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Metric version of flatness and Hahn—Banach type theorems
for normed modules over sequence algebras

by

A. YA. HELEMSKII (Moscow)

Abstract. We introduce and study the metric or extreme versions of the notions
of a flat and an injective normed module. The relevant definitions, in contrast with the
standard known ones, take into account the exact value of the norm of the module. The
main result gives a full characterization of extremely flat objects within a certain category
of normed modules. As a corollary, some Hahn—-Banach type theorems for normed modules
are obtained.

Introduction: Formulation of the main results and comments.
The concepts of a flat module and of an injective module are among the
most important in algebra. In particular, they are two of the three pillars
of the whole building of homological algebra; the remaining one is the no-
tion of a projective module. The first functional-analytic versions of the
three above mentioned notions appeared about 40 years ago (see [6] and
the references therein). They were introduced in connection with the rise in
functional analysis of interest in such topics as derivations of Banach alge-
bras, their extensions and amenability. The relevant definitions were given in
the framework of a certain kind of relative homology, adapted to the context
of functional analysis. They were formulated in terms of the norm topology
of the modules in question rather than the norm itself.

Quite recently, the birth of new areas of analysis, notably of the so-
called quantum functional analysis (= operator space theory), has caused
the introduction and study of metric or extreme versions of these notions
(cf. [I0]-]L8]). The specific feature of the new versions is that they take into
account the exact value of the norm.

Before proceeding to our main definitions, we recall and fix some termi-
nology and notation.

Let A be a normed algebra, generally speaking, not unital. We denote
by A-mod (respectively, mod-A) the category of all left (respectively, right)

2010 Mathematics Subject Classification: Primary 46H25.
Key words and phrases: extremely flat normed module, extremely injective module, ho-
mogeneous module.

DOI: 10.4064/sm206-2-3 [135] © Instytut Matematyczny PAN, 2011



136 A. Ya. Helemskii

normed A-modules and their bounded morphisms. Throughout this paper,
all normed algebras and modules are always supposed to be contractive;
this means that the norms of all relevant inner and outer multiplications, as
bilinear operators, are < 1.

If X € A-mod, we denote the closure of the linear span of the set {a-x :
a€ A, r € X} by X and call it the essential part of X. It is, of course, a
submodule. X is called essential (or ‘non-degenerate’) if X = Xe5. The quo-
tient normed A-module X/ X is denoted by X,y ; obviously it has zero outer
multiplication. The annihilator of A in X is the closed left submodule {x :
a-x =0foralla € A} in X, denoted by Ann(X). The quotient left normed A-
module X/ Ann(X) is called the reduced module of X and denoted by X*ed.

As usual, we call a left A-module X faithful if Ann(X) = 0. Of course,
the reduced module of every module is faithful.

Let A be a normed algebra. We shall use the symbol ® 4 for the non-
completed projective tensor product of A-modules and of their bounded mor-
phisms. (See, e.g., [9] or, for the initial ‘completed’ version, the pioneering
paper of Rieffel [I2] or the textbooks [6, I1.3], [7, VI.3.2].)

If A is commutative, then, as usual, we identify both types of mod-
ules and say just ‘A-module’. Accordingly, we speak about projective ten-
sor products of normed A-modules and of bounded morphisms of normed
A-modules.

Recall that in this situation the tensor product of two modules, say X
and Y, is itself a normed contractive A-module with the outer multiplication,
well defined by a - (z ®4 y) := (a-x) ®4 y (or := 2 ®4 (a-y)). Moreover,
the tensor product of two bounded morphisms of normed A-modules is itself
a bounded morphism of appropriate modules.

The identity operator on a linear space (or a module) Z will be denoted
by 1z, or just 1, if there is no danger of misunderstanding.

Finally, let us distinguish a class, so far arbitrary, of right normed A-
modules and denote it by K. In the spirit of the old definitions of a flat or
strictly flat Banach module ([6, VII.1], [7, VII.1.3]), we give the following

DEFINITION I. A normed left A-module Z is called extremely flat with
respect to (or relative to) the class K if, for every isometric morphism i :
X — Y of right modules belonging to IC, the operator i ®4 17 : X ®4 Z —
Y ®4 Z is also isometric.

If we deal with just normed spaces, the well known theorem of Grothen-
dieck [5, Thm. 1], adapted to non-complete spaces, gives the following de-
scription of extremely flat objects. A normed space (‘unital normed C-
module’) is extremely flat with respect to the class of all normed spaces
if and only if it is isometrically isomorphic to a dense subspace of L1(§2, )
for some measure space (£2, ).
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DEFINITION II. A normed right A-module Z is called extremely injective
with respect to the class K if, for every isometric morphism i : X — Y of
right modules belonging to K, and for every bounded morphism ¢ : X — Z
of right A-modules, there exists a bounded morphism % : Y — Z of right
modules such that the diagram

X—>Y

%

is commutative, and ||¢|| = ||¢||. In other words, every bounded morphism
of right modules from X into Z can be extended, after the identification of
X with a submodule of Y, to a morphism from Y to Z with the same norm.

Thus the assertion that a certain Z is extremely injective with respect to
KC can be considered as a ‘Hahn—Banach type’ theorem for given A and I,
with Z playing the role of C.

If again A := C, then the extremely injective objects are described by
a theorem, connected with the names of Nachbin, Goodner, Hasumi and
Kelley (see [2, p. 123] or [I7, Thm. 25.5.1]), which can be easily adapted
to the non-complete case. Namely, a normed space is extremely injective
with respect to the class of all normed spaces if and only if it is isometrically
isomorphic to the space C(§2), where §2 is an extremely disconnected compact
space.

REMARK. The word ‘extremely’ in both definitions is chosen because iso-
metric operators or morphisms are exactly the so-called extreme monomor-
phisms in some principal categories of spaces or modules in functional anal-
ysis (cf., e.g., [1l p. 4], [8, Ch. 0.5]).

The two notions introduced are closely connected. A link is provided by
a proper functional-analytic version of the algebraic ‘law of adjoint asso-
ciativity’, established by Rieffel [13]. With its help, we shall prove (see the
beginning of Section 2) the following easy statement.

PROPOSITION. Let A, KC and Z be as above. Then Z is extremely flat with
respect to IC if and only if its dual normed left A-module Z* is extremely
injective with respect to KC.

The notions defined above were actually introduced in [10], but only for
some special algebras and modules. The role of a base algebra was played by
B(H), and K consisted of the so-called semi-Ruan B(H )-modules. (Speak-
ing informally, these are modules satisfying a proper one-sided version of
Ruan axioms for an operator space; cf. [9]). It was shown that certain B(H )-
modules are extremely flat with respect to that K, and certain Hahn-Banach
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type theorems for modules over B(H) were obtained as corollaries. These
theorems, in their turn, led to a conceptually new proof of one of the ba-
sic theorems of operator space theory, the Arveson—Wittstock theorem on
extensions of completely bounded operators (see, e.g., [4] or [9]).

Afterwards the results of [10] were generalized and considerably strength-
ened by Wittstock [I8], who, in particular, replaced B(H) by an arbitrary
properly infinite C*-algebra and established that every semi-Ruan module
is extremely flat with respect to the above-mentioned class. As an applica-
tion, Wittstock presented a new transparent proof of the Arveson—Wittstock
theorem in its more sophisticated version, that for operator modules.

