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Explicit formulas
for optimal rearrangement-invariant norms
in Sobolev imbedding inequalities

by

RoN KERMAN (St. Catharines) and LuBoS Pick (Praha)

Abstract. We study imbeddings of the Sobolev space
W™e(02) :={u: 2 — R with (0%u/dz™) < co when |a| < m},

in which 2 is a bounded Lipschitz domain in R", p is a rearrangement-invariant (r.i.)
norm and 1 < m < n — 1. For such a space we have shown there exist r.i. norms, 7, and
0,, that are optimal with respect to the inclusions

W™e(2) c W™ (2) C Ls,(£2).

General formulas for 7, and o, are obtained using the K-method of interpolation. These
lead to explicit expressions when g is a Lorentz Gamma norm or an Orlicz norm.

1. Introduction. Suppose (2 is a bounded domain in R™ which has
a Lipschitz boundary. Let 9%/0x® := 91T T /9z{" ... 9x&™ be a differ-
ential operator of order |a| := a1+ - -+ ;. Denote by | D™u| the Euclidean
length of the vector D™u := {0%u/0x%}o<ja|<m, 1 < m < n —1, of all
derivatives of u of order m or less, whenever such derivatives exist in the
weak sense. In this paper we study Sobolev imbedding inequalities of the
form

(L.1) o(u) < Co(|D™ul),

where p and o are rearrangement-invariant (r.i.) norms (such as those of

Lebesgue, Orlicz and Lorentz) and u belongs to the r.i. Sobolev space
Wme(§2) :={u: 2 — R with o(|D™ul) < oo}.

The focus is on cases in which ¢ and ¢ are optimal, namely, o cannot
be replaced by an essentially larger norm and g cannot be replaced by an

2010 Mathematics Subject Classification: Primary 46E35.

Key words and phrases: Sobolev imbeddings, rearrangement-invariant norms, optimal
range norm, optimal hull norm, Ko&the duals, K-method of interpolation, Brudnyi-
Krugljak duality theory, Lorentz Gamma norms, Orlicz norms, integral operators, supre-
mum operators.

DOI: 10.4064/sm206-2-1 [97] © Instytut Matematyczny PAN, 2011



98 R. Kerman and L. Pick

essentially smaller one. The goal is to give concrete expressions for these
optimal p and o.

One starts with an r.i. Sobolev space, W"™2({2). Then, as shown in [KP2],
one can construct (at least implicitly) r.i. norms, 7, and o,, optimal with
respect to the inclusions

(1.2) W™e(2) C W™ (02) C Ly, (£2),

where L,,(2) := {f : 2 — R : 0,(f) < oco}. The norm 7, is called the
optimal hull norm of o.

The constructions are spoken of as implicit since the formulas are given in
terms of the Kéthe duals, 7, and o7, of 7, and o,. (For the precise definition

Q?
of a Kéthe dual see Section [2]) Thus,

s

- — m/n—1 s Sfm/n *

(13) o) =2 (/" sup 57 g (y) dy).

(L4) oylg) =0/ (1/" g (s) ds), g€ ML),
0

Here, M (§2) is the class of nonnegative measurable real-valued functions
on {2, pis anr.i. norm on M (R ) related to g, and g* denotes the decreasing
rearrangement of g on R, given by

g'(t):=inf{s e Ry : {z e R: g(x) >s} <t}, teR,.

As usual, R := (0, 00).
The expression for a,(g) turns out to be unsatisfactory in that the func-
tion ‘
thm/nflgg*(s)ds, t e Ry,
0

need not be decreasing. This complicates the construction of explicit formu-
las for o,. (However, see [EKP], Section 4] and [KP2, Section 4].)
Theorem [B.1] in Section [B] shows

(1.5) ooF) m (1), f € M),

where

(1L6)  olg) =o' (1" g (s)s M ds), g € M),
0

thereby eliminating the problem, since the function
t
t s tm/nl Sg*(s)s*m/" ds, teRy
0
1s decreasing, being a weighted average of a decreasing function.
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(As usual, the equivalence sign signifies that the quantities are within
constant multiples of one another, the constants being independent of the
functions involved.)

The main task of this paper, then, is to compute the Kothe duals of
Té and p,. Our approach is to use the Brudnyi-Krugljak duality theory
for the K-method of interpolation, as elaborated for r.i. spaces in [KMS]
and summarized in Section [3] The analysis is given in Section [4] leading to
the (general) Theorem For now, we briefly indicate how the K-method
comes in.

Let X; and X5 be Banach spaces, compatible in the sense that they
are imbedded in a common Hausdorff topological vector space H. Suppose
x € X1+ Xo and t € Ry. The Peetre K-functional is defined by

K(t,z;X1,X0) := _inf [[[z1]lx, +tlleallx,],  ¢>0.
T=r1+22
It is an increasing concave function of t on Ry, so that
k(t, x; Xl, XQ) = %K(t, X, Xl, XQ)
is decreasing on R;.

