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Essential norms of weighted composition operators between
Hardy spaces H?” and HY for 1 < p,q <

by

R. DEMAZEUX (Lens)

Abstract. We complete the different cases remaining in the estimation of the essen-
tial norm of a weighted composition operator acting between the Hardy spaces H? and
H? for 1 < p,q < oo. In particular we give some estimates for the cases 1 = p < ¢ < 00
and 1 < g <p < oo.

1. Introduction. Let D = {z € C | |2| < 1} denote the open unit disk
in the complex plane. Given two analytic functions u and ¢ defined on D such
that p(D) C D, one can define the weighted composition operator uCy, that
maps any analytic function f defined on D to the function uC,(f) = u(foy).
In [12], de Leeuw showed that the isometries in the Hardy space H' are
weighted composition operators, while Forelli [8] obtained this result for the
Hardy space HP when 1 < p < oo, p # 2. Another example is the study
of composition operators on the half-plane. A composition operator in a
Hardy space of the half-plane is bounded if and only if a certain weighted
composition operator is bounded on the Hardy space of the unit disk (see [14]
and [15]).

When u = 1, we just have the composition operator C,,. The continuity
of these operators on the Hardy space HP? is ensured by Littlewood’s subor-
dination principle, which says that Cy(f) belongs to H? whenever f € H?
(see [4, Corollary 2.24]). As a consequence, the condition u € H* suffices
for the boundedness of uCy, on H?. Considering the image of the constant
functions, a necessary condition is that u belongs to HP. Nevertheless a
weighted composition operator need not be continuous on H?, and it is easy
to find examples where uCy,(H?) ¢ H? (see Lemma 2.1 of [3] for instance).

In this note we deal with weighted composition operators between HP
and HY for 1 < p,q < co. Boundedness and compactness are characterized
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in [3] for 1 < p < g < oo by means of Carleson measures, while the essential
norms of weighted composition operators are estimated in [5] for 1 < p <
q < oo by means of an integral operator. For the case 1 < ¢ < p < oo,
boundedness and compactness of uC, are studied in [5], and Gorkin and
MacCluer in [9] give an estimate of the essential norm of a composition
operator acting between HP and HY.

The aim of this paper is to complete the different cases remaining in
the estimation of the essential norm of a weighted composition operator. In
Sections 2 and 3, we give an estimate of the essential norm of uCy, acting
between HP and HY when p = 1 and 1 < ¢ < oo and when 1 < p < o0
and ¢ = 0o. Sections 4 and 5 are devoted to the case where co > p > g > 1.

Let D be the closure of the unit disk D and T = JD its boundary.
We denote by dm = dt/2m the normalised Haar measure on T. If A is a
Borel subset of T, the notation m(A) as well as |A| will designate the Haar
measure of A. For 1 < p < oo, the Hardy space HP (D) is the space of analytic
functions f : D — C satisfying

/
17l = s (§176OPdm(©) " < .
0<r<1 T

Endowed with this norm, HP(D) is a Banach space. The space H*°(D) con-
sists of all bounded analytic functions on ), and its norm is the supremum
norm on D.

We recall that any function f € HP(D) can be extended onto T to a
function f* by the formula f*(e%) = lim, S (re™). The limit exists almost
everywhere by Fatou’s theorem, and f* € LP(T). Moreover, f +— f* is an
into isometry from HP(D) to LP(T) whose image, denoted by HP(T), is the
closure (weak-star closure for p = 0o) of the set of polynomials in L”(T). So
we can identify HP(D) and HP(T), and we will use the notation H? for both
of these spaces. More on Hardy spaces can be found in [I1] for instance.

The essential norm of an operator T': X — Y, denoted ||T||e, is given
by

|T||e = inf{||T" — K|| | K is a compact operator from X to Y'}.

Observe that || T|le < ||T|, and ||T||e is the norm of T" seen as an element
of the quotient space B(X,Y)/K(X,Y) where B(X,Y) is the space of all
bounded operators from X to Y and K(X,Y) is the subspace consisting of
all compact operators.

