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Finite rank commutators of Toeplitz operators on the bidisk

by

Young Joo Lee (Gwangju)

Abstract. We study some algebraic properties of commutators of Toeplitz operators
on the Hardy space of the bidisk. First, for two symbols where one is arbitrary and the
other is (co-)analytic with respect to one fixed variable, we show that there is no nontrivial
finite rank commutator. Also, for two symbols with separated variables, we prove that
there is no nontrivial finite rank commutator or compact commutator in certain cases.

1. Introduction. Let T be the boundary of the unit disk D in the
complex plane C. The bidisk D2 and the torus T2 are the cartesian products
of two copies of D and T respectively. We let L2(T2) = L2(T2, σ2) be the
usual Lebesgue space of T2 where σ2 is the normalized Haar measure on T2.
The Hardy spaceH2(D2) is the closure of the analytic polynomials in L2(T2).
Let P denote the Hilbert space orthogonal projection from L2(T2) onto
H2(D2). For u ∈ L∞(T2), the Toeplitz operator Tu with symbol u is defined
by

Tuf = P (uf)

for f ∈ H2(D2). Then clearly Tu is a bounded linear operator on H2(D2).

In this paper, we study the problems of when the commutator of two
Toeplitz operators is zero, of finite rank or compact on H2(D2). On the
Hardy space of the unit disk, these problems have been well studied. Brown
and Halmos [1] obtained a complete description of commuting Toeplitz op-
erators. Later, Gorkin and Zheng [6] characterized compactness of commu-
tators of two Toeplitz operators. Also, Ding and Zheng [5] have recently
obtained a characterization for the commutator of two Toeplitz operators
to have finite rank.

In the setting of the Hardy space over the polydisk, the corresponding
problems appear to be wide open in general. Gu and Zheng [8] studied
the problems on the bidisk and observed that compactness and being zero
property for the commutator of two Toeplitz operators are the same in
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certain cases. More explicitly, they proved that given u, v ∈ L∞(T2) for
which one of u, v is analytic or co-analytic, TuTv − TvTu is compact on
H2(D2) if and only if TuTv = TvTu on H2(D2) (see Corollary 2 of [8]). But it
turns out that the general situation is entirely different. In the same paper,
Gu and Zheng considered symbols u, v of the form u(z, w) = f(z)g(w) and
v(z, w) = h(z)k(w) where f, g, h, k are nonzero continuous on T and f, h
have zero sets with an intersection of a positive Lebesgue measure. They
proved that if fh = 0 and gk = 0 on T, then TuTv − TvTu is compact but
TuTv 6= TvTu on H2(D2).

Motivated by the above results of Gu and Zheng, we consider two classes
of symbols. First, in Section 3, we consider symbols which are slightly more
general than (co-)analytic symbols considered in the first result of Gu and
Zheng. More explicitly, we will consider symbols u, v ∈ L∞(T2) for which v
is a general bounded symbol and u is a nonconstant (co-)analytic symbol
with respect to one fixed variable. For such u and v, by using a completely
different argument from that of Gu and Zheng, we show that TuTv − TvTu
has finite rank on H2(D2) if and only if v is (co-)analytic in the same fixed
variable and TuTv = TvTu on H2(D2). We also provide characterizations
for symbols u, v for which TuTv = TvTu on H2(D2) (see Theorem 4 and
Corollary 5).

Next, in Section 4, we consider symbols u, v of the form u(z, w) =
f(z)g(w) and v(z, w) = h(z)k(w) where f, g, h, k ∈ L∞(T) are general
bounded functions. In connection with the second result of Gu and Zheng
mentioned above, we investigate how the assumptions that fh and gk are
zero or not affect the behavior of the commutator TuTv − TvTu, concern-
ing its finite rank or compactness on H2(D2). Using a different argument
from that of Gu and Zheng, we show that if one of fh and gk is a nonzero
function, then TuTv − TvTu has finite rank if and only if TuTv = TvTu on
H2(D2). On the other hand, if both fh and gk are nonzero functions, then
TuTv −TvTu is compact if and only if TuTv = TvTu on H2(D2). At the same
time, we give characterizations for TuTv = TvTu on H2(D2) (see Theorems
6 and 8). Also, some immediate consequences are obtained. But the cases
of general symbols remain open.