After the cited papers it seemed natural to look for extremely flat mod-
ules over other classes of normed algebras and, accordingly, for related
Hahn—Banach type theorems. In the present paper we consider another class
of ‘popular’ algebras, which is opposite, in a sense, to those in [10], [18].
We mean commutative normed algebras, consisting moreover of sequences.
These algebras apparently represent the next degree of complication after C.
Nevertheless we hope to show that even in this case, after the proper choice
of K, there is something to say.

Denote by p” the sequence (0,...,0,1,0,...) with 1 as the nth entry,
and by coo the linear space of finite sequences, i.e., span{p" :n =1,2,...}.

DEFINITION III. Let A be a normed algebra consisting of some complex-
valued sequences and equipped with the coordinatewise operations. We say
that A is a sequence algebra if it contains cog as a dense subalgebra, and
lp"|| =1 for all n.

We see that the class of sequence algebras includes co, all [,,, 1 < p < oo,
(but not l), the Fourier algebras of discrete countable groups (after re-
arranging the relevant domains as sequences), and many other alge-
bras.

The main result of the paper gives, within a certain reasonable class of
normed modules over a sequence algebra, a full characterization of extremely
flat modules with respect to that class. After some preliminary notes, we
proceed to define this class.

Let A be a sequence algebra, and X a normed A-module. Often, when
there is no danger of confusion, for x € X we shall write x,, instead of p™ -z
and call it the nth coordinate of x. Of course, p" - x,, = x,,. Further, we set
X, :={p"-z:x € X} for every n € N. We see that X,, is a submodule
of X. It will be called the nth coordinate submodule of X.

DEFINITION IV. An A-module X is called homogeneous if, for every
z,y € X, the inequalities [|z,| < [lyn|| for all n € N imply that
2]l < [lyll-
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It immediately follows that for any elements z, y in a homogeneous mod-
ule, the equalities ||| = ||lynll, » € N imply that ||z|| = ||y||. Thus in a
homogeneous module the norm of an element is completely determined by
the norms of its coordinates.

For many typical sequence algebras the class of homogeneous modules
is fairly wide. In particular, it is easy to show that all essential normed
modules over cy, consisting of complex-valued sequences, are homogeneous.
Moreover, l,-sums, 1 < p < oo, of arbitrary families of normed spaces are
obviously homogeneous l,-modules for all 1 < ¢ < co. The module Iy over
the Fourier algebra of a countable discrete Abelian group is also, of course,
homogeneous. (In all examples we mean the coordinatewise outer multipli-
cation.)

On the other hand, it is obvious that a homogeneous normed A-module
X is necessarily faithful.

In this paper, we denote by H the class of all homogeneous normed
A-modules, and by Heg its subclass consisting of the essential modules.

THEOREM 1. Let A be a sequence algebra, and Z be an essential (respecti-
vely, arbitrary) homogeneous normed A-module. Then Z is extremely flat
relative to H (respectively, Hes) if and only if, for every n, its nth coordinate
submodule is isometrically isomorphic to a dense subspace of L1 (2, puy) for
some measure space (2, fiy).

Note that ‘only if’ part of this theorem is a rather easy corollary of the
theorem of Grothendieck, cited above. Our proof of the ‘if’ part is more
complicated, and it does not use the Grothendieck theorem. Indeed, the
emphasis is shifted: the main thing now is to show that the answer depends
not on the norm on the whole module but only on the norms of its coordinate
subspaces.

In fact, we shall prove this theorem in a slightly stronger form; see Propo-
sition 3.2 and Theorem 3.6 below.

Of course, if we wish to deal with Banach modules only, then in the
criterion of extreme flatness which is an immediate corollary of Theorem I,
we must replace the words ‘dense subspace of Lji({2, )" by (just)
‘Ll(-Qn» ,Un)’-

REMARK. This theorem enables one to indicate various subclasses of ‘H
where the operation of projective tensor product has the so-called injective
property: ¢ ®4 v is isometric provided ¢ and i are. It follows from the
factorization  ®4 ¥ = (p ®4 1)(1 @4 ¥) = (1 ®4 ¥V)(p ®4 1). In
particular, this is true for the subclass of Heg consisting of the modules with
all coordinate submodules isometrically isomorphic to dense subspaces of
L1(-) spaces.
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As an easy corollary of Theorem I, we obtain

THEOREM II (see the end of Section 3). Let A be a sequence algebra, and
Z be an essential (respectively, arbitrary) homogeneous normed A-module.
Then the dual module Z* is extremely injective relative to H (respectively,
to Hes) if and only if for every n the nth coordinate submodule Z, is iso-
metrically isomorphic to a dense subspace of L1({2y, i) for some measure
space (£2p, tin,).

Thus, speaking informally, in both theorems the answer depends not on
the norm on the whole module but only on the norms of its coordinate
subspaces. In particular, all A-modules [,,, 1 < p < oo, (and all sequence
modules over A := ¢y) are extremely flat with respect to H, whereas the
same [, and also I are extremely injective with respect to H.

REMARK. Suppose that Z satisfies the conditions of the above theorem,
and, for some n, the measure space ({2, i) is localizable in the sense of
I. Segal [16, Def. 2.6]. Then, as shown in the cited paper (part of Theo-
rem 5.1 there), the dual space Li(§2,,u,)* is isometrically isomorphic to
Loo(£2,,, i1y,). Therefore the same is true for (Z,)* and hence, by Proposi-
tion 1.4, for the nth coordinate submodule of Z*.

In both theorems we have assumed that some of the modules involved are
essential. Such a condition cannot be omitted: a non-essential homogeneous
normed module (being always extremely flat with respect to Hes) need not
be extremely flat with respect to H. As a matter of fact, the A-module I
(apparently the first faithful non-essential module that comes to mind) is
not extremely flat with respect to the class of all homogeneous modules. This
is Theorem 4.3.

Let us make some comments on the proof of the main result. At the
very beginning we observe that, under some conditions, tensor products of
modules over a sequence algebra, and of their morphisms, can be described
in a rather transparent and ‘workable’ form (Proposition 1.7). In particular,
this is helpful in the principal preparatory step, Lemma 3.3, of somewhat
technical character. At the end of our argument, we use the following fact:
under a mild assumption on X or Z the (mere) injectivity of ¢ : X — Y
implies the same property of ¢ ®4 1.

Thus we have come across another typical question of the theory of
normed algebras, this time about the preservation, under tensor multiplica-
tion of modules, of the injectivity of given morphisms. Of course, it sounds
similar to its well known pure algebraic prototype, which leads to the funda-
mental notion of (algebraic) flatness. But here we deal with bounded mor-
phisms and a kind of functional-analytic tensor product. This profoundly
affects the situation.
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Even in the case when A is a ‘very good’ sequence algebra (cg, say), and
X,Y, Z are normed A-modules consisting of sequences, it can well be that
a bounded morphism ¢ : X — Y is injective whereas ¢ ®4 1 : X ®4 Z
— Y ®a Z is not. However, if a given sequence algebra is indeed good
and we are given arbitrary normed A-modules X,Y, Z and a topologically
injective (in particular, isometric) morphism ¢ : X — Y then the operator
wR41: X ®4Z—Y ®a Z is also injective. (Note that at the same time
it is not necessarily topologically injective.) This is Theorem 2.4.