Notation: we will write a &~ b whenever there exist two positive universal
constants ¢ and C' such that ¢b < a < Cb. Throughout, v will be a non-zero
analytic function on D and ¢ will be a non-constant analytic function defined
on D and satisfying p(D) C D.
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2. uCy, € B(H', H?) for 1 < g < co. Let us start with a characteriza-
tion of the boundedness of uC, acting between H? and HY:

THEOREM 2.1 (see [5, Theorem 4]). Let u be an analytic function on D
and ¢ an analytic self-map of D. Let 0 < p < q < o0o. Then the weighted
composition operator uC, is bounded from HP to HY if and only if

. 1— |a‘2 qa/p
sup §[u(0) (oaar) @<=

As a consequence, uC, is a bounded operator as soon as uC,, is uniformly
bounded on the set {ki/ ”| a € D} where k, is the normalized kernel defined
by ka(z) = (1—|a2)/(1—az)?, a € D. Note that k./” € HP and ||ke/?||, = 1.
These kernels play a crucial role in the estimation of the essential norm of
a weighted composition operator:

THEOREM 2.2 (see [5, Theorem 5]). Let u be an analytic function on D
and ¢ an analytic self-map of D. Assume that the weighted composition
operator uCy, is bounded from HP to H? with 1 <p < q < co. Then

/a
L 1— ’a|2 q/p 1
[uColle ~ llliflj{p <§IIU(C)|Q(|1_QW) dm(())

The aim of this section is to give the corresponding estimate for the case
p = 1. We shall prove that the previous theorem is still valid for p = 1:

THEOREM 2.3. Letu be an analytic function on D and @ an analytic self-
map of . Suppose that the weighted composition operator uC, is bounded
from H' to HY for a certain 1 < q < co. Then

. 1— |a|2 q 1/q
InClle~ Timsup (é\u@)rq(“ww) () .

Let us start with the upper estimate:

PROPOSITION 2.4. Let uC, € B(H', HY) with 1 < q < co. Then there
exists a positive constant v such that

S 1— |a’2 q 1/q
il < ytimsup ( §a©P (251955 ) dm(@))
ele STRRAPL) T—ap(Q)P

The main tool of the proof is the use of Carleson measures. Assume that p
is a finite positive Borel measure on D and let 1 < p, ¢ < oco. We say that u
is a (p, q)-Carleson measure if the embedding J, : f € HP — f € Li(u)
is well defined. In this case, the closed graph theorem ensures that J, is
continuous. In other words, i is a (p, ¢)-Carleson measure if there exists a
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constant v; > 0 such that for every f € HP,

(2.1) VI£ )17 du(z) <l f1g.

D
Let I be an arc in T. By S(I) we denote the Carleson window given by

SI)={zeD|1—|I|<|z| <1, z/|z| € I.

Let us denote by up and pr the restrictions of u to D and T respectively.
The following result is a version of a theorem of Duren (see [7, p. 163]) for
measures on :

THEOREM 2.5 (see [I, Theorem 2.5]). Let 1 < p < q < oc. A finite posi-
tive Borel measure p on D is a (p, q)-Carleson measure if and only if pr =0
and there exists a constant vo > 0 such that

(2.2) un(S(I)) < ylI|9P  for any arc I C T.

Notice that the best constants v; and 79 in and are com-
parable, meaning that there is a positive constant § independent of the
measure i such that (1/8)y2 < v1 < B7e.

The notion of Carleson measure was introduced by Carleson in [2] as
a part of his work on the corona problem. He gave a characterization of
measures p on D such that HP embeds continuously in LP(u).

Examples of such Carleson measures are provided by composition op-
erators. Let ¢ : D — D be an analytic map and let 1 < p,q < oo. The
boundedness of the composition operator C,, : f + f o ¢ between H? and
H1? can be rephrased in terms of (p, q)-Carleson measures. Indeed, denote
by my the pullback measure of m by ¢, which is the image of the Haar
measure m of T under the map ¢*, defined by

1

my(A) =m(e" (4))
for every Borel subset A of D. Then

ICH (NG =V If o pl®dm = | f|"dmy = || Tm,, (f)]4
T D
for all f € HP. Thus C, maps H? boundedly into H? if and only if m,, is a
(p, q)-Carleson measure.
We will denote by rID the open disk of radius r, in other words rD =
{z€D||z| <r}for0 < r < 1. We will need the following lemma concerning
(p, q)-Carleson measures:

LEMMA 2.6. Take 0 <7 <1 and let p be a finite positive Borel measure
on D. Let

N o= sup | o) 7P dyu(u).
|a\27’ﬁ
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If 1 is a (p, q)-Carleson measure for 1 < p < q < oo then so is p, := -

Moreover one can find an absolute constant M > 0 satisfying || p.|| < M N
where ||| := supcr e (S(1) /111977

We omit the proof of Lemma which is a slight modification of the
proof of Lemmas 1 and 2 in [5] using Theorem