Given an r.i. norm g on M (Ry) for which g(

with ||z||x defined at x € X1 + X2 by

||| x = o(t ' K(t,z; X1, X3)),

%th) < 00, the space X,

satisfies
XiNXoCXCX;+Xo;

moreover, for any linear operator T defined on X; + Xo,
T:X;,— X;, i=1,2, implies T:X — X.

We say the space X is generated by the KC-method of interpolation.
The asserted connection of the duality theory for the -method with our
task is through certain reformulations of ([1.3]) and (1.5)), namely

T‘(_/)(g) ~ @l(tm/n_lK(tl_m/n7Q§ Ln/(n—m),oo(IQ)v LOO(IQ)))a

po(g) = @' (™" LK (™" g5 Ly jn—my1 (In), Loo(I02))),
in which Io = (0,]£2|), Loo(I2) is the usual Lebesgue space of essentially
bounded functions on I, Ly, /(n—m),c0(Ls2) has the norm
t

On)(n-myoo(f) = sup t7/" | f*(s) ds
0<t<|92| 0

(1.7)

and L, /(n—m),1(I2) has the norm
92|

Qn/(n—m),l(f) = S f*(t)t_m/n dt, f € m+(lﬁ)
0
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Theorem@is applied to obtain explicit expressions equivalent to 7, and
o, for two classes of r.i. Sobolev spaces. The application to Lorentz—Sobolev
spaces in Section [5] is more or less direct. It is the application to Orlicz—
Sobolev spaces in Section [6] which requires a good deal of preliminary work.
Indeed, the desire to obtain a result such as Theorem [6.3] was the motivating
force behind the whole project. A. Cianchi [C] obtains a description of o,
different from the one in Theorem by the use of techniques specific to
the Orlicz context.

The final section presents two concrete examples.

2. Rearrangement-invariant norms. Suppose {2 is a domain in R".
Let t(£2) be the class of real-valued, measurable functions on {2 and 2 (12)
the class of nonnegative functions in 9M(§2). Given f € M((2), we define its
decreasing rearrangement, f*, on Ry by

fr@t) =inf{A>0: pup(N) <t}, teRy,
where
pr(A) ==z € 2: [f(x)] > A}
DEFINITION 2.1. A rearrangement-invariant (r.i.) Banach function
norm o on M (12) satisfies the following seven axioms:
( ) o(f) > 0 with o(f) = 0 if and only if f =0 a.e. on §2;
(cf) = co(f), ¢ = 0;
(f +9) < o(f) + o(g);

n /" f implies o(fn) /" o(f);
(xg) < oo for measurable E C 2, |E| < oo;
) =

Mfc\@@

g f(@)dx < Cpo(f), E C §2, |E| < oo, Cr > 0 independent of f;
(A. ) g(f o(g) for all f,g € M (§2) such that f* = g*.

A fundamental result of Luxemburg [BS, Chapter 2, Theorem 4.10] as-
serts that to every r.i. norm p on 9t (f2) there corresponds an r.i. norm g
on My (R4) such that

(2.1) o(f) =0(f*), [feM ().
The Koéthe dual of an r.i. norm ¢ is another such norm, o/, with
d(9) = sup |g(@)h(z)dz, g,heM ()
o(h)<1 0
It obeys the Principle of Duality, namely,

//

=) =o
Moreover, the Holder inequality

| F(@)g(z) dz < o(f)d'(9)

N
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holds for all f,g € 9 (§2); this inequality is saturated in the sense that,
given f € M (£2) and € > 0, there exists gy € M, (£2) such that ¢'(go) <1
and

| f(@)go(x) de > (1= €)o(f)e (90)-

2
We remark that, given (2.1), one has

d(g)=2'(g"), geM ().

The first example of what we now call an r.i. norm was the Lebesgue
norm g, 1 < p < oo, with

(§ sy d:c)l/p: ( | oy dt)l/p when p < oo,
Qp(f) = 2 Io
esssup f(x) = f*(0+) when p = oo, feMi(2).

€S

It follows from the classical Holder inequality and its converse that Q;, = 0p/»
where p = p/(p — 1) (with the usual modification when p = 1).
Generalizations of the Lebesgue space Ly (£2) will be studied in Sections|f]
and [6] below.
Finally, we state a basic result concerning the k-functionals defined in

the Introduction. It follows easily from a special case of [BS, Chapter 5,
Theorem 1.19, pp. 305-306].

