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Abstract. We investigate the construction of Carleson measures from families of
multilinear integral operators applied to tuples of L>° and BMO functions. We show that
if the family R; of multilinear operators has cancellation in each variable, then for BMO
functions b1, . .., by, the measure |R¢(b1, . ..,bm)(x)|?dzdt/t is Carleson. However, if the
family of multilinear operators has cancellation in all variables combined, this result is still
valid if b; are L°° functions, but it may fail if b; are unbounded BMO functions, as we
indicate via an example. As an application of our results we obtain a multilinear quadratic
T(1) type theorem and a multilinear version of a quadratic T'(b) theorem analogous to
those by Semmes [Proc. Amer. Math. Soc. 110 (1990), 721-726].

1. Introduction. A positive measure du(x,t) on R’ is called a Car-
leson measure if

(1) ldulle = sup - du(T(Q) < oo,
Qck |Q)

where |@Q| denotes the Lebesgue measure of the cube @, T'(Q) = Q x (0,1(Q)]
denotes the tent over @, and [(Q) is the side length of Q. Carleson measures
arose in the work of Carleson [2], [3] and turned out to be tools of funda-
mental importance in harmonic analysis; we mention for instance the great
role they play in the study of the Cauchy integrals along Lipschitz curves
[5], the T'(1) theorem [6], and in the study of the Kato problem [I].

There is a natural connection between Carleson measures, families of
linear operators acting L2, and BMO functions. Precisely, let {R;};~0 be a
family of integral operators

(1.2) R(f)(x) = | Ki(w,y)f(y)dy
Rn
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whose kernels K; satisfy
At~
1.3 K
(13) Ko 0)| < e e

for some § > 0. Suppose that R;(1)(z) = 0 for all ¢ > 0 and that there is a
positive constant B such that

o0

dx dt
(1.4) V VIR (@) == < B2|I£113
R 0
for all f € L?(R™). Then given a function b € BMO, the measure

dx dt

dp(,t) == |Ry(b) ()
is Carleson with norm
ldplle < Cns(A% + B2) bl uo-
Here the constant depends only on the dimension and on §. A special case of
this result is due to Fefferman and Stein [I1]. Conversely, a result of Christ

and Journé [4] says that given a family of operators R; whose kernels K
satisfy the size condition ((1.3)) and the regularity condition

(1.5) |Ky(z,y) — Ki(z,y)| < ATy — o)),
if the Carleson measure estimate
Q)

| 3 mer drdt

(1.6) sup

@l

holds, then estimate also holds.

In this work we investigate the construction of Carleson measures from
families R; of multilinear operators. The key question is: what is a reasonable
analog of the cancellation condition R;(1) = 0 in the multilinear case? We
examine two kinds of cancellation conditions, a one-variable and a multi-
variable condition. It is noteworthy that in one of these two cases BMO
functions do not give rise to Carleson measures. To make our result precise
we need some definitions.

We define a family {6;}¢~0 of multilinear operators by setting

m
(17) Qt(flvafm)(x) = S Ht(xvyh?ym)Hfl(yl)dyldyma
Rnm i=1
where f1,..., fm, are initially functions in C§°(R™) (smooth with compact
support). For any ¢ > 0, we suppose that the kernels 0;(x, y1, . . ., ym) satisfy
the size condition
m

t—n
1.8 Oc(x,y1y .. ym)| < A
(18) 6:( ) H (ERrmyAT
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and the smoothness condition

A lyi —yil?
(1.9)  10c(z,y1, - Yir e Ym) — Ol 91,y Yl ym)| < tmi"ltivl

foralli=1,...,m and for all z,y,,y; € R".

DEFINITION 1. We say that the family of operators ©; with kernels 0;
satisfies the one-variable T(1) cancellation condition if for all x and y; we
have
(1.10) | Ol,n,.ym)dyi =0 Vi=1,...,m.

Rn
We also say that ©; satisfies the multi-variable T(1) cancellation condition
if for all x we have
Rmn
We now state our main result:

THEOREM 1.1. Consider the operator

m
Rt(f17 ERE fm)(x) = S Tt<x7y17 s 7ym) H f’b(y’b) dyl e dym
Rmn i=1
whose kernel r¢(x,y1,. .., Ym) satisfies the size condition (1.8]) for some con-
stant 6 > 0. Assume that for some fixed p; satisfying 2 < p; < 0o and

1 &1
2_;]91‘

there is a constant B such that

(1.12) [ ] |Rt(f1,...,fm)(x)|2x7t < BT[If2.
R™ 0 i=1

for all f; € LPi.

