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A Paley—Wiener type theorem for generalized
non-quasianalytic classes

by

JORDI JUAN-HUGUET (Valéncia)

Abstract. Let P be a hypoelliptic polynomial. We consider classes of ultradiffer-
entiable functions with respect to the iterates of the partial differential operator P(D)
and prove that such classes satisfy a Paley—Wiener type theorem. These classes and the
corresponding test spaces are nuclear.

1. Introduction. A Paley—Wiener type theorem is any theorem that
deals with decay properties of the Fourier transform of a function or distri-
bution.

Paley—Wiener type theorems and their applications to several areas of
mathematical analysis have been studied in several settings: we refer for
example to [BH], [BMT] and [DGM].

In this paper we continue the research begun in [FGJ, [JH| on general-
ized non-quasianalytic classes, that is, classes of ultradifferentiable functions
with respect to the iterates of a partial differential operator. Our aim is to
establish a Paley—Wiener type theorem for such classes.

Classes of C*°-functions defined in terms of the successive iterates of
a partial differential operator appeared in 1960, when Komatsu [K], using
tools introduced by Hormander [HI|, characterized when a smooth func-
tion f € C°(f2) in an open subset 2 C R¥ is real analytic in terms of
the successive iterates of an elliptic partial differential operator P(D). Ko-
take and Narasimhan extended this result to elliptic operators with analytic
coefficients. See [KN| Theorem 1].

In 1973, Newberger and Zielezny [NZ] treated this problem in the setting
of Gevrey classes. Research in this direction has been continued intensively
by several authors, including Bolley, Camus, Rodino [BCl [BCR], Langen-
bruch [LIHL4] and Zanghirati [Z1HZ4]. We also mention the recent contribu-
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tions by Bouzar and Chaili [BC1], Calvo and Hakobyan [CH| and Calvo and
Rodino [CR]. Microlocal versions of this topic have been considered by Bol-
ley, Camus and Mattera [BCM], Zanghirati [Z4], Bouzar and Chaili [BC3]
and others.

All this research is related to the problem of iterates which consists in
characterizing the functions in a given class of functions in terms of the
behavior of the iterates of a fixed differential operator. See [BCI], [M], [K],
[NZ] and also [BC2], [CR], [KN] and [Z3]. The author [JH|] has studied the
problem of iterates in the more general setting of classes of ultradifferentiable
functions in the sense of Braun, Meise and Taylor.

The precise definition of the spaces of ultradifferentiable functions with
respect to the iterates of P will be given in Section [2} In Section [3| we prove
a Paley—Wiener type theorem for such classes. In Section [ we prove that the
spaces Ep,(,,)(£2) and Ep g,1(£2) and the corresponding test spaces Dp ) (§2)
and Dp .1 (f2) are nuclear whenever the polynomial P is hypoelliptic. The
results in Sections [3] and [4] are new, even for the Gevrey case.

2. Generalized non-quasianalytic classes: Ep,,(§2). We follow the
point of view of Braun—-Meise-Taylor (see [BMT]). A non-quasianalytic
weight function is an increasing continuous function w : [0,00[ — [0, 00|
with the following properties:

(o) There exists L > 0 with w(2t) < L(w(t) + 1) for all £ > 0.

(B) 77 (w(t)/t?) dt < oo.

(7) Int = o(w(t)) as t tends to oo, that is, lim;_, (Int)/w(t) = 0.

(0) ¢ : t — w(el) is convex.

We may assume that w|g ;] = 0. The Young conjugate of ¢ is given by
©*(s) = sup{st — ¢(t) : t > 0}. We refer the reader to [BMT] and [JH] for
examples of weight functions and the definition of the spaces of ultradiffer-
entiable functions and ultradistributions.

In what follows, {2 denotes an arbitrary open subset of RY, and K cC 2
means that K is a compact subset in (2.

Following [JH], we consider smooth functions on an open set {2 such that
there exists C' > 0 such that for each j € Ny,

|PI(D) fll2,x < Cexp(Ag*(j/N)),
where K is a compact subset in {2, || - |2 x denotes the £2-norm on K and
PI(D) is the jth iterate of the partial differential operator P(D), i.e.,

PI(D)=P(D)o---oP(D).
J
If j =0, then
PY(D)f = f.
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Given a polynomial P € C|z1, ..., zx] of degree m,
P(z) = Z anz”,
la|<m

the partial differential operator P(D) is
1
P D — (6% (6% — OL‘
(D) Z an D, where D 2,3
|a|<m

The spaces of ultradifferentiable functions with respect to the successive
iterates of P are defined as follows.