THEOREM 2.2. Fiz b > 0 and let po, 01, 1o, H1 and X be r.i. norms on
9ﬁ+(Ib), Ib = (O,b) Set

T(f) = Ak, f5 Loy (Ip), Lo (1))
U(f) = A(k(t’ f; Luo(Ib)’ Lm (Ib)))a
Lr(Ly) :=A{f € ML) : 7(|f]) < oo},

Lo(Iy) := {f € ML) : o(|f]) < oo}

Then L. (1) and L, (Iy) are r.i. spaces with norms || f||- = 7(|f|) and || f|lo =
o(|f]), respectively. Moreover, if T is any linear operator satisfying

T : Loy(Ip) — Lug(Ip) and T : Ly (Iy) — Ly, (Ip),
then T : LT(I(,) — LU(Ib).

3. The norm of the optimal imbedding space for W"™¢((2). The
purpose of this section is to verify the assertion about o, in ([L.5). Since
Wln/m1(()) — Lo (§2) when §2 is bounded, we may assume

(3.1) Lo(£2) 2 Ly (£2).
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THEOREM 3.1. Let §2 be a bounded domain in R™ with Lipschitz bound-
ary. Suppose o is an r.i. norm on M4 (£2) satisfying (3.1). Set

t
nolg) = (1" (g (s)s ™M ds), g € My (L),
0

in which ¢ is an r.i. norm on M (Ry), indeed on My (1), such that (2.1)
holds. Then, for the norm, o,, of the optimal imbedding space for W™2({2)

mn we have
(3:2) ao(f) R v(f) = (™" F (1), f € M (R).

Proof. The functional p, is readily seen to be an r.i. norm. Now, by the
definition of ,, L,,(Ip) is the largest r.i. space from which the mapping

t
g tm/nt Sg*(s)s_m/” ds, teR;
0

is bounded into Ly (1), whence Ly (1) is the smallest r.i. space into which
the associate mapping
192]
ftmm S f(s)s™™ Vds,  teRy,
t
is bounded from Lz(Ip). So,
92|
v(xe) = wy(t ™™ x1,) ~ 1 (t_m/" | xig(s)s™/m ! dS) < Colxi,) < oo
t
It is a routine exercise to verify v satisfies the other axioms for an r.i. norm.
In view of [KP1, Theorem A], W™¢({2) — L,({2) if and only if
92|
o( | fls)sm/mlas) < Calf),  f e Mi(lo).
t

But
1£2] 1£2]
P( S f(s)s™/m1 ds) = //g(t_m/" S f(s)s™/n1 ds)
t t

<Co(f), [feMi(la)

so v < Co,. Again, by the above-observed optimality of Ly, (I), we see
that, in order to show o, < Cv, it suffices to prove that
1£2|
(] f)smmtas) < Calf). f e Mln),
t
(where we have 7 =@, in mind) implies

T(f) mAE ), f € My(ln),
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for some r.i. norm A on My (I). Indeed, one would then have
( ) EZI ) ) (EZI ) )
At f(s)s™ " hds) =\ f(s)s™/ " ds
t t

<Co(f), [feMi (o),
hence \ < C,u’g and so 0, < Cv.
To find such a A for a given 7, set

K(f) = T(f (™), f € My(lo);

of course, this is equivalent to

7(f) = R(fEVOT™)), € My(lg).

Since W™€L(£2) < Ly, /(n—m),1(§2), We may suppose 0 /(n—m),1 < 7. Then
k is clearly seen to be an r.i. norm. In fact, only the verification of (A.6)
requires comment: we have, for f € M (Iy),

€21

V(@) dt < 0nginmy 1 (FF (M) < Or(f (™) = K(f).

0
By Holmstedt’s formula [H],

n/ (n—m)
K(tvh*le(I.Q)an/m,oo(IQ)) ~ S h*(S) ds +t sup Sm/nh*(s)
0 tn/(n=m) <5< |02

for h € My (Ip), so

(3.3)  K(t,s ™" f*(s); L1(I2), Ly jmoo(12))

¢/ (n—m)
~ S sTT P (5) ds + tfF (¢ ()
0
tn/(n—m) ¢
~ S S—W/nf*(s) ds ~ Sf*(sn/(n—m)) ds
0 0
for f € M, (1) and t € I. We conclude that
L t
0 0

for f € M, (Ip) and t € Iy, and hence, from the Hardy—Littlewood—Pdlya
Principle [BS, Chapter 2, Theorem 4.6, p. 61],
K(k(t, ™™ £*(5); L1 (1), Lajm,oo(I0))) & 6(f*(s™ ™)), f €My (In).

Therefore,
() R AEE), €My (In),
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where

Ag) = w(k(t, 9% L1(10), Ln/mo (1)), g € Mi(ln),
is an r.i. norm, according to Theorem .

