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Eigenvalues of Hille–Tamarkin operators and
geometry of Banach function spaces

by

Thomas Kühn (Leipzig) and Mieczysław Mastyło (Poznań)

Abstract. We investigate how the asymptotic eigenvalue behaviour of Hille–Tamar-
kin operators in Banach function spaces depends on the geometry of the spaces involved.
It turns out that the relevant properties are cotype p and p-concavity. We prove some
eigenvalue estimates for Hille–Tamarkin operators in general Banach function spaces which
extend the classical results in Lebesgue spaces. We specialize our results to Lorentz, Orlicz
and Zygmund spaces and give applications to Fourier analysis. We are also able to show
the optimality of our eigenvalue estimates in the Lorentz spaces L2,q with 1 ≤ q < 2 and
in Zygmund spaces Lp(log L)a with 2 ≤ p <∞ and a > 0.

1. Introduction. The aim of this paper is to unify and extend
the well-known classical results on eigenvalues of integral operators with
Hille–Tamarkin kernels and weakly singular kernels. We introduce a class
of more general Hille–Tamarkin kernels, containing as special cases not
only the classical Hille–Tamarkin kernels, but also weakly singular ker-
nels. Any integral operator with such a kernel acts in an appropriate
Banach function space X. We study the question how the asymptotic
eigenvalue behaviour of these operators depends on geometric properties
of the underlying space X. It turns out that the relevant properties
are cotype p and p-concavity (2 ≤ p < ∞). We obtain asymptotically
optimal eigenvalue estimates for these general Hille–Tamarkin operators,
expressed in terms of the cotype and concavity constants of X. In or-
der to illustrate our general results, we give some examples in concrete
spaces, namely in Lorentz spaces Lp,q and in Zygmund spaces Lp(logL)a.
We use similar techniques to those in our previous paper [14], where
we investigated eigenvalues of integral operators with kernels of weakly
singular type.
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2. Preliminaries. First we fix some notation and collect a few defini-
tions and results that will be needed in what follows. Throughout the paper
we use standard notation from Banach space theory and operator theory as
may be found e.g. in [15], [16], [13], [17] and [18]. These monographs may
also serve as general references for more background on the subject of this
paper.

2.1. Eigenvalues and operator ideals. Since we are concerned with
eigenvalues, we consider only complex Banach spaces. The dual of a Banach
spaceX will be denoted byX∗, and “operator” always means “bounded linear
operator between Banach spaces”.

The basic notion in the theory of eigenvalue distributions of Banach space
operators is that of a Riesz operator ; for the definition and a systematic
treatment see [17, Chapter 26] and [13, Section 1.a]. In particular, compact
and power-compact operators are Riesz. The spectrum of any Riesz operator
T : X → X has no accumulation points except possibly zero, and all non-
zero spectral values are eigenvalues of finite algebraic multiplicity. Therefore
one can arrange the eigenvalues of T in a sequence (λn(T ))∞n=1 such that
|λ1(T )| ≥ |λ2(T )| ≥ · · · ≥ |λn(T )| ≥ · · · ≥ 0 and each eigenvalue is repeated
as many times as its multiplicity indicates. If T has less than n eigenvalues,
we set λk(T ) = 0 for k ≥ n.

An important role in the spectral theory of Riesz operators in Banach
spaces is played by operator ideals, in particular ideals generated by certain
s-numbers (for instance Weyl numbers) and ideals of absolutely summing
operators; for details we refer to [17]. Here we will use only p- and (p, 2)-
summing operators; let us recall their definition.

Let T : X → Y be an operator between Banach spaces, 1 ≤ p < ∞ and
n ∈ N. Then we define π(n)

p (T ) as the infimum of all constants c > 0 such
that for all x1, . . . , xn ∈ X the inequality

(1)
( n∑
k=1

‖Txk‖p
)1/p

≤ cwp(xk)

holds, where wp(xk) := sup{(
∑n

k=1 |〈xk, a〉|p)1/p : a ∈ X∗, ‖a‖ ≤ 1}. We
call T absolutely p-summing if πp(T ) := supn∈N π

(n)
p (T ) < ∞. The class

Πp(X,Y ) of all such operators is a Banach space under the norm πp(T ).
Let now 2 < p < ∞. Replacing the quantity wp(xk) in (1) by w2(xk),

we can define analogous norms π(n)
p,2 (T ) and πp,2(T ), and obtain the class of

absolutely (p, 2)-summing operators.
We now state the famous classical eigenvalue results for absolutely p- and

(p, 2)-summing operators.
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Theorem 1 (see, e.g., [13, 2.b.1 and 2.a.9]).

(i) Let 1 ≤ p < ∞, q := max(p, 2). Then every absolutely p-summing
operator T : X → X is power-compact, and its eigenvalues satisfy

(2)
( ∞∑
k=1

|λk(T )|q
)1/q

≤ πp(T ).

(ii) Let 2 < p < ∞. Then every absolutely (p, 2)-summing operator
T : X → X is power-compact, and its eigenvalues satisfy

(3) sup
k∈N

k1/p|λk(T )| ≤ 2eπp,2(T ).

2.2. Geometry of Banach function spaces. In this subsection we
recall some basic geometric notions of Banach spaces and lattices, as may be
found e.g. in [15] and [16]. We will not only work with Banach spaces, but
also with quasi-Banach spaces and p-Banach spaces, 0 < p < 1.

A quasi-norm on a vector space X over K is a map ‖ · ‖X satisfying:

(i) ‖x‖X > 0, x ∈ X, x 6= 0,
(ii) ‖λx‖X = |λ| ‖x‖X , λ ∈ K, x ∈ X,
(iii) ‖x+ y‖X ≤ C(‖x‖X + ‖y‖X), x, y ∈ X,

for some constant C ≥ 1 independent of x, y. A quasi-norm induces a locally
bounded topology on X. A quasi-Banach space is a complete quasi-normed
space. If we have in addition, for some 0 < p ≤ 1,

‖x+ y‖p ≤ ‖x‖p + ‖y‖p, x, y ∈ X,
then X is called a p-Banach space. Notice that by a theorem due to Aoki
and Rolewicz (see [19]) every quasi-norm is equivalent to a p-norm for some
0 < p ≤ 1.