In the proof of the upper estimate of Theorem in [5], the authors
use a decomposition of the identity on H? of the form I = Ky + Ry where
Ky is the partial sum operator defined by Ky (> o janz") = fozo anz",
and they use the fact that (Ky) is a sequence of compact operators that
is uniformly bounded in B(HP) and that Ry converges pointwise to zero
on HP. Nevertheless the sequence (K ) is not uniformly bounded in B(H?).
In fact, (Ky) is uniformly bounded in B(HP) if and only if the Riesz pro-
jection P : LP — HP is bounded [I6, Theorem 2|, which occurs if and
only if 1 < p < oo. Therefore we need to use a different decomposi-
tion for the case p = 1. Since Ky is the convolution operator with the
Dirichlet kernel on HP, we shall consider the Fejér kernel F of order N.
Let us define Ky : H' — H' to be the convolution operator associated
to Fy that maps f € H' to Kyf = Fxx f € H' and Ry = I — Ky.
Then |[Ky|| <1, Ky is compact, and for every f € H', ||f — Knf|1 — 0
by Fejér’s theorem. If f(z) = 3", o, f(n)2" € H', then

()= 3 (1 - ;)ﬂn)z“.

n=0
LEMMA 2.7. Let 1 < q < oo and suppose that uCy, € B(H', HY). Then

|uCylle < limNinf |uC,Rn |-

Proof. We have

|[uCylle = [[uC, KN + uCuoRN||e
= |[uC RN || since K is compact
< [[uCy B

and the result follows by taking the lower limit. =
We will need the following lemma to estimate the remainder Ry:

LEMMA 2.8. Lete >0 and 0 < r < 1. Then there exists Ngo = Ny(r) € N
such that for all N > Ny,

[Ry f(w)|* < el fIIf

for every |w| < r and every f in H'.
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Proof. Let Ky(z) =1/(1 —wz), w € D, z € D. Then K, is a bounded
analytic function on ID. It is easy to see that for every f € H',
<RNf7 Kw> = <f7 RNK’w>
where |w| <7, N >1 and
1 2

(f.9) = 5= | F()gle) do

for f € H' and g € H®. Then |Rxf(w)| = (RN f, Kw)| = |{f, RnKuw)| <
I1f 1l HRNK loo- Take |w| < r and choose No € N so that for every N > Ny
one has rV < e/9(1 — 7)/2 and (1/N)Z L < (1/2)e/4. Since

n=1
—~n
Ry Ky RN<Zw ) = Z Nu_)”z" + Z w"z",
n=0 n=N
one has
1 N-1 00
| BN Kulloo < 32 Y mr+ Yo" < e
n=0 n=N

Thus |Ry f(w)|? < €| f||! for every fin H'. =

Proof of Proposition[2.]] Denote by p the measure which is absolutely
continuous with respect to m and whose density is |u|?, and let j, = p1o ot
be the pullback of y by ¢. Fix 0 < r < 1. For every f € H',

(2:3)  [(CoRN)fIIF = § [(QI (B f) 0 9)(¢)]* dm(Q)

i%t_,ai%

(RN f) 0 0) (O dpu(¢) = | [Bn f(w)]? dpty(w)
5
|Rn

= | [Bnf(w)| dup(w) + S Fw)|? dpg(w)

D\rD
:Il(N,T,f)+I2(N,’I“,f)-
Let us first show that

(2.4) hm sup I2(N,r, f)=0.
N flh=1

For ¢ > 0, Lemma gives us an integer Ny(r) such that for every N >
No(r),

L(N,r, f) = | |Rx f(w)|" dug(w) < || f|{p,(rD)
rD

< ell e (D) < ell FIIT ullg.
So,  being fixed, we obtain ([2.4)).
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Now we need an estimate of I (N, r, f). The continuity of uC, : H* — H?
ensures that s, is a (1, ¢g)-Carleson measure, and therefore ji,, := Py
D\rD

is also a (1, g)-Carleson measure by using Lemma for p = 1. It follows
that

VBN F ()] dpgr(w) < MBI < Bllpp | BN FI] < 298M N £
D\rD

using Lemma [2.6 and the fact that |Ry| <1+ ||Ky|| < 2 for every N € N.
We take the supremum over By and the lower limit as N tends to infinity

in (2.3) to obtain

liminf [|[uC, Ry ||? < 29BMN;:.
N—o00
Now as r goes to 1 we have

lim N —hmsupx|k‘a w)|? dppp(w)
D

r—l la]—1—
imsup § () (2225 ) (o
= limsup \ |u _ m
o) 1= ap(Q)P
and we obtain the desired estimate using Lemma "

Now let us turn to the lower estimate in Theorem Let 1 < ¢
< oo. Consider the Fejér kernel Fy of order N, define Ky : H? — HY
to be the convolution operator associated to Fy and set Ry = I — Ky.
Then (Ky)n is a sequence of uniformly bounded compact operators in

B(H), and ||[Ry fllg — 0 for all f € HY.