REMARK. We want to emphasize that we work in this paper, in a similar
way to [I0], [18], with the non-completed version of the projective tensor
product. If we replace the latter by its completed version, Theorem 2.4 fails
to be true. One can easily construct suitable counter-examples, taking some
spaces without the approximation property.

1. Some preparations. We begin with a proposition of somewhat gen-
eral character. In particular, it will enable us to derive Theorem II from
Theorem I (cf. Introduction). This proposition actually appeared in [10),
Prop. 9], but in a certain special case and in a slightly disguised form.

In what follows, A is a normed algebra, so far arbitrary, and hy(-,-)
denotes the space of all bounded morphisms between right normed modules.
Such spaces are equipped with the operator norm.

PRrOPOSITION 1.1. Let X and Y be right normed A-modules, Z a left
normed A-module, i : X — Y an isometric morphism, and Z* the right
Banach A-module dual to Z. Then the following statements are equivalent:

(i) the operatori @4 1z : X @4 Z —Y ®4u Z is an isometry,

(ii) for every bounded morphism ¢ : X — Z* of right A-modules, there
exists a bounded morphism ¢ 1Y — Z* of right modules such that
the diagram

X —>vy

e

is commutative and ||| = |||

Proof. According to the functional-analytic version of the law of adjoint
associativity (cf. Rieffel [I3], or [9, Ch. 8.0]) the normed space hs(X, Z*)
coincides with the space (X ®4 Z)* up to the isometric isomorphism taking
a morphism ¢ : X — Z* to the functional f : X ®5 Z — C well defined by
f(z ®a z) = [p(x)](2). Similarly, ha(Y, Z*) is identified with (Y ®4 Z)*.
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Moreover, one can easily check that we have a commutative diagram

ha(Y, Z°) — > ha(X, Z%)

S

(X @4 2) — (Y ®a Z)*

Here the vertical arrows are isometric isomorphisms of normed spaces, acting
as indicated above, i, acts as # — (i, and i® is the operator adjoint to
i Qalyz : X QuZ—-Y ®y 7.

It is obvious that assertion (ii) is equivalent to the following statement:
the operator i, maps the closed unit ball in the domain space onto the closed
unit ball in the range space. Because of the diagram above, this assertion is
in turn equivalent to the statement that i® has the same property. But, as an
obvious corollary (in fact, an equivalent formulation) of the Hahn—-Banach
theorem, an adjoint operator has the indicated property if and only if the
original operator is isometric. The rest is clear. =

An immediate corollary is the Proposition that was formulated at the
beginning of the Introduction.
As a byproduct, we have the following observation.

PROPOSITION 1.2. Suppose that X,Y, Z and i are as before, and Zy is a
dense submodule of Z. Then i ® 4 1z is an isometry if and only if the same
s true of 1 ®a 1g,.

Proof. Indeed, the dual modules of Z and Zj coincide, and therefore (ii)
above is valid if and only if it is valid after replacing Z by Zj. =

Later we shall come across quite a few diagrams like the one above. To
write them all down would take too much space. Therefore the following
terminology is convenient. We shall say that the morphisms ¢ : X; — X»
and ¥ : Y] — Ys, acting between normed A-modules, are isometrically
equivalent if there exist isometric isomorphisms of A-modules, I and J, such
that the diagram

©

X1 X5
(1.1) Il lJ
v, — v,

is commutative (cf. [§]). In particular, we shall speak about the isometric
equivalence of two operators (C-modules). As to the isomorphisms I and J,
we shall say that they implement the above equivalence.
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From now on we concentrate on the case where A is a sequence algebra.
We need some further notation and several elementary facts concerning A-
modules and their tensor products.

Let X be a normed A-module, and X,,, n = 1,2,..., its coordinate
submodules (see Introduction). We denote by a;X : X,, — X the natural
embeddings, and by 3 : X — X,, the projections z + x,,. Clearly, these are
morphisms of A-modules that are isometries and, respectively, coisometries
(= quotient maps).

Consider the pure algebraic A-module X2, X,,, consisting of all se-
quences (Z1,...,Ty,...) with z, € X, and endowed with the coordinatewise
operations. Introduce the map

X oo
ot X — Xan:xH(xl,...,mn,...);
n—=

it is, of course, an A-module morphism. Since g is dense in A, o is injec-
tive if and only if X is faithful. Moreover, Ker(c*) coincides with Ann(X),
and hence it is closed. Therefore we can (and will) identify the submod-
ule Im(cX) in X22; X,, with X™4 (cf. Introduction) and endow it with the
appropriate quotient norm.

If + € X, then the sequence oX(z) = (0,...,0,2,0,...) belongs to
(Xred), . Taking into account that ||y|| > ||z|| for all y with o™ (y) = ¢¥ (2),
we immediately obtain

PROPOSITION 1.3. The birestriction 07X : X,, — (X', of 0 is an
isometric isomorphism.

Proof. Clear. m

PROPOSITION 1.4. For every m, the A-modules (X*), and (Xy,)* are
isometrically isomorphic.

Proof. The morphisms (X )*aX : (X*), — (X,)* and 3X (8X)* :

n
(Xn)* — (X*), are contractive and inverse to each other. =

Now let Z be another A-module. Our object of interest is the A-module
X ®a 7.

Throughout the paper, ®, stands for the non-completed projective ten-
sor product of normed spaces (= C-modules). The projective tensor norm
will be denoted by || - ||p.

PROPOSITION 1.5. There exists an isometric isomorphism
pf,Z : Xy Rp Ly — (X XA Z)n;
well defined by t @ z+— T ®4 2.

Proof. Consider the contractive linear operators p: X, ®, Z, = X ®a Z
and 7: X ®4 Z — X,, ®p Z,, associated with the contractive bilinear op-
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erator X, X Z,, — X ®4 Z : (x,2) — = ®4 z and the contractive balanced
bilinear operator X X Z — X, @, Zy, : (x,2) — p" -z @ p" - z, respectively.
Since mp = 1, it follows that p is an isometry (whereas 7 is a coisometry).
Obviously, the image of p is exactly (X ®4 Z),. It remains to denote by
pf’z the relevant corestriction. m

Now we turn to the normed module (X ®4 Z)™? and to the coisometric
morphism %% : X ®4 Z — (X ®4 Z)™9, which is, by definition, the ap-
propriate corestriction of 0X®4Z (cf. above). We want to describe them, up
to isometric isomorphism and, respectively, isometric equivalence, in terms
convenient for their study.

Consider the pure algebraic A-module X232, (X,, ® Z,,) with the coordi-
nate-wise operations. For z € X and z € Z we shall denote by = ® z the
sequence (r1 ® 21,...,%n & 2Zn,...), belonging to this module. Denote by
X ® Z the submodule of X;2 (X, ® Z,) defined as the linear span of all
such sequences.

The bilinear operator X x Z — X © Z : (x,z) — x®z is clearly balanced.
Therefore it gives rise to a linear operator and, obviously, a surjective A-
module morphism ©x 7 : X ®4 Z — X©Z, well defined by z ®4 2 — z©z.

For v e X © Z we set

(1.2) lelle = inf { > 1] 121},
k=1

where the infimum is taken over all representations of v in the form
Sk ok @2k with 2% € X, 2F € Z.