(i) Ifrs satisfies the one-variable T'(1) cancellation condition, then there
is a constant Cy s such that for all by,... b, € BMO(R"™) the
measure

(1.13) du(z,t) = |Re(b1,...,bm)(z)]
is Carleson with constant

(1.14) ldulle < Cns(A% + B?)|bllByio -+ 1bm | Bato-

(ii) There is a constant Cy, 5 such that for all by, ..., by € L°(R"), the
measure du(z,t) in (L.1) is Carleson with constant

ldulle < Cns(A% + B?)|[ball3. - 1bm 1 %-

odx dt
t




74 L. Grafakos and L. Oliveira

In particular, this result holds if the Ry satisfy the multi-variable
T(1) cancellation condition.

(iii) Under the multi-variable T'(1) cancellation condition, the measure
n may not be Carleson if at least one b; is an unbounded BMO
function.

We recall the quadratic T'(b) theorem of Semmes in [23]: Let {R;}+~0 be
a family of linear operators as in ([1.2]) whose kernels satisfy (|1.3]). Suppose
that for all ¢ > 0 we have the cancellation condition

Ri(b)(x) =0

for some bounded complex-valued function b on R™ with Reb(z) > ¢y > 0
for almost all z € R™ (such functions are called accretive). Then holds.

As an application of our main result, we obtain a multilinear extension
of Semmes’ theorem above.

THEOREM 1.2. Let A,d,v > 0 and suppose that 0,(z,y1,...,Ym) satisfy
the size condition (1.8) and the smoothness condition (1.9). Assume that

there exist accretive functions by, ..., by, on R™ such that the cancellation
condition
(1.15) Oi(b1,...,by) =0

holds. Then for all 2 < p; < oo satisfying 1/2 = >, 1/p;, there is a
positive constant C' = Cy, 5. p, such that for all f; € LP/(R™) we have

T d dt < <
(116)  § J18:(f1s- o Sm) @) 5= < 22 (14 T Il ) TT I
Rn 0 i=1 i=1

As in the linear case, the proof of the result above is based on a com-
bination of a quadratic T'(1) estimate for the multilinear family of opera-
tors @, (that could be seen as a continuous version of the Cotlar—Stein lemma
[7], [19]) and a Carleson measure estimate based on the work of Coifman,
M¢Intosh, and Meyer [5] on the Cauchy integral on Lipschitz curves.

An important step in the proof of the Theorem is a multilinear
quadratic T'(1) estimate which is stated below (Theorem [1.3]). This theorem
extends results of Maldonado [20] as well as of Maldonado and Naibo [21].

THEOREM 1.3. Suppose that the kernel 0y(x,y1,...,ym) satisfies (1.8))
and (L.9) for some constants v and §. Consider the “multilinear” square

function -

S(fl,...,fm):<s

0

1/2
Oulfie )

Suppose that either ©y satisfies the one-variable T'(1) cancellation condition
or it satisfies the multi-variable T'(1) cancellation condition. Then

S LPHR™) x - - x LP7(R™) — LP(R™)
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foralll1 <pi,...,p2,p<ooandl/p=1/p; +---+ 1/pm, with norm
(1.17) [5llop < Cn 57 A

Moreover, if @ satisfies the one-variable T(1) cancellation condition, then
the endpoint estimates for some (but not all) p; are infinite are valid.

The paper is organized as follows. In the next section we state a basic
lemma that will be used subsequently. In the third section we prove the
Carleson measure estimate (Theorem . In the fourth section we prove
the multilinear quadratic 7'(1) theorems and in the fifth section we prove
the multilinear quadratic T'(b) theorem.

REMARK. During the preparation of this article, it came to our attention
that Theorems and overlap recent results obtained by Hart [16] when
m = 2. Hart’s approach in [16], as well as in his subsequent work [17], is
based on the Calderén reproducing formula adapted to the bilinear setting
and is different than ours which is based on Carleson measures formed by
multilinear operators.

2. Preliminary material. Throughout the proofs of our results we will
be working with smooth functions with compact support (C§°). Estimates
for general LPi functions follow then by density.

Sometimes we will just use the notation A < B to indicate the existence
of a constant C that could depend on the dimension n, and on the numbers
0 and ~ introduced in equations and , and on the norm of some
Hardy-Littlewood operators that appears in our proofs.

We begin by recalling the definition of continuous Littlewood—Paley op-
erators. To fix notation, we consider a smooth function ¥ whose Fourier
transform is supported in the annulus {1/2 < [¢| < 2}. We denote by
Uy(r) = s "W(x/s) the L! dilation of ¥. We call the operator Qs(h) = h*W,
the Littlewood—Paley operator associated with ¥. Throughout this paper we
assume that ¥ has the additional property that

< ds N ds
2 N T 2 _
(2.1) S Qs S = llmo S Q: S I
0 N—oo €

where the convergence is in &’ \ P; here P is the space of polynomials on R”.
We state a useful lemma, whose proof is straightforward and is omitted.

