with lower order perturbations

by

Tomasz Luks (Angers)

Abstract. We consider Hardy spaces of functions harmonic on smooth domains in
Fuclidean spaces of dimension greater than two with respect to the Laplacian perturbed
by lower order terms. We deal with the gradient and Schrédinger perturbations under
appropriate Kato conditions. In this context we show the usual correspondence between
the harmonic Hardy spaces and the L? spaces (or the space of finite measures if p = 1) on
the boundary. To this end we prove the uniform comparability of the respective harmonic
measures for a class of approximating domains and the relative Fatou theorem for harmonic
functions of the perturbed operator.

1. Introduction. Let L be the operator of the form L = 2A+b(-) - V
on a CY! domain D in R?, d > 3, where b is a vector field such that |b|
belongs to the Kato class K¢ (D) and [b]* belongs to K}¢(D). We study
the Hardy spaces h% (D), 1 < p < oo, of harmonic functions of L on D
and we extend the results obtained in [CrZ| for the positive solutions of
Lu = 0. In the case of the classical harmonic functions of the Laplacian,
i.e. when b = 0, this topic has been intensively studied (see [DK|, [JKI],
[JK2], [L], [S1], [S2]). The basic properties of the classical Hardy spaces on
the ball and the half-space in R? are described in [ABR]. The case of smooth
bounded domains is discussed in [S2], Lipschitz domains are considered in
[DK] and [JK2] and the so-called nontangentially accessible domains in [JKIJ.
A typical theorem in the theory of Hardy spaces says that a function u
harmonic on D belongs to the Hardy space hP(D) for a given p € (1, 00] if
and only if u is the Poisson integral of some function f € LP(9D, o) where
o is the surface measure. For p = 1, f should be a finite complex Borel
measure on JD. To address the operators more general than %A, we note
that this topic is considered by Widman in [W1] in the case of the half-space
and elliptic operators with continuous or Hélder continuous coefficients. The
Schrédinger operator %A — ¢ with nonnegative potential ¢ is considered in
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IK1] for the ball and in [K2| for the half-space. Recently, similar properties
have been obtained by Michalik and Ryznar for Lipschitz domains in the
case of the so-called singular a-harmonic functions (see [MR1]). We should
note there is also a different line of research on Hardy spaces featuring the
maximal functions of the corresponding semigroups; see for example [CKS],
[DzZ1] or [DzZ2]. The focus of the present note is however in the spirit of
IL] and [S2].

The starting point for our results is the paper [CrZ], where the authors
have proved that for Lipschitz domains the harmonic measure and Green
function of L are comparable with the harmonic measure and Green function
of %A. In the case of C'! domains similar results were obtained in [HS] for
elliptic operators with coefficients which are Hoélder continuous up to the
boundary of D. In [IR] Ifra and Riahi have shown analogous properties for
the operator div(A(-)V) + b(-) - V, where A is a uniformly elliptic matrix
with Lipschitz continuous coefficients, but their methods make a restrictive
assumption of smallness of the Kato norm of b, at the same time relaxing
the condition |b|? € Kgfc(D). Finally, some of the results were generalized by
Kim and Song in [KiS2| to the operators of the form £+ p -V + v, where £
is uniformly elliptic and the measures u, v belong to the corresponding Kato
classes. We wish to note, however, that the papers mentioned above in this
paragraph do not address Hardy spaces.

The main objective of this note is an extension of the hP-theory to L-
harmonic functions on a C! domain D, with L satisfying the assumptions
of [CrZ]. Our definition of the L-harmonic Hardy spaces h} (D) corresponds
to the one introduced by Stein in [S2] (see Section 4), and we prove the
following theorem.

THEOREM 1.1. Let u be L-harmonic on a bounded C*' domain D C R?,
where d > 3. Then

(i) u € hE(D) if and only if uw = Pr[u] with a unique p € M(OD).

Furthermore, there exists a constant ¢ depending on D and b such

that, for every p € M(9D),
el < 1Pelullnn < el
(ii) w € hY (D) for a given p € (1,00| if and only if w = Pr[f] with
a unique f € LP(OD,o). Furthermore, there exists a constant cy
depending on D and b such that, for every f € LP(0D, o),
5 11l < IPLlflllne < call flp-

Moreover, our results extend to the operators considered in [HS], [IR],
IKiS2] and [R] (see Remark [5.5). In order to study the Hardy spaces of L-
harmonic functions we adapt the ideas introduced in [MRI]. As we proceed,
we need some strong assertions about the comparability of the harmonic
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measures of %A and L on C™!' domains. In particular we prove that the
corresponding Poisson kernels are uniformly comparable for the sets {z € D :
dist(xz,dD) > r}, when r is sufficiently small. Another important tool is the
relative Fatou theorem for ratios of positive harmonic functions. We extend
it to the operator L applying the methods of [Wul.

At the end of the paper we give an extension of our results to the
Schrédinger operator %A + ¢, which may be of independent interest. In this
part, we work under the assumptions g € K&OC(D) and the gaugeability of
(D, q) (see [ChuZ| and [CrFZ]).

The hP-theory for diffusion operators may also be considered for Lip-
schitz domains; here the use of probabilistic techniques introduced in [MRI]
seems suitable. A part of the relevant properties of Hardy spaces should
then follow from martingale theory. On the other hand a purely analytic
approach to this problem seems to be difficult and may be an objective of
further research based on the Green function estimates of |[B] and available
estimates of gradients of nonnegative harmonic functions (see for example
[BKN]). In this context, some results for the classical harmonic functions
can be found in [DK], [JKI] and [JK2|, but they are based on different
characterizations of hP-spaces than the one considered in Theorem

The paper is organized as follows. In Section 2 we give basic definitions
and facts concerning the classical potential theory and recall some of the re-
sults of [C1Z]. In Section 3 we prove the uniform comparability of the Poisson
kernels of L and %A on a class of subdomains of D. The correspondence be-
tween L-harmonic Hardy spaces and LP spaces for 1 < p < oo and with the
space of finite measures for p = 1 is given in Section 4. In Section 5 we prove
analogous results for the Schrédinger operator %A +q.