2. Preliminaries. We let L2(T) denote the usual Lebesgue space on
T and H2(D) be the well known Hardy space on D. We write Q for the
orthogonal projection from L2(T) onto H2(D). With the identification of a
function in H2(D) with its holomorphic extension on D, for each z ∈ D, the
reproducing kernel Kz for H2(D) is the well known Cauchy kernel given by

Kz(ζ) =
1

1− z̄ζ
, ζ ∈ T.
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Thus the projection Q can be written as

Qϕ(z) =
�

T

ϕKz dσ

for ϕ ∈ L2(T) where σ is the normalized Lebesgue measure on T.
We can also identify a function in H2(D2) with its holomorphic extension

on D2. With this identification, given x = (z, w) ∈ D2, the reproducing
kernel Rx for H2(D2) is given by

Rx(y) =
1

(1− z̄ζ)(1− w̄η)
, y = (ζ, η) ∈ T2,

and thus we can write the projection P as

Pϕ(x) =
�

T2

ϕRx dσ2

for ϕ ∈ L2(T2). Since R(z,w)(ζ, η) = Kz(ζ)Kw(η), we have

(2.1) P [f(ζ)g(η)](z, w) = Qf(z)Qg(w)

for f, g ∈ L2(T). See Chapter 3 of [10] or Chapter 9 of [11] for details and
related facts.

For ϕ ∈ L∞(T), let Sϕ : H2(D) → H2(D) denote the 1-dimensional
Toeplitz operator with symbol ϕ defined by

Sϕf = Q(ϕf)

for f ∈ H2(D). Clearly Sϕ is a bounded linear operator on H2(D).
In the course of our proofs, we will often use several known results for

Toeplitz operators on the Hardy space of the unit disk. Thus we need a
couple of lemmas. First we recall the following characterization for zero
sums of products of Toeplitz operators (Theorem 3 of [9]).

Lemma 1. Let fj , gj∈L∞(T) for j=1, . . . , N . Then
∑N

j=1 SfjSgj =0 on

H2(D) if and only if
∑N

j=1 fjgj = 0 on T and the function
∑N

j=1[Qfj ][Qgj ]
is harmonic on D.

We also need the following lemma whose part (a) was proved in [1], while
(b) is Theorem 2.1 of [4] or Theorem 1 of [7].

Lemma 2. Let f, g ∈ L∞(T). Then the following statements hold:

(a) Let aj , bj be the Fourier coefficients of f and g respectively. Then
the following statements are all equivalent:

(a1) SfSg = SgSf on H2(D).
(a2) ajb−k = bja−k for all j, k = 1, . . . .
(a3) f and g are analytic, or f and g are co-analytic, or a nontrivial

linear combination of f and g is constant.

(b) SfSg has finite rank on H2(D) if and only if either f = 0 or g = 0.
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3. (Co-)analytic symbols in one variable. In this section, we con-
sider pairs of symbols one of which is arbitrary and the other is nonconstant
analytic or co-analytic with respect to one fixed variable. We only consider
the z-variable without loss of generality. Before doing this, we recall some
basic facts on finite rank operators.

Given a Hilbert space K with an inner product 〈 , 〉 and α, β ∈ K, we
let α⊗ β denote the rank one operator on K defined by α⊗ β(γ) = 〈γ, β〉α
for γ ∈ K. Recall that a bounded linear operator T has finite rank on K if
and only if there exist α1, . . . , αN , β1, . . . , βN ∈ K such that

T =
N∑
j=1

αj ⊗ βj .

We start with a necessary condition for a commutator of two Toeplitz
operators with general symbols to have finite rank on H2(D2).

Lemma 3. Let u, v ∈ L∞(T2) and suppose TuTv − TvTu has finite rank
on H2(D2). If

u(z, w) =
∞∑

j=−∞
uj(w)zj , v(z, w) =

∞∑
j=−∞

vj(w)zj

are the Fourier series expansions of u, v with respect to z, then SujSv−k
−

SvjSu−k
has finite rank on H2(D) for all j, k = 1, . . . . Also, if

u(z, w) =

∞∑
j=−∞

uj(z)w
j , v(z, w) =

∞∑
j=−∞

vj(z)w
j

are the Fourier series expansions with respect to w, then SujSv−k
−SvjSu−k

has finite rank on H2(D) for all j, k = 1, 2, . . . .