LEMMA 1. Let Ps(f)(x) = (go Ps(x — y)f(y) ds, where & € C§°(R™)
satisfies

(2.2) P —

(1 + [yt
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and
(2.3) | o(y)dy =1.
Rn

Suppose also that 1 < p1,...,pm <00 and 0 < r < co. Then for all Carleson
measures du(x,t) the m-linear operator

Ps(f1,-- -, fm)(x) = HPS(fz)(CC)
i=1
satisfies
(2.4) V VP f) @)1 dpata,t) S TT I,
R” 0 i=1

for all smooth functions f; € LPi(R™), where
1 1
L

3. Carleson measure estimates. In this section we prove Theorem
int

Fix a cube Q. To prove part (i) we need to show that for all by,..., by,
in BMO(R™),

1@ dedt i
(3.1) VOV IR b (@) §H\|b IBato0|@1-
Q 0

Setting bj o = (bj —Avgg bj)X@+, bj1 = (bj —Avegg bj)X(Q+)es bj2 = Avgg by,
where Q* = 20Q), we introduce the decomp081tlons

(3.2) bj =bjo+bj1+0bj2
for all j =1,...,m. Using Minkowski’s inequality, it suffices to show that
HQ) m
dx dt
(3.3) V3 IR b)) (@) S H 16: B0l Q1
Q0

where j; € {0,1,2}. Since r; satisfies the multilinear one-variable T'(1) con-
dition, each term of the form that contains b; 2 vanishes. So, we may
focus attention on the situation where we have m; entries containing b;1
and mg entries entries containing b2, with m = my +mgo and 0 < m; < m.
By a permutation of the variables we may assume that the first m; variables
of 0y correspond to b;1 and the remaining variables of 6; correspond to b;o.
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We begin with the case where mo = 0. Then

< dx dt i
(3.4) S S |Ri(b11, - - bm1)|? " < B2HH(b¢ — Avgg bi)xq- I3,
R O =1
< BQH 16i [l Bnio| Q|-
=1

We now consider the case where mo > 0. In this case, we simply estimate
Ry(bi,...,bn)(z) using the size condition (1.8) which permits us to obtain

(35) |Rt(b171,.‘.,bm171,bm1+1 IR bm 2)(£C)|

— Avgg bi)xq+ (i)
<A
H(Q 56 o — i) dy)

" ﬁ <S (bi — Avgg bi)x (@) (vi) dyi)

n —1|p — o \n+6
i=mi+1 “R” 1+t e = vil)
(let )< H Py 4(b )
i=mq+1
For P54(b;) we use the easy estimate
6
t
) Ps +(b; S Ay ) b )
(35 PG5 (55 ) Il

which can be found for instance in [24, p. 160]. As for P; +(b;)(x), we control
it by the Hardy-Littlewood maximal function:

(3.7) |[Pre(bi) ()] S M((bi — Aveg bi)xq-(2))-
Combining these estimates we deduce
UQ)
dx dt
S S |Rt(b171, . 7bm1,17 bml_;,_LQ, ey bm72)(az)|2
Q 0
I(Q mi1 2
< A2 (| (TT M — Avegbixa-) (@)
Q 0 =1
t2me 2 dz dt
- billAvie ———
“zigrms L1 o =
< AzHHM b= Avgbne)| [, T Iilfuo
i=mi+1

< A2 H [M((bs — Avgg bi)XQ*)H%Pi(]R") H [ IF3
= i=mi+1
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m1 m
2 2 2
S AT = Aveg bi)xa-llim@ny [ 10illBmo
i=1 i=my +1
mi Loy 1 m
< A? H 163 | Bno (IQ1 pm)? H [1bllEno
i=1 i=my +1

m
2 2
= CA%IQI T bl Emo
=1
where p; > 2 are numbers that satisfy 1/p; +--- + 1/py, = 1/2. We used
here the characterization of BMO in terms of an L” mean oscillation.
We now turn to part (ii) of the theorem. Here we use the decompositions

(38) bj = XQ*bj + X(Q*)ij = bj70 + b‘71
where Q* = 2@Q). To estimate the quantity
UQ)
dx dt
(3.9) V V Bebro, o bmo) (@) =
0 @Q

we use ([1.12)), which shows that (3.9) is at most

m
B?|lbuollEe: - [bmollfem < BX(Q P+ H1/pm )2 TT ||bi]|7
i=1

m
< B I] i3
i=1
and this yields the desired conclusion for this term. If at least one b;g is
replaced by bj;1 in (3.9), then we use the estimate

(3810)  [Re(brris s bmr) 2 < AL TT M) || TT Pottin)]
| il

2,r;=0 1,7 =
where P, is defined earlier, and the second product has at least one term,
and we make use of which makes the dt/t integral converge.