PROPOSITION 1.6. The function v — ||v||g is a norm on X ® Z. More-
over, with respect to this norm the module X © Z is isometrically isomorphic
to (X ®4 Z)™, and Ox,z s 1sometrically equivalent to o2 In more detail

there is a commutative diagram
X,Z

X @472 —""5 (X @4 Z)ed
(1.3) ll lLX,Z
©
X@4Z—2 X062
where 157 is an isometric isomorphism of A-modules.

Proof. Since ©x,z is surjective, X ® Z is a seminormed module with
respect to the seminorm ||v||" := inf{||ul| : ©x, z(u) = v}.

First, we show that || - || = || - ||’. From (1.2) we easily see that [|v]" <
|lv|lo- On the other hand, for every € > 0 we can take u € X ®4 Z with
®x,z(u) = v and ||v||' > |lu|| — &, and then represent u as > p, #¥ ®4 2* so
that |lul > Y_7v, [[2*]| ||2*|] — e. Then we evidently have |[v]’ > v — 2,
and the reverse inequality follows.
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Now take v € X ®4 Z. Let (...,u",...) be the sequence Ox z(u).
Obviously, pi? takes u™ to u, := p" - u. It easily follows that Ker(cX%) =
Ker(®x,z). Since both 0%7Z and Ox,z are coisometries, there exists a unique
isometric isomorphism ¢y, 7 making the diagram (1.3) commutative. The rest

is clear. m

Thus, by virtue of Propositions 1.3, 1.5 and 1.6, we have, for each n, a
chain of isometric isomorphisms

X
(14) X, ®p Zn o (X @4 2y L (X @4 Z)1e s i L (X O 2Dy,

where the last map is the appropriate birestriction of :X*4. Denote by %i( Z

Xn ®p Zn — (X © Z), their composition. It is, of course, an isometric
isomorphism of A-modules, well defined by taking z ® z to z ©® z.

PROPOSITION 1.7. Suppose that at least one of the modules X and Z
has the following property: there is a sequence ™ € A consisting of finite
sequences and such that for each element, say x, of our module we have
x = limpy,—0o 9™ - . Then Ox z is an isometric isomorphism of A-modules.

Before the proof, let us notice that for many sequence algebras every
essential module over such an algebra has the indicated property. Of course,
this is the case where A = ¢y or A is the Fourier algebra of a discrete
countable Abelian group. However, more important for our aims is another
sufficient condition, expressed in Proposition 3.1 below.

Proof. Since ‘horizontal” morphisms in (1.3) are coisometric, it is suffi-
cient to check that 0% is injective. Suppose that for u € X ® 4 Z we have
®x.z(u) = 0 and hence 07 (p™(u)) = 0 for all n. Since p™(u) € (X ®4 Z)n,
we see, by (1.4), that p"(u) = 0 for all n and hence q™(u) = 0 for all m.
The rest is clear. =

The indicated assumption cannot be omitted, even when both modules
are faithful:

EXAMPLE 1.8. Consider X := Z := [, with the coordinatewise opera-
tions and uniform norm. Take the sequences z := (1,0,1,0,1,0,...) € X
and z :=(0,1,0,1,0,1,...) € Z. Of course, Ox z(z ®4 z) = 0.

Now take two functionals f,g : l.c — C of norm 1 such that f(§) =
g(n) =0 for &,m € ¢y and f(z) = g(2) = 1; these are easily provided by the
Hahn-Banach theorem. Then the bilinear functional f X g : X x Z — C :
(&m) — f(§)g(n) is obviously balanced and contractive. Therefore it gives
rise to the contractive functional f ®4 g : X ®4 Z — C, well defined by
ERan— f(&)g(n). Since (f @4 g)(x ®4 2) =1, we have £ ®4 z # 0. Thus
®x,z 1s not injective.
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Now suppose that we have three A-modules X,Y and Z, so far arbitrary,
and a bounded A-module morphism ¢ : X — Y. The latter in an obvious
way generates the sequence of its birestrictions ¢, : X, — Y.

Consider the bounded morphism ¢ ®4 1 : X ®4 Z — Y ®4 Z; we
recall that it is well defined by x ®4 z — @(x) ®4 z. Clearly, ¢ ®4 1
maps Ann(X ®4 Z) into Ann(Y ®4 Z). Therefore p ®4 1 gives rise to the
bounded morphism (p ®4 1)*4: (X @4 Z)d — (Y ®@4 Z)™4, well defined
by (p @4 1) (cX% (2 @4 2)) = 0V (p(x) @4 2) for z € X, 2 € Z.

Combining this with Proposition 1.6, we obtain the commutative dia-

gram
Ox,z

X ®aZ XoZ
(1.5) ¢®A1l Jf@l

O]
Y@uZ—" Yoz
where p ® 1 is well defined by x ® z — p(z) ® 2, that is, takes the sequence
(coostp,...) with u, € Xy, ®p Zy, to (.., (o @ D)y, ... ).

Note that we obviously have
(1.6) le 1] < llp ®a 1] < [l¢]l-

Being morphisms of A-modules, ¢ ® 4 1 and ¢ ® 1 have well defined
respective birestrictions (¢ ®4 1), and (¢ ® 1),, for every n. Using the
identifications in (1.4), for the pairs (X, Z) and (Y, Z), we easily obtain

PROPOSITION 1.9. Both (¢ ®4 1), and (9©1),, are isometrically equiv-
alent to the operator o, @1 : X, @, Zp — Y, Q@ Zy.

Proof. Clear. u

ProprosITION 1.10. Suppose that either both X and Y, or Z, satisfy the
condition in Proposition 1.7. Then the morphisms ¢ @4 1 and ¢ ©® 1 are
isometrically equivalent. w

Proof. Clear. u

2. Tensoring injective morphisms. Let A be a sequence algebra,
X,Y, Z normed A-modules, and ¢ : X — Y a bounded morphism. Suppose
that ¢ is injective. When can we be sure that ¢ ® 4 1 is also injective?

If we ask the same about ¢ ® 1, the situation is clear:

PROPOSITION 2.1. Let ¢ be injective. Then so is ¢ ® 1.

Proof. Together with ¢, its birestrictions (,, are also injective. Therefore,
for purely algebraic reasons, the same is true for the operators ¢, ® 1 :
Xn ®p Zn — Y, @p Zy. It remains to recall the way ¢ © 1 acts. =

PROPOSITION 2.2. Suppose that X or Z satisfies the condition of Propo-
sition 1.7. Then, if ¢ is injective, so is ¢ ®4 1.
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Proof. By Propositions 1.7 and 2.1, both ©®x 7z and ¢ ® 1 in the com-
mutative diagram (1.5) are injective. The rest is clear. =

There is another kind of condition, this time in terms of ¢ itself, that
gives the same result. Suppose that ¢ is admissible, i.e. it has a bounded left
inverse operator, and A is an amenable Banach algebra. In this case every
A-module, in particular, our Z, is flat, that is, ¢ ® 4 1 is not only injective,
but topologically injective; see, e.g., [6 Ch. VII]. (Actually, the cited book
deals with the ‘completed’ theory, but it is easy to observe that the indicated
property of ¢ ®4 1 is valid in the ‘non-completed’ case as well.)

However, if we have just an injective morphism between two normed
A-modules, even faithful, the situation is different:

EXAMPLE 2.3. Take X := Z := Iy and set Y := ¢y. Consider a se-
quence ((1,(2,...) € ¢o with non-zero terms and the map ¢ : X — Y :
(&1,&2,....) — (C1&1, (&9, . - . ). Of course, ¢ is injective. Further, by Propo-
sition 1.7 applied to Y, the lower horizontal arrow in (1.5) is an injective
map. However, the upper arrow is not, as we know from Example 1.8. There-
fore ¢ ®4 1 cannot be injective.