Proof. We only prove the first part because the second is similar. Fix
an integer k ≥ 1 and h ∈ H2(D). Let M1 be the multiplication operator on
H2(D2) given by M1f(a, b) = af(a, b). By Lemma 3 of [7], we have

[M∗1TuTvM1 − TuTv]Mk−1
1 h(a, b) =

∑
j≥1

SujSv−k
h(b)aj−1

and similarly

[M∗1TvTuM1 − TvTu]Mk−1
1 h(a, b) =

∑
j≥1

SvjSu−k
h(b)aj−1

for all (a, b) ∈ D2. Putting T = TuTv − TvTu, we then have

[M∗1TM1 − T ]Mk−1
1 h(a, b) =

∑
j≥1

[SujSv−k
− SvjSu−k

]h(b)aj−1(3.1)
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for all (a, b) ∈ D2. Note [M∗1TM1 − T ]Mk−1
1 has finite rank on H2(D2)

because T has finite rank on H2(D2) by assumption. Thus we can write

[M∗1TM1 − T ]Mk−1
1 =

N∑
`=1

x` ⊗ y`

for some integer N ≥ 0 and x`, y` ∈ H2(D2). Then

[M∗1TM1 − T ]Mk−1
1 h =

N∑
`=1

x`
�

T

h(η)ψ`(η) dσ(η),

where ψ`(η) = y`(0, η). Now, for fixed j ≥ 1, letting

ϕ`(b) =
�

T

x`(ζ, b)ζj−1 dσ(ζ)

for each `, we see from (3.1) that

[SujSv−k
− SvjSu−k

]h =
�

T

[M∗1TM1 − T ]Mk−1
1 hζj−1 dσ(ζ)

=

N∑
`=1

ϕ`

�

T

hψ` dσ =

N∑
`=1

[ϕ` ⊗ ψ`]h

and thus

SujSv−k
− SvjSu−k

=

N∑
`=1

ϕ` ⊗ ψ`.

Note ψ`, ϕ` ∈ H2(D) for each `. It follows that SujSv−k
− SvjSu−k

has finite
rank on H2(D) for all j, k = 1, 2, . . . .

Now we state and prove the main result of this section. We consider two
symbols u, v one of which is nonconstant analytic or co-analytic with respect
to z. Our results show that there is no nontrivial finite rank commutator of
Toeplitz operators under consideration. We first consider the case when one
symbol is analytic in z.

Theorem 4. Let u, v ∈ L∞(T2). Suppose u is nonconstant and analytic
in z. Let

u(z, w) =
∞∑

k=−∞
uk(w)zk, v(z, w) =

∞∑
k=−∞

vk(w)zk

be the Fourier series expansions of u, v with respect to z. Then the following
statements are all equivalent:

(a) TuTv − TvTu has finite rank on H2(D2).
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(b) v is analytic in z and∑
j,k≥0, j+k=i

[SujSvk − SvjSuk
] = 0

for every i = 0, 1, . . . .
(c) v is analytic in z and the function∑

j,k≥0, j+k=i

[Q(uj)Q(vk)−Q(vj)Q(uk)]

is harmonic on D for each i = 0, 1, 2, . . . .
(d) v is analytic in z and TuTv = TvTu on H2(D2).

Proof. Since u is nonconstant analytic in z, we have uk = 0 for all k ≤ −1
and uN 6= 0 for some N ≥ 1. Thus

u(z, w) =

∞∑
k=0

uk(w)zk.

First suppose (a) holds. By Lemma 3, we see that SuNSv−k
− SvNSu−k

=
SuNSv−k

has finite rank on H2(D) for all k > 0. By Lemma 2(b), we have
v−k = 0 for all k > 0 because uN 6= 0. Thus v is also analytic in z and hence

v(z, w) =
∞∑
k=0

vk(w)zk.

Let ψ = ψ(w) ∈ H2(D) be arbitrary. By a simple application of (2.1), one
can check that

TuTv(ϕψ) = ϕ
∞∑
j=0

∞∑
k=0

zj+kSujSvkψ

and

TvTu(ϕψ) = ϕ

∞∑
j=0

∞∑
k=0

zj+kSvjSuk
ψ

for every ϕ = ϕ(z) ∈ H2(D). Hence

(3.2) (TuTv − TvTu)(ϕψ)(z, w)

= ϕ(z)

∞∑
j=0

∞∑
k=0

zj+k[SujSvk − SvjSuk
](ψ)(w)

= ϕ(z)
∞∑
i=0

zi
( ∑
j,k≥0, j+k=i

[SujSvk − SvjSuk
](ψ)(w)

)
for every ϕ ∈ H2(D) and z, w ∈ D. Since TuTv − TvTu has finite rank on
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H2(D2) by assumption, it follows from (3.2) that

∞∑
i=0

zi
( ∑
j,k≥0, j+k=i

[SujSvk − SvjSuk
](ψ)(w)

)
= 0

and hence ∑
j,k≥0, j+k=i

[SujSvk − SvjSuk
] = 0

for every i = 0, 1, . . . , thus (b) holds.