2. Preliminaries. By R? we denote the d-dimensional Euclidean space
with norm |- |. Here and throughout the paper we consider dimensions d > 3.
Let OB denote the boundary of B and let 6p(x) = dist(z, 9B). All constants
in this paper are (strictly) positive and we use the convention that constants
denoted by small letters may differ in each lemma, while constants denoted
by capital letters do not change. The notation ¢ = ¢(a,b) means that the
constant ¢ depends only on a and b. All functions are assumed to be com-
plex valued unless stated otherwise. In this paper, by a domain we mean a
connected open subset of R%.

Let D be a bounded domain. We say that D is a CY' domain if there
exist constants r, A depending only on D such that for every z € 9D there
is a function F' : R¥"! — R and an orthonormal coordinate system y =
(y1,--.,yq) such that

DQB(Z’T):{y:yd>F(yl7"'ayd—1)}ﬂB(2’r)a
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where F' is differentiable and VF' is a Lipschitz function with the Lipschitz
constant not greater than A.

Equivalently, we may define a C'!' domain D as a bounded domain
satisfying the following geometric condition, called the ball condition (see
[AKSZ]): there exists a constant r = (D) such that for each y € 9D there
are balls B(cy,r) C D and B(¢y,r) C D¢, tangent at y.

From now on D will be a fixed nonempty C11 domain in R%. For r > 0
we define the approximating inner sets D, as

D, ={xe€D:ép(x)>r}.

Note that Dy = D. Let o, denote the (d — 1)-dimensional Hausdorff surface
measure on 0D,, and set ¢ = oy (occasionally, o will also denote the Haus-
dorff surface measure on spheres). The following two lemmas provide some
basic properties of D, (see [MRI] for the proofs).

LEMMA 2.1. There exists a constant ro = ro(D) such that for every
r € [0,r9], Dy is a CYl domain and satisfies the ball condition with radius ry.
Furthermore,

0D, ={x € D:op(z)=r}.

In view of Lemmal2.1] for r sufficiently small and 0 < s < r we may define
the projections 7, ,: dDs — 0D, where 7, ,(x) means the closest point to
on 0D, and let 7, = mg . Then for all x € 0Dy we have |z —7,,(x)| = -5,
and the ball B(z,r —s) C Dg is tangent to 0D, at 7, (x), while the ball
B(7sy(x),7 —s) C Dy is tangent to 0Dy at x. In particular we have

(1) o (z) = Ty (ms(x)), =€ dD.

LEMMA 2.2. There exist constants c,ro depending only on D such that
for all r € (0,79], s € [0,r) and every nonnegative function f on D we have

| f@)dop(x) < | f(rar () dos(y) < | f(@)doy(x).
oD, 0D, oD,

Let G, (z,y) be the Green function of $A for D,. If r is sufficiently small,
then D, is a C™! domain, and the Poisson kernel of %A for D, is given by

) Prr,z) = - 20r02)

where v is the outward unit normal vector at z.

x €D, z€dD,,

LEMMA 2.3. There exist constants rg, c1, c2, c3 depending only on D such
that for all r € [0,7¢], x,y € D, and z € 9D,

(3) CfléT(xvy) S Gr(ﬂf,y) S Cl@r(q:?y)

where
1 p,(z)0p, (y) }
lz —yl4=2" | —yld J

Py (2,y) = min{
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and we have

_ 5D (ZL‘) (SD (x)

1 s T

(4) 62 ’_’,U—Z|d SPT'('I:az) §C2|x_z|d7
P(z,2)] < c3—.

(5) VP 2)| < esp—

Proof. With r fixed and the constants ci, ce, c3 depending on D,., the
estimates above follow from [W2], [Z1] and |Z2]. The uniformity of (3]) is an
immediate consequence of [Bl (22)] and Lemma The upper bounds of
and follow from , and gradient estimates for harmonic functions.
In the case of , it is explained in [Z1) proof of Lemma 1, p. 25| that the
constant in the lower bound depends only on the diameter of the domain,
the radius rg from the ball condition for D, and ¢ such that

inf{P.(z,2) : x € D,, ép,(x) >19/2, 2 € 0D, } > ¢

(see |Z1l, p. 22]). However, in view of Lemma and the Harnack inequality,
¢ can be taken independent of r € [0,r¢], z € 0D, and x € Dy,,. This gives
the desired conclusion.

From now on, Ry will denote the constant ry satisfying the conditions of
Lemma We will consider r € [0, Rg]. We define the Martin kernel
for D, by

K.(z,z) = lim Grl(@,y) ,

Dy3y—z Gr(x0,y)

where xg is a fixed point in Dpg,. By we have
P.(x,z)

Py (w9, 2)

The following inequalities are known as the 3G Theorem.

x € D,, z€0D,,

(6) K, (z,2) =

LEMMA 2.4. There exist constants c1,ca,c3 depending only on D such
that for all r € [0, Ry, z,y,w € D, and z € 9D, we have

Gy (z,y)G,r(y,w) oy 1 1
Gr(z,w)  — \Jz—y|®2 " Jy—wld2)
Gr(z,y)Kr(y, 2) 1 1
<
K.(2) = \Jz— gt 2 Jy—22)
G (z,y)|VE,(y, )| <. 1 1
K, (x,2) =S\ |z =yt Ty — 2t )