Of course, such a ¢ is far from being admissible. But what can happen
in the ‘intermediate’ case, when ¢ is not necessarily admissible, but at least
topologically injective?

It is easy to show that ¢ ® 4 1 need not be topologically injective. More-
over, as a related phenomenon, in the ‘completed’ theory such a morphism
need not even be injective. But the present paper deals with the ‘non-
completed’ theory, and it turns out that for some class of sequence algebras
we still have a positive result.

We recall the following elementary fact. If a normed algebra A has a
bounded approximate identity e,, v € A, and X is a normed, say left,
A-module, then for every x € X5 we have x = lim,, e, - x.

THEOREM 2.4. Suppose that a sequence algebra A has a bounded approz-
imate identity e,,, v € A, X, Y, Z are normed A-modules, and ¢ : X — Y is
a topologically injective morphism. Then ¢ ®4 1 is also injective.

Proof. Take u € X ®4 Z, u # 0; we want to show that (¢ ®4 1)(u)
is not 0. If ®x z(u) # 0, that is, v ¢ Ann(X ®4 Z), then the desired fact
follows from Proposition 2.1, combined with the commutative diagram (1.5).
Thus we are allowed to assume that u lives in Ann(X ®4 Z).

Consider the quotient maps 7x : X — X, and 77 : Z — Zu, (cf.
Introduction) and set, for brevity, 7 := 7x ® 77 : X ® Z — Xan ® Zay. Recall
that X ®4 Z, by its definition, is a quotient space of X ® Z (actually, a
quotient normed space of X ®, Z) and denote by 7 the relevant quotient
map. It is easy to see that Ker(7) is the algebraic sum of Xos®Z and X ® Zs.
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This obviously implies that
(2.1) v(Ker(7)) C (X @4 Z)es-

Fix an arbitrary v € X ® Z with v(v) = v and set w := 7(v). We claim
that w # 0. Indeed, in the opposite case, by (2.1), we have u € (X ®4 Z)es
and hence (see above), u = lim, e, -u. This, together with u € Ann(X ®4 Z),
gives u = 0, a contradiction.

Thus w, being a non-zero vector in X,, ® Z,,, can be represented as
w =Y p_| T @2 with T, € Xan and 2y € Zan, where 71 # 0, and zj, are
linearly independent.

Take an arbitrary xp € X such that 7x(zy) = 2 for k =1,...,n. Our
next claim is that ¢(x1) ¢ Yes. Suppose the contrary. Then

(p(xl) = liiney . SO(xl) — h,fn gp(ey . ml)-

But since ¢ is topologically injective, this implies that 1 = lim, e, - 1, and
hence z1 € X¢s. Thus 27 = 0, a contradiction.

This claim implies, by a standard corollary of the Hahn—-Banach theorem,
that there exists a bounded functional f : ¥ — C such that f = 0 on
Yes, and f(o(z1)) = 1. The same corollary provides a bounded functional
g Zan — C such that g(z1) = 1 and g(zx) = 0 for k = 2,...,n. Take
an arbitrary zp € Z with 7z(z;) = zx for £ = 1,...,n and consider the
bounded functional g := g7z : Z — C. Then, of course, g(z1) = 1 and
g(zx) =0for k=2,...,n.

Now introduce the bounded bilinear functional f x g : ¥ x Z — C :
(y,z) — f(y)g(z). Since f = 0 on Yes and g = 0 on Zg, it is evidently
balanced. Therefore it gives rise to a bounded linear functional, say h :
Y ®4 Z — C, well defined by h(y ®4 2) = f(y)g(2).

We easily see that h = 0 on (Y ® 4 Z)es. At the same time the element v—
> p—q Tk @z, belongs to Ker(7). Thus, by (2.1), we have u—>"}_; x5 @4 2
€ (X ®4 Z)es, and consequently (¢ @4 1)(u) — > ), p(xxr) @4 2z lies in
(Y ®a Z)es. Hence h(p ®4 1(u)) = h(d_p_; ¢(xr) ®4 2), and the latter
number is of course 1. It follows that (¢ ®4 1)(u) # 0. =

3. Tensoring isometric morphisms. In this section we deal with
homogeneous modules over sequence algebras, defined in the Introduction.

For every N = 1,2,... we set PV := Egzl p" € A. The following easy
observation is done in [I1]], but, for the convenience of the reader, we repeat
its short proof.

ProposiTION 3.1. If an A-module X is homogeneous, then for every
r € Xes we have

z= lim PN .z
N—oo
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Proof. Fix x and € > 0. It follows from Definition III that there is y € X
of the form > 7_, a* - zF with a* € cpo, 2¥ € X such that ||z — y|| < £/2. For
all n € N we have

lz = PN -zl < [lz —yll + ly = P -yl + [PV -y =PV 2.

But, because of the choice of ¥, for some M € N we have y = PV .y for
all N > M. Moreover, the homogeneity of X implies that [PV - (y — 2)|| <
|y — x||. Therefore for all N > M we have ||z — PV - 2| <. m

PROPOSITION 3.2. Let Z be an A-module. Assume that, for any essential
homogeneous A-modules X and Y and an isometric morphismi: X — Y
the morphism i ®4 1 : X ®4 Z — Y ®a Z is also isometric. Then,
for everyn = 1,2,..., the coordinate submodule Z, is, up to an isometric
isomorphism of normed spaces, a dense subspace of L1(£2n, pn) for some
measure space ({2, in).

Proof. Suppose that, for a certain n, Z,, does not satisfy the stated con-
dition. Then it easily follows from the criterion of Grothendieck [5, Thm. 1]
that there are normed spaces X, Y and an isometric operator i : X — Y
such that the operator i ®, 1: X ®, Z, — Y ®, Z, fails to be an isometry.

Set, for every £ = (§1,...,&n,...) €Az e X,y €Y, & x:= &z and
&y := &,y. In this way we make X and Y A-modules that are essential and
homogeneous. Moreover, i becomes an A-module morphism. It is sufficient,
by virtue of Propositions 1.7 and 3.1, to show that the operator i ® 1 :
X ©®Z —Y ®Z is not an isometry.

We see that X,, = Y,, = 0 for m # n. Hence X © Z = (X © Z),
and Y ® Z = (Y ® Z),,. Therefore the isometric isomorphisms s ? and
s? (see Section 1) act between X,, ®, Z, and X ® Z, and, respectively,
between Y, ®, Z, and Y ® Z. Moreover, these isometric isomorphisms
obviously implement an isometric equivalence of the operators i ®, 1 and
i®1 (cf. (1.1)). Consequently, since the former is not an isometry, neither
is the latter. m

Our principal aim is to show the converse.