A Banach space X has cotype p, 2 ≤ p <∞, if there is a constant c > 0
such that for any finite family of elements x1, . . . , xn ∈ X the inequality( n∑

k=1

‖xk‖p
)1/p

≤ cE
∥∥∥ n∑
k=1

εkxk

∥∥∥
holds, where εk are i.i.d. Bernoulli random variables, i.e. P(εk = 1) = P(εk =
−1) = 1/2. The infimum over all possible constants c > 0 is denoted by
Cp(X) and called the cotype p constant of X.

Throughout the paper (Ω,µ) := (Ω,F , µ) denotes a complete σ-finite
measure space. We let L0(µ) denote the space of all equivalence classes of
complex-valued F-measurable functions on Ω equipped with the topology
of convergence in measure on µ-finite sets. As usual, if f, g ∈ L0(µ), then
|f | ≤ |g| means that |f(ω)| ≤ |g(ω)| for µ-almost all ω ∈ Ω.

A quasi-Banach function space X on the measure space (Ω,µ) is a quasi-
Banach space X which is a subspace of L0(µ) such that there exists a strictly
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positive h ∈ X and if |f | ≤ |g|, where g ∈ X and f ∈ L0(µ), then f ∈ X
and ‖f‖X ≤ ‖g‖X .

The Köthe dual X ′ of a Banach function space X on (Ω,µ) is defined as
the collection of all f ∈ L0(µ) such that

	
Ω |fg| dµ < ∞ for every g ∈ X.

Equipped with the norm

‖f‖X′ = sup
‖g‖X≤1

�

Ω

|fg| dµ,

X ′ is a Banach function space on (Ω,µ). The Köthe dual X ′ is a closed
subspace of the dual Banach space X∗ via the natural identification. It is
well known (see, e.g., [12]) that X∗ ' X ′ if and only if X is order continuous
(i.e. if 0 ≤ fn ∈ X and fn ↓ 0, then ‖fn‖X → 0).

We will use the notions of p-convexity and p-concavity, 0 < p <∞. These
geometric properties make sense for abstract quasi-Banach lattices, but in
our context of integral operators we will need them only for quasi-Banach
function spaces. Given a quasi-Banach function space X and n ∈ N, the
p-convexity constant with respect to n vectors is defined as

Mp,n(X) := sup
{∥∥∥( n∑

k=1

|xk|p
)1/p∥∥∥ :

( n∑
k=1

‖xk‖p
)1/p

≤ 1
}

and the p-concavity constant with respect to n vectors as

Mp,n(X) := sup
{( n∑

k=1

‖xk‖p
)1/p

:
∥∥∥( n∑

k=1

|xk|p
)1/p∥∥∥ ≤ 1

}
.

The space X is called p-convex if

Mp(X) := sup
n∈N

Mp,n(X) <∞,

and p-concave if
Mp(X) := sup

n∈N
Mp,n(X) <∞.

Let 1 < p <∞ and 1/p+1/q = 1. It is well known (see [16, Prop. 1.d.4])
that a Banach lattice is p-convex (resp., p-concave) if and only if the dual
X∗ is q-concave (resp., q-convex). Moreover

Mq(X∗) = Mp(X) (resp., M q(X∗) = Mp(X)).

In the context of Banach function spaces, the well-known Köthe duality
(`np (F ))′ = `nq (F

′) with equality of norms, where 1 ≤ p <∞ and 1/p+ 1/q,
implies the following relations. We omit the simple proofs.

Proposition 2. Let 1 < p, q <∞ be such that 1/p+ 1/q = 1. If X is a
Banach function space on a measure space (Ω,µ) and n ∈ N, then

(i) Mp,n(X ′) = M q,n(X).
(ii) Mp,n(X ′) = Mq,n(X).
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We note that every p-Banach space (0 < p ≤ 1) is p-convex, and the
Lebesgue spaces Lp(Ω,F , µ) (0 < p <∞) are both p-convex and p-concave.
Moreover, for Banach function spaces, cotype 2 coincides with 2-concavity,
and for 2 < p <∞ we have the implications

p-concave ⇒ cotype p ⇒ (p+ ε)-concave for all ε > 0.

2.3. Hille–Tamarkin operators. Let (Ω,F , µ) be a measure space and
1 ≤ p < ∞ and 1/p + 1/p′ = 1. The classical Hille–Tamarkin operators are
integral operators generated by (µ ⊗ µ)-measurable kernels k : Ω × Ω → C
with k ∈ Lp[Lp′ ], i.e.

‖k‖Lp[Lp′ ]
:=
( �

Ω

( �

Ω

|k(x, t)|p′ dµ(t)
)p/p′

dµ(x)
)1/p

<∞.

As shown in [9] (see also [13, 1.d.5]), the integral operator Tk : Lp → Lp
defined by

Tkf(x) :=
�

Ω

k(x, t)f(t) dµ(t), x ∈ Ω,

is absolutely p-summing, and hence, according to Theorem 1, it is a Riesz
operator with eigenvalues in `max(p,2). In this case k is even a strongly mea-
surable Lp′-valued function (see [13, 3.a.2]). Kernels of the type Lp[Lq] with
additional regularity assumptions have been studied first by Carleman, and
by Hille and Tamarkin [8]. Later on similar kernels, involving also Lorentz
norms, have been considered by several authors (see, e.g., [3] and [4] and the
references given therein).

We generalize this as follows. Let X be a Banach function space defined
over a measure space (Ω,F , µ) with Köthe dual X ′. The mixed space X[X ′]
is defined as the space of all k ∈ L0(Ω × Ω,µ ⊗ µ) such that k(x, ·) ∈ X ′
for µ-almost all x ∈ Ω and Ω 3 x 7→ ‖k(x, ·)‖X′ ∈ X. It is well known that
X[X ′] is a Banach function space on (Ω×Ω,µ⊗µ) equipped with the norm

‖k‖X[X′] :=
∥∥ ‖k(x, ·)‖X′∥∥X .