Proof. Tt is well known that the constants in the inequalities above de-
pend only on the estimates f and the dimension d (see for example
[CrEZ] or [IR]). Thus the conclusion follows from Lemma[2.3] =
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For r > 0 we let (W;,P¥) be the Brownian motion killed on exiting
D, and let p,(t,x,y) be its transition density. For z € 9D, we define the
K, (-, z)-conditional Brownian motion on D, to be the Markov process with
the transition density

pr(t, 2, y) K (y, 2)

K, (z,z)
For z € D, we consider the G, (-, z)-conditional Brownian motion on D, \{z}
defined by

pi(t,z,y) =

pr(t 2, y)Gr(y, 2)

Gr(z, 2) '
Also (Wi, PZ,), for z € OD,, will denote the K, (-, z)-conditional Brownian
motion on D, (and the G, (-, z)-conditional Brownian motion if z € D,). For
standard properties of conditional processes see [ChuZ| and [Do2|. Equiva-
lently, we may define these processes as the respective solutions of the fol-
lowing stochastic differential equations:

pi(t, @, y) =

VK, (Y, 2)
dY; = dW; + ~2r\Ib2) gy D,,
t Wi + Kr(Yt,z) s z€0
< 7 r }77
0 = aw, + Y2y p
Gy (Vi, 2)

Let b be a vector field on D with [b| € K¢, (D) and [b|? € Kj¢(D), i.e., [b|
is uniformly integrable with respect to the measures p(z, dy) = |z —y|'~?dy,
x € D, and |b|? is uniformly integrable with respect to the measures v(z, dy)
= |z —y|9"2dy, x € D. As explained in [CrZ], there exists a unique solution
X; of the stochastic differential equation

dXt == th + b(Xt)dt, XO =,

where W; is the Brownian motion killed on exiting D. The process X; is a
diffusion with the generator L = £ A +b(:) - V. We say that a function u on
D is L-harmonic on D if it is continuous and for every open set B C D with
B C D we have

(1)  w(r) =E*uw(X,;), x€B, whererp=inf{t>0:X; ¢ B}.
Equivalently, a continuous function uw on D is L-harmonic on D if Lu = 0 in

the weak sense, i.e., for any function ¢ € C2°(D) we have

1 S u(z)Ag(x) dx = S u(z)b(z) - Vo(x) dr.

2 D D
For t > 0 we define M(t) = [ b(Wy) dW;, (M), = { [b(W;)|? ds, and N(t) =
exp{M(t) — 1(M),}. Let H,(x,dz) be the harmonic measure of £A for D,
and let GE(z,y), HE(z,dz) be the Green function and the harmonic measure
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of L for D,, respectively. As opposed to (7)), set 7p, = inf{t > 0: W; ¢ D, }.
In [C1Z] it is shown that

(8) Gy (z,y) =By, N(rp,)Gr(z,y), 2.y € Dy,
and on 0D, we have
HE(z,dz) = EZ, N(rp,)H:(z,dz), x € D;.
Furthermore, there is a constant ¢ depending on b and D, such that
¢l < EZ,N(rp,) <¢, x€D,, z€D,.
We conclude that the Poisson kernel of L for D, satisfies

(9) Pf(z,2) = EL . N(7p,) P (z, 2).

In particular,

(10) EfN(mp,) = | B N(7p,)P:(x,2)do,(2) =1,
9D,

and

(11) ¢ Pu(z,2) < PE(z,2) < cPy(x, 2).

In the next section we will prove that the estimate holds with a constant
which does not depend on small r.

3. Estimates for conditional Brownian motion. The objective of
this section is to prove the following theorem.

THEOREM 3.1. There exist constants c,rg depending only on b and D
such that for all r € [0,79], x € D, and z € 9D, we have

ct< EZ,.N(mp,) <c.

The idea of the proof is the same as in [CrZ], and it originated in the proof
of the Conditional Gauge Theorem (see |[ChuZ]). However, in the present
context we aim at uniform estimates for the variable sets D,., which makes
the calculations a little more complicated. The essential difference in the
proof is Lemma [3.6]

Recall that the constants denoted by capital letters do not change from
place to place. Using and @ fix a constant C depending only on D such
that

(12) c;

for every r € [0, Ro], x € D, and z € 9D,.

LEMMA 3.2. There exists a constant ¢ = ¢(D) such that if 0 < p’' < p,
rel0, Ro|, 2€9D, and z,y€ D, are such that |x —y|<p' and B(y,2p) C D,,
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then for every Borel set A C 0B(y, p) we have
BT (Wi, € A) > clp— )o(A).

TB(y,p)
Proof. By the definition of P7, we have

" 1
IPZ’T(WTB(%M €A = o ) S K, (w, z)PB(W,) (x,w) do(w)
T bl A
I'(d/2) 2 — |z —y|?
__ T2 S Ky (w M dor(w)
27rd/2pK (z,2) M |z — wl|d
c  p—¢
el Kr(sz) : Pd S Kr(waz) da(w),

A
where ¢ = I'(d/2)/(2¢"'x%?). By we obtain

c |zr—2" p—p' dp,(w)
> . . .
€ A) i!z—wld do(w)

x
P W0

=C2 @)

Since z € 9D, and B(y,2p) C D,, we have

P (W

TB(y,p)

c pHp—1) p
€A > o . e él (dam(D))? do(w)

— &p— p)o(A). =

The next lemma provides some geometric properties of the domains D,.,

needed in the proof of Theorem

LEMMA 3.3. For every § > 0 there exist constants r1,r2,13 depending
only on D and § with the following properties: 11 < Ry,

1 \&z
2T3 <ro < <C’122d+1> T1,

and there exists a compact connected set Fy C D and, for every r € [0,713],
a domain U, C D, such that

(i) D\ D,, C U,, and thus D, C dU,,
(ii) 9Dy, C Fy C Uy,
(iii) dist(Fp,0D) > 2rs, and thus dist(Fy,0D,) > 2r3 —r,
(iv) B(z,r3) C U, for every x € Fy,
(v) m(Uy) < 9, where m is d-dimensional Lebesque measure.