The main step in our proof is the following technical lemma. In what
follows, S is an arbitrary homogeneous normed A-module with the following
properties:

(i) up to a linear isomorphism, we have S = @ﬁ[zl Sy, for some N € N
(in other words, PV -z = x for every x € S),

(ii) for every n = 1,...,N, S, is a normed subspace of Li({2,, i),
for some measure space ({2, uy), consisting of all step functions
(= linear combinations of characteristic functions of p,-measurable
subsets in (2,).
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LEMMA 3.3. Let X,Y be normed A-modules, Y be homogeneous and
i: X — Y amorphism. Let u € X ®S. Let v := (i®1lg)(u) € Y © 8
be represented as v = > -, y* © gF with y* € Y, g¢ € S. Then for every
n = 1,...,N there exists a natural number M, 2*' € X, and g" € S,
k=1,....m,l=1,..., M such that for
B Y=gy i)y YN

we have

m M
(52) b= 33 g o g

k=1 1=1
and

m M m
(3.3) S I <Y D lF I IgE-
k=1

k=11=1

Proof. Let Z’Snzll 't @ f* be an arbitrary representation of u. Remem-
bering what .S, is, we can find M € N and a partition (2, = Ui]\i1 Ay, where
Ay, 1 =1,...,M, are ju,-measurable subsets of (2, such that all g¥, f¢ are
constant functions on each 4;. In particular, for every k = 1,...,m, g* has

the form Z{Zl Nely;, where A¥' € C and x; is the characteristic function
of Al-

Now for every k=1,...,mandl=1,..., M we set
(3-4)
A x| A x| xi A x|
M= i g+ g AT bt ! : H Ghir g
gz gzl g5 gz

provided g # 0, and g := 0 otherwise. In the first case, since |\ y;|| =
H ”"\‘g XH’”gfLH and S is homogeneous, we see that

|| le :‘ H)\MXZH k

lgx |

for all k,l. But, living in Ly (-), we have Zl]\;fl IN x|l = [|lg%|. Therefore for

all k we have S0 H)\MXZH/HgfLH = 1. Hence gk =M g* and

Z l9*-

k
g™ Il =

||gn||

The same, of course, is true if gF = 0.
From this we have

(3.5) vzzng ©g" and ZZH?J g™ —ZHy g™

k=11=1 k=11=1
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Let us concentrate on vy,. It follows from (3.5) and (3.4) that

m M M m
(3.6) vn =D wh e N =3 (3o NE) @

k=1 I1=1 =1 k=1
But, as we remember, v = (i®©1g)(u), and u has the representation indicated
above. Therefore v = > 1" | i("z®) ® f*. Moreover, by the choice of A; for all
s we have f5 = Zf\il vty for some v*! € C. Thus

M m M
(3.7) Uy = Z (Z ySlin(’x5)> R = Z in(z) @ xi,
=1 s=1 =1
where we have set 2! := """ v5('z*).
But x;, I =1,..., M, are linearly independent in S,,. Thus, comparing
(3.7) and (3.6), we see that

(3.8) Z Mk — 5 (2!)  for all I.
Now define
L. ()\kl)—l ||)‘kly7’§” provided )\klin)\tlytn 7&0
ST N 2 X

and o := 0 otherwise. Finally, set 2% := a*a!,

Take y* as in (3.1). Look at v/ := 337, S"M 4o gk By (3.1) and (3.5),
v, = vy for all n’ # n. As to vy, it is equal to
D ITIES 3 RNCITITNED 3) RRRCCRIT
k=1 1=1 I=1 k=1 I=1 k=1

N (AL S "
SRS R EED DEENED 3 et

I=1 k=1 2= 1A yn” =1 I=1 k=1

that is, by (3.8), to v,,. Thus v and v’ have the same coordinates and hence,
since Y ® S is essential, they coincide. The equality (3.2) follows.

It remains to obtain (3.3). For this, we want to show that for all [,
(3.9) lin (21 < llyal-

If o = 0, this is immediate. Otherwise we have

k
W 7 AN TREENTIN - SN MATR [yml tl
linGeEl = lla¥in(@)ll = |l s S lwynu@* ui) |

and (3.9) follows from the triangle inequality for norms.
Now it is time to use that (not only S, but) Y is homogeneous We have
just shown that ||yX!|| < ||y%||, and, of course, we have |[y*| = [|y*,| for all
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n’ # n. Therefore
(3.10) ™1 < lly* -

Consequently,

m M m M
kl kl k kl
S UMM < Z Iy [ lg™ 1,

k=1 1=1 k=1
and, because of (3.5), we are done. m

LEMMA 3.4. Let X,Y,S be as in the previous lemma, andi: X —Y an
isometric morphism. Then the morphism i ®4 15 : X @4 S — Y ®4 S is
also isometric.

Proof. Of course, S is essential. Therefore, by Propositions 1.7 and 3.1,
it is sufficient to show that i ®1g: X © S — Y ® S is isometric.

Fix an arbitrary u € X ® S and set v:= (i©1)(u) € Y ©® S. Our task is
to show that [jul| = ||v]|.

Take an arbitrary representation v = Y ;" y* ® ¢F with ¢* € S. Set
n := 1 in the previous lemma. Getting rid of double sums, we can say that
this lemma gives us a representation

mi
v=Y y*ogt
k=1

where, for some z}* € X1, k =1,...,mq, and y¥, s =2,..., N, we have

y* =i (1" )+y2 +yst gy

mi m

k k k k
S Uy g™ <Y S IF g -
k=1 k=1

Now apply Lemma 3.3 to the representation of v just obtained and
n := 2. Looking at the form of the relevant y*! in the situation when the
role of 4/* is played by y'* and again getting rid of double sums, we obtain
a representation

and

ma
v — Zy% © g%,

k=1
where, for some 22 € X1, 23¥ € Xo, k=1,...,mg, and y!¥, s =3,... N,
we have
v =i (@) +ia(23") + 93" + - + oy,
and

mi mi m

k k k k k k
SOy g1 < D Iy™ g™l (and hence < >~ (11| g*1).
k=1 k=1

k=1
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Next we apply Lemma 3.3 to the last representation of v and n := 3, and
so on. At the Nth step, again (the last time) getting rid of double sums, we
come to a representation

mN
v=> y"* oy
k=1
where, for some x] Nk ¢ X1, 75 LS Xg,...,a:%k e Xy, kE=1,...,my, we
have
y M = in(@l™) ia(2®) + - i ()
and

my m

Nk k k k
> ™™ < ZHy Ilg" -
k=1

Finally, define z* := x{w‘” -+ :cNk € X, k=1,...,my. Obviously,
yNk = i(2¥) and hence (i ® 15)(Zk ! zF @gNk) = . But i ® 1g is injective
(see Proposition 2.1). Therefore ' 1: ® g"* is exactly u. Recalling that
i is isometric, we have

lall < D =190 =D ™ 1 1g™ I,

m
k k
lall <> ly* (119" -
k=1

Taking the infimum as in (1.2), we have the estimate ||u|| < |lv]|. Since,
by (1.6), i ® 1 is contractive, the desired equality follows. =

and hence

LEMMA 3.5. The assertion of the previous lemma remains true if we
replace the module S by an arbitrary module Z such that

(i) there exists a natural N such that Z is linearly isomorphic to

N
@n:l Z"“
(ii) for every n = 1,...,N, Z, is, up to an isometric isomorphism,
a dense normed subspace of Li($2,,u,) for some measure space
(20, pin).-