The equivalence of (b) and (c) follows from Lemma 1. Now assume (b).
Then

v(z, w) =
∞∑
k=0

vk(w)zk

and (3.2) holds. By (b), we have (TuTv−TvTu)(ϕψ) = 0 for all ϕ,ψ ∈ H2(D).
Hence Tu commutes with Tv on H2(D2), so (d) holds. The implication
(d)⇒(a) is clear.

In the case when one symbol is co-analytic with respect to z, we have
the following immediate consequence of Theorem 4.

Corollary 5. Let u, v ∈ L∞(T2). Suppose u is nonconstant and co-
analytic in z. Let

u(z, w) =

∞∑
k=−∞

uk(w)zk, v(z, w) =

∞∑
k=−∞

vk(w)zk

be the Fourier series expansions of u and v with respect to z. Then the
following statements are all equivalent:

(a) TuTv − TvTu has finite rank on H2(D2).
(b) v is co-analytic in z and∑

j,k≤0, j+k=i

[SujSvk − SvjSuk
] = 0

for every i = 0,−1,−2, . . . .
(c) v is co-analytic in z and the function∑

j,k≤0, j+k=i

[Q(uj)Q(vk)−Q(vj)Q(uk)]

is harmonic on D for each i = 0,−1,−2, . . . .
(d) v is co-analytic in z and TuTv = TvTu on H2(D2).

Proof. Since u is nonconstant co-analytic in z, it follows that ū is non-
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constant analytic in z. Note that

ū(z, w) =

∞∑
k=0

u−k(w)zk, v̄(z, w) =

∞∑
k=−∞

v−k(w)zk.

Recall that TuTv − TvTu has finite rank if and only if [TuTv − TvTu]∗ has
finite rank. Also [TuTv − TvTu]∗ = Tv̄Tū − TūTv̄ and [SūjSv̄k − Sv̄jSūk

]∗ =
SvkSuj − Suk

Svj for every j, k. Thus, using Theorem 4, we have the desired
results.

4. Symbols with separated variables. In this section, we consider
two symbols with separated variables and study the problem of when the
commutator of the corresponding Toeplitz operators is of finite rank or com-
pact on H2(D2). Before doing this, we first recall the well known Berezin
transform.

Given a bounded linear operator L on H2(D2), the Berezin transform
B[L] of L is the function on D2 defined by

B[L](x) =
�

T2

(Lrx)rx dσ2, x = (a, b) ∈ D2,

where rx is the normalized kernel on H2(D2) given by

rx(y) =

√
(1− |a|2)(1− |b|2)

(1− āζ)(1− b̄η)
, y = (ζ, η) ∈ T2.

Also, we will use the same notationB[S] to denote the 1-dimensional Berezin
transform for a bounded linear operator S on H2(D):

B[S](a) =
�

T

(Ska)ka dσ, a ∈ D,

where

ka(ζ) =

√
1− |a|2
1− āζ

, ζ ∈ T.

It is well known that the Berezin transform is one-to-one (see [3] for ex-
ample). Also, if L is compact on H2(D2), then B[L](x)→ 0 as x→ ∂D2, the
topological boundary of D2, because rx converges weakly to 0 as x→ ∂D2.
For symbols u, v of the form u(z, w) = f(z)g(w) and v(z, w) = h(z)k(w)
where f, g, h, k ∈ L∞(T), we see using (2.1) that

B[TuTv](a, b) = B[SfSh](a)B[SgSk](b)(4.1)

for all a, b ∈ D. Also, for a product of two Toeplitz operators, the boundary
value of the Berezin transform can be obtained in terms of the product of
symbols. More explicitly, given f, g ∈ L∞(T), it is known that B[SfSg] has
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an admissible limit and

B[SfSg] = fg(4.2)

at almost all points of T; see Theorem 3.2 of [3] for details and related facts.

The following is the first result of this section.

Theorem 6. Let f, g, h, k ∈ L∞(T) be nonzero functions and put u(z, w)
= f(z)g(w) and v(z, w) = h(z)k(w). Suppose either fh 6= 0 or gk 6= 0. Then
the following statements are all equivalent:

(a) TuTv − TvTu has finite rank on H2(D2).
(b) SfSh = ShSf and SgSk = SkSg on H2(D).
(c) The following two conditions hold:

(c1) f and h are analytic, or f and h are co-analytic, or a nontrivial
linear combination of f and h is constant.