Proof. Fix § > 0. Since D is a C*! domain, D = |JI_, F;, where F} are
closed, disjoint and connected. Choose a constant 1 = r1(D,d),0 < 1 < Ry,
for which the sets U; = { € D : dist(z, F;) < r1} are disjoint (and obviously



Hardy spaces for Laplacian with perturbations 47

connected), and m(|J;_, U;) < 6/2. Take ro > 0 such that

1 \&1
ro <1 <C’%2d+1> .
By Lemma

0D, ={x € D:dp(x) =ro} ={y —rovy :y € 0D},

where v, is the outward unit normal vector at y. Obviously, 0D,, C |J:, U;.

We have 0D,, = |J_ 1FZ, where F; = {y — rovy 1Y € F} are closed,
connected, and F; C U; for every i. Fix x; € FZ7 i =1,...,n. Since D is
connected, for every ¢ = 1,...,n — 1 there exists a curve F C D connecting
Z; to T;+1, and thus F to Fz—i—l Set Fy = 0D,, U ;- F Then Fj is a
compact, connected set contained in D, and there exists a constant r3 such
that dist(Fy, 0D) > 2rs. For every i = 1,...,n—1 we define a “tube” around
I by i = {x : dist(z,I3) < r3}. Then for every i, (; is also contained
in D and connects U; to U;y;. Obviously, r3 < ro/2. Taking r3 = r3(D,d)
sufficiently small we may assume that m(U ! 3;) < 6/2. For r € [0, r3] let

U, = (UUiU U 8)ND,.
i=1 i=1

Then it is easily seen that U, and Fy together with the constants ry,7r9, 73
satisfy the conditions of the lemma. =

LEMMA 3.4. For r € [0, Ry] let U, be a domain contained in D, with
0D, C 0U,. Let 0 < e < 1/4. There exists a § = 6(e,b, D) > 0 such that if
m(Uy) < 6 for every r, then

sup E? , |M(my,) —

z,r

(M), | <e
(z,2)€Urx0D; 2

and )
sup  EI N(my,) < .
(2,2)€UrxOD, 1 —4e
Proof. We follow the proof of [CrZ, Lemma 3.2| to obtain the first esti-
mate. The desired conclusion is then a consequence of Lemma [2.4] and the
assumptions on b. The second estimate follows from the first one by the
John—Nirenberg inequality. =

For g9 = 1/8, we fix 09 = do(e0,b, D) > 0 satisfying the conditions of
Lemma From now on, Rq, Ry, Rz will denote the constants and Fy, U,
the sets from Lemma with respect to dg. Then for all € [0, R3] we have
0D, C 90U, and m(U,) < dg, so by Lemma [3.4] it follows that

1
TU, <§

1
(13) sup  EZ, M (ry,) — (M)
(z,2)€Urx0Dy ' 2
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and
(14) sup  EI N(my,) <2

z,r
(z,2)€Ur%x0D;,

Since D, satisfies the ball condition with radius Ry and since Ry < Ry,
for every r € [0, R2) and z € 0D, there exists a unique point =, € dDpg, for
which

op,(z,) =]z —x,| =Ry — .

LEMMA 3.5. There exists a constant ¢ < 1 depending only on D and b
such that for all v € [0, R3], z € 0D, and v € B(x,,(Rs —r)/2) we have
P{;,T(TUT < TDT) S C.

Proof. Let r € [0, R3], z € 0D, and denote B, , = B(z, Ri —r)ND,. By
Lemma B, , C U,. By , for every x € B(z,,(Re —1)/2) C B,

]P)gﬂn(TU"‘ < TD’V‘) S ]P)§77"<TBZ,T < TD’I‘)

1
= WE:E[KT(WTBZ”JZ); TBZ,T < TDT]
_ .|d 5D (W‘r )
< 2. @ = 2 g [ 00 W, ) ) |
~ 7 () W, — 2@ Bor ST

z,r

Since 2Ry < Ry, the last term is less than
22(Ry — 7)Y Ri—r Ry —r\%!
c?. . - = C29dtt.

R2 —T (R1 — 7")
R d—1
< CF2d+L. <RQ> <1,
1

where the last inequality follows from Lemma t0o. m

LEMMA 3.6. There exists a constant ¢ = c¢(b, D) such that for every
r € [0, R3] we have

L

inf P (tu, = 1p,) > c.

(%,2)EOD R, XODr

Proof. Let p = R3/12. Since Fj is compact, by Vitali’s covering lemma,
from the family of balls {B(y, p)}yer, we may choose a disjoint, finite sub-
cover {B(y;, p)}ier such that Fy C U;c; B(yi, 3p). Fix r € [0, R3], z € 0D,
and x € 0Dpg,. Choose x, € 0Dp, such that

op.(x,) =]z — x| = Ry — 1.
Since Fj is also connected, we may choose a set of balls
{B(y1.3p), -, B(ym,3p)} C {B(yi,3p)}ier
such that x € B(y1,3p), > € B(ym,3p) and
B(yk, 3p) N B(yr+1,3p) # 0
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forevery k=1,...,m — 1. Let

To = inf{t > 0: W, & Blyp, 4p)}, Tp = inf{t >0:W, ¢ OB(yi,llp)},
i=1
and for k=1,...,m — 1 set
Ay, = B(Yr+1,3p) N OB(yx, 4p).
Let Sk € 0B(yg,4p) be the closest point to yx11. Then | Sk — yrr1| < 2p and
B(Sk, p) N OB(yx, 4p) C B(Yp+1,3p).-
Furthermore,
o(Ax) = o(B(Sk, p) N 0B (yx, 4p)) = c1 = c1(p,d) > 0,
where o is the Hausdorff surface measure on 9B(yg,4p). By Lemma ,

m
U B(ykv&g) CU,CD,,
k=1

and by Lemma (with 4p, 3p instead of p,p’), there exists a constant
c2 = ca(D) such that for every k € {1,...,m — 1} and y € B(yx, 3p),
PY,(Wr, € Ag) > capo(Ay) > crcap.