Let w be a weight function. Given a polynomial P, an open set 2 in RY,
a compact subset K CC 2 and A > 0, we define the seminorm

[ £llzex := sup [|P7(D) fll2,rc exp(=A¢™*(5/A))

JE€N

and set
Ep(K) ={f € C¥(K) : || fllxx < oo}

&3 (K) is a Banach space when endowed with the || - ||k x-norm.
The space of ultradifferentiable functions of Beurling type with respect to
the iterates of P is

Epw)(2) ={f €C(2) : ||fllxr < oo for each K CC §2 and A > 0}.

It is endowed with the topology given by
Ep()(£2) = proj proj&p,,(K).
Kcc2 A>0
If { K, }nen is a compact exhaustion of (2, this metrizable locally convex
topology is defined by the fundamental system {|| - || ,,.n }nen of seminorms.
The space of wltradifferentiable functions of Roumieu type with respect
to the iterates of P is defined by

Epy(2) ={f €C™(2) : VK CC 2 I\ > 0 such that ||f||xx < oo}
Its topology is defined by
Epwy(§2) == proj ind Efs’w(K).
KCc2A>0

We write Ep,,(£2) when a statement holds in the Beurling and the Rou-
mieu case. As in the Gevrey case, we call these classes generalized non-
quasianalytic classes. The author has proved that the space Ep,,(£2) is com-
plete if and only if P is hypoelliptic (see [JH, Theorem 3.3]). See [FG.J| and
[JH| for more information and details.

3. A Paley—Wiener type theorem for £p,(f2). Let w be a weight
function and m > 1. It is easy to prove that o(t) := w(t'/™) is also a weight
function. Moreover, ¢*(x) = ¢} (mz).
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Suppose P is a hypoelliptic polynomial of order m. Our aim is to establish
a Paley—Wiener type theorem for the generalized non-quasianalytic class
E P! /m)(Q). In order to guarantee the existence of compactly supported
functions in this space we recall that the class of ultradifferentiable functions
&, (12) is always contained in Ep ,;1/m)(£2) where m is the degree of P (see
[JH, Theorem 4.1]). As a consequence, D,,(£2) is a subset of Ep ,,41/m)(£2).

Let K be a convex compact subset of RY. The supporting function of K
is the function Hy : RY — R given by Hy (z) := SUpPy e T+ Y-

LEMMA 3.1. Let w a weight function, P a polynomial and f € C°(RN).
The following statements hold:

(1) If there is X > 0 satisfying

~ o 1/2
Ci= ([ IF©PexpQu(IP@D) dg) < oo,
RN
then
4 A 2j C
* sup ||P?(D exp(— *()) < .
(¥ sup |PUD) v esp( =507 () ) < oy
(2) Let K be a compact convex subset of RN and denote by m(K) its
Lebesgue measure. There is a constant D > 0 (depending on A and w)
such that if (%) holds and f has compact support contained in K, then
for all z € CN,

|f(z)\ < m(K)V? (25)?\[/2 exp<HK(Imz) - :\Lw(|P(z)|)>

Proof. (1) By Plancherel’s Theorem,

1

i IPE e

HPj(D)fHQ,RN = 2.RN

C , A ¢ A« d
< Gy, e exp (1P - 3e0PED) < e (3 (7))
(2) By the Holder inequality,
(3.1) |PI(D)f(2)| < | [P7(D)f(t) exp(—itz)| dt

K

C A J
- 1/2 — 59\ 57 ) )
< mK) exp(Hie(Im2)) S exp<2‘p (A/2>>
Suppose |P(z)| > 1; then

~ C A 1
e <m0 S esatttim s esn( 5 (375) ) iy
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Now, we use ¢** = ¢ and condition (7) of the definition of weight functions
to find ¢ such that

A
Int < Zw(t) +1Inty Vt>0.
Then

s (m1r0l =5 (57))

= ;\JSEHI\I])O( )\/2 ln’P Z)‘ — @ </\/2)> _ln‘P(Z”
> ;ig%(xhﬂp(z)\ —"(x)) —In|P(2)| = g(go**(ln\P(z)D —In|P(2)]

= Z(IPG) ~ [ P()] 2 2P ~ Into.

Taking the infimum we obtain

~ C A
< 1/2 _2

Fl <m0 5 S explHcim )t exp - J (1P ).