We now turn to part (iii) of the theorem. We give an example indicat-
ing that one may not replace L* with BMO in Theorem ii) under the
multi-variable multilinear 7°(1) condition. We select a smooth polynomially
decaying function 1 (y, z) on R? with the following properties

(a> ¢(—y, Z) = _w(yaz)' e
1
(b) Let ¥(y) = g t(y, 2) dz. Then §} [$0(&)2 € > 0.
Condition (a) implies that ¥ (y, z) has mean value zero with respect to the

variable y and thus over R2. Condition (b) in particular implies that °

(') The function 1 (y, ) = y(1 + |y|> + |2|*)>/? has the specified properties.
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is not the zero function, hence {3 9 (y, z) dz = Y(y) # 0 for some y € R.
Hence the kernel

0t(z,y1,y2) = tzi/)(m noe ty2>
satisfies the multi-variable T'(1) cancellation condition and also the one-
variable T'(1) cancellation condition with respect to the y; variable, but not
with respect to the yy variable.

Now consider the bilinear integral operator given by

ya:z

Ri(f,9)(z) = S t2¢< ; >f(y)g(z)dydz.

Given 0 < € < 1/100 take
bi(y) = 2/ — 2TV by(y) = log ly,

and I, = [—¢,¢€|. Then by is a BMO function whose average over I is a. ~
loge™! and by is an odd function bounded by 2. Write

by = bao + b2 1 + bo2,
where
b2,0(y) = (log |y| — ae)xar.,
b2,1(y) = (log |y — GE)X(QIE)% b2 = ae.
We have
Ry (b7, b2) = Ri(bi, bao) + Re(by,b21) + R (b1, b22).

We split b = bixar, + biX(21.)c and we use the estimates in the proof of
Theorem|1.1{(ii), which yield (without using any cancellation properties of 1)

€ €

1 ¢ . dedt 1 . da dt
% | VIRe(BS, b2 ()P —t o |V IRe(BS, bo1) ()2 PR c,
—€0 —€e0

where C" > Cy, (A + B)?|16$ 300102l 3mo and €7 is independent of e. The
cancellation of 1) was only used to annihilate the terms containing at least
one average but no average appears in the preceding estimate. Using these
observations, in order to prove that the measure |R;(bS, b2)|?dx dt/t is not
Carleson, it will suffice to show that

1 € €

% | S’Rt(bubz 2)(x)[? dxtdt

—e0

> clloge 2t o0 as e — 04,

which, since by » = a., is equivalent to showing that

1 ¢ . o dxdt
2GSE(S)Rt(l,D(ac)l — >

(3.11)
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A simple calculation gives that
Ry(b3, 1) (@) = >/ u0(t/e) — e/ G0 (~t/c)
= 2cos(2mz/e)O(t/e),
where the last identity follows from the fact that @ is odd, which is a

consequence of the fact that ¢ is odd in the first variable. Using this identity
for Ry(by,1)(x), we find that the expression on the left in (3.11)) is at least

2% §6§4cos2(2m/e)\17;5(t/e)|2 dedt

and by a change of variables the above is bounded from below by a constant
independent of € since

1
[ 1w0(&)1? de > 0.
0

4. T'(1) square function estimates. In this section we prove Theorem
This theorem will be a necessary tool in the proof of Theorem We
fix functions f; in Cg°(R"™).

Proof of Theorem |1.5 Using the Littlewood—Paley operator Qs intro-
duced in Section 2, we rewrlte the operator @; in a more convenient form:

(41)  Ou(f1,--, fm)(2)
= @t<g ngl Cf’,fm)(l‘)

S <S(Q f1)(y1) )Hfzyzetl‘yla---,ym)dyl'--dym

B2 N0
(5 @O TLA8E )i )
0 “R2n =2

0@ e fu))

0

We will study of the boundedness of this operator via duality. For this
purpose we introduce a function h(x,t) € L¥ (dz, L*(dt/t)) with

= NP2\
(V(Tmeor) a)” =lhlyas<i.
R

0
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Using this function we obtain

o0 9 dt p/2 1/p
(42)  1S(f1,--- fm)llp = <§ V1O 1o ) @ 5 daz)
R™ ! 0
T dt
= sup || {6ufr,.... fm)(@)h(z, 1) — da|.
||h||p,,2§1 R” 0
Now for a fixed h with ||A||,y 2 < 1 we have
T dt
@3) |\ Voufr,. o fm)@)h(a,t) — da
R? 0
T dt
R™ 0
T(T d dt
=1 T(1 0@t % i) § o
R 0 N0 5
T ds dt
=] §10u@ . fu) @b, t) = T da
R? 0 0 5
TT i ds dt\'?
<| 1 (1§ ier@hie @t 2 )
R™ N0 0
00 00 1/2
< (] Ve © ) aal,
00 !
where w(t, s) is a positive symmetric function which satisfies
(4.4) A, = sup S w(t, s) ds = sup S w(t, s) dt < o0
t>0 o s s>0 t

and will be defined later. Combining (4.2)) and (4.3) we deduce that

00 00 /2 1
I8C1s - Fmdlly < (S (S S |@t<cz§f1,...,fm>|2w<t,s>—1‘fCf) dw)
R 0 0
I 2 ds dt\""? \'*
X sl}llp<RSn<§) (S) |h(x,t)[“w(t, s) ~ t) dx)
I _yds dt\P? A\
= <Rx(§) (S)|@t(Q§fl’”"fm)(x>|2w(tvs) 15875) dx)
o] 00 d dt p'/2 1/p'
x gp<§<§) bt (sup it =) )
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= <RS (O{O{!@t(Qifl,...,fm)(g;)Pw(u ! % ?)p”dx> Vp

