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Orbits of linear operators and Banach space geometry
by

JEAN-MATTHIEU AUGE (Bordeaux)

Abstract. Let T be a bounded linear operator on a (real or complex) Banach space
X. If (an) is a sequence of non-negative numbers tending to 0, then the set of z € X
such that |T"z| > an|T"| for infinitely many n’s has a complement which is both
o-porous and Haar-null. We also compute (for some classical Banach space) optimal ex-
ponents ¢ > 0 such that for every non-nilpotent operator 7', there exists z € X such
that (||T"||/IIT"]]) ¢ ¢?(N), using techniques which involve the modulus of asymptotic
uniform smoothness of X.

1. Introduction. Let X be a (real or complex) Banach space, and let
T be a bounded linear operator on X. For x € X, let

Or(x) ={T"z :n >0}

be the orbit of x under the action of T'. The study of orbits is connected with
the famous invariant subset problem which asks if there exists an operator
on X with non-trivial invariant subset. Indeed, T" does not have any trivial
invariant subset if and only if for each = # 0, Or(x) is dense in X. Such
an operator was constructed by Read [R] in the space ¢!, but in the Hilbert
space, the problem is still open. If at least one orbit is dense, the operator
is called hypercyclic (and the corresponding vector a hypercyclic vector).
This class of operators has received much attention during the last two
decades (see [BM] for much information on this topic). In this paper, we will,
however, study some more regular orbits. Miiller [Mu] showed the following
result, which roughly says that there are many points with large orbits for
many powers.

THEOREM 1.1. Let T be a bounded linear operator on X, and let (ay)
be a sequence of non-negative numbers such that a, — 0. Then the set

{x € X :||T"x|| > an||T"|| for infinitely many n’s}
1s residual in X.

2010 Mathematics Subject Classification: Primary 47A05, 47A16; Secondary 28A05.
Key words and phrases: orbits of operators, compact operators, o-porosity and Haar neg-
ligibility, asymptotic smoothness.

DOI: 10.4064/sm212-1-2 [21] © Instytut Matematyczny PAN, 2012



22 J.-M. Augé

A quick glance at the proof shows that the powers can be replaced by
a sequence (7),) of bounded linear operators. It may also be worth empha-
sizing that this is stronger than the uniform boundedness principle. Indeed,
suppose that sup ||, || = oo and find a sequence (n;) such that ||T},,|| — oo.

Put a; = 1/4/[|T,; and apply the above result to S; = T),; to deduce that

there is a residual set of points x € X such that ||T,;z| > /|T}, for in-
finitely many j’s, and in particular sup ||T,,z|| = oo. Equivalently, Theorem
says that the complement of the set in question is of the first category.

Now, there are several other notions of smallness in analysis. In this
paper, we consider two of them: o-porosity, which is a stronger form of
smallness than being of first category, and Haar-negligibility, which is an
extension of having Lebesgue measure 0 in infinite dimensions (see next sec-
tion for definitions). These two notions are actually not comparable: Preiss
and Tiser (see [BLL Chapter 6]) showed that any real separable Banach space
of infinite dimension can be decomposed as the disjoint union of two sets,
one of which is o-porous and the other Haar-null.

In Section 2, we generalize Theorem [I.1] as follows:

THEOREM 1.2. Let X be a Banach space (real or complez) and (T),) be
a sequence of bounded linear operators on X. Let also (a,) be a sequence of
non-negative numbers such that a, — 0. Then the complement of the set

{z € X || Thx| > an|| Ty for infinitely many n’s}
1s o-porous. If X is separable, then this complement is also Haar-null.

These notions of smallness, together with linear dynamics, have also been
studied (for different problems) in [Bayl] and [BMM]. The example T'= B
where B is the unweighted backward shift defined on ¢!(N) by Be; = 0
and Bey, = ey for k > 2 (where (eg) is the canonical basis of ¢1) satisfies
|T™x||/[|T™|| — 0 for each x, because |T"|| = 1 and [|[T"z|| = 72, |z
for x = > 77, age. Thus, in general, the condition “a,, — 0”7 cannot be
improved.