LEMMA 2.9. There exists 0 < v < 2 such that whenever uCy, is a bounded
operator from H' to HY with 1 < q < oo, one has

L.
—limsup |RyuCy|| < |[uCy|le-
Y N

Proof. Let K € B(H*', HY) be a compact operator. Since (Ky) is uni-
formly bounded, one can find v > 0 satisfying |Ry| < 1+ ||Kn|| <« for
all N > 0, and we have

1 1 1
luC + K| = ﬂRN(uCgo + K[| = ;HRNU%H - ;IIRNKH-

Now use the fact that (Ry) goes pointwise to zero in H?, and conse-
quently (Ry) converges strongly to zero over the compact set K(Bpg1) as N
goes to infinity. It follows that |RyK]|| N 0, and

1
[uCy + K| = 5 lim;up [BnuCy|l

for every compact operator K : H! — HY. u
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PROPOSITION 2.10. Let u be an analytic function on D and ¢ an analytic
self-map of D. Assume that uC, € B(H', HY) with 1 < q < co. Then

1 ) 1— ’CL‘Q q 1/‘1
Il 2 e (Y0 (5500 #m19)

Proof. Since k, is a unit vector in H',
(2.5) [BNuCyl| = [uCy — KnuCopl| = [[uCpkallg — [[KnuCpkallg-

First case: ¢ > 1. Since (k,) converges to zero for the topology of uni-
form convergence on compact sets in D as |a| — 1, so does uCy(kq). The
topology of uniform convergence on compact sets in D and the weak topology
agree on HY, so uCy(k,) goes to zero for the weak topology in H? as |a| — 1.
Since Ky is a compact operator, it is completely continuous and carries
weak-null sequences to norm-null sequences. So || Kn(uCy(kq))|lq — 0 when
la| — 1, and

[RNuCol| = 1‘in|ﬂsilp [uClp(ka)llq-
dl1—
Taking the upper limit as N — oo, we obtain the result using Lemma |2.9

For the second case we will need the following computational lemma:

LEMMA 2.11. Let ¢ be an analytic self-map of D. Take a € D and an
integer N > 1. Denote by ay(a) the pth Fourier coefficient of Cp(kq/(1—1al?)),
so that for every z € D we have

Fa(p(2)) = (1= [a) Y ap(a)2?.
p=0

Then there exists a positive constant M = M(N) > 0 depending on N such
that |oy(a)] < M for allp < N and a € D.

Proof. Write ¢(2) = ag + 1(2) with ag = ¢(0) € D and ¥(0) = 0. If we
develop k,(z) as a Taylor series and replace z by ¢(z) we obtain

[e.9]

ka(p(2) = (1= a*) Y~ (n+1)(@)"p(2)".

n=0

Then

(S0 + D@l )

0

- ijF(n +1)(@)" no (?) ay ($(z), 2P),

n=0 j=

ap(a)
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where (f, g) = {; fgdm. Note that (¢(z)7, 2P) = 0 if j > p since ¢(0) = 0,
and consequently

ap(a):in+1 mlz(: () (¥(2)7,27)

n=0 =0
P o0
= Z Z n+ 1)( ( ) ,zp>
j=0n=y
P A o0 n ,
= S WP, ) S+ 1a)” ( a0
Jj=0 n=j J
In the case where ag # 0 we obtain

-

<
Il
o

ap(a) =

w<z>f',zp>aajg<n+ (") @

(0 2)ag? )

I
‘M“

7=0
=Sy T
7=0

using the following equalities for z = aag € D:

i(n+ 1)(?)56” - <§: <?>xn+l>/ - ((1 fj;ﬁl), - (gjj;))ﬂi.

n=j n=j

Note that the last expression obtained for a,(a) is also valid for a9 = 0.
Thus, for 0 < p < N we have the following estimates:

0p(@)] € 3 (2, ) iz < Z 1970 T e

- 7 J < M
= = Jao) 772 o225 [l =
where M is a constant independent from a.

Second case: ¢ = 1. In this case, it is no longer for the weak topology but
for the weak-star topology of H' that uCy(k,) tends to zero when |a| — 1.
Nevertheless, it is still true that [[KyuCy(kq)|l1 — 0 as |a| — 1. Indeed,

if f(z) =2 50 f(n)z" € H', then

Kni= Y (1- &) e

n=0
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We have the following development:

ka(p(2) = (1= a]?) ) an(a)="
n=0

Denote by u,, the nth Fourier coefficient of u, so that

uCy(ka)(2) = (1 — |al?) Z(Zap a)Uy— p> 2", VzeD.

n=0 p=0
It follows that

N n
| nuCy(ka) i < (1~ Jaf?) Z(1—;)\Zap<a>un_p\\z"ul.
n=0 p=0

Now using the estimates of Lemma [2.11} one can find a constant M > 0
independent of a such that |a,(a)| < M for everya e Dand 0 <p < N —1.
Use the fact that ||z"]; = 1 and |u,| < [Julli to deduce that there is a
constant M’ > 0 independent of a such that

IEnuCy(ka)llr < M'(1 — |af?)||ulls

for all @ € D. Thus KnuC,(k,) converges to zero in H' when |a| — 1, and
take the upper limit of 2.5/ when a — 1~ to obtain
|RnuCy|| > limsup [[uCy(kq)|[1, VN > 0.
lal—1
We conclude with Lemma and observe that v = sup |[|[Ry|| < 2 since
BN <1+ |[En[[<2.

