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A “hidden” characterization of approximatively polyhedral
convex sets in Banach spaces

by

TArRAS BANAKH (Lviv and Kielce) and IvAN HETMAN (Lviv)

Abstract. A closed convex subset C' of a Banach space X is called approzimatively
polyhedral if for each € > 0 there is a polyhedral (= intersection of finitely many closed
half-spaces) convex set P C X at Hausdorff distance < € from C. We characterize ap-
proximatively polyhedral convex sets in Banach spaces and apply the characterization to
show that a connected component # of the space Convy(X) of closed convex subsets of
X endowed with the Hausdorff metric is separable if and only if  contains a polyhedral
convex set.

1. Introduction. In [I] the authors proved that a closed convex subset
C of a complete linear metric space X is polyhedral in its linear hull if and
only if no infinite subset A C X \ C is hidden behind C' in the sense that
[a,b] N C # () for any distinct points a,b € A. In this paper we shall prove a
similar “hidden” characterization of approximatively polyhedral subsets in
Banach spaces, simultaneously giving a characterization of separable com-
ponents of the space Convy(X) of non-empty closed convex subsets of a
Banach space X, endowed with the Hausdorff metric

dy(A, B) = max{sup dist(a, B), sup dist(b, A)} € [0, 00].
acA beB

Here dist(a, B) = infyep ||a — b|| stands for the distance from a point a € X
to a subset B C X of the Banach space X.
It is well-known that for each C' € Convy(X) the Hausdorff distance dy
restricted to the set
He = {A S CODVH(X) : dH(A, C) < OO}

is a metric (see [10}, Ch. 2]). The resulting metric space (Hc¢, dn) will be called
the Hausdorff metric component (or just component) of C' in Convy(X).
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In fact, the present investigation was motivated by the problem of cal-
culating the density of components of the space Convy(X) and detecting
closed convex subsets C C X with H¢ separable. In this paper we shall
characterize such sets C in terms of approximative polyhedrality as well as
in “hidden” terms resembling those from [1].

A convex subset C' of a Banach space X is called

e a closed half-space if C = f~1([a, 00)) for some non-zero linear contin-
uous functional f: X — R and some a € R;

e polyhedral if C' can be written as the intersection of a finite family of
closed half-spaces in X;

e approximatively polyhedral if for every € > 0 there is a closed polyhe-
dral subset P C X with dy(C, P) < e.

Observe that the whole space X is polyhedral, being the intersection of
the empty family of closed half-spaces @

It is well-known that each compact convex subset of a Banach space
is approximatively polyhedral (see [7] for more information on that topic).
This is not necessarily true for non-compact closed convex sets. For example,
the convex parabola

P={(z,y) eR*:y>2?}
is not approximatively polyhedral in R?, while the convex hyperbola

H={(z,y) eR?:y > Va2 +1}
is approximatively polyhedral.
Next, we introduce some “hidden” properties of convex sets. Follow-
ing [1], we say that a subset C of a linear space X hides a set A C X if for
any two distinct points a,b € A the segment

[a,0] = {ta+ (1 —¢t)b:t € [0,1]}

meets C.
A convex subset C of a Banach space X is called

e hiding if C hides some infinite set A C X \ C;

e positively hiding if C' hides some infinite set A C X \ C such that
inf,e 4 dist(a, C) > 0;

e infinitely hiding if C hides some infinite set A C X \ C such that
SUp,e 4 dist(a, C) = oo.

It is clear that each infinitely hiding set is positively hiding and each
positively hiding set is hiding.

(*) The polyhedrality of Banach spaces (as closed convex subsets of themselves) should
not be mixed with the classical notion of polyhedrality of Banach spaces studied in the
geometric theory of Banach spaces [4], §6].
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By [1, a closed convex subset C' of a complete linear metric space X is
hiding if and only if C' is not polyhedral in its closed linear hull. So, both
the parabola and the hyperbola are hiding (being non-polyhedral). Yet, the
parabola is infinitely hiding (but not approximatively polyhedral) while the
hyperbola is not positively hiding (but is approximatively polyhedral).

It turns out that approximative polyhedrality and positive or infinite
hiding properties are mutually exclusive, and can be characterized via prop-
erties of the characteristic cone of a given convex set.

Let us recall that the characteristic cone of a convex subset C' in a linear
topological space X is the set Vi of all vectors v € X such that for every
point ¢ € C the ray ¢+ Ryv = {c+tv :t > 0} lies in C. Here R} = [0, 00).
The cone V¢ is closed in X if C' is closed or open in X (see Lemma [2.2)).

The main result of this paper is the following characterization theorem
that will be used in the paper [2] devoted to recognizing the topological
structure of the space Convy(X). In the finite-dimensional case, the equiv-
alence of conditions (1)—(3) was proved by Victor Klee [9].

THEOREM 1.1. For a closed convex subset C' of a Banach space X the
following conditions are equivalent:

(1) C is approximatively polyhedral;

(2) the characteristic cone Vi is polyhedral in X and dy(C, Ve)<oo
(3) the component He contains a polyhedral closed convex set;
(4) Hc contains no positively hiding closed convex set;

(5) Hc is separable;

(6) dens(H¢) < c.

7) C is not positively hiding;

If X is finite-dimensional, then (1)—(6) are equivalent to:
(
(8) C is not infinitely hiding.

Let us recall that the density dens(X) of a topological space X is the
smallest cardinality |D| of a dense subset D of X. Topological spaces with
at most countable density are called separable.

REMARK 1. Observe that the closed unit ball C' = {z € ly: ||z|| < 1} in
the separable Hilbert space [ is positively hiding but not infinitely hiding,
so (7) and (8) are not equivalent in infinite-dimensional Banach spaces.

Theorem will be proved in Section [7] after long preliminary work in

Sections 2H6l

2. Some properties of characteristic cones. This section is of pre-
liminary character and contains some information on convex cones in Banach
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spaces. All linear (and Banach) spaces considered in this paper are over the
field R of real numbers.

