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Projectively invariant Hilbert—Schmidt kernels and
convolution type operators

by

JAESEONG HEO (Seoul)

Abstract. We consider positive definite kernels which are invariant under a multiplier
and an action of a semigroup with involution, and construct the associated projective
isometric representation on a Hilbert C*-module. We introduce the notion of C*-valued
Hilbert—Schmidt kernels associated with two sequences and construct the corresponding
reproducing Hilbert C*-module. We also discuss projective invariance of Hilbert—Schmidt
kernels. We prove that the range of a convolution type operator associated with a Hilbert—
Schmidt kernel coincides with the reproducing Hilbert C*-module associated with its
convolution kernel. We show that the integral operator associated with a Hilbert—Schmidt
kernel is Hilbert—Schmidt. Finally, we discuss a relation between an integral type operator
and convolution type operator.

1. Introduction. The theory of reproducing kernels is fundamental
and applicable widely in various areas of mathematics [1, B [7, 1T}, [15]. In
particular, reproducing kernel Hilbert spaces have played an important role
in operator theory and applications [I} [7, [IT]. For example, if a Hilbert space
of functions has a reproducing kernel, then the kernel is characterized as the
unique solution of an extremal problem [I5, [10]. One of the advantages of
reproducing kernel Hilbert spaces is that the norm in such spaces is easily
computed only on the linear span of the kernels, which is a dense set but not
the whole space in general. Schoenberg [16] introduced functions which are
positive definite on the m-dimensional sphere. A class of positive definite
kernels on a closed compact Riemannian manifold provides some method
for solving uniquely a generalized Hermite interpolation problem [12]. Some
kernels in [12] can be regarded as an example of Hilbert—Schmidt kernels
which we are considering in this paper.

Let ‘H be a reproducing kernel Hilbert space consisting of functions on
a set S. The Riesz representation theorem says that for each element s € .5,
there is a unique vector ¢5 € H such that f(s) = (f,¢s) for all f € H.
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The function x defined by k(s,t) = ¢s(t) is called the reproducing kernel
for H. Moreover, if {¢, : n € N} is an orthonormal basis for H, then
the kernel « is expressed by r(s,t) = >, oy @n(5)Pn(t). In this paper, we
consider C*-valued kernels associated with a sequence of positive numbers as
a quantization of such kernels. We will call such a kernel a C*-valued Hilbert—
Schmidt kernel. We discuss positive definite (Hilbert-Schmidt) kernels which
are projectively invariant under a multiplier and an action of a semigroup
with involution.

The contents of the sections are as follows. In Section 2, we discuss pos-
itive definite von Neumann algebra-valued kernels which are projectively
invariant under an action of a semigroup with involution. We construct
a projective isometric representation on a Hilbert W*-module associated
to a unitary multiplier with a 2-cocycle property. In the third section, we
construct a concrete reproducing Hilbert C*-module associated with a C*-
valued Hilbert—Schmidt kernel and discuss projective invariance of Hilbert—
Schmidt kernels. Some example is given for a countably generated Hilbert
C*-module. In the fourth section, we discuss C*-valued kernels given by
convolution of C*-valued kernels. We prove that the range of a convolu-
tion type operator associated with a C*-valued kernel is contained in the
reproducing Hilbert C*-module associated with the kernel. The range of a
Hilbert—Schmidt kernel coincides with the reproducing Hilbert C*-module
associated with its convolution kernel. In the last section, we show that the
integral operator associated with a Hilbert—Schmidt kernel is again Hilbert—
Schmidt. Finally, we discuss an inner product of convolution type operators
in the space of square summable sequences on a countable discrete group.

2. Hilbert C*-modules and positive definite kernels. Let A be a
C*-algebra. A right A-module X is called a (right) pre-Hilbert A-module if
there is an A-valued mapping (-,-)x : X x X — A which is linear in the
second variable and has the following properties:

(i) (z,x)x >0, and equality holds only if x = 0;

(i) (z,y)x = (v, 2)%;

(ili) (z,y-b)x = (z,y)xb.

If, in addition, X is complete with respect to the norm ||z| = ||{(z, z) x|
then X is called a (right) Hilbert A-module.