In case |P(z)| < 1, the previous inequality is also true. To see this, recall
that w(|P(z)|) = 0 and ¢*(0) = 0 and take j =0 in (3.1). =
We now introduce the following notation:
Dpo(K) = {f € C*RY) :supp f C K and ||f||lx < oo},
Dpw)(K) = proj Dy (K) and Dpy,(K) = ind Dp,(K).
’ A>0 ’ ’ A>0 '

Let {2 be an open subset of R and let w be a weight function. We define

the test spaces of ultradifferentiable functions with respect to the iterates of
the operator P as

Dp(w)(£2) = Jndp prOJ Dp,(K) and Dpy,y(02) = Klggglg%ppw(f()

Given X\ > 0, consider the seminorm
~ o 1/2
ta(f) = (§ IF©F expOw(IP©)) )
RN

PROPOSITION 3.2. Suppose P is hypoelliptic. Then the fundamental sys-
tems { |||k x}as0 and {tx(:) }x>0 of seminorms on Dp ) (K) are equivalent.

Proof. From Lemma [3.1)(1) it is clear that

1
P Wt2)\(f) VA>0,Vf € DP,(w)(K)-




36 J. Juan-Huguet

In order to see the other inequality, we take z = ¢ € RN and C / (27T)N/ 2 —
£l .52 in Lemma [3.1)(2) to obtain

FO1 < m() 2D ey exp - 307D )
Then
FOP exp( PO ) < mE) D1y pexm( - 31P(ED ).
Therefore,

K,m( g exp<—jw<rp<«s>|>> ds) "

RN
Now, we only have to check that exp(—(A/4)w(|P(§)])) is integrable. Con-
dition IIb of [H2, Theorem 11.1.3] asserts that there exist D,d > 0 such
that

taa(f) < m(K)'/2D| f]

|P(&)| > D|¢|? if |€] is large enough.

This inequality and condition () of the definition of weight functions allow

one to prove that
A

—w
4
if €] is large enough, and the conclusion follows. =

Denote By = {r € RV : |z] < A}.

(1P = In(1 + €)™

THEOREM 3.3. Let P be a hypoelliptic polynomial and w a weight func-
tion. An entire function F € H(CN) is the Fourier-Laplace transform of a
function f € Dp ,)(Ba) if, and only if,

|F(z)] < el vzeCN

for some constants C, A > 0 and moreover, for every A > 0,

1/2
(] 1F@)2expOw(P@))de) " < o,
RN
Proof. Let f € Dp () (RN) with supp f C B4. By the classical Paley-
Wiener theorem [H2, I, Theorem 7.3.1] there is a constant C' > 0 such that
1f(2)| < Ce?l*l for all z € CN. Proposition [3.2 shows that for each A > 0,
~ 1/2
(] 1f@)PexpOa(IP@)) dz) < oo.
RN
Conversely, suppose that F' is an entire function in CV satisfying the
two conditions of the theorem. In particular {pn |F(z)[*dz < oco. Thus,
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[S, Theorem 4.9] gives a function f € £2(Ba) with supp f C By such that
F(z) =g, f(x)e”** dz. Note that for each A >0,
~ 1/2
(] 1F@P expOw(|P@)) da) < oo.
RN

By Proposition in order to show that f € Dp (RM) it suffices to check
that we can take f in C>°(RY).

Proceeding as in Proposition m, we find that the function e~ 2<(P A(”T)D is
in £2, therefore Holder’s inequality and the previous estimate imply f € £
and by the inversion formula (see [R, Theorem 9.14])

1 ~ )
@)= Gaw | Fee™tde  ae.

RN
In order to see that the function

g(z) = | F(&)e™ d¢

RN
is C* it is enough to show that for each a € N}, the function §°‘J/"\(§)em6 is
integrable. Observe that
= lal e|lel| 7
€] 1F(E)] < VN eI Fe)).
If |¢] is large enough, condition IIb of [H2, II, Theorem 11.1.3] and con-
dition (vy) of the definition of weight function imply
> laf A = lad 2 ey 2 PN
€@ (©)] < VN T eawIP@OD| £(&)| = VN |f(€)]e2w(PED 3w (PED
which is integrable by the Holder inequality. Thus, the derivative
g (@) = | € f(&)e " de
RN
exists. m
Analogously, one can prove the Roumieu case.