Proof. Denote by Z and Z,, n = 1,..., N, the completions of the A-
modules Z and Z,,, respectively. Take z € Z. Obviously,

max{|za] :n=1,...,N} < |z < Y |lznl.-

Therefore a sequence z" is a Cauchy sequence in Z if and only if for every
n =1,..., N the sequence 2] is a Cauchy sequence in Z,. It easﬂy follows
that Z is 1sometrlcally isomorphic to the algebraic direct sum @ n=1 Zn,
endowed with the norm, well defined by ||z|| = limy,—o ||2"]|, where 2™ is an
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arbitrary sequence in Z such that lim,, . 2] = 2, for every n. Obviously,
Z, is isometrically isomorphic to the space Li({2,, i), mentioned in the
formulation. It easily follows that Z contains a dense submodule S satisfying
the condition of Lemma 3.4. By virtue of that lemma, i ® 4 1g is an isometry.
Therefore, by Proposition 1.2, the same is true for i ® 4 1, which in turn
gives the desired property of i ®4 1z. =

THEOREM 3.6. Let Z be a homogeneous A-module such that, for every
n=1,...,N, Z, is, up to an isometric isomorphism, a dense normed sub-
space of Ly(2y, un) for some measure space ({2, pn,). Further, let X and
Y be two other homogeneous A-modules, andi: X — Y an isometric mor-
phism. Suppose that at least one of the modules X and Z is essential. Then
the morphism i ®41: X @4 Z — Y ®4 Z is also isometric.

Proof. Fix N € N for a time, and denote by ZV the submodule {P" - :
u € Z} of Z. Consider the diagram

|

Yo z¥ X2y e, 7

where iy == i ®4 1§, ¥/ =i ®4 1z, and i : Z¥ — Z is the natu-
ral embedding. Since ZV is, of course, essential, Lemma 3.5 together with
Propositions 3.1, 1.7 and 1.10 implies that iﬁv is an isometric morphism.
Further, 1x ®4 ¢ is contractive and has a contractive right inverse. The
latter is 1x ®4 j, where j : Z — ZV acts as z +— P - 2. (It is contractive
since Z is homogeneous.) Therefore 1x ®4 4 is an isometry, and the same
is true of 1y ®4 1.

Now take an arbitrary u € X ® 4 Z, represent it as a sum of elementary
tensors and observe that for every x € X and z € Z we have

(3.11) PY. (2042 =P 2@s2=20,P" .2

The second of these equalities implies that PV - v € Im(1y ®4 7). From
this, since our diagram is obviously commutative and its three morphisms,
mentioned above, are isometries, we have

(3.12) [P w)|| = [PV - u]

for all N € N. Further, both equalities in (3.11), combined with the condition
on the pair (X, Z) and Proposition 3.1, imply that u = limy_,. PV - u.
Hence, using (3.12), we see that

i’ = I (PN . = lim [|[PN -ul| = [jul.
i () | Ngnoo\ll( u)| Ngnooll ull = fluf|. =
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Combining this theorem with Proposition 3.2, we immediately obtain
Theorem I of the Introduction, together with its corollaries for sequence
modules and some other modules.

Finally, Theorem I easily yields the Hahn—Banach type theorem, for-
mulated in the Introduction as Theorem II. Indeed, let A be a sequence
algebra, and Z an essential (respectively, arbitrary) homogeneous normed
A-module. In this case, according to Proposition 1.1 (more precisely, to its
direct corollary, the Proposition, at the beginning of the Introduction), the
dual module Z* is extremely injective relative to H (respectively, Hes) if and
only if Z is extremely flat relative to H (respectively, Hes). Then Theorem I
works, and we are done.

4. A counter-example. Here we want to show that the condition in
Theorem I, concerning the module being essential, cannot be omitted, even
within the class of homogeneous modules. Namely, we shall show that the
(non-essential) module [, is not extremely flat with respect to the above
mentioned class.

First let us make some observations of general character.

Let X be an A-module. A subset M of N is called the support of X
whenever X,, = 0 if and only if n ¢ M.

LEMMA 4.1. Let X and Z be two modules that have non-intersecting
supports. Then for everyx € X, 2’ € Xes, 2 € Z, 2/ € Zos we have 2/ @4 2z
=z2®42 =0inX Q2.

Proof. By Proposition 3.1, we have
N
/ : N / : n / n
= lim P - =1 E ‘ - Z.
T XAz Nl—Igo T XAz Ngr(l)on_lp r QAP -z

n /

But the condition on supports implies that, for every n, either p"™ - ' or

pP"-zis0. =
For z € X, we denote by Z the coset  + Xes € Xan.

PROPOSITION 4.2. Let X and Z be as before. Then there exists an iso-
metric isomorphism of normed spaces Ix 7 : X ®a Z — Xan ®p Zan, well
defined by t @ z2+— T ® Z.

Proof. Consider the bilinear operator X x Z — Xun ®p Zan : (2,2) —
T ® z; it is obviously contractive and balanced. Therefore it gives rise to a
contractive operator Iy z, defined as stated.

Take v € Xan ®p Zan, represented, say, as y ,_, T @ 2 with x, € X,
2, € Z. Then we have v = Ix z(u), where u = ) )| xj ®4 zj, with arbitrary
Tk, 2k, taken in the appropriate cosets. Obviously, we have to show that
Jull < lvl|.
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Take some ) € Xes, 2), € Zes. Lemma 4.1 implies that

u= Z(xk + ) @4 (2k + 23,)-

Therefore

n
lull <D Nl + el 1z + 23l
k=1

Since ), zj, can be chosen in an arbitrary way, we have

n
=S EANEATR
k=1

Finally, since the representation of v is also arbitrary, the very definition of
the projective tensor norm gives the desired inequality. m

Now consider the normed quotient space (‘ultraproduct’) Il /co. Since
it is not isometrically isomorphic to any space of the class Lq(£2,u), the
theorem of Grothendieck, cited in the Introduction, implies that there exist
normed spaces E, F' and an isometric operator ¢ : £ — F' such that the
operator

P ®p1:E®p (loo/co) = F @p (loo/co)

is not an isometry. Let us fix such E, F and i.

In what follows, we shall need, apart from the already used tensor prod-
uct ®p, the non-completed injective tensor product of normed spaces and
bounded operators, denoted by ®; (see, e.g., [3, Ch. 1.4] or [15, Ch. 3]). The
injective tensor norm will be denoted by || - ||i.

Consider the normed space o, ®; F. Evidently, it is an A-module with
the outer multiplication well defined by £ - (n ® x) := {&n ® x for £ € A,
N Eloo, x € E.

This module is contractive: if m¢ : loo — loo acts as 7 — &n, then, for
every u € loo ®i F, we have £ - u = (m¢ ®; 1g)(u), and hence

1€ - ulli < [lme i Lp|| [[u] < [lmell [[1e] [lull < €] -

Moreover, the module [, ®; E is homogeneous. This fact can be deduced
from the known properties of the operation ®; C(f2) (see, e.g., ibid.) and
the identification of I, with C'(ON). But we prefer to give a simpler proof.

Obviously, it suffices to show that for u € I, ®; E withu = >_1_, éF@ak
we have

|lulli = sup{|lp" - u|i:n=1,2,...}.

Take f € (loo)" and g € E* with [|f[| = [[g]| = 1. Then (f ® g)(u) = f(n?),
where 79 = Y7i_ g(a*)¢F. Hence |(f @ g)(u)| < |In?|l = sup{|(n9)n] :
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n=1,2,...}. But for every n we have

n n
)l = Yo prehaet)| = | @ o) (Yo pet @ at)| =@ @ 9m - wl
k=1 k=1
<|p"-u)l-

Therefore the number ||u|;, which is, by definition, sup{|(f®g)(u)|: f € (lo0)*,
g€ E* ||fll = |lgll = 1}, does not exceed sup{||p™-ulji : n =1,2,...}. Since
the reverse inequality is obvious, we are done.