In particular, P7, (Wr, € A1) > ciczp, and by the strong Markov property,
for every k € {2,...,m — 1} we have

W-
PL, (W, € Ay) = EZ,[Por " (Wr, € Ay

1%

> B2 [P, " (Wy, € Ay); Wy, € Ag_1] > creapP2, (W, € Ajy).
Hence,

PZ,(Wr,,_, € B(xz,6p)) =P, (Wr,,_, € B(ym,3p))

=2 PL,(Wr,_, € Am—1) 2 (cre2p)™”
Observe that
RQ—T>R2—R3 &>&_6
2 - 2 -4 T 2

so B(z.,6p) C B(z,,(R2 —1)/2). By Lemma there exists a constant
c3 < 1 depending only on D and b such that for every y € B(x,,6p),

PY (v, =7p,) =1-PY (1v, <7p,) > 1 —cs.
Hence,
T T W Tm—1
]P)Z,T(TUT = TDT‘) E []P) (TUr = 7_DT)]

W- _
> Eﬁ,r[Pz,rTm_l(TUr =1p,); Wr,,_, € B(,6p)] > (1 —c3)(cic2p)™ . m
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LEMMA 3.7. There exist a constant ¢ = ¢(b, D) such that for every r €
[0, R3], z € D, and x € dDp, we have

¢t <EZ,[N(p,); v, =7p,] < c.

Proof. The lower bound of the estimate follows from Lemma the
Jensen inequality for the conditional expectation and , exactly as in
the proof of [CrZl, Lemma 3.3]. The upper bound follows immediately from

[@. =

We are now ready to prove Theorem Basically we follow the proof of
[CrZl, Theorem 3.1], but to exhibit the uniformity of the estimate we present
the details.

Proof of Theorem 3.1. Fix r € [0, R3]. Define a sequence of stopping
times as follows:

To =0, Tom—1 =Ton—2+ Dy, 001, o,
Top =Top—1+ 1y, 0 9T2n717 n > 1.

Since P .(7p, < oo) = 1 for every x € D, we see that a.s. there exists n
such that Ty, = 7p,. By the strong Markov property, for all z € D,,

N(7p,) ZE (7D,.); Ton—2 < 7p,, Ton = Tp, ]

w:
= ZEZ{N(T% DEzr " [N(7p,); 70, = 7p,); Ton—2 < 70, }.

n=1

On {Ty,—2 < 7p, } we have Wr, | € 0Dpg,; by Lemma for some constant
c1 = c1(D,b) and all x € D, we have

o
ei' ) ELL[N(Ton1); Ton—2 < 7p,] <EZ,N(7p,)
= o
<a ZEir[ (Ton-1); Ton—2 < 7p,].

By the definition of P7

EZ »[N(Ton-1); Ton—2 < 7p,]
1
- EY[K, 2N (T 1): Ton- .
Ko(e.7) (K (Wry,, 1, 2)N(Ton—1); Ton—2 < 7p,]
Since D is bounded and

dist(Dg,,dD,) = Ry —r > 2R3 —r > Rg,
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by there exists a constant ca = co(D,b) such that

K. (x,z)

for all x € Dg,, y € Dpg, and z € dD,.. We will now focus on z € Dg,. We
conclude that

¢y "EX[N(Tan—-1); Ton—2 < 7p,] < EZ . [N(T2n-1); Ton—2 < 7p, ]
< EF N (Ton-1); Ton—2 < 7p,],

Cy

and so
(c1c2) IZE:C (T2n-1); Ton—2 < 7p,] < E7,N(7p,)

< cico ZE T2n 1 T2n 2 < TDr]

This gives

sup K7, N(mp,) < (0102)2 inf EI N(7p,).
2€0D, 2€0D; 7

Furthermore, by (10) we have

inf E7, N(rp,) <1< sup EI N(7p,).
2€0D, 28D,

Thus, for every z € D, and x € Dg,,
(c1e2)"? <EZ,N(mp,) < (c1e2)”.
If x € D, \ Dg,, then x € U,.. By the strong Markov property
E?,N(rp,) = EZ,[N(rv,); 7v, = 7D, ]

W
+ Eﬁ,’r [N(TUT)EZJ‘UT N(TDT)7 TU’I' < TDT]'
Since Wr,, € Dg, on {7y, < 7p, }, we have
Ei,TN(TDr) S Eg,T[N(TUr)’ TUT = TDT‘] + (0162)2ECZC,T’[N(TUT‘)’ TU’!‘ < TD’I‘]
< (0162>2E§7TN(TUT) < 2(0162)2,
where the last inequality follows from . On the other hand,
EZ, N(7p,) > EZ,[N(7,); 0, = 7p,] + (c1c2) °EZ [N (70,); 70, < 7p,]
> (c102) °EZ,N(70,).
Using Jensen’s inequality and we obtain
1
M(ry,) — )

E? N(rp,) > (cre0)” exp[—Eﬁ,r (M),

} > (6102)72671/87

and the proof of the theorem is complete. »
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COROLLARY 3.8. There exists a constant Cy depending only on D and b
such that for all r € [0, R3], x € D, and z € 9D, we have

ép, (2)
15 C ‘ .
( ) 2 | T — Z|d
Proof. This estimate is an immediate consequence of , @D and Theo-
rem 3.1l w

REMARK 3.9. The estimate in Theorem 3.I]can also be proved for z € D,
using similar techniques and following the methods of Cranston, Fabes and
Zhao [CrFZ] (see also [ChuZl, Extended Conditional Gauge Theorem]), but
the proof is more complicated in this case. By we then obtain the same
estimate for the Green function G% as for G, in . This result can also
be deduced from [KiS1|, where the authors have shown the comparability of
the Green functions of A and 3 A+ u(+) -V as a consequence of heat kernel
estimates. Here p is a vector-valued signed measure, which can be slightly
more singular than the drift in [CrZ] and in the present paper. However, our
approach to this subject is different and may be of independent interest.