(The inner norm in X ′ is taken with respect to the second variable t, and the
outer norm in X with respect to the first variable x.) Then the corresponding
integral operator Tk will be called (generalized) Hille–Tamarkin operator.
Apart from the classical Hille–Tamarkin operators in Lebesgue spaces, this
definition contains as special cases also the so-called weakly singular operators
with kernels of the form

(4) k(x, t) =
`(x, t)
|x− t|α

, x, t ∈ Ω, x 6= t,

where Ω is a bounded subset of Rd equipped with (the restriction of) the
Lebesgue measure, | · | denotes the Euclidean norm on Rd, ` ∈ L∞(Ω ×Ω)
and 0 < α < d. If p := d/(d− α) > 2, then Tk is a Riesz operator in Lp,1 (or
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even in all Lr, 1 ≤ r ≤ ∞) with eigenvalues in `p,∞ (see, e.g., [13, 3.a.11]).
For the kernel (4) we have

k ∈ L∞[Lp′,∞] ⊂ Lp,1[Lp′,∞] = Lp,1[(Lp,1)′].

3. Eigenvalues of Hille–Tamarkin operators. In this section we
study the question which geometric properties of the underlying space X are
“responsible” for the eigenvalue behaviour of Hille–Tamarkin operators with
kernels in X[X ′]. First we give some general results, and then we consider
concrete examples, namely when X is a Lorentz space Lp,q or a Zygmund
space Lp(logL)a.

3.1. General estimates. Let X be a Banach function space on (Ω,µ).
The following simple observation will be useful. Every Hille–Tamarkin oper-
ator Tk with kernel k ∈ X[X ′] has a factorization through L∞(µ) as follows:

(5) Tk : X T`−→ L∞
Mg−→ X,

where Mg is the operator of pointwise multiplication with the function
g(x) := ‖k(x, ·)‖X′ and T` is the integral operator with kernel

`(x, t) :=
{
k(x, t)/g(x) if g(x) > 0,
0 if g(x) = 0.

Notice that

(6) ‖g‖X = ‖k‖X[X′] and ‖T` : X → L∞‖ = 1.

First we investigate absolutely summing properties of multiplication op-
erators.

Proposition 3. Let X be a Banach function space and g ∈ X. Then
the multiplication operator Mg : L∞ → X is

(i) absolutely p-summing if X is p-concave, 1 ≤ p <∞,
(ii) absolutely (p, 2)-summing if X has cotype p, 2 < p <∞.

Proof. (i) Given f1, . . . , fn ∈ L∞, the monotonicity of the norm in X
implies ( n∑

k=1

‖Mgfk‖pX
)1/p

≤Mp(X)
∥∥∥( n∑

k=1

|gfk|p
)1/p∥∥∥

X

≤Mp(X)‖g‖X
∥∥∥( n∑

k=1

|fk|p
)1/p∥∥∥

∞
.

Since ∥∥∥( n∑
k=1

|fk|p
)1/p∥∥∥

∞
= wp(fk)
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(see, e.g., [17, 17.3.8]), we obtain

πp(Mg : L∞ → X) ≤Mp(X)‖g‖X .
(ii) Suppose now that X has cotype p > 2. Then X is r-concave for all

r > p (see [16, 1.f.9]), and we have the estimate( n∑
k=1

‖Mgfk‖pX
)1/p

≤ Cp(X)E
∥∥∥ n∑
k=1

εkgfk

∥∥∥
X
≤ Cp(X)

(
E
∥∥∥ n∑
k=1

εkgfk

∥∥∥r
X

)1/r

≤ Cp(X)Mr(X)
∥∥∥(E

∣∣∣ n∑
k=1

εkgfk

∣∣∣r)1/r∥∥∥
X
.

By Khintchine’s inequality (see, e.g., [15, 2.b.3]) there is a constant Br > 0
such that for all n ∈ N and a1, . . . , an ∈ C,(

E
∣∣∣ n∑
k=1

εkak

∣∣∣r)1/r
≤ Br

( n∑
k=1

|ak|2
)1/2

.

Using once again the monotonicity of the norm in X, we get∥∥∥(E
∣∣∣ n∑
k=1

εkgfk

∣∣∣r)1/r∥∥∥
X
≤ Br

∥∥∥( n∑
k=1

|gfk|2
)1/2∥∥∥

X

≤ Br‖g‖X
∥∥∥( n∑

k=1

|fk|2
)1/2∥∥∥

∞
= Br‖g‖Xw2(fk),

which yields the desired result

πp,2(Mg : L∞ → X) ≤ Cp(X)BrMr(X) ‖g‖X <∞.
We remark that the proof of (i) even gives the estimate

(7) π(n)
p (Mg : L∞ → X) ≤Mp,n(X)‖g‖X , n ∈ N.

As an immediate consequence of Proposition 3, the factorization (5) and
Theorem 1 we obtain the following general result.

Theorem 4. Let X be a Banach function space having some finite co-
type, and let k ∈ X[X ′]. Then the Hille–Tamarkin operator Tk is a Riesz
operator in X, and its eigenvalues are in

(i) `max(p,2) if X is p-concave, 1 ≤ p <∞,
(ii) `p,∞ if X has cotype p, 2 < p <∞.

In Section 4 we will show that these results are best possible.
For more refined eigenvalue estimates we consider p-summing norms with

finitely many vectors. The following result is due to Tomczak-Jaegermann
[20] in the case p = 2, and to Zvavich [21] for p > 2. The estimate in (ii) was
shown earlier by Johnson and Schechtman [10] for slightly larger m, namely
m ≥ Kp n

p/2 log3 n, which would have been sufficient for our purposes.
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Lemma 5. Let X and Y be Banach spaces.

(i) For every n ∈ N and every rank n operator T : X → Y we have

π2(T ) ≤
√

2π(n)
2 (T ).

(ii) Let 2 < p < ∞. Then there is a constant Kp > 0 such that for all
n ∈ N and every operator T : X → Y with dimX = n,

πp(T ) ≤ 2π(m)
p (T ) for all m ≥ Kp n

p/2 log n.

Theorem 6. Let X be a Banach space and T : X → X a Riesz operator.
Then for all n ∈ N,

(8)
( n∑
k=1

|λk(T )|2
)1/2

≤
√

2π(n)
2 (T ),

and, if 2 < p <∞ and m ≥ Kp n
p/2 (1 + log n), then

(9)
( n∑
k=1

|λk(T )|p
)1/p

≤ 2π(m)
p (T ),

where the constant Kp > 0 is independent of n.