In the same way we define the contractive homogeneous A-module
lso ®; F'. Finally, consider the operator i := 1 ®; % : loo ®i £ — loo ®; F,
which is evidently a morphism of A-modules. Because of the injectivity of ®;
(see, e.g., [3, Ch. 1.4.3] or [I5] p. 47]), i is an isometry.

From now on, it is convenient to use the notation X for I, ®; E and Y
for o ®; F.

THEOREM 4.3. The morphism i @4 1: X Q4 looc =Y ®4 loo is not an
isometry. As a corollary, the module lo, is not extremely flat with respect to
the class of all homogeneous normed A-modules.

Proof. We shall write Z instead of /o, and just 1 instead of 17. Note
that Zan = loo/co.

Denote by Z°¢ and Z¢V the submodules of Z consisting of sequences with
the zero even terms and, respectively, zero odd terms. Moreover, denote by
1., and 1, the identity operators on Z,, and (Z¢)ay, respectively. Our first
claim is

1°. The operator i ®p le : B @p (Z)an — F ®p (Z%V)an is not an

1sometry.

Indeed, mapping the sequence (0, £2,0,&4,0, . ..) to (§2,&4, . ..), we obtain
isometric isomorphisms of normed spaces (by no means of modules) j :
Z% — Z, Jes : (Z%)es — Zos = c¢p and, passing to appropriate cosets,
Jan ¢ (Z%V)an — Zan. Then we easily see that the operators i ®p 1le and
?®p 1,, are isometrically equivalent. The rest is clear.

From now on we shall use the brief notation X°?¢ for Z° @; E,
yod for z°4 @; F, 1°¢ for the identity operator on Z°d, and i°¢? for
1°d @, 7 : X°od — yod, Similarly to what was said about X and Y, X°? and
Y°d are contractive A-modules with respect to the same outer multiplication
as for X and Y (cf. above), and i°? is an isometric morphism of A-modules.
Moreover, we introduce the operator iy, : (X od)n — (YOd)an, which is well
defined by mapping a coset z + (X°%)es to i%(x) + (VU s.

Our next claim is

2°. The operator ian ®p 1o : (XN, ®p (Z%)an — (Yod),, ®p (Z%)an
18 not an isometry.
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Denote the sequence (1,0,1,0,1,...) € Z°d by 1°d, Consider the operator
sp: F — (X°%),, taking a vector z to the coset (1°9 ®; ) + (X°%)¢s), and
then sp ®@p 1o : £ ®p (Z%V)an — (XY ®p (Z%Y)an. First we shall show,
as an intermediate step, that the latter operator is an isometry.

To this end, using the Hahn—Banach theorem, introduce the functional
h: Z°? — C of norm 1 which maps the subspace (Z°%)s = ¢gNZ°? to 0 and
1°d to 1. Tt gives rise to the operator t% =h®1lg: 7292 E - C ®; E,
that is, t% : X° — E. The latter evidently takes (X°%)¢s to 0 and therefore
generates an operator tp := (X°%),, — E, well defined by mapping the coset
u+ (XY, u € X0, to t%(u). Since sg and tg are, of course, contractive,
so are sg ®p 1e and tg ®;, 1.. But the composition (tg ®p 1an)(SE ®p lan)
is the identity operator on E ®; (Z°)an. This implies that the former of
the two factors is an isometry (and the latter is a coisometry).

In a similar way, we introduce the operator

sp ®p Lot F ®p (Z%)an — (Y°Yan ®p (Z)an
and show that it is also an isometry. Consequently, in the diagram

SE®p1.

E ®p (Zev)an (XOd)an ®p (Zev)an
’7\;’®p1.l lian(@plo

SF®ple
F ®p (Zev)an o (YOd)an ®p (Zev)an

the horizontal arrows are isometries. Further, our diagram is obviously com-
mutative. It follows that the vertical arrows are simultaneously isometric or
not. Therefore the present claim follows from the previous one.

We turn to the next claim.

3°. The morphism id @4 1%V X0 @4 2V — YOod @4 Z° is not
isometric.

The set of odd natural numbers is the support of both X°d and Y°d
whereas the set of even natural numbers is the support of Z¢'. Therefore
Proposition 4.2 provides isometric isomorphisms Iyoda gev @ X od @, Z —
(XYan @p (Z%)an and Iyod gev : Yo @4 Z% — (Y an ®p (Z°Y)an, well
defined as stated. Looking at the appropriate commutative diagram, we see
that these isomorphisms implement an isometric equivalence between the
operators i°d @4 1% and i,, ®p le. The rest is clear.

4°. The end of the proof.

Let p°d : Z°d — Z and p® : Z® — Z be the natural embeddings. Set
pg(d = p°d @ 1, pg’/d := p°d ®; 1p; these maps are obviously morphisms of
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A-modules. Consider the diagram

od ev
Xod R4 Zeva®Ap X®AZ
iod®Alevi li®A1
pod®Apev
Yod®AZ6vY Y @4 Z

Observe that its horizontal arrows are isometries. Indeed, introduce
the morphisms 0°d : Z — Z°4: (&1,69,&3,...) — (£1,0,3,0,&5,...), 0 :
Z — 7% (£1,€,83,...) — (0,£2,0,£4,0,&,...) and set Ug(d =0 @ 15
Z @ E — Z°¢ @, E. Obviously, the operator ag(d ®a o is contractive,
and the same is true of pgg ®4 p. But the composition

(05 @4 )% @4 ) = [(0™6°%) @1 1] 91 (™)

is the identity operator on X°d @4 Z¢. This implies that the right factor,
pg(d ®4 pY, is an isometry (whereas the left factor is a coisometry). Similarly,
p‘f/d ®4 p% is an isometry as well.

Our diagram is clearly commutative, and, by the previous claim, its left
vertical arrow is not an isometry. Hence the same is true of its right vertical
arrow. The rest is clear. =

REMARK. Extreme flatness is a recent stronger version of a much older
notion of strict (or topological) flatness, mentioned in the Introduction. We
recall that, to define a strictly flat module, one just has to replace the word
‘isometric’ by ‘topologically injective’ in Definition I (see, e.g., [7]).

If A is an amenable Banach algebra, then the A-module [, as every
normed module over such an algebra, is (just) flat in the standard sense
of [6], [7], [14]. At the same time, by Theorem 4.3, it is not extremely flat.
Here we want to note that one can show, using practically the same argu-
ment as in the proof of the last theorem, that it is not strictly flat either.
The only difference is that at the very beginning one must use a somewhat
stronger property of Z := I /co than was employed before. Namely, there
exist normed spaces F, F' and a topologically injective operator i : ' — F'
such that i ®, 1z is not topologically injective. This is because [~ /co, be-
ing, in the terminology of [3], an L%-space, cannot be an L£{-space (ibid.,
Cor. 23.3(4)). This means, by Cor. 23.5(1) there, that the operation ®,
loo/co ‘does not respect subspaces isomorphically’ or, in our terminology,
lso/co is not a strictly flat normed space (C-module). The subsequent con-
structions and claims are, up to obvious modifications, the same.
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