3. uC, € B(HP,H*) for 1 < p < oo. Let u be a bounded analytic
function. Characterizations of boundedness and compactness of uC, as a
linear map between HP and H* have been studied in [3] for p > 1. Indeed,

: : |u(2)[”
uCy, € B(HP, H*) if and only if sup——"——= < ©
o € BUILET) e ST
and

P
uCy, is compact if and only if [|¢[lec <1 or lim [u(2)] =0.

p)I=11 = |p(2)[?
In the case where [|¢||cc = 1 we let

)l
My (u) = limsup (3 By

In view of Theorem 1.7 in [13], it seems reasonable to expect that the es-
sential norm of uCy, is equivalent to the quantity My (u). We first have a
majorization:
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PRrROPOSITION 3.1. Let u be an analytic function on D and ¢ an analytic
self-map of D. Suppose that uCy, is a bounded operator from HP to H,
where 1 < p < 00, and that ||¢|lcc = 1. Then

[uCyplle < 2My(u).
Proof. Let € > 0, and pick r < 1 satisfying

sup u(z)| < Myp(u) +e.

o@)zr (1= le(z) )P —
We approximate uCy, by uC,Ky where Ky : HP — HP is the convolu-
tion operator with the Fejér kernel of order IV, where IV is chosen so that
|Rnf(w)| < || f]1 for all f € H' and |w| < r (Lemma 2.8 for ¢ = 1).
We want to show that [|[uCy, — uC, Kn|| = ||[uC,Rn|| < max(2M,(u) + 2e,
¢]|ul|s0), which will prove our assertion. If f is a unit vector in H?, then the
norm of uC,Ry(f) is equal to

max (sup [u(z)(Rnf) o p(e)l, sup u(=)(Bxf) o p(2)]).
le(2)|>r lo(2)|<r

To estimate the first term, for w € D, we denote by J,, the linear functional
on H? defined by d,,(f) = f(w). Then §, € (HP)* and we have ||y ||(zry+ =
1/(1 — |w|>)Y/P for every w € D. Therefore

sup [u(z)(Rnf)op(2)] < sup  |u(2)[[|0p0)ll ) | BN fllp

le(2)|2r lo(2)|>r
lu(z)]
<2 sup < 2(My(u) +€),
o(z)>r (1= |p(2)[2)/P v

using the fact that [|[Ry f|l, < 2.
For the second term, since |¢(z)| < r we have

[u(z) R f(p(2))] < [[ulloo| By f(0(2))] < ellullso|[ fllr < €l|ullos,
which ends the proof. =

On the other hand, we have the lower estimate:

PROPOSITION 3.2. Let u be an analytic function on D and ¢ an analytic
self-map of D satisfying ||¢|loc = 1. Suppose that uCy, is a bounded operator
from HP to H*®, where 1 < p < co. Then

1
§M¢><U) < [[uCle-

Proof. Assume that uC,, is not compact, implying M, (u) > 0. Let (zy,)
be a sequence in D satisfying

liénlap(zn)\ =1 and lim [u(zn)| = M,(u).

n(1—|p(za) )P
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Consider the sequence (f,) defined by
e _ (L= lp() )P
(1 — ¢(zn)2)?/7

Each f, is a unit vector of H?. Let K : H? — H® be a compact operator.

fn(z) = kgo(zn) (Z)

First case: p > 1. Since the sequence (f,) converges to zero for the
weak topology of HP and K is completely continuous, the sequence (K f,)
converges to zero for the norm topology in H*. Use that ||uC, + K| >
|uCo(fr)lloo — || K fnlloo and take the upper limit when n — oo to obtain

[uCy + K|| = limsup [[uCy(fn)llco = limsup [u(zn)|] fn((zn))]
n

n

: |u(zn)]
> lim sup > My(u).
no (L= lp(zn)?)P =7
Second case: p = 1. Let ¢ > 0. Since the sequence (f,) is no longer
weakly convergent to zero in H', we cannot assert that (K f,), goes to zero
in H>. Nevertheless, passing to subsequences, one can assume that (K f,,, )

converges in H*, and hence is a Cauchy sequence. So we can find an inte-
ger N > 0 such that for all k and m > N we have || K f,, — K fy,.|| <e. We

deduce that
JuCy + K1 2 (ucy + 1) (e Fee )