By a convex cone in a linear space X we understand a convex subset
C C X such that tc € C for any t € R, and ¢ € C. Here R, = [0, 00) stands
for the closure of the open half-line Ry = (0, 00) in R. For two subsets A, B
of X and a real number X, let A+ B ={a+b:a € A, b € B} be the
pointwise sum of A and B, and AA = {Aa : a € A} be a homothetic copy
of A.

Each subset F' C X generates the cone

n
cone(F) = {Z Aiziin € Nand (z)0, € F™, (\)P, € RQ},
i=1
which contains the convex hull conv(F') of F.
The following description of polyhedral cones and polyhedral convex sets

in finite-dimensional spaces is classical and can be found in [9], [LT, Theorems
1.2, 1.3] or [l §4.3]:

LEMMA 2.1. Let X be a finite-dimensional Banach space.
(1) A convex cone C' C X is polyhedral if and only if
C = cone(F)  for some finite set FF C X.
(2) A convex set C C X is polyhedral if and only if
C = cone(F) + conv(E)  for some finite sets F,E C X.

We shall be mainly interested in characteristic cones and dual character-
istic cones of convex sets in Banach spaces. Let us recall that for a convex
subset C' of a Banach space X its characteristic cone Vo is defined by

Ve={reX:VeeC c+RyzCC}CX.
By the dual characteristic cone of C we understand the convex cone
Vé={z" € X* :supz™(C) < o0}
in the dual Banach space X*. )
It is clear that V& = Vg, where C' is the closure of C' in X. The relation

between Vi and Vi is described in the following simple lemma, whose proof
is left to the reader.

LEMMA 2.2. Let C be a conver set in a Banach space X. Then

(1) Vo C Vg

(2) Vo = Vg if C is open in X.

Our next aim is to show that the characteristic cones of two closed convex
subsets A, B C X with dy(A, B) < oo coincide. For this we shall need:
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LEMMA 2.3. For each point ¢y of a convex set C in a Banach space X,
eachv ¢ Vg, and each e € Ry thereis at € Ry such that dist(co+tv,C) = e.

Proof. Since v ¢ Vg, there is a tg > 0 such that ¢ + tov ¢ C. Consider
the continuous function

f:Ry =Ry, f:twsdist(co+tv,C),

and observe that f(0) = 0 as ¢g € C. We claim that lim; o f(t) = oo.
Since ¢ +tgv ¢ C, we can apply the Hahn-Banach Theorem to find a linear

functional x* € X* with unit norm such that z*(co + tov) > supz*(C) >
x*(cp), which implies that z*(v) > 0. Then for any t >ty we get

dist(tv, C') = inf tv —
ist(tv, C') inf llco + tv — ¢
> ing |z*(tv) — 2™ (c — ¢p)| = tz* (v) — sup 2™ (C — )
ce
and hence limy_, dist(co + tv,C) = oco. By the continuity of f, there is a
t > 0 with dist(co + tv,C) = f(t) = €. =
Now we can prove the promised

LEMMA 2.4. Let A, B be closed convex sets in a Banach space X. If
du(A, B) < oo, then V4 = Vp.

Proof. We lose no generality assuming that 0 € AN B. If V4 # Vg,
then we can find a vector v € X that lies (say) in Vg \ Va. By Lemma [2.3]
there is a t > 0 such that dist(tv, A) > du(A, B), which is not possible as
treVgCB. »

Observe that for a convex set C' C X containing zero, the inclusion
Ve € Cimplies Ve C Vy .
LEMMA 2.5. For any closed convex set C in a Banach space the dual

characteristic cone Vi, coincides with the weak™ closure cI*(Ve) of Ve.

Proof. We lose no generality assuming that 0 € C. Observe that the
cone

W =1{2" € X* :supa™ (V) < oo}
={z* € X" :supz* (V) =0} = m {z¥ e X*:2%(v) <0}
veVeo

is weak® closed in X*, being an intersection of weak® closed half-spaces
in X*. So, V& C Vy7, implies cI* (V) C Vyr. To prove the reverse inclusion
Vi C cl*(V{), assume that, on the contrary, there is an 2* € Vy7_\ cI*(V().
By the Hahn—Banach Theorem applied to the weak™ topology of X*, there
is an « € X that separates 2* from cl*(V}) in the sense that

x*(x) > sup{v*(x) : v* € cI*(VZA)} > sup{v*(z) : v* € VA}.
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We claim that v*(z) < 0 for all v* € V4. Assuming that v*(z) > 0, we can
find a A > 0 so large that Av*(z) > 2*(x), which contradicts the choice of x
(because A\v* € V). So, v*(x) < 0 for all v* € V4. We claim that z € V.

In the opposite case, we could find a ¢ > 0 such that tz ¢ C (recall that
0 € ). Applying the Hahn—-Banach Theorem, we find v* € X* such that
v*(tx) > supv*(C) > 0. Then v* € V& and v*(x) > 0, which contradicts
the preceding paragraph. Thus z € Vi and then z*(x) > 0 implies that
sup 2* (Vo) = oo, which contradicts the choice of z* € V‘jc. This completes
the proof of the inclusion Vi7, C cl*(V{). u

The following lemma implies that polyhedral convex sets in Banach
spaces lie at positive Hausdorff distance from their characteristic cones.

LEMMA 2.6. For a normed space X, linear continuous functionals
fi,ooisfn t X = R, a vector a = (ai,...,a,) € R™ with non-negative
coordinates, and the polyhedral convex set

P, = q f;l((foov ai])

we have:

(1) Vp, = Po;
(2) du(Pa, Po) < du(Po, P1) - maxi<i<p Gi,

where 0 = (0,...,0) and 1 = (1,...,1).

Proof. We consider R" as a Banach lattice with coordinatewise opera-
tions of minimum and maximum.

(1) The first statement is easy and is left to the reader as an exercise.

(2) To prove the second statement, we first check that dy(Po, P1) < oo.
By Lemma [2.1[2), Py = conv(F) 4 cone(E) for some finite sets F, E C X.
It follows that cone(F) coincides with the characteristic cone Py of P; and
hence P; = conv(F) + Py. Then

du(Py, Py) < dy(conv(F) + Py, Po) < dy(conv(F),{0}) < oo.