In Section 3, we study some cases involving compact operators to get
better estimates. We also give some examples to discuss the limitations of
our results. Section 4 contains our main result. As should be clear from what
we said, the underlying theme of this paper is to look for points € X such
that many powers ||T"x|| are as close as possible to ||T"||. Beauzamy [Be]
showed that given a bounded linear operator T" on a Hilbert space H, the set

{ < Z”||1;:c||” }

is dense in H (which in some sense says that ||7"x|| is not too far from || 77|
for many powers). Using an alternative proof, Miiller [Mu] showed that for
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frem L () =)

is dense in H, and also showed a similar statement for operators on Banach
spaces (replacing ¢ < 2 by ¢ < 1). He also exhibited examples showing
that the constants 1 and 2 are optimal for Banach space and Hilbert space
operators. These problems also have connections with some famous plank
theorems of Ball (see [Ball] and [Bal2]). We recall those results.

THEOREM 1.3 (K. Ball, [Ball]). Let X be a (real or complex) Banach
space and (f,) C X* such that || fn|| = 1 for each n. Let also (o) C R
be such that Y o2 ay < 1. Then there is a point x with ||z|| = 1 such that
|{fn,x)| > a, for each n.

In [Bal2], the condition Y °° o, < 1 is improved to Y >0 a2 < 1
for complex Hilbert spaces. Now, considering the adjoint of 7", one can
show that a similar statement holds for sequences of operators (see [MV] for
details). This gives a direct proof of the above results. Anyway, the previous
exponents suggest that for a Banach space X, the quantity

each g < 2, the set

qx = sup{q > 0 : for every non-nilpotent and bounded linear operator T,

oo

T x| \*
Z <||||T"x\|‘|> = oo for some z € X}

n=1

should depend on the geometry of X. This will be the case and we will in
particular obtain:

THEOREM 1.4. g = p, qrr = min(p,2) (1 < p < 00), g, = 00.

To unify those results, we will use the modulus of asymptotic uniform
smoothness of X, which is a tool from Banach space geometry that has
been used for several problems of nonlinear functional analysis. We refer the
reader to Section 4 for definitions. Note that a similar discussion, involving
weakly closed sequences and type of the space, can be found in [Bay2] and
[BM| Chapter 10]. Throughout, we shall denote by £(X) the set of bounded
linear operators on a Banach space X and by B(x,r) the open ball of center
and radius r (z € X, r > 0).

2. o-porosity and Haar-negligibility: proof of Theorem Let
us first recall the definitions of o-porous and Haar-null sets. The notion
of porosity quantifies the fact that a set has empty interior. Porosity was
introduced by E. P. Dolzenko [DJ], and has been studied in detail since then
(see [Z]). It appears for example in the study of differentiability properties
of real-valued convex functions defined on a separable Banach space X.
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DEFINITION 2.1. A Borel subset E of a Banach space X is called porous
if there exists A € ]0, 1[ such that the following is true: for every = € E and
every € > 0, there exists a point y € X such that 0 < |jy — z|| < € and
E N B(y, M|z — y||) is empty. A countable union of porous sets is said to be
T-POTOUs.

Haar-null sets were introduced by Christensen [C]. They appear in the
study of differentiability of Lipschitz functions defined on a Banach space.
Note that the definition of Haar-null sets makes sense in any Polish abelian
group G. Here, we restrict ourselves to the Banach space setting.

DEFINITION 2.2. Let X be a separable Banach space. A set £ C X is
said to be Haar-null if there exists a Borel probability measure m on X
such that for every x € X, the translate x + £ has m-measure 0.