00
o0 dt p'/2 1/p'
X supAulJﬂ(S <S |h(z,t)[? ) dx)
h R" N0 t
00 00 ds dt p/2 1/p
SAi/2<S (S | I@:@ifl,...7fm>\2w<t,s)—1jt) dx) ,
R™ N0 0

where the supremum is taken over all h satisfying ||h[|,y 2 < 1.

Let M be the Hardy—Littlewood maximal function. In view of the result
in [I3], pp. 247-248] there is a function w(t, s) satisfying (4.4)) such that

(4.5) 10:(Qsfrs s frn) (@) S Aw(t, s) [ [ M(fi)(x)
Assume for the moment that (4.5 holds. Define p* by setting
1 1 1
p b2 Pm
so that
1_1. 1
p pp

In view of (4.5) we obtain
(S (S S 10:(Q2f1, ..., ) (@) Pw (t,s)—102967l5t) dx)
Rn

00
00 c0 2 ds dt p/2 1/p
§A<H§n<§§)IMst1 e ute 2 5) )
ds dit\?/? 1/p
:A<Rn“} @ (§ T r@epues £ 5) w)

IN

‘ilnsz(fi) P* <Rxn (Ogog |M(Qsf1)(z)Pw(t, s) % cit)pl/de) 1/pm
Aﬁ Hlepz(RSn{ OSOUW(QsJ‘E)(:c)|2 (Sup Osow(t’ ) cit) Cis}pl/il$> 1/pm

0 0

m p1/2 1/p1
s AT ( (5 MQA)E )" )
=2

R”

s

p1/2

A 2 ds /e 1/2 A
LT rmm( (S (@ f)(@)| ) dx) < AAL T il
=2 R™ N0 =1
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where we used the Fefferman—Stein [L0] vector-valued maximal function in-
equality and the Littlewood—Paley theorem. We conclude that
m

(4.6) 1SCfrs oo fondllp S AT il
=1

whenever 1 < p; < co and -

1 1
»

But (4.6|) is a restatement of ((1.17)) that we were supposed to prove.
We now discuss the proof of (4.5)). To begin, we introduce some notation.
Observe that

O Qsf1,- -, fm)(@)
= S et(.%', Y1so ooy ym)(stl)(yl) Hfz(yl) dyl o dym

Rmm i=2
Rmn R
Rmn Rn
= S Lt,s(mvuay%---aym fl Hfz yz dudys - - - dym
Rmn =2
The result will follow from a pointwise estimate for L; s(z,u, y2, ..., ym). We

will make use of the following integral identities (whose proof can be found
in [13], pp. 229]):

s~ N min(2, ¢t~ u|?) s\ 3 min(v,1)
4. ’ < - if s <
(4.7) S A5 s a1l du_CN(t) if s <t,

RN
1.
=N min(2, s~1ul) ¢ 2 min(%1)
4.8 . du < Cn| - if t <s.
(48) ) g s On( g ess
RN
We begin with the case s < t¢. Using the fact that Q4(1) = 0 for all
s > 0, and that ¥s(y) satisfies the same size estimate as 0y (x,y1,...,Ym)

with v =0 =1, we get
(49) 1 Lse@ s sym)| = | § O6l@,ys,- o ym)s(vn — ) dya
R™

= | T vs s ym) = O, ) s — )
Rn

0, ) § Ul — ) dy|
RTL
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= ’ V10, g1, ym) = Oy, ) [0s (g1 — ) i
Rn

min(2, (¢t~ |y1 — ul)?) 5"
i 1+ s Lyr — ul)ntt

gCAg
Rn

3 min(v,1)
<cAl (S) :
2\ ¢

1 .
1 1\" " 5 min(v,0,1)

< CpAmin| =, -] min f,f .
t s st

Now, for t < s we have

diy

(410) |L5t T, U, ’ym)|

(
= ‘ S 9t($,y1’--->ym)¢s(y1 - U) dyl’
Rn

= | § By, ) = ) =l — ) d|
Rn

m

(m—=1)n
<o o (1] e =)

=2

S t" min(2, l\x—yl\)d
(

DOt — e 5" .