Let a = maxi<ij<p a;. Since the norm of X is homogeneous and Py C Pj,
C P,1, we get the required inequality

du(Pa, Po) < du(Pa1, Po) = a - du(Pr1, Po) = du(P1, Po) - ax a; < oo. m

3. Recognizing separable components of Convy(X). In this section
we shall prove some lemmas that will help us to recognize closed convex sets
C C X with H¢ separable. First we consider the finite-dimensional case.
The following lemma was proved by V. Klee [9]. We give an alternative
proof based on a Ramsey-theoretic argument.
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LEmMMA 3.1. If the component Heo of a closed convex subset C' of a finite-
dimenstonal Banach space X contains a polyhedral convex set, then Hcg
contains a countable dense family of polyhedral convex sets.

Proof. The case C = X is trivial because H¢ then contains a unique
convex set X, which is polyhedral as the intersection of the empty family of
closed half-spaces. So, we assume that Ho contains some polyhedral convex
set P # X. We can assume that 0 € P. By Lemma du(C,P) < o0
implies Vo = Vp # X.

Write P as a finite intersection of closed half-spaces

k
P =4 ((—o0,ai)

where f1,..., fr : X = R are linear continuous functionals with unit norm
and ajp,...,ar are real numbers (non-negative as 0 € P). According to
Lemma we can assume that a; = --- = a; = 0, which implies that
P is a polyhedral cone that coincides with its characteristic cone Vp = V.
By Lemma P = cone(B) for some finite subset B C X.

By assumption, the Banach space X is finite-dimensional and hence sep-
arable. So, we can fix a countable dense subset D C X. Next, for every finite
subset F' C D consider the polyhedral convex set

Cr = conv(F) + Vo = conv(F') + cone(B).
It remains to check that the countable family

C ={Cp : F is a finite subset of D}

is dense in Hc.

Given A € H¢ and € > 0, we shall find a finite subset F' C D with
du(Cr, A) < 2e. Denote by B the closed unit ball of X. Then clearly rB =
{r-z:xeB}={rcX:|z| <r} for every r > 0.

CLAIM 3.2. There exists an r € Ry so large that the convexr set A, =
(AN7TB) + P is not empty and dy(Ay,, A) < e.

Proof. 1t follows from dy(4, C) < oo that V4 = Vo = P (see Lemma/2.4).
Then for each r € Ry we get

A, =(ANTB)+ PCA+P=A+Vy= A
Assuming that dy(A,, A) > € for all » € Ry, we can construct an increas-
ing sequence (7p)new Of positive real numbers and a sequence (x,)pen Of

points in A such that ||z,| < r, and dist(zp4+1,4,,) > € for all n € w.
Consequently, for every n < m we get

(x +eB) N (2, + P) C (2, +€B) N (A, + P) =0,
which implies z,,, — z,, ¢ B + P.
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Recall that P = ﬂle H; where H; = f;((—00,0]) for i < k. Using
Lemma we can choose § > 0 such that ﬂle £ ((—00,68]) C P+ £B.

It follows that for any n < m we get @, — x5 ¢ (i_y f; ' ((—00,6]) and
hence there is an i = i(n,m) € {1,...,k} such that z,, —z, ¢ f; ' ((—00,6])
and thus f;(zy,) > fi(z,) + 0.

The correspondence i : (n,m) — i(n,m) can be thought of as a finite
coloring of the set [w]? = {(n m) € w? : n < m} of pairs of positive
integers. The Ramsey Theorem 5 of [6] yields an infinite subset 2 C w
and i € {1,...,k} such that i(n,m) = i and hence f;(x,,) > fi(zy) + 0 for
all n < m in 2. This implies sup.cc fi(¢) > sup,cp fi(zn) = 0o, which is
not possible as sup f;(C) < (sup f;(P)) + du(C, P) = dy(C, P) < c0. m

Claim (3.2} . yields an r € R such that AN 7B # () and dist(A,, A) < ¢
where A, = (AN7rB) + P. By [7], the compact convex set AN 7B can be
approximated by a finite subset F' C D such that dy(conv(F), AN7B) < ¢
Then the polyhedral convex set Cr = conv(F') 4+ P satisfies dy(Cr, 4,) < €
and hence dy(Cr, A) < du(Cr, 4;) +du(Ar, A) < 2¢. m

To generalize Lemma to infinite-dimensional Banach spaces X, we
now establish some simple properties of maps between spaces of closed con-
vex sets, induced by quotient operators.

Recall that for a Banach space (X, || - ||x) and a closed linear subspace
Z C X, the quotient Banach space Y = X/Z is endowed with the norm

lylly = inf{flz]lx : = € ¢~ ()},

where ¢ : X — Y, qg: x+— x + Z, stands for the quotient operator.

The quotient operator ¢ : X — Y induces an operator ¢ : Convy(X) —
Convy(Y') assigning to each closed convex set C' C X the closure gC of
its image qC in Y. The following simple lemma is left to the reader as an
exercise.

LEMMA 3.3. Let Z be a closed linear subspace of a Banach space X,
Y =X/Z, and q: X =Y be the quotient operator.

(1) A convex set C C X with Z C V¢ is closed in X if and only if the
image qC' is closed in'Y .

(2) A convex set C C X with Z C V¢ is polyhedral in X if and only if
its tmage qC' is polyhedral in Y .

(3) For any non-empty convex sets A, B C X with Z C V4N Vg we get
du(A, B) = du(q4, ¢B).

Now we are able to prove an (infinite-dimensional) generalization of
Lemma which will be used in the proof of the implications (3)=(1, 5)
in Theorem [l
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LEMMA 3.4. If the component Ho of a non-empty closed convex subset
C of a Banach space X contains a polyhedral convex set, then Ho contains a
countable dense family of polyhedral closed sets, which implies that the space
He is separable and the convex set C' is approximatively polyhedral.