With those definitions in mind, we can now start the proof of Theorem
Let (T,) € £(X) and (a,) C R* be such that a, — 0. If infinitely
many 7,’s are 0, then the result is obvious. We may assume, without loss
of generality, that T,, # 0 for every n. Let us first prove the assertion about
o-porosity. We can write the complement in the form (J3_; Enx with

Eny ={z:Yn> N, ||Tyhz| < a,||T|}-
We shall see that for fixed N > 1, E is porous with the constant A = 1/4
(but, actually, any fixed A € ]0, 1] works, by adjusting the computations in

what follows). Consider now x € Ey and € > 0. Fix n > N and yp with
llyoll = 1 such that

< 1Tl H
"= 2

€ and ||[Thyo| >
8

T, <x+ y>H ‘ <x—y)H > [Tl = STl
€
T, <x+ yO)H s |T.|| or Tn<x— 2y0>

Replacing possibly yo by —yo, we can assume that || T, (z + Syo)|| > /T
Put y =  + Syo, so ||y — z|| = €/2 < e. To conclude, it is enough to show

that 1
B(wlle—ol) By = 81§ ) nEx .

Let z € B(y, ¢/8). We have
€ €
1Tzl = 1 Tnyll = ITnz =)l = ZITall = STl

We have

€
> 2Tl

Y

€
STl = an|| T

and z ¢ Ey, as announced.
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Let us now prove the second assertion. Considering only the real linear
structure of X, we may assume that X is a real Banach space. Keeping the
same notation as above, it is enough to show that each E is Haar-null since
a countable union of Haar-null sets is Haar-null. An efficient way to prove
that a Borel subset £ C X is Haar-null is to find a subspace V' C X of finite
dimension such that

for all z € X and almost everyv €V, z+v¢FE

(here “almost every” refers to the Lebesgue measure on V). We can find
u € X such that ||T,ul|| > \/ay||Ty|| for infinitely many n’s (by the first part
of the theorem); we will show that V' = Ru is the subspace we are looking
for. Fix x € X and put
A={AeR:z+ \u€ En}.
It remains to check that A has Lebesgue measure 0. Let A € A. Then
ITn( + M) || < anl|Tall (0= N).

Hence, we get
[T sl

= Gp
[Tl [Tl
Put b, = ||[Tnz||/||Tnul/. The above inequality shows that A € Ey U E_,
where

\w-

(n>N).

T, T,
Be= ] [b”‘“"n”Tn”n’b"”"n”TnHu]’
o U U

T, T,
B=] [“’" ‘“"||||TnHr\"b”*“"HHTHHH}
o U U

This implies that the Lebesgue measure of A is not greater than

. |75 ||
4 inf
noN ™ Toul’

which is 0, because for infinitely many n’s,
m
n
[Tl
This completes the proof.
Let X be a complex Banach space and 7" € L£(X). Let r(T") be the

spectral radius of 7" and 7, (T') be its local spectral radius defined by 7, (T") =
lim || 7™z||*/™. We obtain:

COROLLARY 2.3. If X is a complex Banach space and T € L(X), then
the complement of the set of x such that r.(T) = r(T) is o-porous, and
Haar-null if X is separable.

<Va, =0 (n—o0).
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Proof. Apply the above result to a, = 1/n and use the spectral radius
formula: lim | 77(|/" = r(T). =

3. Compact case. In this section, we move away from Haar-negligibility
and o-porosity and try to improve the condition a, — 0. Note that in
contrast to Theorem the proof of the next proposition really uses the
powers of the operator T

ProposITION 3.1. Let X be a real or complex Banach space and let
T € L(X) be such that:

(i) T is compact.

(ii) (|T™|]) is non-decreasing.
Then, for each € > 0, there exists x € X with ||z|| < 1 such that for infinitely

many n’s, we have
[Tz = (1 =) T"].

— | T"z| }
z € X :lim >0
{ 17l

Furthermore,

1 a dense subset of X.

Proof. There exists (z,) C X with ||z,]] = 1 such that ||T"x,| >
(1—¢€/2)||T™||. By the compactness of T', one can extract from (T'z,,) a norm
convergent subsequence (T'zy, ). So, we can find N such that for k > N,

| Txy, —Ten| < €/2.
Put x = xn. For k£ > N, we get
1T ] 2 [T, | — T (@ — 22,
> (1 ¢/2) T — | T(w — @) 1T
> (1—€/2—|T(x—zn,)|)|T"*] as (||T™]|) is non-decreasing
> (L= e)[[T™ .