1 .
1 1 n t Emln(')/v&’l) n t—TL

< CpAmin| =, = | min|{ -, s | | .
t’'s st pales (1 4tz — y;])nto

We also have the following integral inequality (see Appendix K.1 in [12]):

(411) |Ls,t(xau7"'aym)| < S |9t(x7y17"'7ym)ws(y1 —U)|dy1
Rn

- CAmin(1/t,1/s)" ﬁ 1
~ (1 +min(1/t, 1/8)|:E — afrtmin@GO AL (14 ¢z — gm0 )

Combining the estimates —-, we obtain
min(1/¢,1/s)z ™2@rD0=8) A min(1/¢,1/s)"
(1 + min(1/¢,1/s)|x — u|)ntmin(d,1))5

- (ﬁ s 1|:c1—y|>n+6>

1=

2
for all 0 < 6 < 1. If we choose 8 = (n + 3 min(d,1))(n + min(s, 1)) 7!, then
estimate 2|) implies that

(412) ’Ls7t(x)u7"')ym)| S
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(4.13)  |0Qsf1y-- - fr)(@)]
(1 1\° min(1/t,1/s)"
< Amin( -, - d
< amin( ) <R5 (U min(1/8, 1) — s 0149

m t_n
Xl;[(S (14t laz — )n+5’fi(yi)‘dyi>

yil

where we set

1 min(4, 1)
= Z mi 1) P
‘T min(3, 7, )n + min(4, 1)
and we used the well-known inequality
a*TL
4.14 h dw < M(h .
(414) § 10| gy 0 S M (1))

R”
As the function w(t,s) = min(t/s, s/t)¢ satisfies (4.4)), estimate (4.5
easily follows.
This completes the proof of the endpoint estimate

LP x L x -+ x L>® — LP

in Theorem |1.3| under the one-variable T'(1) cancellation condition. Bound-
edness at the remaining points as claimed by the theorem follows by sym-
metry and multilinear interpolation [14].

It remains to obtain the same estimate under the multi-variable T'(1)
cancellation condition.

So suppose now that 6, satisfies this condition. Just as in the preceding
situation, we start by using duality and Littlewood—Paley operators to put
the operator in a more tractable form. Then

415) IS0 flly = s |§ ] Ol i) ]
p/,2=+Rn 0
Setting @t( glfla s 7ngfm)(x) = ét,g(x)v we have
T dt
(416) || {6u(fr,- -, fm)(@)h(a, t) du
R™ 0
T ¢ d dsm d
=51 Bt T T ey
R"™ 0 0 m
T 7T dsi  dsy, dt
RS(S) [S)Qts )h(ﬂfat)?l smtd'
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T Tz Codsy dsy, dt\ P

< ~(2)]2 e S, t) T

= RXﬂ((S) (S]@t,s(x” ’lU(Sl, s Smy ) 51 S t)

) () 1/2

ds dsy, dt
2 1 m
X ((S) §) |h(z,1)] w(Sla---,vat)Sl“'Smt) dzx|,
where

o t s \°©
t) = in( —, =
wosesssoms ) = [ i £ 7)

for some € > 0. This function is symmetric in all variables and satisfies

oo o
dsy dsm

(4.17) AlzsupS~-Sw(sl,...,sm,t)—--o—<oo,
t g 0 S1 Sm
oo
dt
(4.18) Ay = sup ... sup Sw(sl,...,sm,t)—<oo.
s1>0 Sm >0 0 t

In particular, in view of (4.17)), we have

o0 0 p'/2 /v’
(S(S...S\h(x,t)ﬁw(sb...,sm,t)m"'dsmCf) dm)
R™ 0

0 S1 Sm
0o 0o 00 p'/2 1/p’
< (S <S |h(z,t)|* sup S S w(sl,...,sm,t)dsl'--W) dx>
R N0 >0 0 S1 Sm
S [1Rlly 2-

Proceeding exactly as in the case of one variable, we reduce matters to
showing that

(4.19) 10(Qs1 f1s -+ Qs frn) (@) S w(sts- s t) [[ M(fi) ().
i=1
Inserting this estimate in (4.16)) we obtain

(4.20) ( | (S N 10u(Q frs - @2 fi) ()]
0

Rn 0

d d m dt p/2 1/p
xm%mﬁwwsxu8>dg
S1 Sm T
§<§OMHHMQM
Rn N0 0 i=1
dsi  dsy, dt\P? NP
xw(sl,...,sm,t)sl-uS) d:c>
S1 Sm t
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m oo 2
ds; \ "/
< (| (T m@smr )
0 5

=1
oo dt p/2 1/p
X <sup... sup S W(S1y .-y Sm,t) t) dx) .

s1>0 sm >0 0

The proof is now easily completed by applying Hoélder’s inequality, the
vector-valued maximal function Fefferman—Stein inequality [10], and the
Littlewood—Paley theorem.