THEOREM 3.4. Let P be a hypoelliptic polynomial and w a weight func-
tion. An entire function F € H(CYN) is the Fourier-Laplace transform of a
function f € Dp .1 (Ba) if, and only if,

|F(2)| < CeAll vz e

for some constants C, A > 0, and for some A > 0,

1/2
(| IF@P expOw(IP@) dz) ™ < .
RN
Using the classical Paley—Wiener theorem and Proposition [3.2| we obtain
the following corollary.
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COROLLARY 3.5. P be a hypoelliptic polynomial and w a weight function.
Let K be a conver compact subset and f € Dp, ) (K). Then the Fourier—
Laplace transform of f is an entire function and for every N there is a
constant Cn such that

F(2)| < Cn(1+ |2)) Nefxtma) vz e CV,

and moreover, for every A > 0,

~ 1/2
(] 1F@P epOu(iP@)) da) < oo.
RN
Conversely, every entire function F' satisfying the last two inequalities is the
Fourier-Laplace transform of a function in Dp, . (K).
Analogously, one can handle the Roumieu case.

COROLLARY 3.6. Let P be a hypoelliptic polynomial and w a weight
function. Let K be a convexr compact subset and f € Dpy,1(K). Then the
Fourier—Laplace transform of f is an entire function and for every N there
is a constant Cn such that

1f(2)] < On(1 + |2]) Nefxm2) vy, e N,

and moreover, for some A > 0,

~ 1/2
(] 1f@) P expOu(P@)]) dz) < oo.
RN
Conversely, every entire function F satisfying the last two inequalities is the
Fourier-Laplace transform of a function in Dp, . (K).

4. The nuclearity of £p,(£2) and Dp(12). Let P be a hypoelliptic
polynomial. Given A > 0, we introduce the seminorm

sa(f) = | IF©lexpOw([P()])) de.
RN
Given a compact subset K of {2 we define
Dy p)(K) = {f € C°(RY) : supp f C K and VA > 0, s)(f) < oo}

Since f € £!, its Fourier transform is bounded. Then

0(F) < IFIPsa ()2,
Thus, D, p,()(K) is a subset of Dp, (K ). On the other hand, we write

~ ~

f(&) expAw([P(E)])) = f(&) exp(2Aw(|P(§)])) exp(=Aw(| P(£)]))-

The Hélder inequality and the fact that exp(—Aw(|P(£)])) is in £2 imply
the continuous inclusion

DP,(w) (K) - Dl,P,(w) (K) :
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The inequality above shows that the identity

D1,pw)(K) = Dp () (K)
holds algebraically.

Now, we denote by 7; the topology induced by the seminorms ¢y, and by
75 the topology induced by the seminorms s).

PROPOSITION 4.1. Let P be a hypoelliptic polynomial. The identity map
(DP,(w) (K)7 Tt) - (DP,(w) (K)7 TS)

18 a homeomorphism.

Proof. We use the closed graph theorem. Since the metrizable space
(D Pw) (K), Tt) is a closed subspace of the Fréchet space Ep ) (RV) we only
need to prove that the space (D Py w) (K), 7'8) is also complete. From the proof
of Theorem we infer that for each f € Dp,,)(K) its derivatives can be
written as

1 —~ .
FO(z) = ¥ RSN EVf(€)e™ede  for all a € N

and we get positive constants C,d > 0 such that
1

()| < L zigexp(—hw(lp(f)!) + lafln |§!)RSN [F(©)]eX 17D ag

As a consequence, the inclusion

(Dp,w)(K),75) — D(K)

is continuous. The completeness of (Dp . (K),7s) easily follows. u

We can get a similar result for the space £p () (£2). Let P be a polynomial
and let £2 be an open subset of R™V. Consider the space

'CP(Q) = {f € ‘Clloc(g) VJ € NOa P](D)f € ‘Clloc(Q)}

Denote || fl|z.; := supg<p<; | P¥(D) f||1,c where || |1, denotes the £!'-norm
on the compact subset L, and endow Lp(f2) with the fundamental system
of seminorms {|| - ||z,;} Lcca, jen,- Then Lp(§2) is a Fréchet space.

In the proof of our next lemma we use tools based on Hormander’s well
known B, ;, spaces. We follow Chapters X and XI of [H2] II].