4. The Brudnyi—Krugljak duality theory for the K-method. The
K-method of interpolation was outlined for an arbitrary pair of compatible
spaces X1 and X5 in the Introduction. Theorem C of [KMS]| gives the con-
sequences of the Brudnyi—Krugljak duality theory for the K-method when
X1 and X are r.i. spaces. A special case of that result is

THEOREM 4.1. Let I, = (0,b), b> 0, and suppose o1 and g3 are r.i. norms
on M (Ip). Assume, further, that

Lgll (Ib) N LQ/2 (Ib) is dense in Lg/2 (Ib)
and

05(X(0,0)) 1 0 asal0, 0<a<b.

Then, for any r.i. norm o on M4 (R) such that g(%ﬁ) < 00, the functional
a(f) = ot K (t, f; Loy (In), Loy (b)), f € M4 (Ry),

s a norm. Moreover, if, in addition,
1
Ql<1_{_t) <oo and o(X(0,4) 10 asalO,
then
o'(9) = or(k(t,g; Loy (In), Ly, (1), g € M (R+);
here, or is the r.i. norm defined by
t

or(f)=o(t [ (5)ds),  f e ML(Ry).

0
The implications of Theorem for determining 7, and o, are given in

THEOREM 4.2. Let {2 be a bounded domain in R™, n > 2, having a Lip-
schitz boundary. Suppose o is an r.i. norm on M4 (£2) defined in terms of
an r.i. norm g on My (Ry) by

o(f) =o(f), feM(2).

Assume, in addition, that

_ 1 ., 1 -
g<1+t) <00 0 <1+t> <00, 0(X(0a) !0 asalO.

Then the optimal hull norm 1, of o satisfies
Tg(f) ~ Al]"(k(ta f*; Ll(IQ)a Ln/m,l(Iﬂ)))a f € er(‘Q)v
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where
A(R) = B (R (), he M (Ry),

Again, for the norm o, of the smallest r.i. space of functions on {2 into

which W™€(§2) imbeds, we have

Ug(f) ~ )‘/F(k<t7 S_m/nf*(s); LI(IQ)a Ln/m,oo(LQ)))? f € m+<‘9>
Proof. According to [KP2, Theorem B| and Holmstedt’s formula,

Th(g) ~ @’(tm/”‘l sup s~/ | g*(y) dy)

0<s<t 0
~ él(tm/n—l sup sl—m/ng*(s))
0<s<t

~ @/(tm/n—lK(tl—m/n7 g*; Ln/(n—m),oo(lﬁ)a Loo(IQ)))
~ )‘(t_lK(ta g*; Ln/(n—m),oo(IQ)7 LOO(IQ)))? g€ m+(9)
Thus, by Theorem
TQ(f) ~ )‘}(k(ta f*; Ll(Iﬂ)a Ln/m,l(IQ)))v f € i)ﬁ+(“o)
Similarly, in view of Theorem
oo(f) = v(f) = wpt (), f € M),
where

t
polg) = ' (/" [ g ()57 ds)
0

~ @/(tm/n—lK(tl—m/n’ g*; Ln/(n—m),l(Iﬂ)a LOO(IQ)))
~AETK (g% Lyynemy1(12), Ls(I0))), g € My(Ig).
Hence, Theorem yields
Ug(f) ~ )‘,F(k(ta S_W/Rf*(s); Ll(LQ)) Ln/m,oo(IQ)))7 f € m+(9) m

REMARK 4.3. It is clear that to compute 7, and o, we need to know the
Kothe dual of
tl—=-m/n
Ar(h) = @’(tm/"—l | rs) ds), he My (Ry).
0

We look at this question in the next two sections, in which p is first a Lorentz
Gamma norm and then an Orlicz norm.

5. Lorentz Gamma norms

DEFINITION 5.1. For a nonnegative, locally integrable (weight) function
@ on Ry and an index p € [1,00), the Lorentz Gamma norm g, ¢ is defined
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9/ t
[£2| 1/p

oo(f)i= ([ (71 (ds) oy at) ", fem().
0 0

The Lorentz Gamma space I ¢ = I}, 3(§2) is then
Fp,@ = {f € Qﬁ(ﬂ) : Qp,@(f) < OO},

with || [, s := epe(f)-

We will require X(l) &(t)dt < oo and Sl)m t7PP(t)dt = oo to guarantee
that, respectively, I}, ¢ # {0} and I}, ¢ # L1({2), the usual Lebesgue space
of functions integrable on f2.

The Kothe dual, Q;),q-,, of o, & satisfies

opa(9) = oy w(9), g€ Mi(2),
where, at t € R,
7= 1({E b (s) ds) (1|7 5P (s) ds)
(§o @(s) ds + 17§, s (s) ds)p+1
t
Sf) D(s)ds+t S‘tﬂl s~1P(s)ds

See [GPl, Theorem 6.2] for the case |£2| = oco.
Of special interest are the original Lorentz norms g, 4 = 0p.¢, in which

when 1 < p < o0,
U(t) =
when p = 1.

@(t):tq/pfl when 1 <p<oo,1<q<o0.