< Ph(z,2) <y

r

4. Hardy spaces. In this section we will define the L-harmonic Hardy
spaces hf (D) and we will prove Theorem We denote by M(9D) the set
of finite complex Borel measures on 0D and for u € M(9D) let ||u|| be the
total variation norm of u. For 1 < p < oo and a Borel function f on 0D let

1
171 = (§ 17 dota) ",
oD
and let || f||co denote the essential supremum norm on 0D with respect to o.
For f € LY(0D,0) and u € M(OD), the Poisson integrals of f and p are
defined by

Prlflx) = | P, o) fw)do(y), Polpl(x) = | Pf(,y) duy).
oD oD

Using and the strong Markov property, one can easily prove that Pr[f]
and Pr[u] are L-harmonic on D.

For 1 < p < oo we define the Hardy space h¥ (D) to be the class of
functions v L-harmonic on D for which

fulh = sup o, < oc,
0<r<Rs3

where m, is the projection defined after Lemma [2.1] and R3 was introduced
after Lemma Since 0(0D) < oo, we have kY (D) C h} (D) for all p > 1.
We also note that h9°(D) consists of the functions L-harmonic and bounded
on D, and

[ul[pee = sup |u(z)].
zeD
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From @ and @ we conclude that the Martin kernel of L for D, satisfies

EZ N(mp,) PL(z, 2)
16 KL — A NP g — r\me
( ) r(x72) ECZC?TN(TDT) T(‘T7z) PTL(JZ‘(),Z)
As stated in [CrZ], every positive L-harmonic function u on D has the unique
Martin representation

(17) u(@) = | Kk(a,y) duy),

oD
for some positive measure p € M(0D). Hence we conclude that u = Pr[p],
where di = dp/PX(xo, ).

We will now discuss the corresponding version of the relative Fatou the-
orem. In the classical case, this theorem was proved in [Dol] for positive
harmonic functions on the ball in RY, and in [Wu] on Lipschitz domains.
Analogous results for the fractional Laplacian were obtained in [BD] for
C*! domains and in [MR2] for Lipschitz domains. For each z € D and
a > 0 we define the “cone” of aperture a and vertex z by

Iyz)={zeD:|z—z|<(1+a)ip(x)}.
We say that a function v on D has a nontangential limit | at z € 0D if, for
every a > 0, u(z) — [ as ¢ — z within I, (2).

PROPOSITION 4.1 (Relative Fatou theorem). Let u, v be two positive
L-harmonic functions on D, and let p, v € M(OD) be positive measures
such that w = Pru] and v = Pr[v]. Then u/v has a finite nontangential
limit at v-almost every point of 0D. This limit is v-almost everywhere equal
to the Radon—Nikodym derivative of the absolutely continuous component of
w with respect to v.

Proof. Following [Wu] it is enough to show that for every z € 9D there
is a constant ¢; depending on z, a and b such that

(18) lim sup u(@) < ¢ lim M,
I'w(2)3z—2 v(z) p—0v(V(z,p))
where V(z,p) = dD N B(z,p). Denote v'(x) = §,,, Po(, 2) du(z), v'(x) =
§op Po(,2) dv(z), where Py(z, z) is the Poisson kernel of 1A for D. Then
by we have
() _ () o)
P () T () T (@)

where ¢ depends only on D and b. As stated in [Wul, the inequality
holds with u’/v’ instead of u/v, and thus the proposition is proved. =

As we mentioned in the Introduction, in the proof of Theorem [I.1] we will
use the methods introduced in [MRI]. We start with the following estimate
of the Poisson kernel.
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LEMMA 4.2. There exists a constant ¢ = ¢(D,b) such that for all r €
(0, R3], s € [0,7) and z,w € dD, we have
_1P (s,r(w), 2) < PSL(Ws,r(Z)7w) < CPSL(”s,r(w)J)-
Proof. By (|15} ., it is enough to show that
@) -l
|7s.r(w) — 2|
Since for every r € [0, R3], D, satisfies the ball condition with the same con-
stant Ry (Lemma , the proof is the same as in the case of the analogous
estimate of the Martin kernel in [MRI, Lemma 6|. =

LEMMA 4.3. Let uw = Pp[p] for some positive jp € M(OD). There exists
a constant ¢ = ¢(D,b) such that for all r,s € (0, R3] we have

cHuomly < ull < clluomss.
Proof. By Lemma for r € (0, R3] we have

luomli=§ | P (m(2),y) duly) do(z)

oD oD
<c | | BEr(y)2) do(@) duly) = cllull.
oD oD
On the other hand,
luomsi > | | P (ms(y), @) do(x) du(y) = ¢ |ul
oD oD

for any s € (0, R3]. m
Let w be L-harmonic on D. For r € (0, R3] we define
\ P, y)uly)do(y), =€ Dy,
u"'(x) = 0D,
lu(zx)|, x € D\ D,.
It is clear that u, is nonnegative on D and L-harmonic on D,. For every
x € D and r we have |u(x)| < u,(x). Furthermore, for s € (0,r) and x € D,

ur(z) = | Pr(z,y)lu(y)| do,(y)

oD,

< | Pr@y( § PHy 2lu()] doy(2)) doy(y)
oD, 0D

= | Pl 2)u(z)] dog(z) = us(x).
0D

Hence, the limit

u' () = limy iy ()
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exists and |u(z)| < w*(z) for every x € D. If u* is finite, then monotone
convergence implies that it is L-harmonic on D.