(c2) g and k are analytic, or g and k are co-analytic, or a nontrivial
linear combination of g and k is constant.

(d) TuTv = TvTu on H2(D2).

Proof. We first note from (4.1) that

B[TuTv](a, b) = B[SfSh](a)B[SgSk](b),

B[TvTu](a, b) = B[ShSf ](a)B[SkSg](b)
(4.3)

for all (a, b) ∈ D2. Thus, if we assume (b), then (4.3) shows that B[TuTv] =
B[TvTu] and hence TuTv = TvTu because B is one-to-one on H2(D2). Thus,
implication (b)⇒(d) holds. Also, (b)⇔(c) is a consequence of Lemma 2(a).
Since (d)⇒(a) is clear, it remains to prove (a)⇒(b). So suppose (a) holds.
First assume gk is not a zero function. Let

f(z) =

∞∑
j=−∞

ajz
j , h(z) =

∞∑
j=−∞

bjz
j

be the Fourier series expansions of f and h. Then

u(z, w) =

∞∑
j=−∞

ajg(w)zj , v(z, w) =

∞∑
j=−∞

bjk(w)zj .

Since T has finite rank onH2(D2), Lemma 3 shows that SaigSb−jk−SbikSa−jg

is a finite rank operator and hence compact on H2(D) for each i, j ≥ 1. Thus
B[SaigSb−jk − SbikSa−jg](z) → 0 as |z| → 1. By an application of (4.2), we
obtain

(aib−j − bia−j)gk = 0, i, j = 1, 2, . . . .

But, since gk 6= 0, we have aib−j = bia−j for all i, j ≥ 1, which is equivalent
to SfSh = ShSf on H2(D) by Lemma 2(a). Next, we show SgSk = SkSg on
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H2(D). Since SfSh = ShSf on H2(D), it follows from (4.3) that

B[TuTv − TvTu](a, b) = B[SfSh](a)B[SgSk − SkSg](b)

for every (a, b) ∈ D2. On the other hand, since TuTv − TvTu has finite rank
on H2(D2) by assumption, we have

TuTv − TvTu =
N∑
`=1

x` ⊗ y`(4.4)

for some integer N ≥ 0 and x`, y` ∈ H2(D2). Note that

B[F ⊗G](a, b) = (1− |a|2)(1− |b|2)F (a, b)G(a, b), (a, b) ∈ D2,

for all F,G ∈ H2(D2). Thus, by taking the Berezin transform B of both
sides of (4.4), we have

(4.5) (1− |a|2)(1− |b|2)
N∑
`=1

x`(a, b)y`(a, b)

= B
[ N∑
`=1

x` ⊗ y`
]
(a, b) = B[TuTv − TvTu](a, b)

= B[SfSh](a)B[SgSk − SkSg](b)

for every (a, b) ∈ D2. Suppose that SgSk 6= SkSg on H2(D). Then
B[SgSk − SkSg] 6= 0 on D and hence

β := B[SgSk − SkSg](b0) 6= 0

for some b0 ∈ D. For each `, we put X`(a) = β−1(1 − |b0|2)x`(a, b0) and
Y`(a) = y`(a, b0). Note X`, Y` ∈ H2(D) (see Lemma 3.3 of [2] for example).
Also, for ψ,ϕ ∈ H2(D), we have

B[ψ ⊗ ϕ](a) = (1− |a|2)ψ(a)ϕ(a)

for all a ∈ D. It follows from (4.5) that

B[SfSh](a) = (1− |a|2)

N∑
`=1

X`(a)Y`(a) = B
[ N∑
`=1

X` ⊗ Y`
]
(a)

for all a ∈ D. Thus we obtain

SfSh =
N∑
`=1

X` ⊗ Y`

because B is one-to-one on H2(D). Hence SfSh has finite rank on H2(D)
and so f = 0 or h = 0 by Lemma 2(b), which is a contradiction. Therefore
SgSk = SkSg on H2(D) and (b) follows.
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Now, assume fh is not a zero function and put

g(w) =

∞∑
j=−∞

cjw
j , k(w) =

∞∑
j=−∞

djw
j .