One also defines
t

Opoolf) = sup P fH(s)ds,  feM(R),1<p< o0
0<t< 82| 0

The corresponding Lorentz spaces are denoted by L, ,({2) and one has, by
Hardy’s inequality,

|2 1
/
[ (t1/rVa = (1yy0 dt) " Wwhen 1< ¢ < o,
1fllz, ) = 0
sup tl/pf*(t) when ¢ = o0.
0<t<| 2]

Fix an index p, 1 < p < oo, and let @ be a weight on I, for some b > 0.
To apply the Brudnyi-Krugljak theory we extend @ to all of R by requiring

(5.1) D(t) =1, t>b “p-l<a<p-L
mn
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An expression equivalent to the Kéthe dual of the Ap defined in terms of
¢

of) = opa(f) = ( | (t_lsf*(s) ds)pgp(t) dt)
0

+

1/p

is given in
THEOREM 5.2. Fix an index p, 1 < p < 0o, and let @ be a weight on I,
b > 0, satisfying

b b
(5.2) \o(t)dt <oo and |t7P®(t)dt = co.
0 0

Extend @ to all of Ry as in (p.1). Then the norm o,4 on M (Ry) has
Kothe dual norm

oa(9) = opw(g), g€M(Ry),

with
7L B(s) ds (0 sTPD(s) d
: Jo (S)bSXtS (s) S 0<t<b)2,
(5.3) W(t):=q (§,P(s)ds+ 17§ s7PD(s) ds)P'+1
(=), t>b/2.
If, further,
b
(5.4) [ tm/m=Ur (1) dt = oo,
0
then the r.i. norm
tl—-m/n
Ar(g) = dha (770§ g7 (s)ds), g e ML (Ry),
0
has the Kothe dual norm
(5.5) Ar(f) = o,5(f), [ €M(Ry),
where
7'+ =10 B (5) ds (P 5P T (s) d
- — Jo?(s) bSStSN () ds , 0<t<b/2,
(5.6) d(t) =14 (§yW(s)ds+ 1tV | s P'W(s)ds)Pt!
m(l—p)+an
n-m 5 t 2 b/2;
m which

B(1) 1= g/ mmg g/ nmm)y e R,

Proof. The conditions (5.1]) and (5.2)) guarantee that @ satisfies the hy-
potheses of Theorem 6.2 of [GP] and, as well, that {;° @(t) dt = co. Hence,

oa(9) = opw(9), g€M(Ry),
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since
'l d “PP(s)d
i)~ 20)ds s re)ds
(SO@(s)ds—i—tPSt —PP(s)ds)P' L
Similarly, (5.3) and (5.4]) ensure that
1 1 00
{o(t)dt <oo and \tPw(t)dt= | ¥(t)dt = oo,
0 0 1
which means
o, (N =e,sf), feMRy),
as
_ ' +p—1 d ' P(s)d
B(t) ~ Jo 7 (s)ds 7 s ()ds o,
(S U (s)ds + t¥ s —P'(s) ds)Pt1
It only remains to verify that
Ar(f) = 0,5(f),  f €M(Ry),
or, equivalently,
t
10« P~ 1/p'
() = (§ (£ g7 (s)ds) Bty dr) T, g e MRy,
R, 0
But,
1= m/n tl—m/n
—Qp7 <tm/" 1 9" (s) ds) ~ Qp/yl‘p<tm/"_1 S g% (s) ds)
0
gl—-m/n , 1/ ,
( (t 1 sm/mt S 9" () dyds)p w(t) dt) .
0
/ 1/ /
( (tm/" X g* ds) W (t) dt) !

~ (| (t—1§ 7°(s) ds)p ¥ (t) dt)l/ .

+

The result now follows from Theorem 2.2 =

Given (j5.5) we can now prove

THEOREM 5.3. Suppose (2 is a bounded domain in R™, n > 2, having
a Lipschitz boundary. Fiz an index p, 1 < p < oco. Let @ be a weight on Ry
satisfying and . Assume, further, ®@ is such that holds for
the ¥ given by . Define ® as in . Then f € M (£2) belongs to the
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optimal hull of I}, 3(£2) if and only if
tn/(n—m) .