Let X and Y be Hilbert A-modules. We denote by L4(X,Y) the set
of all right A-module maps 7" : X — Y for which there is an operator
T*:Y — X, called the adjoint of T, such that

(Tz,y)y = (x,T"y)x forze X andyeVY.

1/2
)

It follows from the uniform boundedness theorem that each operator T in
LA(X,Y) is bounded. We write £4(X) for £4(X,X), which becomes a
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C*-algebra with the operator norm. For y € Y and = € X, the operator
6y 1 X — Y defined by 0, .(2) = y(x,z)x is called a rank one operator.
We denote by K 4(X,Y") the closed linear span of all rank one operators and
call elements in K 4(X,Y) compact operators.

By a representation of a C*-algebra B on a Hilbert A-module X, we
mean a *-homomorphism 7 from B into £4(X).

Let X’ be the set of all bounded A-module maps of X into A. We call a
Hilbert A-module X self-dual if X ~ X', that is, every bounded .A-module
map f: X — Ais of the form (zy,-) for an element 2y € X. One pleasant
property of self-dual Hilbert A-modules is that every bounded module map
between two such modules has an adjoint. Note that self-dual modules have
some properties in common with both Hilbert spaces and von Neumann al-
gebras [13]. For detailed information on Hilbert C*-modules, we refer to [9].

ExampPLE 2.1. The following are typical examples of Hilbert C*-modules.

(1) Hilbert C-modules are Hilbert spaces over C with scalar multiplica-
tion and inner product which is linear in the second variable.

(2) Every C*-algebra A itself becomes a Hilbert .A-module with the inner
product (a,b) = a*b and the usual multiplication in A.

(3) Let E = (E° E',r,s) be a directed graph where E is the set of
vertices, E' is the set of edges, r is the range map and s is the
source map. We denote by A the C*-algebra Cy(E°) of continuous
functions f : E* — C vanishing at infinity. We denote by C.(E') the
space of continuous functions x : E' — C with finite support. On
the space C.(E') we define multiplication and inner product by

(z-f)(e) = x(e)z(s(e)) and (z,y)(v)= > a(e)yle).
{e€El:s(e)=v}
Then we can obtain a Hilbert 4-module X by completing the space
C.(EY).

(4) Let A be a C*-algebra and let 1 be a Hilbert space with inner
product (-,-)% which is linear in the second variable. The algebraic
tensor product A®H is a pre-Hilbert A-module with A-valued inner
product (-,-) defined on elementary tensors as follows:

(€@ a,n®b) = (£ n)na’d.

Then the norm closure of A ® H becomes a Hilbert A-module. In
particular, if L?(£2, ) is a Hilbert space of square-integrable func-
tions on 2 where ({2, p) is a measure space and if A is a C*-algebra,
then we denote by L%(f2, 1) the norm closure of A ® L%(£2, y). If
H is the Hilbert space [2(N) of square-integrable sequences, we will
denote by [?(.A) the norm closure of A ® (?(N).
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Throughout this paper, {2, A and X denote a non-empty set, a C*-
algebra and a Hilbert A-module, respectively, unless specified otherwise.

In numerical analysis, functions of the form ¢ = Z;-lzl Aj®(-, wj) are
useful for approximation, where {w;, ..., w,} is a data set and @ is a kernel
function, when dealing with data dependent spaces of functions of many
variables. With this motivation we start with a short review of C*-valued
kernels.

A kernel k : 2 x 2 — A is positive definite if for any n € N, aq,...,a, €
A and wy,...,w, € 2, the sum szzl afk(w;, w;)a; is positive in A. Let X
be the self-dual Hilbert A-module generated by .A-valued bounded functions
on a topological space (2. Assume that each evaluation map ev,, : ¢ —
Y(w) € A is continuous, that is, |levy,(¥)]|a4 < Lyl|jt||x for some constant
Ly, > 0. Then, for each A-valued function 3 and for any w € (2 there
exists an element ¢,, € X such that ¢¥(w) = (¢w, ) x. An A-valued kernel
k: 2 x 2 — A defined by k(w,v) = (¢w, dv)x € A is called a reproducing
kernel on £2. In this case, we denote by (-, v) the function ¢, € X.