Proof. The statement is trivial if C' = X. So, we assume that C # X
and Ho contains a polyhedral convex set P. Replacing P by its shift, we
can assume that 0 € P. Write

k
P = f((~o0,a),
i=1

where f1,...,fr : X — R are linear continuous functionals and aq,...,ax
are non-negative real numbers. It follows from dy(C, P) < oo that the char-
acteristic cone

k
Vo =Vp=[)f"((—o0,0])
=1

is polyhedral and the closed linear subspace

k
Z=-VonVg=[)f0)
i=1
has finite codimension in X.

Then the quotient Banach space Y = X/Z is finite-dimensional. Taking
into account that Z C Vp NV and applying Lemma (1, 3), we conclude
that ¢C and ¢P are closed convex sets in Y with dy(¢C, ¢P) < oo. Moreover,
qP is polyhedral in Y. Since Y is finite-dimensional, we can apply Lemma (3.1
to find a dense countable subset Dy € H,c that consists of polyhedral con-
vex sets. By Lemma (2), the countable family Dy = {¢~1(D): D € Dx}
consists of polyhedral convex subsets of X and by Lemma [3.3(3) it is dense
inHg.

4. Recognizing non-separable components of Convy(X). In this
section we develop some tools for recognizing non-separable components of
the space Convy(X).

LEMMA 4.1. Let C be a convex subset of a linear space X and a,b € X
be such that [a,b] N C # (. Then for any points x € conv(C U {a}) and
y € conv(X U {b}) we have [z,y] N C # (.

Proof. The conclusion trivially holds if x or y belongs to C. So, we as-
sume that x,y ¢ C. It follows that x = ta + (1 — t;)c, for some ¢, € (0,1]
and ¢, € C, and similarly y = t,b+(1—t,)c, for some t, € (0,1] and ¢, € C.

By assumption, [a,b] N C' contains some point ¢ = ta + (1 — t)b with
t €0,1].



146 T. Banakh and I. Hetman

The lemma will be proved as soon as we check that [z,y] meets
conv({c, ¢z, ¢y}) C C, and this will follow as soon as we find u, o, ag, oy €
[0,1] such that a + oy + ay = 1 and
actagcey+aycy = ur+(1—u)y = u(tza+(1—ty)ce) +(1—u)(tyb+(1—ty)cy).

The numbers u and « can be found from the equation

utga + (1 —u)tyb = ac = a(ta+ (1 —t)b),
which has a well-defined solution
t-t
u = Y and o= faty .
tety+ (1— ), toty+ (1— )ty
The remaining numbers o, and «, are
ap=u(l—1t;), oy=>01-u)(l-t,). =

The following lemma will be used for the proof of the implication (6)=-(4)

of Theorem [l

LEMMA 4.2. The component Ho C Convy(X) of a closed convex subset
C' of a Banach space X has dens(Hc) > ¢ provided He contains a positively
hiding closed convex subset P of X.

Proof. Since Ho = Hp, we lose no generality assuming that C itself is
positively hiding, which means that there is an infinite subset A C X \ C
with € = inf,e 4 dist(a, C) > 0, which is hidden behind C' in the sense that
for any distinct a,b € A the segment [a, b] meets C.

Fix any ¢y € C and for every a € A choose b, € [cy,a] with dist(b,, C)
= ¢. This is possible as dist(a,C) > . Lemma guarantees that the set
B = {b, : a € A} is infinite and hidden behind C. Moreover, B lies in the
2e-neighborhood C + 2¢B of C, where B = {z € X : ||z| < 1}.

Now for any subset 8 C B consider the convex set Cg = conv(C U ).
Applying Lemma one can show that this set is closed in X and Cg =
Upes conv(C U {b}). Taking into account that C' C Cg C C + 2¢B, we see
that du(C, Cg) < 2¢ and hence Cs € Hc.

We claim that dy(C,,Cpg) > € for any distinct a, f C B. Since a # S,
there is (say) a point b € 8\ a. Then b € Cy and dist(b,Cy) > €. Indeed,
assuming that dist(b,C,) < €, we conclude that the open e-ball b + cB
meets Cp, = conv(C U a) = [J, e, conv(C U {a}) at some x that belongs to
conv(C U {a}) for some a € a. Since the set B > a,b is hidden behind C,
the segment [a, b] meets C. By Lemma the segment [z, b] also meets C,
which is not possible as [z, b] lies in the e-ball b + B, which does not meet
C as dist(b, C') = €. Thus dist(b, Cy) > ¢ and hence dy(Cp,Cy) > €.

Now we see that Hc contains the subset C = {Cj : § C B} of cardinality
IC| > 2Bl > ¢, consisting of points at mutual distance > e. This implies that
dens(Hc) > |IC| > ¢. =
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5. Recognizing infinitely hiding convex sets. In this section we
develop some tools for recognizing infinitely hiding convex sets. In fact, we
shall work with the following relative version of this property.

Let Cp,C be two convex sets in a Banach space X. We shall say that
Cy is C-infinitely hiding if Cy hides some infinite set A C aff(Cy) such that
SUp,e 4 dist(a, C) = oo.

It is easy to see that a convex set C C X is infinitely hiding if and only
if it is C-infinitely hiding.

We start with the following elementary lemma.

LEMMA 5.1. Let C > 0 be a convex set in a Banach space and Vg be
the characteristic cone of its closure. For a linear subspace Z C X, the
intersection Z N Vi is C-infinitely hiding if the cone Z N Vi is a hiding
convex set in Z.

Proof. Assume that Z N V7 hides some infinite injectively enumerated
set {an}tnew C Z \ V5. By Lemma for every n € w, thereisat, >0
such that dist(t,an,,C) > n. It is clear that for the set A = {tp an}new We

et
& supdist(a,C) = lim dist(¢t,a,, C) = co.
(ZEA n—oo
It remains to show that for any distinct n,m € w the segment [t,,ay,, tybp]
intersects Z N V.