S (til S f*(s) ds) D(t) dt < o0,
Io 0

92| o
S ( S f¥(s)s™/m1 ds) O(t) dt < 0.
Io n/(n—m)
Again, f €My (2) belongs to the optimal r.i. imbedding range of W™-2p.2((2)
if and only if

(5.7)

(5.8) { (fl [ re(sm/ o) ds)pé(t) dt < oo.
Io 0

Proof. Theorem (5.5) and the Holmstedt formulas imply
TQ(f) ~ >‘/F(k(ta f; Ll(IQ)> Ln/m,l(Iﬂ)))

~ Qp,qg(k(ta f; Ly (IQ)7 Ln/m,l(IQ)))
t

= (1 (7 TKs. £ L), Lo () ds) B0y )
R, 0
= (§ 7K £ L1 ). L (T80 dt)
Ry
2 /e 2 N
z(g(fl | rrodas+ | f*(s)sm/”’lds> @(t)dt)
0 0 ¢n/(n—m)
€ T ~ 1/p
+<§f*(s)ds)< { t_pgﬁ(t)dt) :
0 |2|1—m/n

from which the criterion (5.7 follows, in view of (5.1]).
Similarly, the fact that

0o(f) 2 Np(k(t, s £*(5): Li(10), Lnjm,o(12)))

= (5 R s (5): L (I). Lo (L) PB(1) )
R
IQ‘l—m/n ¢
~ L (s ) as) (1) dit
( | ( 7 )ds) B(t) dt
‘_Q|17m/n

/p

1/p

[e.9]

(0§ rEemmyas) (0§ erewa)

0 |Q‘lfm/n
yields the criterion (5.8)). =

1/p
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6. Orlicz norms. A generalization of the Lebesgue spaces, due to Or-
licz, is defined in terms of certain ¢-functions. A ¢-function is an increasing
continuous function from R, onto itself. We associate to such a function the
gauge functional
(61)  oo(f)i=inf{A>0: [o(f(@)/Ndr <1}, feMm@).

19

When a ¢-function is convex it is referred to as a Young function. If A
is a Young function one can show that the functional, now ¢4, in is,
in fact, an r.i. norm, called the gauge norm. See [BS, Chapter 4, Section 8]
for details, and, as well, [RR] for the interesting history of such norms.

The Kothe dual of g4 is equivalent to the gauge norm g3, where, if

A(t) = a(s) ds,
A(t) == Sail(s) ds, teRy;

indeed,
01(9) < di(9) <205(9), g€ M ().

The Orlicz spaces determined by o4 and g3 are denoted by La(f2) and
L 3(£2), respectively.

Let A be a Young function and assume that for fixed b > 0 and 1 < ¢
<n/m,
(6.2) Aty =11, tel,.
Suppose A is the Young function complementary to A and set

tl—-m/n

Ar(g) = ox ("7 [ g(s)ds), g€ Mi(Dy).
0
Our principal task in this section is to prove

THEOREM 6.1. Let A be a Young function and fit b > 0. Assume A is
given by (6.2) when t € I, and suppose

(6.3) /=l ¢ La(Ry).
Define B through the equation

(6.4 B (0) = (2~ 1) 10

in which
o

v(t) =t S A(s™m N ds, teR,.
t
Then B is a Young function and

(6.5) Np(f) =~ op(t™ ™" f* (™M), f € Mu(Dy).
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The first step towards proving Theorem [6.1] is taken in

PROPOSITION 6.2. Suppose A is a Young function satisfying (6.2) and
define B as in (6.4). Then, B is a Young function such that

(66) Qn/m : LA(R-i-) - LB(R-F)’

where

o0

(Qujm 1) (&) =™ f(s)s™/ " s, f €My (Ry), t € Ry.
t

Proof. The methods of [BK] ensure that in order for there to be a con-
stant K > 0, independent of f € M, (R ), with

(6.7) { Z(tm/"*g f(s)s’m/”d:’*) dt < | B(K[(s))ds,
Ry 0 R

it is necessary and sufficient that

C o la(\t)
(6.8) B ds < a(\t) < oo,
(S) <C’sm/”>

where B is a Young function, C' > 0 is independent of \,t € Ry and

a(At) == S AAs™"™1) ds.
t

Further, (6.7)) implies

Qnym : LgR+) — Lz(R4)
and hence . Thus, we will be done if we can prove that the B defined
by (6.4]) is a Young function for which holds.

If, in the equation

t
(6.9) SB( alt) ) ds = a(t), a(t):=a(l,t),tcRy,

m/n
0 S

we set y = a(t)/s"/", it becomes

T B Y m _
(6.10) | — /Enjl dy = —a(t)' ",
V()

which, on differentiation, yields (6.4)).
Since 7(t) is decreasing and convex, with v(0) = oo and v(c0) = 0, we
will have proved that B is a Young function if we can show B(~(t)) is also
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decreasing and convex. But,
m/n—1\ ot
(1= m/m)Am/n—1) 2
i¥+A(tm/nfl)

(6.11) B(~(t)) = , teR;.