> %Huqo(fnk — fan)lloo = 5
> om0 o (0(z0)) — Fan ()]~
> |U(an)| _ |U(an)‘(1 — |§0(an)’2) €

20— leCzn)P) 211 = p(zn, )o(zn )P 2

Now take the upper limit as m — oo (k being fixed) and recall that
limy, [¢(2n,,)| = 1 and |p(zy,, )| < 1 to obtain

|u(Zn,,)| €
[uCp + K| = -5
’ 2(1 = lp(zn,)?) 2
for every k > N. It remains to let k£ — oo to have
1 €
[uClp + K| = §M¢(u) 5"

Combining Propositions [3.1] and [3.2] we obtain the following estimate:

THEOREM 3.3. Let u be an analytic function on D and ¢ an analytic
self-map of D with ||¢|leoc = 1. Suppose that uCy, is a bounded operator
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from HP to H*, where 1 < p < oo. Then |[uCylle = My(u). More precisely,
1
§M¢(u) < NuCylle < 2My(u).

Note that if p > 1 one can replace the constant 1/2 by 1.

4. uCy, € B(H*,H?) for oo > ¢ > 1. In this setting, boundedness of
the weighted composition operator uC', is equivalent to saying that u belongs
to H?, and uC, is compact if and only if u = 0 or |E,| = 0 where E, =
{C € T|¢*) € T} is the extremal set of ¢ (see [3]). We give here some
estimates of the essential norm of uC, that appear in [9] for the special case
of composition operators:

THEOREM 4.1. Let w € H? with oo > q¢ > 1 and ¢ be an analytic

self-map of D. Then |[uCylle ~ (§E¢ [u(C)|9dm(¢))4. More precisely,

1

(1m0 am©)” < fucyle < 2( | @ am(c) .
E

® [

We start with the upper estimate:

PRrROPOSITION 4.2. Let uw € H? with co > g > 1 and ¢ be an analytic
self-map of D. Then

[uClle < 2( § [u(O[7 dm(0)) "

Ee

Proof. Take 0 < r < 1. Since ||7¢||c < 7 < 1, the set E,, is empty and
therefore the operator uC,, is compact. Thus [|[uCy|le < [|uCy, —uCyy||. But

(41) |Gy —uCrp|| = sup | [u(QIUIf(#(Q)) = fre(O)|" dm(Q).

lloo<1
If |E,| = 1 then the integral in (4.1)) coincides with

| (O £((Q)) = Fre(O))] 7 dm(Q),

E,
which is less than 29 SEv [u(Q)|2dm(C). If |E,| < 1 welet F. = {¢ €T |

|p*(¢)] < 1—¢} for e > 0, which is a nonempty set for ¢ sufficiently small.
(Let us mention here that an element ¢ € T need not satisfy either ( € E,
or ¢ € J,so Fe. It can happen that the radial limit ¢*(¢) does not exist, but
this occurs only for ¢ belonging to a set of measure zero). We will use the
pseudohyperbolic distance p defined for z and w in the unit disk by p(z, w) =
|z — wl|/|1 — wz|. The Pick-Schwarz theorem ensures that p(f(z), f(w)) <
p(z,w) for every f € Bpye. As a consequence, |f(z) — f(w)| < 2p(z,w) for
all w and z in D.
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If ¢ € F; then
1—r 1—r
QA0 = S S T

One can choose 0 < r < 1 satisfying supg. p(¢(¢),r¢(¢)) < /2, and so
F(p(Q)) = Flrp(O)] = 2sup p((Q) () < €

for all ( € F; and every f in the closed unit ball of H*°. It follows from
these estimates and (4.1]) that

[uCy —uCrglt < sup ((§ [u(Q)%etdm(C) + | 21Ju(Q)|? dm(Q))
<elfuflg+27 | [u(Q)l?dm(Q).
T\F.