It suffices to obtain estimate (4.19). We begin by observing that the
kernel of the operator ©4(Qs, f1,-..,Qs,, fm)(z) is given by

(421) Lt,sl,...,sm (fE, Upy .- 7um)
= S et(x7y17"'7ym stz Yi dyl dy .
Rmn

We estimate this operator using two different kinds of decompositions. If
t <7r,81,...,5m, we can use the cancellation properties of ; and 1, and
rewrite Ly g, . s, as

Lt,sl,...,sm (x7 Uy, .- - 7um)
= S Qt(x)ylaaym)stl(yz_ul)dy
]R'mn 1=1
- S [Qt(xyylv"‘vym)_Gt(x)uhyQ:'"7ym)]sti(yi_ui)dy
Rmn y —
+ S [Gt(x7u17y2”-7ym) _gt($7u17u27'"7ym)]HwSi(yi _ul) dy
RmMmn ]

+ | 0,1, ym) = O, )] [ ] s (s — i) d
Rmn l

= E Ltsl, o (T UL, U

noting that the term containing the 6;(x,us,...,u,,) vanishes since it is
multiplied by the product of the 1;’s which have mean value zero. (We set
dy = dyi - - - dy,,.) We will refer to this kind of kernel pieces as type I. These
terms are estimated using and ; the 7th term of the sum is
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(4.22) \Ltsl s, (T UL, U
min(2, (¢~ |yz —u4])7 Sp
SA dyy -+~ dy
R§m e kl_[l (1+ sy — ug) "
1 t A" t . Emln(éﬂ/:l)
< A———min —,ﬁ min —,ﬁ .
~ T gn(m—1) si t st
Now, if r, s1,..., s, < t, using the cancellation conditions again, setting
dy = dyy - - - dy,, We obtain
Lt,sl,...,sm ($, Uy - - )um)
m
= | 0@y ym) [[ s (i — wi) dys -+ dynm,
Rmn i=1
m
= | Oy ym) [ s (0 — wi) — s, (2 — wi) } + 15, (2 — ws)] dif
Rmn =1
2m—1
= Z L;:if,...,sm (1’, Uy, .- 7um>7
i=1
where each term L7 ﬁ (@, u1, ..., up) has the form
i T
L;:sh...?sm (T, Uty ..y Um)

k
= S gt(x7y17"‘7ym H ¢s‘k y’bk Uzk)—¢s,k($—uzk)]
k=1

Rmn

X H ,Qbszl u’Ll dyl dyma

where k+1 = m and {i;} are new indices obtained by permuting the original
ones. For simplicity, we may suppose that ¢, = ¢ since the other terms are
a permutation of this case. This kind of kernel pieces will be referred to as
type II. These terms are estimated by

(4.23) |LA e (@uL, )|

t,s1,

< S |0t($ay17"'aym|]i[|¢§Z z_U'L ¢SZ($—UZ)|

Rmn

x H [, (= ;)| dys - - - dym

j=k+1
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tn min(2, l\x —yil) >
< A( dy;
I} s o Z
k n 1/2min(d,v,1)
t t ;
§A||m ( SZ) min<8i,?) :

=1
Combining all these estimates with

(4'24) |Lt7317~--’5m (33, Uy, .- 7um)|

< | |9t<x,y1,...,ym|stz yi — w;)| dys -+ dy,
Rmn
< mln(t/si, si/t)"

Al | .
~ 3 . a. — 4. \n+min(4,1
=5 (L4 min(t/si, si/t) | — wi|)"* (6,1)

we obtain (after some manipulations)

(4 25) ’@t(Qﬁflv"'?QSmfm)(x)‘
tos\ min(t/si, si/t)"| fi(ui)|
< AHmm( ) H( S ((1 I min(t/si, si/t)\m _ ui’)n+min(5,1))ﬁ dw)

Rn

<ol f{mn(2)) o

for some positive constants €, 5 > 0. Noticing that

m

t s;
wW(t,81,.-.,5m m1n< >
( H1 ot

satisfies (4.13) and (4.14) leads to the result.

5. The multilinear 7'(b) theorem for square functions. In this
section we prove Theorem We will obtain the estimate

(e}

(5.1) RSy § (T
=1

R™ 0
for operators ©y(f1, ..., fm) satisfying the cancellation condition
Oi(br,....bpm) =0
for some accretive functions by, ..., b,,.

Fix a smooth compactly supported and nonnegative function @ with
integral equal to 1. Let &(x) =t "®(x/t). Let P, be given by

(5.2) Po(f1,- s fn) (@) = [ [(@e % fi) (@),
=1
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which satisfies the same size condition as ©;. We introduce the operator

(53) Et(flp---,fm):Qt(dst*fly-'-)@t*fm)
and we observe that
(54) Et(].,,l) :et(ét*l,,@t*l) :Qt(l,,l)

The key idea is to decompose O¢(f1,..., fm) as the sum

(55) (B —=O¢(1,..., V)P (f1,. -, fm) +O(1,.. ., D)P(f1,. .., fin)-
The first term in satisfies

(5.6) (01— O4(1,...,)P)(L,...,1)
=6,(1,...,1) = O(1,..., 1)Py(1,...,1) =0.