Proof. We show only (9), the proof of (8) is almost identical.
Given n ∈ N, we choose an n-dimensional T -invariant subspace Xn of

X such that the eigenvalues of the restriction Tn = T |Xn : Xn → Xn are
exactly λ1(T ), . . . , λn(T ). This is always possible (see, e.g., [13, 1.a.6]). Let
Jn : Xn ↪→ X be the canonical embedding. By Theorem 1, Lemma 5 and the
injectivity of p-summing norms we obtain for m ≥ Kp n

p/2(1 + log n) the
desired inequality( n∑

k=1

|λk(T )|p
)1/p

=
( n∑
k=1

|λk(Tn)|p
)1/p

≤ πp(Tn : Xn → Xn)

= πp(JnTn : Xn → X) = πp(TJn : Xn → X)

≤ 2π(m)
p (TJn : Xn → X) ≤ 2π(m)

p (T : X → X).

Our next theorem gives refined eigenvalue estimates for general Hille–
Tamarkin operators.

Theorem 7. Let X be a Banach function space having some finite co-
type, and let k ∈ X[X ′] be a Hille–Tamarkin kernel. Then Tk is a Riesz
operator in X, and its eigenvalues satisfy, for all n ∈ N, the estimates( n∑

j=1

|λj(Tk)|2
)1/2

≤
√

2M2,n(X)‖k‖X[X′]
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and, if 2 < p <∞ and m ≥ Kp n
p/2 (1 + log n),( n∑

j=1

|λj(Tk)|p
)1/p

≤ 2Mp,m(X)‖k‖X[X′],

where Kp is the constant from Lemma 5(ii).

Proof. From the factorization (5), taking also the relations (7) and (6)
into account, we get

π(n)
p (Tk : X → X) ≤ ‖T` : X → L∞‖π(n)

p (Mg : L∞ → X)

≤Mp,n(X)‖g‖X = Mp,n(X)‖k‖X[X′],

and combining this with Theorem 6 ends the proof.

It is clear that this result is useful only for those Banach function spaces
X which are not p-concave, but (p+ε)-concave for all ε > 0 and some p > 2.
Below we will give examples where these estimates indeed can be applied
and yield optimal results. We now introduce the corresponding spaces X.

3.2. Lorentz, Orlicz and Zygmund spaces. In this paper we will be
mainly interested in some concrete classes of quasi-Banach function spaces
which refine the scale of Lebesgue spaces Lp, namely Lorentz spaces Lp,q and
Zygmund spaces Lp(logL)a. Let us recall their definitions. For f ∈ L0(µ)
the distribution function df is defined as

df (s) := µ{ω ∈ Ω : |f(ω)| > s}, s ≥ 0,

and the non-increasing rearrangement f∗ : [0, µ(Ω))→ [0,∞) as

f∗(t) := inf{s > 0 : df (s) ≤ t}.
The Lorentz space Lp,q, 0 < p < ∞, 0 < q ≤ ∞, consists of all f ∈ L0 such
that the quasi-norm

‖f‖Lp,q :=


(∞�

0

(t1/pf∗(t))q
dt

t

)1/q

if 0 < q <∞,

sup
t>0

t1/pf∗(t) if q =∞,

is finite. For 1 < p <∞, 1 ≤ q ≤ ∞, the quasi-norm ‖ · ‖Lp,q is equivalent to
a norm. Moreover we have, with equivalence of (quasi-)norms,

(Lp,q)∗ = (Lp,q)′ = Lp′,q′ , 1 ≤ q <∞.
Let ϕ : [0,∞) → [0,∞) be a non-zero convex function with ϕ(0) = 0.

Note that this implies in particular that ϕ is continuous and limt→∞ ϕ(t)
= ∞. Let (Ω,µ) be a measure space. The Orlicz space Lϕ consists of all
f ∈ L0(µ) such that for some c > 0,�

Ω

ϕ(|f |/c) dµ <∞.
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It is a Banach space with respect to the Luxemburg norm

‖f‖Lϕ := inf
{
c > 0 :

�

Ω

ϕ(|f |/c) dµ ≤ 1
}
.

Clearly we can replace in this definition the function ϕ by any equivalent
function. This leads to the same space with an equivalent (quasi-)norm.

Let 1 < p < ∞ and a ∈ R. The Zygmund space Lp(logL)a is the Orlicz
space generated by ϕ(t) � tp log(e+ t)ap. In this case we have

(Lp(logL)a)∗ = (Lp(logL)a)′ = Lp′(logL)−a.

Note that the scales of Lorentz and Zygmund spaces are both refinements
of the scale of Lebesgue spaces, since obviously Lp = Lp,p = Lp(logL)0. For
fixed p the Lorentz spaces Lp,q are increasing in q, while the Zygmund spaces
Lp(logL)a are decreasing in a. More information on duality and equivalent
(quasi-)norms in Zygmund spaces can be found in [7, Section 2.6] and the
references given therein.

3.3. Hille–Tamarkin operators in Lorentz spaces. The cotype and
concavity behaviour of Lorentz spaces is well known. The following result is
due to Creekmore [5].

Lemma 8. Let 1 < p < ∞ and 1 ≤ q ≤ ∞. The Lorentz spaces Lp,q,
defined over arbitrary measure spaces, are

(i) q-concave if p ≤ q,
(ii) (p+ ε)-concave for all ε > 0 but not p-concave if q < p,
(iii) of cotype r = max(p, q, 2) if p 6= 2.

Combining this with Theorem 4 we obtain the following result.

Theorem 9. Let 1 < p < ∞, 1 ≤ q < ∞ and X = Lp,q. Then every
Hille–Tamarkin kernel k ∈ X[X ′] generates a Riesz operator Tk in X with
eigenvalues in

(i) `q if p ≤ q and q > 2,
(ii) `p,∞ if q < p and p > 2,
(iii) `2 if p ≤ q ≤ 2 or q < p < 2.

Now we pass to the interesting case 1 ≤ q < p = 2, which is not covered
by Theorem 9. Recall that the Lorentz spaces L2,q with 1 ≤ q < 2 are
neither 2-concave nor of cotype 2, but (2 + ε)-concave for all ε > 0. In
view of Theorem 7, our aim is to determine the 2-concavity constants with
respect to n vectors of these spaces. One might expect that these constants
grow moderately as n → ∞, and in fact it will turn out that they are of
logarithmic order in n. In the proofs we use the duality between p-concavity
and p′-convexity for 1 < p <∞, and the r-convexification of Banach lattices,
r > 1.
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The following lemma might be known to specialists, but for completeness
we include a proof.