Since the set {an,amn} C A C Z is hidden behind Z N Vi, the segment
[an, am] meets Z N Vg at some ¢ = Tay, + (1 — 7)a,, where 7 € [0,1]. Then
for the number

Tlm
= €[0,1
" Tty + (1 — Tty 0.1]
we get
tnt
Utnan + (1= u)tmam = ?1n— Pt T (L= T)am)
tntm

- € [tntin, tmam] N Ve
o (L=t © € tnn tmam] N Ve

and hence the intersection Z N V& N [tnan, tmam] 3 utpa, + (1 — w)tyman, is
not empty. m

By [1], a closed convex subset C' of a complete linear metric space X
is hiding if and only if C' is not polyhedral in its closed linear hull. This
characterization combined with Lemma [5.1] implies:

LEMMA 5.2. Let C 3 0 be a convex set in a Banach space and Vg be the
characteristic cone of its closure. For a closed linear subspace Z C X the
intersection V. = ZNVg is infinitely C-hiding if the cone V' is not polyhedral
in its closed linear hull VE = cl(V — V).

This lemma implies its absolute version:



148 T. Banakh and I. Hetman

LEMMA 5.3. A closed convexr subset C' of a Banach space is infinitely
hiding if its characteristic cone Vo is not polyhedral in its closed linear hull
Vi = (Ve - Vo).

Next, we derive the infinite hiding property of a convex set from the
same property of its projections. We start with the following algebraic fact.

LEMMA 5.4. Let ¢ : X — X be a linear operator between linear spaces,
E = ¢ 1(0) be its kernel, and C C X be a convex set such that Vene —
Vone = E. If the image C = q(C) hides some countable set A C aff(C),

then C' hides some set A C aff(C) with q(A) = A.

Proof. Let {a, : n € w} be an injective enumeration of A. By induction,
for every n € w we shall choose a,, € ¢~1(a@,)Naff(C) so that [an, a,]|NC # 0
for any n < m, and a, € Cif(zneé

We start by choosing any ag € ¢ (@) Naff(C). Such a point exists since
q(aff(C)) = aff(C). If 4y € C, then we can additionally assume that ag € C.
Assume that for some n > 1 the points ag, ..., a,_1 have been constructed.
We need to choose a, € ¢ '(a,) N aff(C) so that [a;,a,] N C # O for all
i<n lfa,€ C, then let a, € C be any point with g(a,) = @n. So, assume
that a, ¢ C. Let I, ={i€w:i<n, azgéC}

Since the set A C X is hidden behind C, for every i € I,, the intersection
[a;, an] N C contains a convex combination ¢ = u;a; + (1 — u;)a, for some

€ (0,1). Since & € C, there is a point ¢; € C with g(¢;) = &. It follows
from a, = (& —u;a;)/(1—w;) that the point a; = (¢; —w;a;)/(1—wu;) belongs
to ¢~ (an).

As E = Vgne — Venc, the intersection (¢, (a; + Vgne) contains some
point a,. Then w;a; + (1 — u;)a, € ¢; + Vo C C and hence [a;,a,] NC # 0
for all ¢+ < n, which completes the inductive step.

This inductive construction gives a countable set A = {ay, }necw that has
the required property. =

Lemma implies its C-infinitely hiding version.

LEMMA 5.5. Let X be a Banach space, E be a closed linear subspace of
X, X = X/E and q : X — X be the quotient operator. Let Cy,C be two
convez sets in X and Cy = q(Cp), C = q(C). Then Cy is C-infinitely hiding

X if Cy is C- infinitely hiding and E = Vgnc, — VEnc, -

Proof. If Cy is C-infinitely hiding, then it hides some infinite set A C
aff(Cp) such that sup; 5 dist(a, C) = oo. By Lemma there is a set
A C aff(Cp) with g(A) = A, hidden behind C.

Since ||q|| < 1, for every a € A and its image @ = q(a) we get dist(@, C) <
dist(a, C'). Consequently, sup,e 4 dist(a,C) > sup, ; dist(a, C) = 0o, which
means that Cy is C-infinitely hiding. =
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The preceding lemma allows us to derive the C-infinite hiding property of
a convex set from that property of its projection. Our next lemma will help
us to do the same using the C-infinite hiding property of two-dimensional
sections of the convex set.

LEMMA 5.6. Let C be a closed convexr subset of a Banach space X and
Z be a two-dimensional linear subspace of X such that the convex set CNZ
has non-empty interior Cy in Z, which contains zero. If du(Cop, Ve,) = oo,
then Cy is C-infinitely hiding.

Proof. Since dy(Co, Vi) = o0, the open convex subset Cj of the plane
Z is not bounded. Consequently, its characteristic cone Ve, = Vs) = ZN Ve
is unbounded too. Moreover, V¢, is not a plane, nor a half-plane, nor a line
(otherwise Cy would be at finite Hausdorff distance from V(). Consequently,
we can choose two linearly independent vectors e, es € Z such that Vg, is
equal to cone({e1}) or to cone({e1,e2}). Let ef,e5 € Z* be the coordinate
functionals corresponding to the base e1,ey of Z. This means that z =
ej(z)e1 + e3(z)eq for each z € Z.

If Vi, = cone({e1, ea}), then dy(Cop, Ve,) = oo implies that inf ef(Cp)
= —oo or inf e5(Cpy) = —oo. We lose no generality assuming that inf e5(Cp)
= —o0.

If Vi, = cone({e1 }), then dy(Co, Vo, ) = oo implies that inf e5(Cy) = —o0
or sup e5(Cp) = oo. Changing es to —eg if necessary, we can assume that
inf e5(Cp) = —o0.

So, in both cases we can assume that inf e5(Cp) = —oo.

By induction, we shall construct a sequence (an)ncw of points in
cone({e1, —e2}) such that for every n € w the following conditions are sat-
isfied:

(1) dist(an, C) > n;
(2) ei(an) > €j(an—1) >0, e5(an) < e5(an—1) <0,
(3) [an,ar] N Co # 0 for all k < n.

< ;

le5(an)| _ |e3(an—1)]
1(an) ei(an—1)

We start by selecting ag € Ry - (e; — e2) with dist(ag,C) > 0. Such a
point exists because e; — ey ¢ Vo, = Z N V. Now assume that for some

n € N we have constructed ag,...,a, € cone({e1, —ea}) satisfying (1)—(3).
It follows from infe3(Cp) = —oo and e; € Vi, \ (—V,) that there exists
c € Cp such that
les(e)l _ |es(an)
ei(e) > ci(an), e3(c) <ej(an) and e%(c) e%(a:) .