LEMMA 4.4. Let u be L-harmonic on D. Then uw = Pr[u] for some pu €
M(OD) if and only if there exists a positive L-harmonic function v on D
such that |u| <wv. In fact, if w= Pr[p], then u* = Pp[|u|].

Proof. Using , , and Proposition we follow the proof of

analogous properties in [MRIl Lemma 1 and Theorem 1]. m

A consequence of Lemma [£.4] is the following weaker version of Theo-

rem [[.11

LEMMA 4.5. The following conditions are equivalent:

(i) u e hi(D).
(ii) uw*(z) = limy~our(x) is finite for every x.
(i) w = Pr[u] for some p € M(OD).

Proof. (1)=>(ii). If u € h} (D) then by the estimate and Lemma

we have

w*(@) = lim uy(2) = limy | PF(@.y)fu(v)] oy (v)
r r oD,

dp, (x) Coc
lu(y)| dor(y) < Wllullhl,

< lim sup S Co 7
N
where the constant ¢ depends only on D.
(ii)=-(iii). If w* is finite, then it is L-harmonic and positive on D (or
u = 0). Since |u(z)| < u*(z) on D, v = Pr[p] by Lemma [£.4] for some
we M(9D).
(iii)=(i). If u=Pr[p], then by Lemmaft.4] u

*=Pr[|p/). From Lemmal[4.3]
it follows that u* € h} (D), and thus u € hj (D). =

LEMMA 4.6. Ifu € hi (D), then u* € h} (D). In fact, there is a constant
¢ = c(b, D) such that ||u*|| < c|lul|p.

Proof. By the monotone convergence theorem, for r € (0, R3] we have

lu*omll = | u*(m(x)) do(x)

oD
= BSD lim (7 (2)) dor () = lim 8§D ug(m(2)) dor(x).
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By we have

[u® o m; 1 = lim S ( S PSL(TFT(SU),y)!U(y)!dUs(y)) do ()
SN0 b o,

=tm | (] PHrar(m(@)).y) do(@)) fu(y)| do(y).
o0Ds 0D

By Lemma for a constant ¢; = ¢1(b, D), the last term is less than

eulimsup | (| PE(ry, (9),mi(2)) do(@)) lu(y)] dos(y)
sNO oD, oD

<eieatimsup | (| PE(rop(y), 2) doy(2)) uly)| doy(y)
sNO - 5D, oD,

— aiplimsup | u(@)|dos) < i lul,
s\,0 9D,

where the constant ¢z, by Lemma [2.2] depends only on D. u

Proof of Theorem 1.1. By Lemma if w € hl (D) then u = Pp[u] for
some pu € M(0D) and, by Lemma u* = Pr|p|]. Lemmas and
give

ull < ellulln < creallullp < ereallullp < ciealipl.

This proves the first part of the theorem.

Now let p > 1. If w = Pp[f] for some f € LP(0D, o), then by Jensen’s
inequality, for p < co we have

u(@)P < | P (2, y)|f ()P doly) = Pr[|fP)(x).
oD
By Lemma [£.3] we obtain

lullfe < IPLIFPNIR: < el £115.
If w = Pr[f] for some f € L*>°(0D, o), then

lul < PLIISI] < 1flloo,

and thus [|ul[pe < || f]loo-

Conversely, suppose that u € hY (D). Then u € h} (D) and u = Pp[u] for
some p € M(9D). We may decompose p into dpu = fdo + dus, where g is
singular with respect to o. By Proposition for o-almost every z € 0D,
lim, o u(m(z)) = f(z). By the Fatou lemma, for p < oo,

J 1f(z)Pdo(z) < lim inf | lu(m ()P do(z) < Jlullh,.
oD oD
If p = oo, then for g-almost every z € 0D,

()] = lim Ju(m,(2))] < limsup [luo oo < flullpee.

rTr—
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Therefore f € LP(OD, o) and Pp[f] € h¥ (D). This implies that also v =
Prlpus) € b (D). We will show that ||ps]| = 0. The condition v € hY (D)
for p > 1 implies that the family v(m,(-)), » > 0, is uniformly integrable.
By Proposition lim, g v(mr(2)) = 0 o-a.e. on 0D, and using Egorov’s
theorem we obtain

lim | [v(me(2))] do(z) = 0.
0

Finally, by Lemma [£.3] we have

l12s]| < 1 lim inf J lo(m(2)ldo(z) =0,
oD

so the proof is complete. =

5. Schrodinger operators. In this section we extend the hP-theory to
g-harmonic functions, where ¢ € K}ZOC(D), i.e., |q| is uniformly integrable
with respect to the measures u(z,dy) = |z — y|>~%dy, + € D. As in the
previous sections, we only consider d > 3. We will say that a continuous
function u on D is g-harmonic on D if %Au + qu = 0 in the weak sense. For
standard properties of g-harmonic functions see [ChuZ| and [CrEFZ]. Let, as
before, W; be the Brownian motion killed on exiting D,, where r € [0, Ry]
and Ry is defined after Lemma For t > 0 let e4(t) = exp{% q(Ws) ds}.
The gauge and conditional gauge for D, are defined, respectively, as

gT(:U) = Efeq(TDr)v S DT>
9r(z,2) =Ef .eq(1p,), € Dy, 2 € 0D;.
Fix r € [0, Ro]. Suppose that g,(zg, z9) < oo for some (xg, 29) € D, X D,
or, equivalently, that (D,,q) is gaugeable (i.e. g,(x) is bounded in D,, see

[ChuZ]). Then by the Conditional Gauge Theorem, there exists a constant
¢ depending on D, and ¢ such that

< gr(z,2) <ec.
By the Feynman—Kac formula, the g-Poisson kernel for D, is given by
(19) Pi(x,z) = gr(x,2)P-(x,2), x€ Dy, z€0dD,.