Lemma 10. For every 0 < p < 1 there exists a p-norm ‖ · ‖(p) on L1,∞
with

(10) ‖f‖1,∞ ≤ ‖f‖(p) ≤
(

1
1− p

)1/p

‖f‖1,∞ for all f ∈ L1,∞.

Proof. Fix 0 < p < 1. We claim that the functional ‖ · ‖(p) defined by

‖f‖(p) := sup
{(
µ(E)p−1

�

E

|f |p dµ
)1/p

: E ∈ F , 0 < µ(E) <∞
}

satisfies (10). First observe that for every f, g ∈ L1,∞ and E ∈ F with
0 < µ(E) <∞ we have�

E

|f + g|p dµ ≤
�

E

|f |p dµ+
�

E

|g|p dµ,

whence
‖f + g‖p(p) ≤ ‖f‖

p
(p) + ‖g‖p(p),

whence ‖ · ‖(p) is a p-norm.
Next we show the first inequality in (10). For any s > 0 let

Es := {t ∈ Ω : |f(t)| ≥ s}.
Then µ(Es) <∞ and

‖f‖(p) ≥ sup
s>0

µ(Es)1−1/p
( �

Es

|f |p dµ
)1/p

≥ sup
s>0

sµ(Es) = ‖f‖1,∞.

On the other hand, for any E ∈ F with 0 < µ(E) <∞ we have

�

E

|f |p dµ ≤
µ(E)�

0

f∗(t)p dt ≤ ‖f‖p1,∞
µ(E)�

0

t−p dt =
µ(E)1−p

1− p
‖f‖p1,∞.

This implies

‖f‖(p) ≤
(

1
1− p

)1/p

‖f‖1,∞

and completes the proof.

Using the above lemma we give an upper estimate of the 1-convexity
constants of L1,∞ with respect to n vectors.

Lemma 11. The 1-convexity constants with respect to n vectors of the
Lorentz space L1,∞ satisfy

M1,n(L1,∞) ≤ 4(1 + log2 n).
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Proof. For n = 1 there is nothing to prove, so let n ≥ 2 and f1, . . . , fn
∈ L1,∞ be given. Combining Hölder’s inequality with Lemma 10, we obtain,
for all 0 < p < 1,∥∥∥ n∑

j=1

|fj |
∥∥∥p

1,∞
≤
∥∥∥ n∑
j=1

|fj |
∥∥∥p

(p)
≤

n∑
j=1

‖fj‖p(p)

≤ 1
1− p

n∑
j=1

‖fj‖p1,∞ ≤
n1−p

1− p

( n∑
j=1

‖fj‖1,∞
)p
.

This implies

M1,n(L1,∞) ≤ n1/p−1

(
1

1− p

)1/p

.

Now we optimize over p. Let p ∈ (0, 1) be such that 1/p = 1+1/log2 n. Then
1 + log2 n = 1/(1− p), and using Bernoulli’s inequality we obtain

M1,n(L1,∞) ≤ n1/log2 n(1 + log2 n)1+1/log2 n

= 2(1 + log2 n) · (1 + log2 n)1/log2 n ≤ 4(1 + log2 n).

Remark. The following interpretation of the preceding lemma might be
of independent interest. For a quasi-normed space (X, ‖ · ‖) we define the
triangle constants with respect to n vectors by

τn(X) := sup
{∥∥∥ n∑

k=1

xk

∥∥∥ : xk ∈ X,
n∑
k=1

‖xk‖ = 1
}
.

If the quasi-norm is C-equivalent to a p-norm for some C ≥ 1 and 0 < p ≤ 1,
it is easy to check that τn(X) ≤ Cn1−p. That means the growth rate of τn(X)
as n → ∞ describes “how far” from a norm the given quasi-norm is. For
quasi-Banach function spaces one clearly has τn(X) = M1,n(X), whence the
preceding lemma shows τn(L1,∞) ≤ 4(1+log2 n). Moreover, if the underlying
measure space is non-atomic, one even has τn(L1,∞) � 1 + log2 n.

Now we estimate the p-concavity constants with respect to n vectors
of the Lorentz spaces Lp,q with 1 ≤ q < p < ∞. We recall that the r-
convexification (with 1 < r < ∞) of a quasi-Banach function space E is
the space E(r) := {f ∈ L0 : |f |r ∈ E}, equipped with the quasi-norm
‖f‖E(r) =

∥∥|f |r∥∥1/r

E
. It is easy to check that for all 1 ≤ p, r <∞ and n ∈ N,

(11) M rp,n(E(r)) = Mp,n(E)1/r and Mrp,n(E(r)) = Mp,n(E)1/r.

In particular, for the r-convexification of Lorentz spaces we have

(12) (Lp,q)(r) = Lpr,qr and ‖f‖pr,qr =
∥∥|f |r∥∥1/r

p,q
.
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Lemma 12. Let 1 ≤ q < p < ∞. There exists a constant Cp,q > 0 such
that

Mp,n(Lp,q) ≤ Cp,q (1 + log n)1/q−1/p, n ∈ N.

Proof. First observe that (L1,∞)(r) = Lr,∞ with equality of quasi-norms.
Therefore Lemma 10 implies that

M r,n(Lr,∞) ≤ (4(1 + log n))1/r

for all 1 < r < ∞ and n ∈ N. Combining this estimate with Proposition 2
and the well-known fact that the Köthe dual (Lr,1)′ is equal to Lr′,∞ with
equivalence of quasi-norms, we conclude that for all n ∈ N, all 1 < r < ∞
and some constant Cr > 0,

Mr,n(Lr,1) ≤ CrM r′,n(Lr′,∞) ≤ Cr(4(1 + log n))1−1/r.

Take now r = p/q > 1 and apply the q-convexification procedure. In view of
(12) we have Lp,q = (Lr,1)(q), and by (11) we get

Mp,n(Lp,q) = Mrq,n((Lr,1)(q)) = Mr,n(Lr,1)1/q ≤ Cp,q(1 + log n)1/q−1/p.