Now observe that the vector v = ¢ — a,, is not in Vi, = Vi, . Consequently,
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c+Ryv ¢ Co, which allows us to find a, 11 € ¢+ R v with dist(a,1,C) >
n+ 1 (using Lemma . It can be shown that a,; satisfies condition (2).
Since the segment [ay,, a,+1] contains ¢, it meets C' N Z.

It remains to check that [ag,an+1] N Cy # 0 for every k < n. By the
inductive assumption, [ag,a,] meets Cj at some ¢

€2

Vzne

an+1

By an elementary plane geometry argument, the segment [a, a,+1] meets
the triangle conv({0,c,c}) C Cy and hence meets Cp. This completes the
inductive step.

We thus obtain an infinite set A = {ay, }new with sup,c 4 dist(a, C) = oo
which is hidden behind Cy. This means that Cj is C-infinitely hiding. =

LEMMA 5.7. Let C be a conver subset of a Banach space X and Z be a
finite-dimensional linear subspace of X such that the convex set C N Z has
non-empty interior Cy in Z and 0 € Cy. If dy(Co, Vi) = o0, then Cy is
C-infinitely hiding.

Proof. We use induction on dim(Z). The conclusion is trivially true if
dim(Z) < 1. Assume that it has been proved for all triples (X, C, Z) with
dim(Z) < n. Now suppose dim(Z) = n. Assuming that dy(Co, Ve,) = oo,
we need to prove that Cpy is C-infinitely hiding. Assume it is not. Then
Lemma [5.6| implies the following fact, which will be used several times in
the subsequent proof.

CLAIM 5.8. For each two-dimensional linear subspace Zy C Z,
dH(ZQ N Co, VZQQCO) < 0.

Now consider the characteristic cone V¢, = Vi, of the open convex set
Cyin Z.

CrLAmM 5.9. The linear subspace —Vc, N Vg, is trivial.
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Proof. Assume that E = —Vg, N Vg, # {0}. Consider X = X/F, the
quotient operator ¢ : X — X, the convex set C = q(C), and the finite-
dimensional subspace Z=qZ ) of dimension dim(Z) < dim(Z ) = n. Since
4z : 72— Zis open, the convex set Co = q(Cp) is open in Z and hence
the convex set Z N C has non-empty interior in Z. Since E C Vg, the set C
is closed in X by Lemma ( ). Now we can see that the triple (X, C, Z)
satisfies the requirements of Lemma [5.7| with dim(Z) < dim(Z) = n. So, by
the inductive assumption, Cp is C’—inﬁnitely hiding.

Since E = Vgnc, = VEnc, —VEnc,, We can apply Lemmato conclude
that Cy is C-infinitely hiding in X, contrary to assumption. m

Cram 5.10. dim(Veg,) > 2.

Proof. Assume that dim(Vg,) < 1. Since dy(Co, Vi,) = o0, the open
convex subset Cj is unbounded in the finite-dimensional linear space Z N Cy
and consequently Vi, # {0}. Since —V¢, N Vg, = {0}, we conclude that
Vo, = Rye for some non-zero e € Vg,. Now consider E = Re € Z, X =
X/E, the finite-dimensional linear subspace Z = ¢(Z), the convex sets C' =
q(C), and the open convex set Co = q(Cy), which is dense in C. Claim
guarantees that Cy has trivial characteristic cone and hence is bounded in
Z. This implies that dy(C, Ve,) < oo, which is the desired contradiction. m

Since Cy is not C-infinitely hiding, Lemma guarantees that the char-
acteristic cone V(, is polyhedral in Z and hence

k
— ﬂ £t
i=1

for some linear functionals fi,..., fr : Z — R. We shall assume that the
number k in this representation is the smallest possible.

It follows from dy(Co, Ve,) = oo and Lemma that sup f;(Cp) = o0
for some 7 < k.

CLaM 5.11. The face f;1(0)N Ve, of Vi, contains a non-zero vector e.

Proof. By the minimality of k, the cone
V= {F (=00, 0D : 1 <j <k, j #1}

is strictly larger than Vi, ; choose © € V' \ Vig,. Then f;(x) < 0 for all j # i,
and fi(z) >0

Since dim(Vi,) > 2, there exists y € Vo, \Ra. The choice of x guarantees
that 0 ¢ [z,y]. Since f;(y) < 0 and f;(x) > 0, there is an e € [z,y] with
fi(e) = 0. For every j # i, the inequalities fj(z) < 0 and f;(y) < 0 imply
fj(e) < 0. Consequently, e is as required. =

_ Consider now the 1-dimensional linear subspace E' = Re of X and let
X = X/E. Observe that X contains the linear subspace Z = Z/FE with
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dim(Z) = dim(Z) — 1 < n. Let ¢ : X — X be the quotient operator, and
Co = q(Cy), C = ¢(C). It follows from E = ¢~ (0) C Z that ZNC = q(ZNC)
and Cy = q(Cy) coincides with the interior of ¢(Z N C) = ZnCin Z. So,
the triple (X, Z, C) satisfies the assumptions of the lemma.

We claim that dH(C’o,VOO) = oo. Since E C f;1(0), there is a linear

functional f; : Z — R such that f; = f; o q|Z.
CLam 5.12. Vg C fi'((—00,0]).

Proof. Assume that Vi contains some w € Z with fiy(w) > 0. Then

R,w C Z. Pick v € ¢~'(w) C Z and consider the two-dimensional subspace
Zo = lin({v, e}). Observe that for every ¢t € R we have f;(v+te) = fi(w) > 0,
which implies that (v + tR) N Vz,nc = 0. Then Vz,nc C Re — Ryv and
q(Vz,nc) C —Riw. On the other hand, the projection ¢(Z2 N C) contains
the half-line Ryw, which implies that dy(Z2 N C,Vz,nc) = oo. But this

contradicts Claim £.8 =

Taking into account that co = sup f;(Co) = sup fi(Cp), we conclude that
dH(C’o, Véo) = oo and by the inductive assumption, the open convex set Co
is C-infinitely hiding (as dim(Z) < dim(Z) = n). Since E = Rye — R e =
VEncy, — VEnc,, we can apply Lemma to conclude that C is C-infinitely
hiding in X. This contradiction completes the proof of Lemma "

Lemma [5.7] implies the final (and main) lemma of this section.