Since the kernel of this operator satisfies the same estimates as the kernel
of &, we apply Theorem to conclude that this part satisfies (5.1)) with
bound at most (C, 5,A)>.

To obtain the required estimates for the term ©;(1, ..., 1)Pi(f1,. .., fm)(x)
we use the Carleson measure estimates. In fact, in view of Lemmal[l], we reduce
this problem to showing that

dx dt
(5.7) |0:(1,...,1)|? -
is a Carleson measure. As Oy(by,...,b,) =0, we have

(5.8)  Ou(1,...,)Py(by,... bm)

= (Py(b1, ..., b)) (1,...,1) — Z¢(b1,...,bm))
+ (Ze(br, -5 bm) — O, ..., b))
If we could show that
_ o dx dt
(5.9) |O¢(b1, ... ,bm)(x) — Z¢(bi, ..., bm)(2)] "
and
_ dx dt
(5.10) 1Z0(b1, . b)) (@) = Py(b1, - .., b ) (2)O4(1, ..., 1) (z) ;
are Carleson measures, then the measure
dx dt
(5.11) Py(b1, ..., bm)O:(1,..., 1) -
would also be a Carleson measure. Since each piece of P; is a positive oper-
ator and the functions by, ..., b,, are accretive, we deduce

(5.12)  [Pi(ba,...,bm)| = By(Re(br), ..., Re(bm)) = Pyler,..,cn) = [[ i
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which implies

(513) ‘@t(lw"al)‘Q Q‘Pt(bla“'abm)@t<17“'71)‘2'

1
H;nl ¢
This would show that |©(1,...,1)|? @ is a Carleson measure if so are

and (10).

As by, ..., by, are bounded functions, the assertions that (5.9)) and (5.10))
are Carleson measures follow from the facts that the operators

(5.14) I (fr, o fm) = (O = Z)(f1, -, f) (@),
(5.15) I} (fr- s fin) = (S0 = (L, DB (1 fn) ()
satisfy the hypothesis of Theorem

CASE 1: The operator IT}(fi1, ..., fm). Note that

(5.16) Ei(fisooosfm) = S &z, y1,. .. ?ym)Hfl(yz) dyi -+ - dym

Rmn i=1

has the kernel

(5.17)  &(x,y1, ..y Ym) = S O(x,u1,. .. U, H@t —y;)duy - - - dup,
Rmn

which is easily seen to satisfy the size conditions. Thus we conclude that
n}=06,-=
satisfies the required size estimates and additionally we have
1., 1) =64(1,...,1) = 5(1,...,1) =0

in view of (5.4)). Applying Theorem we deduce that I1} is a bounded
operator
LPY(R™) x -+ x LP™(R") — L*(R", L*(R™"))

with operator norm controlled by Cy, s,A; here 1/py + -+ + 1/py = 1/2.
Then, by Theorem we conclude that
o dx dt

t
is a Carleson measure with constant controlled by Ci, 5,A% T2, |1bs]|%-

CASE 2: The operator II?(f1,..., fm). The kernel of IT? is given by

(5.18) [T} (by, ... by ()]

(5.19) 7@, y1s s ym) = E (@Y1, ym) — Ou(1, ..., 1) (2) H@t(x — )

and this is easily seen to satisfy the required size conditions, since both
&(z,y1,...,ym) and [[;~, @(x — y;) do so and since O(1,...,1)(z) is a
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bounded function for each ¢ > 0. Moreover, using (5.4)) we have

(5.20)  IT2(1,...,1)(z)
= Zi(1,...,1)(x) — 0y(1,...,1)(2)P(1,...,1)(z) =0,

and one more application of Theorem [1.3| permits us to conclude that IT?
maps
LPYR™) x --- x LP™(R™) — L*(R", L*(RT))

continuously with the same norm estimate. Using Theorem we obtain
the desired conclusion, that is, (5.18)) is a Carleson measure with constant
controlled by

m
i=1

Combining all these, we obtain (5.1)) with bound

m
C25,A2(1+ T Ibil%).
i=1
This concludes the proof of Theorem

6. Final remarks and further comments. As in Semmes [23], it is
possible to modify the preceding proof to the case of para-accretive func-
tions. This modification is straightforward and the details are left to the
interested reader.

Under stronger regularity for the kernel of ©;, Hart [16] proves a vector-
valued version of a bilinear Calderén-Zygmund theorem (in the spirit of
Grafakos and Torres [I5] and Kenig and Stein [I8]) which allows him to
obtain boundedness for the quadratic square function formed by ©; via
interpolation in the full range of exponents starting from an initial estimate.
The same idea could be adapted in our situation and this would yield the
boundedness of the quadratic square function formed by ©; in Theorem
[L.2 from LP* x --- x LPm to LP where 1 < p; < o0, 1/m < p < oo and
1/pi+---+1/pm = 1/p, and also from L' x --- x L' to L/,
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