LEMMA 4.2. If P is hypoelliptic, then Lp(§2) = C*°(12) as Fréchet spaces.
As a consequence, for each m € Ny and for each compact subset K in {2
there are a constant C' > 0, a natural number j € Ny and a compact subset
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L of 2 such that for all f € C*(£2),

(4.1) sup sup | (z)| < C sup |P*(D)f|.L-
la|<mzeK 0<k<j

Proof. Let f € Lp(2) and fix j € Np. Since the Fourier transform
of a function in £ is bounded, we have P/(D)f € Li (£2) C B(l)‘z)cl(_())

loc

and in view of [H2, Theorem 11.1.8] we have f € Blo‘;cﬁj(ﬁ). Hence, f €
Njeng Bl°c_ (£2) = C>(£2). The closed graph theorem implies that the in-

o0, Pi

clusion Lp(£2) — C*({2) is continuous. =

COROLLARY 4.3. Let P be a hypoelliptic polynomial. On Ep,,(12) we can
replace the seminorms

£ llxcx = sup [[P7(D)fllo,i exp(=Ae*(5/X))
Jj€No
by the seminorms
1% = sup [[P/(D)fllpx exp(=Ag*(5/N),  p>1,
J€Ng
and also by the seminorms
I£1175 = sup sup |[P7(D) f(x)| exp(=A¢™(j/N))-
JjENg ze K

Proof. Fix 1 < p < oo. For each compact subset K in {2 we will prove
that the fundamental system of seminorms given by || - [|%; , is equivalent to
the system of seminorms given by || - [|% .

In view of the previous lemma, for each compact subset K in {2 there

are a constant C' > 0, a natural number j € Ny and a compact subset L in
2 such that for all f € C*(12),

sup |f(z)] < C sup |P*(D)flh,L.
zeK 0<k<j

Fix | € Ny. Applying this inequality to the function P'(D)f we have
sup [P/(D) f(z)| < C sup |P*(D)fl1,r
zeK 0<k<j

for all I € Ny and for all f € C*°(f2). Now, proceeding as in [JH, Lemma
2.3] we conclude that for each compact subset K in {2 and A > 0 there is
a compact subset L and positive constants ¢/ > 0 and g > 0 depending
on K and A such that | f[|%, < C”HleL#. Moreover, Holder’s inequality
guarantees that ||f||}(/\ < C’”Hf”’;()\ for some positive constant C” > 0.
Obviously, ||f||1';(7/\ < C"||flI® , for some positive constant C"" > 0. =
Assume that P is hypoelliptic. Inspired by Proposition Lemma

and Corollary we study the nuclearity of the spaces Ep (,)(£2) and
Ep{w}({2) and the corresponding test spaces.
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Recall that a projective limit of nuclear spaces is nuclear and that nu-
clearity is inherited by countable inductive limits. In order to see that an
inductive limit ind,, X,, is nuclear it suffices to prove that for all n there
exists m > n such that the inclusion X,, — X,, is absolutely summing. See
Chapter 28 of [MV] and the books [J] and [Kol II] for more details.

THEOREM 4.4. If P is hypoelliptic, then the spaces Ep.)({2) and
Ep{wy(£2) are nuclear.

Proof. Beurling case. First, observe that [BMT, Lemma 1.4] allows us
to describe the topology of £p ., ({2) by the seminorms

> VIP/(D)f(@)] de exp(=Ae™ (j/N))-
jENg K

Fix A > 0 and a compact subset K. By the same lemma we have

Y VIP/(D)f ()] duexp(=Ap" (/X))
j€ENg K .
<C Z S |PY(D ]dxexp( L™ ([i\)) exp(—j)

jGNQ K

for some positive constant C' > 0. Define

Aj K — (gP,(w)(‘Q),?J(‘S‘P,(w)(“(z)/vgp,(w)(g)))

by
: J
Al = P0) e (23 () )
Then
|25 (@)A1 < IR pa-
Hence, Aj(x) € Ep,)(2) and A; is a well defined and continuous map.
Moreover A j(K) C V° where V is the absolutely convex zero neighborhood
defined by

Vi=A{f €&p)(2) : [[flRr <1}
Now, consider the map

i C(V) =R, pig) = C | g(4;()) exp(—j) da.
K

If g : V° — R is a continuous function on V°, it is clear that

15 (g)| < Cexp(—j)m(K) sup |g(f)|
feve

This fact implies that p; is a continuous linear map which is positive, i.e.,
1i(g) > 0 whenever g > 0. So, u; defines a measure on (V°,0*). We now
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consider

p= Y p

Jj€No

which is a measure on (V°,0*). Then
Y VIP/(D)f(@)| da exp(=Ap” (/X))

j€ENg K
<Y 14i@)[flldrexp(=5) = | ()l du(y).
j€ENg K Ve

and the nuclearity in the Beurling case follows.