LEMMA 5.13. A closed convex subset C of a Banach space X is infinitely
hiding if dy(ANC, ANVe) = oo for some finite-dimensional affine subspace
ACX.

Proof. 1t is well-known that C'N A has non-empty interior Cj in its affine
hull aff(C'N A). Moreover, C' N A coincides with the closure Cy of Cp in A.
Shifting the set C'if necessary, we can assume that 0 € Cy. Then Z = aff(Cj)
is a finite-dimensional linear subspace of X such that C N Z = C' N A has
non-empty interior Cy which contains zero and is dense in C'N Z. It follows
that dy(Co, Ve,) = du(ZNC, Vzne) = oo and hence Cj is C-infinitely hiding
by Lemma and C' is infinitely hiding as Cy C C. n

6. Approximating by positively hiding convex sets. In this section
we search for conditions guaranteeing that a closed convex subset C' of a
Banach space can be approximated by positively hiding convex subsets of X.

First we construct biorthogonal sequences which are related to convex
sets with trivial characteristic cone.

We recall that a sequence {(zn,z})}new C X x X* is biorthogonal if
z}(zy) =1 and z (x) = 0 for all n # k (see [8, 1.1]).
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LEMMA 6.1. Assume that a closed convex subset C' of an infinite-dimen-
sional Banach space X satisfies Vo = {0}. Then there ezists a biorthogonal
sequence {(Tn,x))new C X X V& such that ||z|| = 1 < ||ay|| < 4 for all
neEw.

Proof. Replacing C by a shift of its closed neighborhood, we can assume
that C has non-empty interior Cy, which contains zero. Such a replacement
does not affect the cones Vi and Vi (see Lemma [2.4).

The biorthogonal sequence {(zy, x}) }new Will be constructed by induc-
tion. We start by choosing arbitrary xj € V& and zp € X with 1 = ||| =
x§(zo) < |lzo|| < 4. Assume that for some k € w a finite biorthogonal se-
quence {(2n,x})}nak C X x V4 has been constructed so that 1 = ||z}|| <
|zn|| < 4 for all n < k. Let L* be the linear hull of {zf,...,z}_;}in X*. In
the compact set Lj = {z* € L* : ||z*|| < 2}, choose a finite subset Fy C L3
such that for each z* € L} there is a y* € Fy with ||z* — y*|| < 1/8. For
every f € Fy choose an xy € X such that ||z¢|| =1 and f(xy) > || f|| —1/8.

Let E be the linear hull of the finite set {z; : i < k} U{z; : f € F5}
in X. Let X = X/E, q: X — X be the quotient operator, and C = ¢(C).
Since ¢ is open, Cy = q(Cp) coincides with the interior of C in X. We
claim that Viz = {0}. Assuming otherwise, pick a non-zero v € Vg , choose
any v € ¢ () and consider the finite-dimensional linear subspace E, =
lin(E U {v}). Then Vi = {0} implies that E, N Cp is bounded and hence
q(E, N Cy) = RN Cy is also bounded. So, Ryo ¢ Cp, which contradicts
v € Véo \ {0}

As Vg, = {0} implies that C # X, we can find 7} € Vci‘0 with ||z7]| = 1.
Now set x} = &} o ¢ and observe that |z} | = ||Z}|| = 1 and z}(z;) = 0 for
all i < k and zj(xy) = 0 for all f € F5. We claim that dist(z}, L*) > 1/4.
Assuming otherwise, pick [* € L* with ||z} —*|| < 1/4. Then ||I*|| < ||z} ]|
+1/4, so I* € L% and by the choice of Fy, we can find f € F3 such that
1 = fll < 1/8. Then |[a}, — f|| < [[af — "] + [|I* = f|| < 1/4+1/8 = 3/8,
I fIl > [lxgll = |l=f — fll = 1 —3/8 = 5/8 and we obtain a contradiction:

4 5 1

1 3
=2 g Sl =g < fep) = laie) - Fp)] < a1 gl < 5

Thus dist(z}, L*) > 1/4, so the ball B* = {z* € X* : |l2* —a}|| < 1/4}
does not intersect L*. By the Banach—Alaoglu Theorem this ball is compact
in the weak™ topology of X*. Now the Hahn—Banach Theorem applied to
that topology yields an xj € X that separates L* and B* in the sense that
Super o5 (2g) < infyecp 2™ (xy). It follows from the linearity of L* that
x*(zy) = 0 for all z* € L*. In particular, 2} (z;) = 0 for all ¢ < k. Multi-
plying zj by a suitable positive constant, we may additionally assume that
xy(xy) = 1. Then ||g|| > 1 because x, has unit norm. To finish the inductive
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step it suffices to check that ||zy| < 4. Otherwise there exists x* € X* with
unit norm such that z*(zx) = ||vx| > 4. Then y* = 2} — 12* € B* and thus
y*(zx) > 0. On the other hand, y*(zx) = 2} (zy) — f2*(vg) < 1— -4 =0,
which is the desired contradiction. m

LEMMA 6.2. Assume that a closed convex subset C of an infinite-dimen-
sional Banach space X has Vo = {0}. Then for each € > 0 there is a
positively hiding closed convexr set C. C X with dy(Ce,C) < e.

Proof. By Lemma there exists a biorthogonal sequence {(z,, ) }new
C X x V& such that 1 = ||z || < ||zn] < 4 for all n € w. Then for every
e > 0, a positively hiding convex set C. with dy(C:,C) < € can be defined
by

Cc.={z€c(C+eB):Vnew z(z) < te+supz;(O)}

where B = {x € X : ||z]| < 1}. It is clear that C' C C. C cl(C + ¢B), which
implies that dy(C¢, C') < e. It remains to check that the set C; is positively
hiding.