Corollary 13. Let 1 ≤ q < p < ∞, and let the Lorentz space Lp,q be
defined over an atomless measure space. For the p-concavity constants with
respect to n vectors of Lp,q one has

Mp,n(Lp,q) � (1 + log n)1/q−1/p.

Proof. The upper estimate (for arbitrary measure spaces) was shown in
the previous lemma. The lower estimate follows easily from the proof of
Proposition 3.1 in [5].

An immediate consequence of Lemma 12 and Theorem 7 is the following
eigenvalue result for Hille–Tamarkin operators on L2,q in the missing case
1 ≤ q < 2.

Theorem 14. Let 1 ≤ q < 2 and k ∈ L2,q(L2,q′). Then the Hille–
Tamarkin operator Tk is a Riesz operator in L2,q, and its eigenvalues satisfy,
for all n ∈ N with some constant Cq > 0, the estimate( n∑

j=1

|λj(Tk)|2
)1/2

≤ Cq (1 + log n)1/q−1/2.

3.4. Hille–Tamarkin operators in Orlicz spaces. It is known (see,
e.g., [11]) that an Orlicz space Lϕ defined over an atomless measure space is
p-concave if

(13) cp(ϕ) := sup
{
ϕ(λt)
λpϕ(t)

: λ > 1, t > 0
}
<∞.
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This is for instance the case if t 7→ ϕ(t1/p) is equivalent to a concave function.
In particular, if

(14) ϕ(t) � tp log(e+ t)ap,

then condition (13) holds for a ≤ 0, and it fails for a > 0. Recall that the
corresponding Orlicz spaces are the Zygmund spaces Lp(logL)a.

Our first result for Orlicz spaces is an immediate consequence of Theo-
rem 4.

Theorem 15. Assume that the Orlicz function ϕ satisfies condition (13)
for some 1 < p <∞. Then each Hille–Tamarkin kernel k ∈ Lϕ[L′ϕ] generates
a Riesz operator in Lϕ with eigenvalues in `max(p,2).

In the context of Zygmund spaces we obtain the following corollary.

Corollary 16. Let X = Lp(logL)a, where either 1 < p < 2 and a ∈ R,
or 2 ≤ p < ∞ and a ≤ 0. Then each Hille–Tamarkin kernel k ∈ X[X ′]
generates a Riesz operator in X with eigenvalues in `max(p,2).

Proof. We know that Lp(logL)a = Lϕ for any Orlicz function ϕ that
satisfies condition (14). For 1 < p < 2 and arbitrary a ∈ R this implies
c2(ϕ) < ∞, whence Lp(logL)a is 2-concave. If 2 ≤ p < ∞ and a ≤ 0, then
cp(ϕ) < ∞, thus Lp(logL)a is p-concave. Applying Theorem 4 yields the
result.

Next we want to find the asymptotic eigenvalue behaviour of Hille–
Tamarkin operators in Zygmund spaces in the case not covered by Corollary
16, i.e. when 2 ≤ p <∞ and a > 0. In this case cp(ϕ) =∞, but cp+ε(ϕ) <∞
for every ε > 0, whence Lp(logL)a is (p + ε)-concave, and therefore the
relevant eigenvalues are in

⋂
ε>0 `p+ε. In order to improve this result, we

estimate the p-concavity constants with respect to n vectors of Lp(logL)a.
This will be a consequence of the following lemma.

Lemma 17. Let Lϕ be an Orlicz space over a measure space (Ω,F , µ),
where ϕ : [0,∞)→ [0,∞) is a convex function with ϕ(0) = 0 and ϕ(1) = 1.
Let 1 ≤ p <∞. Then there is a constant C > 0 such that for all n ∈ N,

Mp,n(Lϕ) ≤ C · cp,n(ϕ)1/p,

where

cp,n(ϕ) := sup
{
ϕ(λt)
λpϕ(t)

: t > 0, 1 ≤ λ ≤ n
}
.

Proof. We give the proof only for p = 1, the general case is analogous.
For simplicity we write cn(ϕ) instead of c1,n(ϕ). Let f1, . . . , fn ∈ Lϕ with
‖f1‖Lϕ ≥ · · · ≥ ‖fn‖Lϕ > 0, and define f :=

∑n
k=1 |fk|. Fix ε ∈ (0, 1). By
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homogeneity we can assume that ‖f‖Lϕ = 1− ε < 1, whence

(15)
�

Ω

ϕ(f) dµ ≤ 1.

Setting ak := (1− ε)‖fk‖Lϕ for 1 ≤ k ≤ n, we have

(16)
�

Ω

ϕ(|fk|/ak) dµ > 1.

Let m < n be the integer with am > 2/n ≥ am+1; if no such m exists set
m := n. Then

n∑
k=m+1

ak ≤ 2
n−m
n

≤ 2.

For k = 1, . . . ,m we now consider the sets

Ak := {x ∈ Ω : |fk(x)|/ak ≥ f(x)/2} and Bk := Ω \Ak.

From inequality (16) we see that

(17)
m∑
k=1

ak ≤
m∑
k=1

ak
�

Ω

ϕ(|fk|/ak) dµ =
m∑
k=1

ak

( �

Ak

· · ·+
�

Bk

. . .
)
.

For x ∈ Bk we have |fk(x)|/ak ≤ f(x)/2, and since ϕ is increasing and
convex with ϕ(0) = 0 we get

ϕ(|fk(x)|/ak) ≤ ϕ(f(x)/2) ≤ ϕ(f(x))/2;

therefore, in view of (15), we arrive at
m∑
k=1

ak
�

Bk

ϕ(|fk|/ak) dµ ≤
1
2

m∑
k=1

ak
�

Ω

ϕ(|f |) dµ ≤ 1
2

m∑
k=1

ak.

Taking (17) into account, this implies

(18)
m∑
k=1

ak ≤ 2
m∑
k=1

ak
�

Ak

ϕ(|fk|/ak) dµ.

Given any x ∈ Ak we set

λ :=
2|fk(x)|
akf(x)

and t :=
f(x)

2
.

By the definition of Ak, and since ak > 2/n, we have 1 ≤ λ ≤ n, whence

ϕ(|fk(x)|/ak) = ϕ(λt) ≤ cn(ϕ)λϕ(t).