Let us see the density. Take n > 0 and « € X. By the above, we can find
a point zg with ||zg|| < 1 such that for infinitely many n’s,

1
1T 2ol = SIT™]I-
For those n, we have
1T (2 + nzo) || + 1T (x — nwo)|| = 20| T"zo| = nl|T™|-
Hence
=— [ T"(z + nxo)| =— [T (z — nxo)|

lim >0 or lim

17| 17|
and since ||z — (z £ nxo)|| < 7, we get the density. =

> 0,
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The following two examples show that we cannot remove assumptions
(i) or (ii).
EXAMPLE 3.2.

(i") There exists T € L(IP(N)) such that (||T™]]) is non-decreasing and
for all x € ¢P(N),

T
1|
(i") There exists a compact operator T € L((P(N)) such that for every
x € (P(N),
A
1|

Proof. For (i), it is enough to take T'= B where B is the unweighted
backward shift (see introduction). For (ii’), we let T be the weighted back-

ward shift defined on ¢P(N) with its natural norm and canonical basis (eg)
by

oo
Tr = g WETECk—1
k=2

where (wy) is a sequence decreasing to zero; it is easy to see that T is
compact as a norm limit of finite rank operators. For n € N, we have

o0
Ty = Z TRWEWE—1 * - Wk—n+1Ck—n,

k=n-+1
which implies
00 n+1 » 00
1Tzl = ) |opwpwe—1 - Wp—pia | < <Hwk) D [l
k=n-+1 k=2 k=n+1

Considering [|[T"ep+1||, we obtain exactly ||[77||P = (HZ;% wg )P and hence

T ]”

< > |zl —0. .
nllp —
2

If the space X is reflexive, we can slightly improve the previous result.
PROPOSITION 3.3. Let X be a real or complex reflexive Banach space
and suppose T € L(X) satisfies assumptions (i) and (ii) of Proposition [3.1]
Then there exists x € X with ||z|| <1 such that
[ T"z]]
lim =
il
Proof. A compact operator always attains its norm on a reflexive space
(although this fact is not strictly necessary here). Write ||T"| = ||T"xzy||
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with (z,) C Bx. From (x,), we can by reflexivity extract a subsequence
(2, ) which converges weakly to some point  with ||z|| < 1. Estimating
|T™ x| as above, we get

[T ]| = (1= 1T (2 = 2, ) DT

Then we use the (well-known) fact that a compact operator maps weakly
convergent sequences into norm convergent ones. Hence | T(z — zp, )| goes

to 0 and
[ |

which concludes the proof. =
Our last example shows that the reflexivity cannot be omitted.

EXAMPLE 3.4. There exists a compact operator T on cy (the space of
sequences converging to zero with the usual norm) such that (||T™]|) is non-
decreasing and for each x € co with ||z|| <1,

™
T3

<1
1]

Proof. We consider this time the operator T on ¢ defined by

o
Tx = E WETkCrk—1 + To€o
k=1

where (wy,) is a sequence decreasing to zero with wy = 1. Then T is compact
(same argument as in case (ii’)). From the formulas

Te(] = €y,
Te, = wrep—1 (k>1),

we deduce by induction that
n o
Tz = ( Z Wkwk) €o + Z Wr+nWk+n—1* Wk+1Tk+nCk
k=0 k=1

where we put W,, = [[;_, w;. Since (w,) decreases to 0, (W) decreases to
zero faster than any geometric sequence, so W = > 72 (W, < co. On the
other hand, for ||z|| <1 we have

1Tz = max(( 3 Wiay
k=0

n
< Z Wi,
k=0

because 0 < w; < 1. Considering the vector ey + --- + ey, we get | T"| =
> i Wi, so (][T™]) is indeed non-decreasing. Suppose now that there exists

, SUPp W4 nWk+4n—1** * Wk+1 |xk+n’>
k>1
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a point = € ¢ with ||z|| <1 such that

Tim | T" || _
17|

We see that there exists a non-decreasing map ¢ : N — N such that

o(n)
Z kak’ =W (n— o).
k=0

Let N be an integer such that |zg| < 1/2 for £ > N. Then

v(n)

00 N 00
| kzw’“”‘ <SSl Wt S W
=0

k=0 k=0 k=N+1
Letting n — oo in the above inequality yields
N ;&
WS;—OWk+2k§V;1Wk<W
a contradiction. m

REMARK 3.5. In the last example and in ('), one can also require that
|T™| — oo (replace T' by 27).