Moreover, both A(t™/"1) and «a(t)/t are decreasing and convex, which

means m + %% is increasing and concave, so B(7y(t)), a constant

multiple of the reciprocal of the latter, is indeed decreasing and convex.
Now, ) holds for A = 1 by the definition of B. It only remains to

observe that (| ., with A =1 and ¢ replaced by t/ A/ (n=m) - reduces to the

general (6.8} . after some simple changes of variable. m

Proof of Theorem 6.1. In view of ([6.3)) and the freedom of choice con-
cerning A on Iy, one readily shows that, for a near 0,

—-m/n
—m/n > a7
(6.12) e X0 (V) 2 G-1(1/a)’
0 (™" (1)) = ﬂ
! @O B (1 a)
where
(o) t ~
= S n/m+1 H(t) = ¢/ )SWCZS, teR,.
t
Then,
GO com <G e,
t m t

the second inequality being obvious, while the first is equivalent to

T B(s) m  B(t)
n/m—1
t S gn/m+1 dSZn_m t

)

t
and, indeed,

T \B(t) T _ m  B(t)
n/m—1 n/m—1 n/m _
(6.13) ¢ §Sn/m+1 ds >t T §s ds = —— —
Again,
' ~ ~
/ _ n n/(n—m)—1 A(S) A(t)
H'(t) = ——t ésn/(nmm ds +
H
>_n HO® g,
n—m t

Consider, next,

Dp(t) = %t’m/”G(t), Wa(t) :i=n/(n—m)t"VTH®E),  teR,.
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Observe that, by (6.10)),
Dp((t)) = alt) /™
and, by a simple change of variable,
Wu(t) = at™=m)) e Ry,

So,
@B(t—m/ngpA(tm/n—l)) _ QA(tm/n—l)l—n/m
or
(tm/(n—m)lpA(t))n/m—I@B (tm/(n—m)y—,A(t)) =,
that is,

G(H'(t) _ G/ "™ wa(t))
H'(t) — t/(=m)g,(t)
= (/T () g (£ T, (1)) = ¢,
(The second inequality in used the facts that G(t)/t increases (in view
of (6:13)) and H'(t) > n/(n —m)ZL = gm/(m=m)g, (1).) We have
G'(t) = (H)7'(t), Gz H(), G ') <H 1),
and, finally,

(614)  C(H'(1) >

1 1
(6.15) s < IOk teRy.
From (6.12), and [RR] p. 12],
o /net g-m/n  gm/n—1
oB(t™™ "X 0,a)(t)) 0 7(t X(ap)(t)) = G1(1/a) 2H-1(1/a)
1/a

1
_ >,
T 2H-Y(1/a)H 1(1/a) ~ 4
for a near 0.
Then [BK| Section 4] implies
b
[ 7 (09 (t) dt < Cop(t™™/" (1)) oz (¢
0
Replacing f*(t) by f*(t'="/™) and ¢*(t) by g*(t'~™/™)t="™/" and changing
variables, we obtain
b
V£ (0)g* (1) dt < Cop(t™™/" f*(£'=™/™)Ar (),
0
Taking the supremum over all g with Ap(g) < 1 yields

Np(f) < Cop(t=™/m fr(t=m/m)).

g'(s)ds),  f.g € M (Ly).

O e
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We now prove the reverse estimate. Given f € 9, (I}), there exists
ko € M (Ip) such that pa(ko) <1 and

b tl—m/n tl—m/n
fem/m=t o (s) dsko(t) dt > 1/2@g(tm/"_1 [ e ds).
0 0 0
Set
b
go(t) = go(t) := S ko(s)s™ Y ds, tel,.
tn/(n—m)
Then,
b b b
VFr()g5(s)ds =\ (s) | ko(e)t™/™'dtds
0 0 §n/(n—m)
b tl—m/n
= \em/m=t o\ o (s) dsko(t) dt
0 0
1 tl—m/n
= [(ym/n—-1 *
> Sos(t é J*(s) ds).

Moreover, in view of Proposition [6.2
QB(tfm/ngbk(tlfm/n)) < 07

that is,
b

OB (t_m/” S ko(s)s™/m1 ds) < Coal(ko) <C.
t

We conclude that v/(f) > cAp(f), or
Ap(h) = cv(h),
where
v(h) = op(t=™ " (EM)), b€ Mo (1),
This completes the proof. m
With in hand we can now prove

THEOREM 6.3. Let {2 be a bounded domain in R™, n > 2, having a Lip-
schitz boundary. Consider a Young function A given by (6.2]) when t € I

and suppose its complementary function A satisfies
-1
tmn=t ¢ La(Ip).
Define the new Young function B as in (6.4) and, in terms of it, the abso-
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lutely continuous ¢-function C(t) = Sf) c(s) ds, with

c(s) = sj<B(s)> o) = 28 em,.