Since TuTv−TvTu has finite rank on H2(D2), we have [cid−j −dic−j ]fh = 0
for all i, j = 1, 2, . . . as before. Also, since fh 6= 0, we see Sg and Sk are
commuting on H2(D). Now, using exactly the same argument as in the
previous case, we conclude that Sf commutes with Sh on H2(D).

Given analytic functions g, k ∈ L∞(T), we see from Lemma 2(a) that
SgSk̄ = Sk̄Sg if and only if one of g and k is constant. Also, note that
gk̄ = 0 if and only if g = 0 or k = 0. Thus, the following is an immediate
consequence of Theorem 6.

Corollary 7. Let f, g, h, k ∈ L∞(T) and suppose g, k are nonconstant
analytic functions. Put u(z, w) = f(z)g(w) and v(z, w) = h(z)k̄(w). Then
TuTv − TvTu has finite rank on H2(D2) if and only if either u = 0 or v = 0.

We now consider the case when fh and gk are both nonzero. Our result
below shows that there is no nontrivial compact commutator of two Toeplitz
operators under consideration.

Theorem 8. Let f, g, h, k ∈ L∞(T) and suppose fh, gk are not zero
functions. Put u(z, w) = f(z)g(w) and v(z, w) = h(z)k(w). Then the fol-
lowing statements are all equivalent:

(a) TuTv − TvTu is compact on H2(D2).
(b) SfSh = ShSf and SgSk = SkSg on H2(D).
(c) The following two conditions hold;

(c1) f and h are analytic, or f and h are co-analytic, or a nontrivial
linear combination of f and h is constant.

(c2) g and k are analytic, or g and k are co-analytic, or a nontrivial
linear combination of g and k is constant.

(d) TuTv = TvTu on H2(D2).

Proof. Since the implications (b)⇒(c)⇒(d)⇒(a) have been shown in the
proof of Theorem 6, we only need to prove (a)⇒(b). So assume (a) holds.
Note (a, b) → ∂D2 as |a| → 1 for each b ∈ D. Then the compactness of
TuTv − TvTu implies that for fixed b ∈ D, B[TuTv − TvTu](a, b) → 0 as
|a| → 1. Also, for each a ∈ D, since (a, b) → ∂D2 as |b| → 1, we have
B[TuTv − TvTu](a, b) → 0 as |b| → 1 for fixed a ∈ D. It follows from (4.1)
and (4.2) that

B[SgSk − SkSg](b)(fh)(ζ) = 0,

B[SfSh − ShSf ](a)(gk)(η) = 0,
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for all a, b ∈ D and almost all ζ, η ∈ T. But, since both fg and gk are all
nonzero by the assumption, we have

B[SfSh − ShSf ] = B[SgSk − SkSg] = 0

on D. Thus SgSk = SkSg and SfSh = ShSf on H2(D) because B is one-to-
one, hence (b) holds.

As an immediate consequence of Theorem 8 together with Lemma 2(a),
we have the following corollary in the case when the two symbols depend
on different variables.

Corollary 9. Let f, k ∈ L∞(T). Put u(z, w) = f(z) and v(z, w) =
k(w). Then Tu and Tv are always commuting on H2(D2).

On the other hand, if the two symbols depend on only one variable, the
commutator of the corresponding Toeplitz operators is compact only in an
obvious case as shown in the following.

Proposition 10. Let f, h ∈ L∞(T) be nonzero. Assume either u(z, w) =
f(z) and v(z, w) = h(z), or u(z, w) = f(w) and v(z, w) = h(w). Then the
following statements are all equivalent:

(a) TuTv − TvTu is compact on H2(D2).
(b) f, h are analytic, or f, h are co-analytic, or a nontrivial combination

of f and h is constant.
(c) SfSh = ShSf on H2(D).
(d) TuTv = TvTu on H2(D2).

Proof. We only consider the case when u(z, w) = f(z) and v(z, w) = h(z)
because the proof of the other case is similar. First by (4.1), we have

B[TuTv − TvTu](a, b) = B[SfSh − ShSf ](a)(4.6)

for all (a, b) ∈ D2, which implies the equivalence of (c) and (d). Also, since
(b)⇔(c) holds by Lemma 2(a), and (d)⇒(a) is clear, we only prove (a)⇒(c).
So assume (a) holds. Since TuTv−TvTu is compact, B[TuTv−TvTu](a, b)→ 0
as |b| → 1 for fixed a ∈ D. It follows from (4.6) that B[SfSh − ShSf ] = 0
and hence SfSh = ShSf , so we have (c).
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