Let ¢ tend to zero to deduce the upper estimate. m
Let us turn to the lower estimate:

PROPOSITION 4.3. Suppose that ¢ is an analytic self-map of D and let
u € HY with oo > q > 1. Then

[uClle > 5 ( § lu(©I7dm(0)) "

Proof. Take a compact operator K € B(H®, H?). Since the sequence
(2")nen is bounded in H, there exists an increasing sequence (ny)g>o of
integers such that (K (2"*))r>o converges in HY9. For any ¢ > 0 one can
find N € N such that for all k,m > N we have ||Kz" — Kz""|, <e. If
0<r <1, welet g.(z) = g(rz) for a function g defined on D. Take k > N.
Then there exists 0 < r < 1 such that

g™l > g™ g — <.
For all m > N we have
ZM — ZMm 1 €
oGy + K12 Gy + 50 (557 Yo 2 e = 9™l §
€

1
> (™) = (™ )l — 5

> %(Il(uw”k)r\lq = (™ )rllq) =

| ™

1
> (g™l — (g™ ) ly) — <.
Let m — oo, keeping in mind that 0 < r < 1 and ||¢y||e < 1:

[Cue™)ellg < Nullgll(@r)"™ lloo < llullqllrllse — 0
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Thus ||uC, + K| > (1/2)[|up™ ||, —¢ for all K > N. We conclude by noticing
that
™ g = ( § la(©)p()™ |7 dm(¢))
T

1/q
—
k

(5l dm(c))™”" =

©

5. uC, € B(H?,H?) for co > p > ¢ > 1. In [9], the authors give
an estimate of the essential norm of a composition operator between HP
and H? for 1 < ¢ < p < o0o. The proof makes use of the Riesz projection
from L9 onto HY9, which is a bounded operator for 1 < g < co. Since it is not
bounded from L' to H' (H' is not even complemented in L') there is no
way to use a similar argument. So we need a different approach to get some
estimates for ¢ = 1. A solution is to make use of Carleson measures. First,
we give a characterization of the boundedness of uC, in terms of a Carleson
measure. In the case where p > ¢, Carleson measures on D are characterized
in [I]. Denote by I'(¢) the Stolz domain generated by ¢ € T, i.e. the interior
of the convex hull of the set {¢} U (aD), where 0 < a < 1 is arbitrary but
fixed.

THEOREM 5.1 (see [I, Theorem 2.2]). Let p be a measure on D, 1 <
g<p<ooands=p/(p—q). Then u is a (p,q)-Carleson measure on D
if and only if ¢ — SF(() ld_“l(j)? belongs to L*(T) and pr = F dm for some
F e L5(T).

This leads to a characterization of the continuity of a weighted compo-
sition operator between HP and HY:

COROLLARY 5.2. Let u be an analytic function on D and ¢ an analytic
self-map of D. For 1 < g < p < oo, the weighted composition operator

uCy : H? — HY is bounded if and only if G : ( € T — G({) = Sr(g) (f’iTZ(fQ)
belongs to L*(T) for s = p/(p — q) and p, = Fdm for some F' € L*(T),

1

where dp = |ul?dm and p, = po e~ is the pullback of p by .

Proof. uCy, is a bounded operator if and only if there exists v > 0 such
that for any f € H?, §[u(O)]7]fop(C)[7 dm(C) < Al ]|4, which is equivalent
(via a change of variables) to {5|f(2)|?duy(z) < | f||3 for every f € HP.
This exactly means that p, is a (p, ¢)-Carleson measure. This is equivalent
by Theorem to the condition stated. m

If f € HP, the Hardy—Littlewood maximal nontangential function M f
is defined by M f(C) = sup,cp(c)|f(2)] for ¢ € T. For 1 < p < oo, M is a
bounded operator from H? to LP and we will denote its norm by ||A||,. The
following lemma is the analogue of Lemma [2.6] for the case p > q.

LEMMA 5.3. Let i be a positive Borel measure on D. Assume that ju is
a (p,q)-Carleson measure for 1 < q < p < oo. Let 0 < r < 1 and p, :=
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g\ p- Then p, is a (p,q)-Carleson measure, and there exists a positive

constant v such that for every f € HP,
V1)1 dpr(z) < (1PNl + MGGl ]F1

D

where dup = Fdm and G,(¢) = SF(() fﬁ%ifg. In addition, ||G,||s — 0 as
r— 1.

We use the notation G, to avoid any confusion with the notation intro-
duced before for ¢ and its radial function ¢,.

Proof. Being a (p, q)-Carleson measure only depends on the ratio p/q
(see [I, Lemma 2.1]), so we have to show that p, is a (p/q,1)-Carleson
measure. From the definition it is clear that G, < G € L*(T). More-
over duy = dur = Fdm € L*(T). Corollaryensures that p, is a (p, q)-
Carleson measure.