Finally, the last proposition of this section can be seen as a variation of
the compact case (see the remark after the proof). It will also be useful in
Section 4.

PROPOSITION 3.6. Let X be a real or complex Banach space and T €
L(X) be a non-nilpotent operator. Assume there exists a € 0,1] and a sub-
space M of finite codimension such that HTﬁwH < a||T™|| for infinitely many

n’s. Then
|
{x € X :lim I f” > 0}
[

is a dense subset of X.

Proof. By a previous argument (Proposition 3.1), it is enough to find
only one point to have automatic density. Replacing M by its closure, we
may assume that M is closed in X. Write X = FF & M where F is a sub-
space of finite dimension. Let (f1,..., fr) be a normalized basis of F', and
(ff,..., fF) its dual basis (in F'). For 1 <14 <r, extend each f to X requir-
ing that the restriction of f* to M is 0. If we denote by P the continuous
projection onto F' (with respect to the previous decomposition), we easily
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see that f;" is continuous with [[f[| < [|f7 gl [ P[l. Set C' = sup, || f7| and
choose a, > 0 such that Cra, + a < 1. Now, set

A= {n e N: Tyl < aofT"[|},
Ai={ne A:|T"fil| = ar|T™|]}.

We will show that A = |J;_, A;; since A is infinite by hypothesis, so will be
one of the A;, and this will give the conclusion.

Suppose on the contrary that there exists n € A\ |J;_; 4;. Fix o, €
|Cra, + a,1] and let © € X with ||z|| = 1 be such that |[T"z| > o || T
Write z = Y., x; fi+u where v € M. By construction of the f, z; = f(x),
hence |z;| < C and we get

.
Tl <Y el 1T fill + |1 Tl
i=1
< (Crar +a)|| T[] < ar[|T"]],

a contradiction. m

REMARK 3.7. For T' € L(X), define
TN, = inf{||Tjas]| : M C X, codim M < oo}

This quantity measures the degree of non-compactness of T since || T'||, =0
if and only if T is compact (see [LS] for details). The above result roughly
says that if || 7™, is not too large “uniformly” (that is, the same M works
for infinitely many n’s), then we have the same conclusion as in the compact
case.

4. Modulus of asymptotic uniform smoothness and optimal ex-
ponents. Our goal in this section is to compute the value of

qx = sup {q > 0 : for every non-nilpotent and bounded linear operator T,

o Tn q
Z (HHT’::]H) = oo for some x € X}
n=1

for some classical Banach spaces. From the results of Miiller and Beauzamy
quoted in the Introduction, we know that that gx is well-defined (i.e. the set
over which we take the supremum is not empty) and ¢gx > 1. Furthermore,
the known values [Mu] are g1 = 1 and gy = 2 if H is a Hilbert space. We
will compute ey, g and qrp(o,1) for 1 < p < oo. Observe that we actually
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have gx = ¢’y where

¢ = sup { q > 0 : for every non-nilpotent and bounded linear operator T,

|77\ . :
theset sz € X : Z ] =00, isdense in X ;.

Indeed, this follows from the followmg observation which is a simple
consequence of the Baire category theorem.

PROPOSITION 4.1. Let T € L(X) be non-nilpotent, qo > 0 and assume
that for every q < qu, there exists xog € X such that

5 (HT"on)"
2\ ]

Then the set

> Tzl \ ¢
A:{xeX:Vq<qO,Z<H”Tn”H> :OO}
n=1

is a dense Gg subset of X.

Proof. Considering a non-decreasing sequence (sy) such that s < go for
each k and s — qo as k — oo, we see that it is enough to show that for
each ¢ < qp, A is a dense G subset of X where

A= {‘””EX‘Z? <Hrrjﬁu”)q:°°}'

Write A = NX_, 2n, where

o0

T x|\ !
QN:{a:eX:Z(H n”) >N}.