The theorem below says that any C*-valued positive definite kernel s
on a non-empty set {2 can be a reproducing kernel of a Hilbert C*-module.
It has been proved in [2, Proposition 3.1.3] and independently in [8, The-
orem 3.2]. Moreover, a number of interesting results concerning the structure
of type I product systems of Hilbert modules are given in [2].

THEOREM 2.2. Let {2 be a non-empty set and let A be a C*-algebra.
If a kernel k : 2 x 2 — A is positive definite, then there exists a Hilbert
A-module X,, of A-valued functions on {2 such that k is the reproducing
kernel of X,.

We call the Hilbert C*-module X in Theorem a reproducing Hilbert
A-module associated with x. We can see from the construction of X, that
the A-submodule generated by the set {k(-,w) : w € 2} is dense in X,.

In the remainder of this section, we consider von Neumann algebra valued
kernels projectively invariant under semigroup actions. Constantinescu and
Gheondea [4] studied scalar-valued Hermitian kernels which are projectively
invariant under an action of a semigroup with involution.

Let S be a unital semigroup with an involution J, that is, J(J(s)) = s
and J(st) = J(t)J(s) for every s,t € S. We denote by 6 an action of S on 2,
which means that

0(s,0(t,v)) = 0(st,v) and 0O(e,v)=v

where e is the unit element of S. Let M be a von Neumann algebra with
center Z(M) and let o : S x 2 — U(Z(M)) be a map satisfying

(2.1) a(st,v)a(st,w)" = a(s, §(t,v))a(s,0(t, w))* alt,v)a(t,w)*
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where U(Z(M)) is the set of unitaries in the center Z(M) of M. Then we
see that

(2.2) o(s,t) = afs,0(t,v)) a(t,v) a(st,v)
does not depend on v. Moreover, o has the 2-cocycle property:
(2.3) o(r,s)o(rs,t) = o(r,st)o(s,t) forall r,s,t €S.

By assuming that a(sJ(s),v) = 1 for all s € S and v € (2, we get the
equality
(2.4) o(s,e) =o(e,s) =1 foranyseS.

With the notation and the assumption as before, we introduce the fol-
lowing definition. See [6, [4] for scalar-valued versions.

DEFINITION 2.3. Let a unital semigroup & with an involution J act on
a set {2 by 6.
(i) A U(M)- multiplier on S is a function 0 : § x § — U(Z(M))

satisfying (2.3)) and ( .

(ii) A projective zsometmc o-representation of Sisamap W :S — M,
s — W, having the following properties:

(a) Wy is an isometry for each s € S.
(b) Wg = o(s,t)W,W, for all s,t € S.
(iii) A Hermitian kernel x : 2 x 2 — M is projectively invariant if
(25) (0,005, w)) = als,w)a(s, 0(J(s), v))*K(O(I(s), v), w)
for all s € S and v, w € (2.
Let S be a unital semigroup with involution J and let 6 be an action of
S on a set 2 such that 6(J(s)s,v) = v for all s € § and v € 2. Suppose
that a : S x 2 — U(Z(M)) is a map satisfying (2.1) and a(J(s)s,v) =1
for all s € S, v € §2, and let ¢ be given by ([2.2)).
THEOREM 2.4. Let M be a von Neumann algebra and let S be a unital
semigroup with involution J. Assume that 8 and o are as above. If a positive
definite kernel K : £2 x 2 — M is projectively invariant, then there exists a

Hilbert M-module Y, and a projective isometric o-representation W : S —
Lm(Ye) such that

(2.6) K(v, w) = (pu, puw) and Po(s,v) = a(s,v)Wspy,
where each @, is an M-valued map given by p,(w) = k(v, w).