Inserting this into (18), and using again (15) and ϕ(f(x)/2) ≤ ϕ(f(x))/2,
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we obtain
m∑
k=1

ak ≤ 2
m∑
k=1

ak
�

Ak

ϕ(|fk(x)|/ak) dµ

≤ 2cn(ϕ)
m∑
k=1

�

Ak

ak ·
2|fk(x)|
akf(x)

· ϕ(f(x))
2

dµ

≤ 2cn(ϕ)
�

Ω

∑m
k=1 |fk(x)|
f(x)︸ ︷︷ ︸
≤1

ϕ(f(x)) dµ(x) ≤ 2cn(ϕ).

Finally, putting everything together and letting ε→ 0, we obtain the desired
estimate

n∑
k=1

‖fk‖Lϕ ≤ 2cn(ϕ) + 2 = 2(cn(ϕ) + 1)
∥∥∥ n∑
k=1

|fk|
∥∥∥
Lϕ

.

As an immediate consequence we obtain the following estimate for the
p-concavity constants of Zygmund spaces.

Lemma 18. Let 1 ≤ p <∞ and a > 0. Then for all n ∈ N,

Mp,n(Lp(logL)a) ≤ C(1 + log n)a.

Proof. Note that Lp(logL)a coincides with the Orlicz space Lϕ for any
convex function ϕ : [0,∞)→ [0,∞) with ϕ(0) = 0, ϕ(1) = 1 and

ϕ(t) � tp(log(e+ t))ap.

An elementary calculation shows that

cp,n(ϕ) ≤ C(1 + log n)a,

which gives the desired estimate.

Together with Theorem 7 this implies the following eigenvalue result.

Theorem 19. Let 2 ≤ p < ∞, a > 0, X = Lp(logL)a and k ∈ X[X ′].
Then the Hille–Tamarkin operator Tk is a Riesz operator in X, and its eigen-
values satisfy for all n ∈ N and some constant C > 0 the estimate( n∑

j=1

|λj(Tk)|p
)1/p

≤ C (1 + log n)a.

Let us mention that eigenvalue estimates for matrices satisfying certain
Orlicz norm conditions were given in [2] and [6]. However, the proof tech-
niques in those papers are quite different.

3.5. Applications to Fourier analysis. Now we present some appli-
cations of our eigenvalue results to estimates of Fourier coefficients.
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Let g be a 1-periodic function on R such that g ∈ L1([0, 1]), and consider
the convolution kernel k(x, t) := g(x− t), x, t ∈ [0, 1]. Then it is well known
and easy to verify that the eigenvalues of the integral operator Tk : L∞ → L∞
are exactly the Fourier coefficients of g,

ĝ(n) :=
1�

0

g(x)e−2πinx dx, n ∈ Z.

If g ∈ X ′ for some Banach function space X over [0, 1], then obviously
k ∈ L∞[X ′] ↪→ X[X ′], whence Tk : X → X is indeed a Hille–Tamarkin
operator. By the principle of related operators (see, e.g., [18, 3.3.4]) it has
the same non-zero eigenvalues as Tk : L∞ → L∞.

Applying this observation to convolution operators generated by a func-
tion in the Lorentz space L2,q with 2 < q ≤ ∞, we recover—as a special case
of Theorem 9—a result due to Bochkarev [1].

Corollary 20. Let 2 < q ≤ ∞. Then there exists a constant Cq > 0
such that for every f ∈ L2,q([0, 1]) and each n ∈ N,( n∑

k=1

|ck|2
)1/2

≤ Cq(1 + log n)1/2−1/q ‖f‖L2,q ,

where (ck)k∈N is the non-increasing rearrangement of the sequence (f̂(n))n∈Z
of the Fourier coefficients of f .

Clearly the above estimate implies

|cn| ≤ Cqn−1/2(1 + log n)1/2−1/q ‖f‖L2,q .

We note that Bochkarev [1] even proved that this seemingly weaker estimate
is still sharp. He showed that for every 2 < q ≤ ∞ and n ≥ 2 there exists a
variant of the Rudin–Shapiro polynomials

Pn,q(t) =
n∑
k=0

cke
2πikt, t ∈ [0, 1],

which satisfies ‖Pn,q‖L2,q = 1 and

card({k ∈ N : |ck| ≥ αn−1/2(log n)1/2−1/q}) ≥ γn
for some positive constants α and γ.

This fact shows that our eigenvalue estimate for Hille–Tamarkin oper-
ators on Lorentz spaces L2,q with 1 ≤ q < 2 presented in Theorem 14 is
sharp. In the final section we will give a simpler example which also shows
the optimality of Theorem 14.

Similarly we can apply the estimates from Theorem 19 for general Hille–
Tamarkin operators on Zygmund spaces to the special case of convolution
kernels, thus obtaining the following result for Fourier coefficients.
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Corollary 21. Let 1 < r ≤ 2 and a > 0. Then there exists a constant
Cr,a > 0 such that for every f ∈ Lr(logL)−a([0, 1]) and n ∈ N,( n∑

k=1

|ck|r
′
)1/r′

≤ Cr,a(1 + log n)a‖f‖Lr(logL)a
,

where 1/r + 1/r′ = 1, and (ck) is the non-increasing rearrangement of the
sequence (f̂(n)) of the Fourier coefficients of f .

4. Optimality of the eigenvalue results. We conclude the paper by
showing the optimality of our eigenvalue results for Hille–Tamarkin operators
in

• p-concave spaces and spaces of cotype p (Theorem 4),
• Lorentz spaces L2,q with 1 ≤ q < 2 (Theorem 14),
• Zygmund spaces Lp(logL)a with 2 ≤ p <∞ and a > 0 (Theorem 19).

For p-concave spaces we have the following simple example.

Example 1 (optimality in p-concave spaces, 2 ≤ p <∞). Let X be the
sequence space `p, and let (σn) ∈ `p be any non-negative decreasing sequence.
Then the diagonal operator D : `p → `p, defined by D(xn) = (σnxn) for
all (xn) ∈ `p, can be viewed as a Hille–Tamarkin operator Tk with kernel
k ∈ `p[`p′ ]. Clearly the eigenvalues of Tk are λn(Tk) = σn, whence relation
(i) in Theorem 4 is optimal.

In cotype p spaces we can use convolution operators.