2\ [T
Using for example the Fatou lemma, it is easy to see that X \ {2y is a closed
subset of X for each N. By the Baire category theorem, we need to check
that each {2y is dense in X. Fix ¢ > 0 and = € X. Replacing zg by Azg
for some A > 0, we can assume that ||zg|| = e. Now, there exists a constant

C > 0 such that (z +y)? < C(x?+y9) for every z,y > 0. From this and the
triangle inequality, we get

> () X () = a5 () -

n=1

So & — ¢ or & + ¢ belongs to A and since ||z — (x +z¢)|| = €, this concludes
the proof. m
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REMARK 4.2. If ¢ > 1 and X is reflexive, under the assumptions of
Proposition the set A is Haar-null. Indeed, it is enough to show that for
each N, X \ 2y is Haar-null, and this follows directly from the theorem of
Matouskova [Ma]: a closed and convex set with empty interior in a reflexive
Banach space is Haar-null.

To compute gx, we introduce the modulus of asymptotic uniform smooth-
ness of X which is a useful tool from Banach space geometry (but probably
not much used in linear dynamics). This quantity has been introduced for
the first time by Milman [Mi] under some different names. We follow here
the more recent terminology which can be found in [JLPS].

DEFINITION 4.3. Let X be a real or complex Banach space. The modulus
of asymptotic uniform smoothness of X is the function py (t) defined by
px(t)= sup inf sup ([l +tyl —1) (¢t =0).
[lzl|=1 dim(X/Y)<co yey ||y[=1
Px is a 1-Lipschitz, convex and non-decreasing map such that py(0) = 0
and py(t) <t for t > 0. We can now state:

THEOREM 4.4. Let X be a Banach space and assume that its modulus of
asymptotic uniform smoothness satisfies px(2t) = O(px(t)) ast — 0. Let
p: Rt — RT be a non-decreasing map such that p(t) > 0 whenever t > 0,
and

im m =0.
t—0 p(t)
Then there exists a point x € X such that
£ ()
17|

n=1

As a consequence, we obtain the results claimed in the Introduction.
More precisely:

THEOREM 4.5. Let T' € L(X) (X = ¢’(N), X = LP(0,1) (1 < p < o0)
or X = ¢9(N)) be a non-nilpotent operator. Then:
(a) If X = (P, the set

Ty
{“X”’“p’ <HHT"HH> “q}

is a dense G5 subset of X. On the other hand, there exists S € L(X)
(non-nilpotent) such that for each x,

> (1721Y" o
51

n=1
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(b) If X = LP, the set
T’n
{az € X : Vg < min(p, 2), (HHTH:U“) ¢ fq}
n

is a dense Gs subset of X. On the other hand, there ezists R € L(X)
(non-nilpotent) such that for each x,

3 (\!R”x\|>mm(”’2) .
=\ B
(¢) If X = cop, the set

HT%H> }
ze X :Vg>0, ( 04
{ i), *

is a dense Gg subset of X. In particular,

qr =p, qrr =min(p,2) (1<p<oo), go =00
Proof. It is known (and easy to see) that p. (t) =0 for 0 <t <1, and

also for t > 0,

tP
Por(t) = (14177 =1~ o (t —0).

For LP = LP(0,1), Milman [Mi] obtained the following estimates. For L,
pri(t)=t. Forl <p<2,

1 2
P < pre(t) <SP (t—0).
. r(t) p ( )

For 2 < p < oo, there exists a constant C}, > 0 such that
(p— 1)t <Bpo(t) < Cpt®  (t—0).

For p = 2, 5;2(t) = (1 +*)'/2 — 1 since L? and ¢? are isometric. Hence
the first statement of (a) and (b), and statement (c), are straightforward
consequences of Theorem and Proposition