Proof. By Theorem [2.2] we can construct a Hilbert M-module Y, and
a map gp 2 — M such that k(v,w) = (py, pw) for all v,w € 2. It follows

(v,
from and a(J(s)s,v) =1 (s € S) that
B(s) = a(s,v)a(J(s),0(s,v))
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does not depend on v. Let £2, = {¢, : v € £2}. For any s € S, we define a
map W : 2, — M by
Wy = Oé(S, 'U)*SDG(S,U)
and extend linearly. Then W, is adjointable and its adjoint is given by
W3 =B(s)Wy for s € S.
For any s € § and v, w € (2, we have
(Wspu, Wspw) = (a8, 1) Pg(s,0), (8, 0) Po(s,))
= OZ(S, U) <§00(s,v)7 Spe(s,w)>a(3¢ w)*
= a(s,v)k(0(s,v),0(s, w))a(s, w)* = (Pus Pu);
which implies that W is an isometry. Moreover, for any s,t € S we obtain
W Wiy = aft,v)* Wia(s, 0(t,v))" 0o(s.00t,0))
= Oé(t, U)*WSO‘(’S’ 9(t7 U))*Qpe(st,v)
= a(t,v) Wsa(s, 0(t,v)) a(st,v) W, = o(s,t) Wy
where the third equality follows from the definition of W. This completes
the proof. m

We assume that (s, 0(J(s),v))a(J(s),v) =1 for all s € S and v € 2.
Then we deduce from that a(sJ(s)) = 1 for any s. Moreover, if x is
projectively invariant, then W3 = Wy, for any s € § where W is as in
Theorem 2.4

3. C*-valued Hilbert—Schmidt kernels. To study the well-posedness
of a generalized Hermite interpolation problem, Narcowich [12] discussed
kernels x € L2(M™ x M™) having an eigenfunction expansion of the form

o0 o0
(3.1) K(p,q) =Y a;Fj(p)Fi(q) with > a;* < o0
j=1 j=1
where M™ is a closed, compact, connected, orientable, m-dimensional C*
Riemannian manifold and {Fj} is the set of eigenfunctions corresponding
to eigenvalues of the Laplace-Beltrami operator. The positivity of all coef-
ficients of the kernel  in (3.1)) implies the positive definiteness of the ker-
nel [12]. For example, the heat kernel x; for a manifold M™ is of such form:
o0
ri(p,q) = Y e N Fi(p)Fj(q)-
j=1
Hence the heat kernel x; in C*°(M™ x M™) is a positive definite kernel
on M™.
We now define a Hilbert—Schmidt kernel. Let A be a unital C*-algebra
and let {r, : n € N} be a sequence of positive real numbers. Consider a
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sequence of A-valued functions ¢, : 2 - A (n € N) with the following
properties:

(a) Forall w € 2,3 y7nldn(w)]? < co.

(b) Any finite subset of {¢, : n € N} is A-linearly independent over
2, that is, for any finite subset A C N and given sequence {ay }nea
in A, the equality > ., ¢n(w)a, = 0 for all w € §2 implies a, = 0
for all n € A.

DEFINITION 3.1. An A-valued kernel  on {2 given by
(3.2) k(v,w) = Z Tndn (V) on(w)  (v,w € 2)
neN
is called the A-valued Hilbert-Schmidt kernel associated with {ry} and {¢n}.
Condition (a) implies that the kernel « is absolutely summable, so that

it exists for all v,w € {2 and it is obvious that x is positive definite. We
consider the space

(3.3) x= { zk:(;ﬁn(-)an can €A ke N}
n=1

of A-valued functions on (2. By condition (b) on linear independence, all
finite combinations of ¢,’s have unique coefficients in A. Hence we can
define an A-valued inner product (-,-)x on X as follows:

k l min{k,l} atb
(3 0 Y am) = >
n=1 n—1 — -

It immediately follows from the definition that

(60 0m (e = "1,

n
so that X becomes a pre-Hilbert A-module with the A-valued inner product
(-, -)x. Furthermore, we have the norm

H ;:‘bn(')an = HHZ: a;sz

We see that (\/7n¢n(w))nen is (absolutely) Bochner square-integrable for
each w € (2. Note that this X is in fact isomorphic to the Hilbert C*-module
I2(A) defined in Example Moreover, [2(A) is self-dual if and only if A is
finite-dimensional [5]. The following theorem says that any Hilbert—Schmidt
kernel has a reproducing Hilbert A-module which is spanned by a set of
the form . We denote by X the completion of X with respect to the
norm | - [x.
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THEOREM 3.2. Let A be a unital C*-algebra and let {ry} and {¢,} be
sequences satisfying conditions (a) and (b). If k is the A-valued Hilbert—
Schmidt kernel associated with {rn} and {¢n}, then X is the reproducing
Hilbert A-module associated with k.