S S S

Then f € M (§2) is in the optimal hull L., (£2) of La(82) if and only if
feLp(2) and

£2]
(6.16) S C(A;lt*m/n S f¥(s)s™/m1 ds) dt < oo
Io t

for some \y € R,.
Again, f € M4 (12) belongs to the optimal r.i. imbedding range L, (§2)
of WmA(0) if and only if
t
(6.17) | C<A;1t—1 [ (55~ ds) dt < oo
I 0

for some Ay € R.
Proof. We begin by observing that, according to |[GK| Theorem 2],

t
(6.18)  o5(f) ~ ory(f) == inf{)\ >0: | c(xlflgf*(s) ds) dt < 1}
n 0
for f e M (R,).
Now, Theorem and (6.5 imply
TQ(f) ~ A}(k(ta f*; LI(IQ>7 Ln/m,l(IQ)))
~ op(t™" k(T Y Do), Lyyma (1)), f € M4 ().
So, from (6.18), 7,(f) < oo if and only if, for some Ay € R,
t
00> | O\ 5T RS T 55 Ly (1), Ly (o)) ds ) dt,
Ry 0
or, setting y = s*~"/™,

tl—m/n

o> § OO | k(. £ LuIe), Lyjma(lo)) dy) dt
R4 0

= S C()‘Elt_lK(tl_m/nv f*; Ll(IQ)v Ln/m,l(IQ))) dt.
R4

The Holmstedt formula and the linearity of the class
ITo={f € Mi(Ry): or(f) < oo}
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show the latter holds if and only if, for some Ay € R, one has (6.16),
t

(6.19) S C(/\Elt_l S f*(s) ds) dt < oo
Io 0

and
o0 192

(6.20) (A § rs)ast)dt < .
12| 0

But, in view of (6.18]), the condition (6.19) is the assertion that f € Lp({2),
while (6.20)) is always true, since C(t) = t9, ¢ > 1, near 0.
Similarly,

Jg(f) ~ )‘/F(k‘l(t? S_m/nf*(s); Ll(IQ)a Ln/m,oo(IQ)))
~ QB(t_m/nk(tl_m/na S_m/nf*(s); Ll(I.Q)v Ln/m,oo(IQ)))
Hence, by (6.18)), 0,(f) < oo if and only if, for some Ay € R,
¢

co> | C(A;lflSs*m/“k(slfm/”,y*m/"f*(y);Ll(IQ),Ln/m,OO(IQ)) ds) dt

R, 0
tl—-m/n
~ | (J()\lef1 | k(s,y*m/"f*(y);Ll(fn),Ln/m,oo(In))dS) dt
Ry 0
— S C(}\;lt_lK(tl_m/n7S_m/nf*(s),L]_(I.Q)7LTL/m,OO(I‘Q)))dt
R+
t
~ | C()\let_lss_m/”f*(s) ds) dt, by (3.3). =
Ry 0

7. Examples. We illustrate Theorem in two important cases.

EXAMPLE 7.1. The case p = n/m. Here,

4, l<g<n/m,0<t<1,
A(t) := {tn/m’ £ 1,
and
7_1@)%{t‘nfm(q‘l), 0<t<?2,
=M (Int)M™, > 2.

It follows that

71 B(t) ~ C(f) ~ 14, 0<t <2,
() ()N ()N tn/m(lnt)fn/m, t> 9.
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We conclude that f € L, (f2) if and only if

(7.2)
2 I nfm 1
(e § (st ) (e g (s)smn ds) de<oc,
0 t t

since ([7.1)) and (7.2) imply f € Lp(12).
Again, f € L,,(£2) if and only if

12| ¢ ¢
S (t‘l S f*(s)s_m/” ds) e ln;n/m (t_l S f*<3)8_m/" ds) dt < oo.
0 0 0

But,
t

oB (t‘l Vg7 (s) dS) ~o08(9), g€ M (Ry),
0
so f € Ly, (£2) if and only if
1£2|
[ /e (yy/m 7 (2 dt < oo
0
Therefore, since Ly, (£2) C Ly /(n—m),00(§2),

12|

(7.3 oath) = (1§ g ymmeom (1))

t
0
For the history of this norm, see the introductory section in [EKP].

ExaMpPLE 7.2. Consider the Young function
Ap(t) := §ln’6(1 +s)ds~tln’(1+1t), 0<p<1,teR,.
0

Since the operator @,/ maps La,(R+) to itself we may take B(t) = Ag(t).

As shown in [GKl Example 4.1], C' satisfies

C(t) ~ §1nﬁ_1(1 +s)ds ~tln® L1 +1¢t) fort>1;
0

in particular, C' is not a Young function.

We find that f € Ly, (£2) if and only if

12|
| Fr W@+ (1) dt < oo
0
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and

12 2] 14

[ (7 § e (s)s™/mtds ) T (1 | g (s)sm T ds ) dit < o
0 t t

Again, f € L”Aﬁ (£2) if and only if

12| t ¢
S (til S f*(s)sfm/” ds) Inf-1 (1 +¢7t S f*(s)sim/n ds) dt < oo
0 0 0

or
192

| o™ mf (14 ™) dt < oo
0
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