We now turn to the examples. (a) can be found in [Mu]. The job there
is done for p = 2, but the general case is almost the same. We include the
example anyway for the sake of completeness. Let (e;) be the usual canonical
basis of /¥ and set e1 o = e, e1,1 = €2, €29 = €3, €21 = €4, €22 =€5,.... In
this way, we can write £ = @, X} where X}, is the (k + 1)-dimensional
P space with basis eg,...,ex,. Then S is defined by S = @2, 27*By
where By, is the usual backward shift on L£(X}), i.e. Bi(ex,;) = ex,j—1 for
j > 1and Brepo=0.Forn>1, S"(enn) = 2_"26,170 so |57 > 27", Let
T = Z?:o ajey ; € Xj. We have

i(”ﬁ;ﬁ”) Z(W(Zlagl) ) iwﬂluxk\pszuxkup.
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It follows that for every x = Y .-, x), we have

> (o) =22 (i) < X mr <o

=1n=1

Now for (b), recall that for every 1 < p < oo, P is isomorphic to a
complemented subspace E C LP. So write L = @ F where F is a closed
subspace of LP. If Q : /P — F is an isomorphism, then clearly Sy = QSQ !
is a bounded operator on E such that for every x € E,

oo
Z ( [5G || >p
2\ 5]
Let P be the projection onto E with respect to the decomposition LP = EGF

and put R = SoP, which is bounded on L?. Then for every n, R" = S}'P.
Since P is a projection onto E, we have ||R"|| > ||Sg||. Hence

(0 <5 (5

n=1

This shows (b) for p < 2. For p > 2, use a similar argument and the fact
that ¢2 is isomorphic to a complemented subspace of LP. u

It remains to prove Theorem [4.4] Before going into the proof, we will
need the following elementary lemma.

LEMMA 4.6. Let f,g be two maps from RT to RT. Assume that

}ri—>0gE§ 0 and iigbf(x):()

Then there exists a sequence (o;) C RT with a; — 0 (as i — o) such that

Zfal < oo and Zgaz =

Proof. If g(x) - 0 as x — 0, there exist € > 0 and (o;) C R™ with
a; — 0 such that g(a;) > € for each ¢ > 1. By passing to a subsequence, one
can assume that > 2, f(a;) < oo (because f(x) — 0) and since g(a;) > €
for each i, one also gets 7 g(a;) = co.

Now, if g(x) — 0 as  — 0, fix (¢;) C RT with ¢ > 0 for each i such that
Y2, € < oo. Choose, for each ¢ > 1, ; € ]0,1/i[ such that f(x;) < €;9(z;)
and g(x;) < 1/2. Put n; = 1 and n;41 = n; + [1/g(z;)] where [z] denotes
the integer part of z. If k is an integer with n; < k < n;11 — 1, put ag = ;.
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Then o — 0 because x; — 0. We have

oo Mit1—1

DoHa) =" Y flaw) = fm)(ni — i)
j=1 i=1

[oe) o
< ZQ’Q(%)(WH —n;) < Zﬁi < 0.
i=1 i=1

On the other hand,

> gleg) =Y gla)(nips —ni)
j=1 i=1

> S (- g@) =Y g =
=1 =1

and this concludes the proof of the lemma. m

We are now ready for the proof of Theorem [4.4, We will combine some
techniques from [Mu] and [LJ.

Proof of Theorem[{.4, We can make the following assumption:

(*) for every subspace M of finite codimension, ||T};[| > LT for all
but a finite number of n’s.

Indeed, if this is not true, then by Proposition there exists ¢ > 0, a
point € X and a non-decreasing sequence (n;) such that for each j,
|77z
frm] =
Since p(€) > 0, this obviously implies that
i”(”\g:\‘) -
n=1

Hence we can suppose that (%) holds. By Lemma there exists a
sequence (@;) with @; — 0 such that

> px(di) <oo and > p(ds) = oo.
=1 =1

Since p is non-decreasing and py (2t) = O(px(t)), we see that

;PX(%')<OO and ;P<O;>=OO,

where we have put «; = 2@;. Now, using again the hypothesis py (2t)
= O(px(t)), we see that > 3% py(2¥a;) < oo for each k, and thus
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[152,(1 + px(2%a;)) converges. From this and the fact that a; — 0, we
can find an increasing sequence (my) of integers such that

oo
a; <27F (i>my) and [ (1 +75x(2)) <2
i=my
Without loss of generality, we may assume that m; = 1. Let us also fix once
for all a sequence (3;) with 3; > 0 such that [[;2, (1 + ;) converges. Next,
we are going to construct by induction two sequences (n;) and (u;) such
that n; < ma < --- and ||u;|| = 1. Further, these sequences will have two
properties; First, for each [ > 1 and j </,

l
» (%)