The main tool of this section is the following uniform version of the Condi-
tional Gauge Theorem.

THEOREM 5.1. Suppose that (D, q) is gaugeable. Then there exist con-
stants ¢, o depending only on D and q such that for all r € [0,79], © € D,
and z € 0D, we have

¢! <gr(z,2) <c
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Proof. Exactly as in |[ChuZ, Lemma 7.1] it follows that for any open
subset C,. of D, and every (z,z) € D, x 0D, we have

0 c, r(z,

Invoking the assumptions on ¢ and using Lemma [2.4] we conclude that there
exists d = 0(gq, D) > 0 such that if m(C,) < J then

TCy

1
(20) sup  BZ, | |g(Wy)|ds < 5
(z,2)€Dyrx0Dy ' 0 2

for every r € [0, Ry]. By Khas’minskii’s lemma (J[ChuZl Lemma 3.7]) we have

- (z Z)es;pan EZrelq(1c,) < 2.

Let 71, 79,73 be the constants and Fy, U, the sets from Lemma for the
given ¢. Then for every r € [0, r3] we have 0D, C dU,, m(U,) < §, and in the
same way as in Lemma [3.6| we find that there exists a constant ¢; = ¢1(D, q)
such that for every r € [0, 73],

(x z)E@igf x0D Pi’r(TUT B TDT) = c1-
El 9 T

Consequently, in the same manner as in Lemma (using , instead
of (13), (14)) we conclude that there is c; = c2(D,q) such that for every
r € [0,73], z € D, and = € dD,, we have

051 S Ei,T[eq(TDr); TU, = TDT] S €2,
and following the proof of Theorem [3.1] we obtain

sup ge(z,2) < s inf go(x,2)
ZGaDT zE&DT

for every r € [0,73] and x € D,.,, where c3 = c3(D, q). By [ChuZ, Proposi-
tion 5.12] we have
gr(z) = S gr(z, 2)Pp(x, 2) doy(2)
oD,
and so

inf ,2) < < s ,2).
dnf gr(z,2) < gr(z) < Sup gr(7, 2)

Since (D, q) is gaugeable, by the Conditional Gauge Theorem
et < go(x) <,
where ¢4 = ¢4(D, q). On the other hand, by the strong Markov property
g90(z) = Egeq(mn) = Egleq(1D,)g90(Xrp, )]
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Hence
i gr(x) < go(x) < cage(2),
which implies that
i < gr(x) <
for every r € [0, Rg] and x € D,. Therefore
o S0l ) S
for every r € [0,73] and (z, 2) € D,, x D,. For x € D\ D,,, we follow the
proof of Theorem [3.1} replacing N (7p,) with e,(7p,). =

An immediate consequence of , and Theorem is the following

estimate.

COROLLARY 5.2. Suppose that (D, q) is gaugeable. There exist constants
¢, o depending only on D and q such that for all r € [0,19], x € D, and
z € 0D, we have
op, (z)
|z — 2|

dp, ()

-1 9D,

T < Pl(z,z)<c
Just as in Section 4, we now define the g-harmonic Hardy spaces hl(D).

Using the basic facts showed in [ChuZ| and [CrEZ]| for g-harmonic functions

and the methods from Section 4 we obtain the following theorem, which is

the main result of this section.

THEOREM 5.3. Suppose that (D, q) is gaugeable and let u be q-harmonic
on D. Then

(i) uw € hi(D) if and only if u = Pylp] with a unique p € M(OD).

Furthermore, there exists a constant ¢y depending on D and q such
that, for every p € M(0D),

cr il < 1Pl < exllpell

(ii) w € hE(D) for a given p € (1,00] if and only if u = P,[f] with
a unique f € LP(OD,o). Furthermore, there exists a constant cy
depending on D and q such that, for every f € LP(OD, o),

3 Ifllp < 1Pa[f1lle < callflp-

REMARK 5.4. Let M = L — p, where u € K¥¢(D) is a signed Borel
measure, and for 7 sufficiently small let E? .e,,(7p,) be the conditional gauge
for D, with respect to the L-diffusion X; (see [Ch]). Suppose that for some
(w0, 20) € Dy x9D; we have EZ0 e, (7p,) < oc. Then by [CrZ, Theorem 3.15],

PTM(m,z) = Eﬁvreu(TDT)PTL(:c,z), v €D, z€dD,,
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where PM(z, dz) is the Poisson kernel of M for D,.. Furthermore, there exists
a constant ¢ depending on D,, b and u such that

< Eiﬂ"eﬂ(TDr) <ec.

Using similar methods to those in Sections 3 and 5 we can prove that ¢ does
not depend on small 7 if (D, u) is gaugeable with respect to X; (see [Ch]);
however, in this case we also need the uniform estimate of the Green functions

GE (see Remark . In view of [CrZ, Theorem 3.15|, as in Section 4 one
obtains analogous properties of M-harmonic Hardy spaces.

REMARK 5.5. In the case of the operator L+ -V +v with u, v satisfying
the conditions of [KiS2|, and under the assumption of the gaugeability of
(D, v), the estimates obtained for the Green function are the same as for the
Laplacian. Analyzing the proofs one can verify that the comparison constant
depends only on the C!-characteristics, the diameter of the domain and the
Kato norms of x4 and v. By the argument given in [An| or [ChWZ], this also
implies a uniform estimate for the harmonic measure, so one can extend the

hP-theory in this direction as well. The same concerns the operators discussed
in [HS], [IR] and [R].
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