For every n € w choose ¢, € C with 2} (c,) > supaj(C) — {z¢ and set
ap = Cp + 2. We claim that dist(a,, C:) > %5. Indeed, for any ¢ € C,, we
get 7, (c) < supx;(C) + & while

N € . . € . € 3e
Fh(an) = Sa(en) + 25 (en) > = +supa(C) — = = Lo+ supa(C).
Consequently, [lay, — c|| = [[#7[| - |lan — ¢ > @5 (an) — 2"(c) > {5 — § = 5.

So, the set A = {an}ney has inf,cqdist(a,C) > %5. To show that
it is infinite and hidden behind Cg, it suffices to check that for any dis-
tinct n, m the midpoint %an + %am of [an,anm] belongs to Ce. As ap,a,, €
cl(C + €B), We conclude that a, + 2am € [an, an] C cl(C + eB). The in-
clusion %an + am € C. will follow from the definition of C. as soon as we
check that xk( an + 3am) < supz;(C) + 3¢ for every k € w.

If k ¢ {n, m} then i (xn) = 23 (2m) = 0 and hence

ijz( an + am) = xl:( Cn + Cm) < Supl‘k(C)
If k = n, then
Th(Ran + Fam) = 25 (3cn + 2ew) + ez () < supa(C) + ge.
The case k = m is analogous. =

LEMMA 6.3. Assume that for a closed convexr subset C of a Banach
space X the closed linear subspace Z = cl(Vo — Vi) has infinite codimension
i X. Then for each € > 0 there is a positively hiding convexr set C. C X
with duy(Ce, C) < e.

Proof. Using Lemma (by analogy with the proof of Lemma , we
can reduce the proof to the case —Vi N Vi = {0}, which we assume from
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now on. Replacing C' by a shift of its closed neighborhood, we can assume
that C has non-empty interior Cy in X and 0 € Cjy. If Vo is not polyhedral in
7Z = cl(Vg — Vi), then by Lemma C' is infinitely (and hence positively)
hiding and hence we can put C. = C. So, we assume that Vi is polyhedral
in Z. Since —VeoN Ve = {0}, the polyhedrality of Vi implies that the closed
linear space Z = cl(Vo—V() is finite-dimensional and coincides with Vo —Ve.

Now consider X = X /Z, the quotient operator ¢ : X — X, and the convex
set C' = ¢(C). Since ¢ is open, the image Cy = ¢(Cp) of the interior Cy of C
coincides with the interior of C. Now consider the characteristic cone Ve,

of the open convex set Cj.

It Vg, contains some non-zero vector o, then for any v € ¢~ 1(9) and
for the finite-dimensional linear subspace E = lin(Z U {v}) the intersection
E N Cy satisfies dy(E N Co, VEnc,) = o0, because ¢(Vene,) C ¢(Veo) = {0}
while ¢(E N Cy) D Ry 0. Then Lemma m guarantees that C' is infinitely
(and hence positively) hiding. In this case we can put C, = C.

So, it remains to consider the case V5 = {0}. In this case, Lemma
yields a positively hiding closed convex set C. C X with dH(C’E,C’O) <e
Now the convex set C. = (C + eB) N ¢ (C.) satisfies dy(C.,C) < € and
q(Cy) = C-.. 3 3 o

Being positively hiding, C. hides a countably infinite set A C X \ C:
with inf Adist(a,és) > 0. As Z = Vznc, — Vzne, and ¢(C;) = C., using
Lemmawe can find an infinite subset A C ¢~ *(A) hidden behind C. C C.
Since ¢ is not expanding, we have

inf dist(a,C) = 1nf dlst(a Cp) > inf dist(@, Co) >
a€A aeA
So, C¢ is positively hiding. =

Our next approximation lemma will be used in the proof of the implica-
tion (4)=(2) of Theorem

LEMMA 6.4. Let C be a closed conver set in a Banach space X. If
du(C,Ve) = oo, then for each € > 0 there is a positively hiding convex
set C C X with dy(C,C) < e.

Proof. If the closed linear subspace V; = cl(Vo — Vo) has infinite codi-
mension in X, then the existence of a posmvely hiding convex set C. C X
with dH(Ca,C) < ¢ follows from Lemma So, we assume that VC has
finite codimension in X. If Vi is not polyhedral in VC , then C' is infinitely
(and positively) hiding by Lemma n In this case we can put C.=0C. It
remains to consider the case of V¢ polyhedral in VC Since VC has finite
codimension in X, V¢ is also polyhedral in X and hence the closed linear
subspace Vo = —Vc N Ve has finite codimension in X.

Then Y = X/ VC:F is finite-dimensional. Let ¢ : X — Y be the quotient
operator. Lemma guarantees that dy(¢C,V,c) = du(C,Ve) = oo and
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then ¢C is infinitely hiding in Y by Lemma [5.13] By Lemma C is
infinitely (and hence positively) hiding in X. Letting C. = C finishes the
proof. m

7. Proof of Theorem To prove the first part of Theorem
it suffices to prove the implications (1)=(2)=(3)=(5)=(6)=(4)=(2) and
(3)=(1), among which (2)=(3) and (5)=(6) are trivial.

To prove (1)=(2), assume that C is approximatively polyhedral and
choose a polyhedral convex set P with dy(C, P) < oo. Lemma implies
that Vo = Vp. We have P = (I, f; '((—o0, a;]) for some fi,..., fn: X —
R and some ay,...,a, € R. It is easy to check that

Vo =Vp=[)f"((—0,0]),
i=1
which means that V¢ is polyhedral. By Lemma du(P, Vo) = du(P, Vp)
< 00. Consequently,

du(C, Vo) < du(C, P) +dy(P, Vo) < oo.

The implications (3)=(5) and (3)=-(1) are proved in Lemma and
(6)=-(4) in Lemma The implication (4)=-(2) follows from Lemmas
and

For the second part of the theorem assuming that X is finite-dimensional,
it suffices to check that (4)=(7)=(8)=(2). In fact, the implications (4)=(7)
=(8) are trivial, while (8)=-(2) follows from Lemmas and
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