Secondly, for each k£ > 1, and my <1 < mpy1 — 1,

@ | _§lj o szl—k(ﬁ <1+@->)(Il[ (1+7x(25,)) ).

i=my i=my
Once this is done, by (2) and since [[2, (1+px(2Fq;)) < 2, we see that

(Zi‘:l a;u;); is Cauchy, and thus converges to some z. By , for fixed 7,
we get in the limit

Bl
2

=My

ITmsa)| > |1,
2

iﬂ(”ﬁ”)2%%}(”&1') Z_: (;)— o,

n=1 j=1 =

whence

and this is the desired conclusion.

Now, we turn to the inductive construction. Set ny = 1. There exists
up € X with ||uq]| = 1 and ||Tuy|| > a1/2. Let kK > 1 and assume the con-
struction has been carried out up tomy <1 < myy1—1. IfI4+1 = myyq, then

gyl < 27FFD <2101 4 8 ) (1 + oy (26 1)),
SO is automatically satisfied for [ + 1. Arguments to get will be de-
tailed later. Suppose now that I + 1 < myy1 — 1. For convenience until the
end of the proof, we put s; = Zi:mk o;u; and xp = Zlizl U;.
We distinguish two cases. Suppose first that |[s;|| < 27%. Then for any

choice of w41 such that ||ujq1]] =1,
I+1
H D i < Jlsill + g <207

=my

Hence is again always satisfied.
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We now indicate how to get . For each j <, select a linear functional
fj such that || f;|| =1 and || f;(T™ 2;)|| = ||T™ 2;|| and put

l
M = (ke (7).
j=1

which is clearly of finite codimension. Applying (%), we can find n;41 > ny
and v € M with ||v|| = 1 such that

1
[Tmol] 2 ST
Since

17751 (@ + agprv)] + 177 (@1 — agigo)|
> 2T wllags > [T o,

there exists e = +1 such that

«
|77 (a1 + eauao)l| = =5 I

Putting u;41 = ev, we have proved for j =1+ 1. For j <, we obtain
1T (21 + cuprwgd) | 2 (15T (2 + aipawga) | = (15T 2l = T 2|
!
2

where the last inequality follows from the induction hypothesis of .

Suppose now that [|s;|| > 27*. From the definition of the modulus of
asymptotic smoothness, we can find a subspace Y C X of finite codimension
such that for all y € Y with ||y|| = 1,

(3) g gy
s

‘ < (14 Br) (1 + px (25 arsa)).

This time, we set
l
M = () ker(f;T")NY
j=1

where the f; are constructed exactly as in the previous case. We also con-
struct in the same way n;41 and w11 € M with ||ui41]] = 1 so that holds
for [ + 1. Now with y = w41 € M CY yields

(4) st + 2" [sillawrwa || < lsill (1 + Bipa) (1 + px (2 cuyn)).

The condition ||s;|] > 27 implies that s; + ;1,11 lies on the segment
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joining s; to s; 4+ 2% ;|| 1u41. Hence, from (4)) we get

+1
H > || = [lsi+ arprurga || < Jlsell (14 Biga) (1 + px (28 auga))
e +1 +1
<2 F ([T a+m)( IT (+pc@a).

where the last inequality follows from the induction hypothesis. We see that
(2)) is satisfied for [ + 1, and this ends the construction. =

REMARK 4.7. Lindenstrauss [L] showed the following result: if (z;) C X
is such that > 2, €x; diverges for every choice of signs (¢;) C {—1,1}, then
Y2y px(Jlai]]) = oo where px is the usual modulus of smoothness defined
for ¢ > 0 by

sup  ([lz +tyl| + [z — tyll - 2).
lzll=llyll=1

REMARK 4.8. We do not know if the assumption px(2t) = O(px(t)) is
really necessary, although it seems to us that a “bad” Orlicz space may not
have this property.

| =

px(t) =
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