Proof. Under condition (a) that Y., 7n|¢n(w)|[* < oo for all w € £2,
it follows from the Cauchy—Schwarz inequality that the infinite sum defining

k(v,w) = Z T'n®n (V) én(w)
neN
converges for all (v,w) € §2 x 2. Thus, the Hilbert—-Schmidt kernel is well-
defined. From the above construction, we see that X is the set of all se-
ries of the form ) _y&n(-)a, where (a,) ranges over all sequences with
> nen Tn tlan||? < oo. By the A-linear independence of {¢,}, the sequence
can be regarded as the function } _y®n(-)a, € X. Thus, the function
#(-,w) has a representation ) n ¢n(-)*a, where a,, = ry¢,(w) since

2
> ”C;ZH = rallgn(w)[* < oo.

neN neN

For any element Zﬁzl on(-)an € X and w € (2, we obtain

k . .
(s B ) = 322

n=1

k
= Z On(v)*ay,.
n=1

Hence, we have the equation (k(-,v), f)x = f(v) for every f € X and v € (2,
so that any ¢ in X can be regarded as an A-valued function on {2 by
(k(+,v),)x = ¢(v) for all v € £2. For any v, w in 2, we have

(k(0), k(- w))x = Z Tn¢n(v)*¢n(w) = (v, w),
neN
where the second equality follows from the joint continuity of the inner
product. Therefore, X is a reproducing Hilbert A-module associated with
the reproducing kernel k. =

A Hilbert A-module X is called countably generated if there is a count-
able set {z,, }5° ; in X such that the linear span of {zpa:a € A, n=1,2,...}
is dense in X. When A is unital, a set {z, }ner in X is called orthonormal
if (X, Tm) = Onmla. A set {z,}ner in X is called a basis of X if

(i) ||lzpn|| =1 for all n € I,
(ii) finite sums of the form ) x,a, are dense in X,
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(iii) an A-linear combination ) _;xna, with J C T is equal to 0 if and
only if every summand xz,a, is equal to 0 for n € J.

ExXAMPLE 3.3. Let X be a countably generated Hilbert .A-module with
an orthonormal basis {z,, : n € N} and let {r, : n € N} be a sequence of
positive real numbers. Suppose that Y, 7, ||{zn, z)|* < oo for all z € X. For
each n € N, let ¢, : X — A be the A-valued map given by ¢, (y) = (zn, y).
Now we define an A-valued kernel x : X x X — A by

oo
k(2 y) :ZTn<$n,fL'>*<$n,y> (z,y € X).
n=1
It follows from the Cauchy-Schwarz inequality that Y rp(zp, )" (xn,y) is
absolutely summable, so that the kernel k is well-defined. The orthogonality
of {x,} implies that {¢,} satisfies condition (b) in the definition of an
A-valued Hilbert-Schmidt kernel.

By taking 2 = X in Definition [3.1] we can see that s is an A-valued
Hilbert—Schmidt kernel associated with the sequences {r,} and {¢,}. Let
X. = {Zf’;zl(xn,')an ta, € A, k€ N}. If we define an A-valued inner
product on X, by

k 1 min{k,l} o b
<Z<xna>anaz<xna>bn>% = Z : na
n=1 n=1 " n=1 n

then X is a pre-Hilbert .A-module. By Theorem [3.2] the reproducing Hilbert
A-module X, is the completion of the space X, with respect to the norm
induced by the above inner product.

REMARK. Let k be the A-valued Hilbert—Schmidt kernel associated with
sequences {r,} and {¢,} and let X, be its reproducing Hilbert .A-module.
The set {k(-,w) : w € 2} is A-linearly independent over {2 if and only if
for any pairwise distinct wy,...,wy € {2 and aq,...,any € A, the equation
SN aip(w;) = 0 for all ¢ € X, implies that a; = 0 for all i = 1,..., N.
Indeed, for any finite A C N, the equation ) 4 x(-, wy)a, = 0 is equivalent
to the fact that (3, o4 k(-, wn)an, @) = >, 4 and(wy) = 0.