Let f be in HP. Then

5.1 VA due(©)

T

VIF(O1du(¢) = VIF(OI11F(C) dm(C)
T

T

< (§17IP m(@) 1E 1, < 11E1E

T
using Hoélder’s inequality with conjugate exponents p/q and s.
For z#0, z€ D, let I(z) ={C € T |z € I'({)}. In other words we have
(e€l(z) & ze€I'(¢). Then

(5.2) m(I(z)) ~ 12
and
AN dnn(2) ~ § 1 dm(0)) )
D D i 1 — 2]
(2)
{1 1 dn(o
T I'(¢)
<§arsier | P (o)
T e

where M f(C) = sup.cp() [f(2)| is the Hardy-Littlewood maximal nontan-
gential function. We apply Holder’s inequality to obtain

(5:3) V1F )19 dur(z) < AIMFIGING s < AUMIBIG S F1I3,
D

where 7 is a positive constant that comes from ([5.2). Combining (5.1)) and
(5.3) shows that
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VI£ )19 dpar(2) < (1]l + A MIGIC ) F11-
D
It remains to show that ||G,||s — 0 when r — 1. We will make use
of Lebesgue’s dominated convergence theorem. Clearly 0 < G, < G €
L*(T), so we need to show that G,(() — 0 as r — 1 for m-almost ev-
ery ( € T. Let A= {C € T|[G(¢) < oo}. Then m(A4) = 1 since G € L(T).
Wiite Gr(€) = [y Jo(2) du(z) with £, (2) = 1, 5 (2)(1—[22)L, = € D(Q).

For every ( € A one has
~ 1
|fr(2)] < - e L'(I'(¢), ) since ¢ € A,
fr(2) — 0 forall ze I'(¢) C D.

Lebesgue’s dominated convergence theorem in L (I'(¢), 1) ensures that G (¢ )
= HfTHL1 r(¢),n) tends to zero as r — 1 for m-almost every ¢ € T, which
ends the proof "

THEOREM 5.4. Let u be an analytic function on D and ¢ an analytic
self-map of D. Assume that uC, is a bounded operator from HP to HY,
with oo >p>q>1. Then

P—q

1 _Pq_
luCylle < 20Co 2§ [u(Q)I# am(¢)) ™ .
©
where ||Cy|l,/q denotes the norm of Cy, acting on HP/a,
Proof. We follow the same lines as in the proof of the upper estimate
in Proposition we have the decomposition I = Ky + Ry in B(HP),
where K is the convolution operator with the Fejér kernel, and

|[uCylle < limNinf |luC,Rn |-
We also have, for every 0 < r < 1,
I(uC,RN)FIIE = | Ry f(w)|? dpp(w) + | | Ry f(w)|? dpig(w)
D\rD rD
= L(N,r, f) + (N, 7, f).
As in the p < ¢ case, we show that

hm sup Ir(N,r, f)=0.
N Jflp<t

The measure p, being a (p, q)-Carleson measure, we use Lemma to
obtain

LN, 7, f) < (IF s + MGG ) B £

for every f € HP. As a consequence,
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1/q ~
[uClle < Timinf ( sup L(N,7, )" < 201 Flls + | MG )7
I7lp<1
using the fact that supy [|Ry| < 2. Now we let r — 1, keeping in mind
that ||G,||s — 0. We obtain

luCylle < 2I|FI32.

It remains to see that we can choose F' in such a way that

pq_ 1/s
1Flls < 1Clps( § 1017 am(0)) "
Ee
Indeed, if f € C(T) N HP/9, we apply Holder’s inequality with conjugate
exponents p/q and s to obtain

Hfd,u,%qr‘ = ’ S ]u‘qfocpdm‘
T E,

1/s
< S lul?]f o @|dm < qu(f)Hp/q( S |u|5qdm) ’
E, E,

meaning that u, r € (HP/9)*, which is isometrically isomorphic to L*(T)/Hg,
where H{ is the subspace of H® consisting of functions vanishing at zero. If
we denote by N(u,1) the norm of p,7 viewed as an element of (HP/7)*,
then one can choose F' € L*(T) satisfying

_pq_ 1/s
IF|ls = N(ppr) < ||0@Hp/q( [ dm)
7
and e, T = F dm (see for instance [11], p. 194]). Finally we have
P—gq

luClle < 21C, 52 ( | ()7 dm(c)) ™ .

p/q
(%)

Although we have not been able to give a corresponding lower bound of
this form for the essential norm of uC,,, we have the following result:

PROPOSITION 5.5. Let 1 < g < p < oo, and assume that uC, €
B(HP?,HY). Then

JuCole > ( § lu(@fdmic)) "

Ee

Proof. Take a compact operator K from HP to HY. Since it is completely
continuous, and the sequence (2™) converges weakly to zero in HP, (K (z")),
converges to zero in HY. Hence

[uCy + K| = [[(uCy + K)2"[|g = [[uC(z")llg = [[K(2")q
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for every n > 0. Taking the limit as n — oo, we have

[uClle > (] 1@ dm(©) "

By
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