Example 2 (optimality in spaces of cotype p, 2 < p <∞). Let now X
be the Lorentz space Lp,1([0, 1]); then X ′ = Lp′,∞([0, 1]). It is well-known
that Lp,1 has cotype p (see [5]) and that the series

∞∑
n=1

n−1/pe2πinx

converges a.e. to a function g ∈ Lp′,∞([0, 1]) (see, e.g., [18, 6.5.8]). Hence the
convolution kernel k(x, t) = g(x− t) for all x, t ∈ [0, 1] belongs to L∞[X ′] ⊂
X[X ′], and for the eigenvalues of Tk we have λn(Tk) = ĝ(n) = n−1/p. This
matches the upper bound given in part (ii) of Theorem 4.

For the construction of the remaining examples we need the following
lemma.

Lemma 22. Let 1 < r < ∞ and b ∈ R. Then there is a constant C > 0
such that for all n ∈ N,
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∥∥∥ n∑
j=1

j−1/2e2πijx
∥∥∥
L2,r([0,1])

≤ C(1 + log n)1/r,(19)

∥∥∥ n∑
j=1

e2πijx
∥∥∥
Lr(logL)b([0,1])

≤ Cn1−1/r(1 + log n)b.(20)

Proof. It is easy to check that for 0 < |x| ≤ 1/2,

B(x) := sup
m<n

∣∣∣ n∑
j=m

e2πijx
∣∣∣ ≤ 1
|sinπx|

≤ 2
|x|
.

Consequently, for the functions fn(x) :=
∑n

j=1 e
2πijx we have

|fn(x)| ≤ gn(x) := min(n, 2|x|−1), 0 < |x| ≤ 1/2.

The norm of gn in the Zygmund space Lr(logL)b (defined over the interval
[−1/2, 1/2]) can be easily calculated; it is of order n1−1/r(1+ log n)b. By the
1-periodicity of fn and the monotonicity of the norm we obtain the desired
estimate (20):

‖fn‖Lr(logL)b([0,1]) ≤ Cn1−1/r(1 + log n)b.

The proof of (19) is similar. Let now fn(x) :=
∑n

j=1 j
−1/2e2πijx. For

|x| ≤ 1/n we use the trivial estimate

|fn(x)| ≤
n∑
j=1

j−1/2 � n1/2.

If 1/n < |x| ≤ 1/2, let m be the unique integer with 1/m < |x| ≤ 1/(m− 1).
Then

|fn(x)| ≤
m−1∑
j=1

j−1/2 +
∣∣∣ n∑
j=m

j−1/2e2πijx
∣∣∣.

The first summand is of order m1/2 � |x|−1/2, and the second one can be
bounded via Abel’s summation by

m−1/2B(x) ≤ m−1/2 · 2|x|−1 ≤ 2|x|−1/2.

This implies, with some constant C > 0 independent of n,

|fn(x)| ≤ gn(x) := Cmin(n1/2, |x|−1/2), 0 < |x| ≤ 1/2.

An elementary calculation shows that the norm of gn in the Lorentz space
L2,r (defined over the interval [−1/2, 1/2]) is of order (1 + log n)1/r. Hence,
using again the 1-periodicity of fn and the monotonicity of the norm, we get

‖fn‖L2,r([0,1]) ≤ C(1 + log n)1/r.

Our final result shows the optimality of the estimates in Theorems 14
and 19 and Corollaries 20 and 21.
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Theorem 23. Let (bn) be a decreasing sequence with lim bn = 0.

(i) Let 1 ≤ q < 2 and X = L2,q([0, 1]). Then there is a kernel k ∈ X[X ′]
such that the eigenvalues of the integral operator Tk : X → X satisfy

(21) lim sup
n→∞

(
∑n

j=1 |λj(Tk)|2)1/2

bn(1 + log n)1/q−1/2
=∞.

(ii) Let 2 ≤ p <∞, a > 0 and X = Lp(logL)a([0, 1]). Then there exists
a kernel k ∈ X[X ′] such that the eigenvalues of Tk : X → X satisfy

(22) lim sup
n→∞

(
∑n

j=1 |λj(Tk)|p)1/p

bn(1 + log n)a
=∞.

Proof. In both cases we use the same method: We construct appropriate
1-periodic functions g on R with g ∈ X ′ and consider the convolution kernel
k(x, t) = g(x − t) on [0, 1] × [0, 1]. Then k ∈ L∞[X ′] ⊂ X[X ′], since the
underlying measure is finite. The functions g will be given by their Fourier
series, so that we have direct control of the eigenvalues of Tk (= Fourier
coefficients of g). First we choose an increasing sequence of natural numbers
Nn such that bNn ≤ n−3.

(i) For the functions

gn(x) := (1 + logNn)−1/q′
Nn∑
j=1

j−1/2e2πijx

we have, with the constant C from (19), the uniform norm estimate

‖gn‖L2,q′ ([0,1]) ≤ C.

Now the triangle inequality shows that the function

g :=
∞∑
n=1

n−2gn

belongs to X ′ = L2,q′([0, 1]). Since the Fourier coefficients of all gn’s are
non-negative real, for j = 1, . . . , Nn we have

λj(Tk) = ĝ(j) ≥ n−2ĝn(j) = n−2(1 + logNn)−1/q′j−1/2.

By the choice of Nn and since 1/2− 1/q′ = 1/q− 1/2 this gives the estimate

(
∑Nn

j=1 |λj(Tk)|2)1/2

bNn(1 + logNn)1/q−1/2
≥ 1
n2bNn

≥ n,

which proves (21).
(ii) We proceed similarly to case (i), choosing now

gn(x) := N−1/p
n (1 + logNn)a

Nn∑
j=1

e2πijx.



Eigenvalues of Hille–Tamarkin operators 295

With the constant C from (20), we again have a uniform norm estimate

‖gn‖Lp′ (logL)−a([0,1]) ≤ C.

The triangle inequality shows that the function g :=
∑∞

n=1 n
−2gn belongs to

Lp′(logL)−a = (Lp(logL)a)′, and for the eigenvalues of Tk we obtain

λj(Tk) = ĝ(j) ≥ n−2ĝn(j) = n−2N−1/p
n (1 + logNn)a

for j = 1, . . . , Nn. This implies the estimate

(
∑Nn

j=1 |λj(Tk)|p)1/p

bNn(1 + logNn)a
≥ 1
n2bNn

≥ n,

which proves the desired result (22).
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