Roumieu case. To see that

Ep 1wy (£2) := proj ind Ep,(K)
KCC0A>0

is nuclear it is enough to see that
1 1/nL
EHL(K) — 42" (K)

is absolutely summing. & / (K) and &p Y n( ) are Banach spaces endowed
with the norms [|- |12, 7, and [y respectlvely Again, [BMT, Lemma
1.4] gives constants C, L > 0 such that

1, .
118 = 3 NPl oo~ () )

J€Np
1 .
< CeXp( ) > |IPI(D fIIpKeXp<s0 (nj)> exp(—j).
J€Ng
Define
1/n 1/n 1/n

Aj i K — (LMK o(E4MK) 4N (K)))

by

A1) = PO exp( 1" (0i) )

Denote by U the unit ball of £ Y n( ). Proceeding as in the Beurling case
we can define a measure p on U° such that

1A% 1m0 <V ()l du(y). =
UO
COROLLARY 4.5. Let 2 be an open subset of RN . If P is a hypoelliptic
polynomial, then the spaces Dp . (§2) and Dp ) (§2) are nuclear.

Proof. By Proposition Dp () (K) is a topological subspace of
Ep,(w)(§2) and hence nuclear. Then the space Dp () (£2) =indk cc Dp, () (K)
is also nuclear.
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In the Roumieu case we consider Dp g, (§2) endowed with the seminorms
sy and we prove that the inclusion

D, (K) — Dp,(K)
is absolutely summing. Let U be the unit ball of D?;L(K ) and define
A:RY — (DEL(K), o(DEL(K)', DEL(K)))
by R

A)Lf] = CF (&) exp(2Aw([P(E)])),

where the constant C' is chosen in such a way that A(RY) C U°. Now, we
consider the map

p:CU°) =R, p(g) = | g(A&)exp(-Iw(|P(£)])) dt.
RN

If g : U° — R is a continuous function, it is clear that

no)] < ((§ exp(=2w(IP©D)d€) sup l9(/)]

RN fe

This implies that p is a continuous linear map which is positive, i.e., u(g) > 0
whenever g > 0. So, u defines a measure on (U°,c*) and

s\(f) = | [F©)lexp2x(|P(€)])) exp(=Aw(|P()])) dé

RN
= | [AQ©f)lexp(= w(|PE)) dE < | [y(f) du(y). =
RN Ue

To finish we give a sufficient condition for the test space Dp,,(§2) to be
an algebra.

PROPOSITION 4.6. Let P be a hypoelliptic polynomial and w a weight
function such that w(|P(z +y)|) < K + Kw(|P(z)|) + Kw(|P(y)|) for some
constant K > 0. Then Dp,(12) is an algebra.

~

Proof. We consider the seminorms sy(f)={pn |f ()| exp(Aw(|P(z)])) dx.
Note that

| 179(2)l expOw(|P(x)))) dz = | |F*G(x)|exp(Aw(|P(x)])) dz
RN RN
< | VIFwllg@ - v)lexpOw(| P(x))) dy da.
RN]RN

The hypothesis gives a positive constant C' > 0 such that
sx(fg) < Cska(f)ska(g). =
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ExaMpPLE 4.7. Consider the hypoelliptic heat polynomial in two vari-
ables, P(t,x) = it + 2%, and the Gevrey weights w(t) = t¢ for a € ]0,1/2].
Then Dp,,(2) is an algebra.

Recall that Dy2.(£2) C Dpa(f2), and therefore Dpya(£2) is non-trivial.

For w(t) = t'/2, one can easily check
|P((x,1) + (g, w)['? < K + K|P(,1)]'/* + K|P(y, u)|'/?.

Weset X = P(x +y,t+u), Y = P(z,t) and Z = P(x,t). For 0 < a < 1/2,
we want to see

X*<KQA+Y*+2Z* for some K > 0.

By the inequality above, we have X /2 < K(1+Y1/2+Z1/2) forall XY, Z>0.
Observe that p := 1/2a > 1. Since on R all norms are equivalent, we have
| Il < D|| - |li for some D > 0. Then

(14 (Y% 4 (24292 < D(14+Y* + Z).
As a consequence,
X <K*(14+Y'V24+ 722 < K*D(14Y* + 24)!/*
and then
X* < K*DY(14+Y"+ Z%).
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