If for any finite subset {wi,...,wy,} in §2, there are elements 1, ...,1¥,
in X,; such that ¢;(w;) = d;;1 4, then any finite subset of {x(-,w) : w € 2}
is A-linearly independent over (2. Furthermore, the functions in X, separate
the points. Indeed, take N = 1 and a1 = 14, as = —1 4. We see that for any
two distinct t1,ty € 2 there must exist a ¢ € X,; so that ¢(t1) # é(t2).

Let M be a von Neumann algebra with center Z(M) and let S, 6 and
a be as in Definition A map ¢ : 2 — M is called projectively invariant
under 0 and o if

(3.4) ?(0(s,v)) = a(s,v)p(v) forall se€ S and v e 2.
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In the following proposition, we use the same notation as in Section [2]

PROPOSITION 3.4. Let M be a von Neumann algebra with center Z(M)
and let S, 6 and « be as in Definition [2.3] Suppose that

a(s,0(J(s),v))a(J(s),v) =1
foralls € S andv € 2. If each ¢y, : £2 — M is projectively invariant under

0 and «, then the Hilbert—Schmidt kernel k : 2 x £2 — M given by (3.2) is
also projectively invariant.

Proof. Assume that each ¢, : 2 — M is projectively invariant under
0 and a. Let s € § and v,w € (2. By the definition of a Hilbert—Schmidt
kernel, we have

’i(vv 9(‘97 w)) = OJ(S, w) Z Tn¢n(v)*¢n(w)a

k(O(J(s),v),w) = a(J(s),v)" Z Tn®n (V) on(w).

It follows from a(s, 8(J(s),v))a(J(s),v) =1 that
k(v,0(s,w)) = a(s,w)a(s,0(J(s),v)) k(O(J(s),v),w),

which implies that x is projectively invariant. =

4. C*-valued convolution type operators. In this section, we denote
by (£2, 1) a measure space with a positive measure u. Let L2(£2, 1) be the
Hilbert space of square-integrable functions on {2 and let A be a unital
C*-algebra. Recall that L? (12, 1) is the norm closure of A ® L?(£2, 1) with
the A-valued inner product defined in Example Let &(£2,A) be the
set of A-valued integrable simple functions on 2. Then S(f2,.A) may be
identified with the subspace A ® &(§2) of A® L*(£2, 1) where G(2) is the
set of integrable simple functions on {2 and A® &(§2) is the algebraic tensor
product. It follows from the density of &(£2) in L?(£2, ) that &(£2,A) is
dense in L% (2, p1). For any f € &(£2, A), we have

115 = H w) dp(w) | < | VISl di

where the integral {, f (w) f(w)dp(w) is in the sense of Bochner. Hence,
the set L%(£2, A) of square-integrable functions is contained in L? (12, p).
The Hilbert A-module L%(£2, 1) can be obtained by completing L?(£2,.A)
with respect to the norm given by | f|l2. The following lemma says that

there is an easy way to embed a reproducing Hilbert .A-module into a space
L5(92, ).
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LEMMA 4.1. Let k: 2 x 2 — A be a positive definite kernel such that
K(-,w) is measurable for any w € 2. If X, is the reproducing Hilbert A-
module associated with k such that

L(k)? = § lln(w, )] dyu(w) < oo,
19
then there is a continuous linear inclusion map v of X, into Li((), w) with
norm < L(k).

Proof. Let ¢ be any element in X,. Since X, is a reproducing Hilbert
A-module, we find that for any w € {2,

[(w)lla = l[{£(-; w), ¢(-)) x|
< 16O Ix N5 w)llx, = () |x, I (w, w)[[ 2

where the inequality follows from the Cauchy—Schwarz inequality. If we de-
note by || - ||2 the norm on L%(£2, 1), then

16113 < § ll6(w)*d(w)ll d < § |$C) 1%, 15w, w)| dps.

Q Q
This means that the embedding ¢ : X,, < L?(§2,A) has a norm < L(k). =
Let k be as in Lemma For any ¢ € I/it((z,,u)7 we define a map
Cu(@): 2 — Aby

C(¢)(w) = | kv, w)*¢(v) du(v)  (w € £2).
o}
We say that €, is the convolution type operator associated with k, briefly a
convolution type operator.

REMARK. Let {r,} and {¢,} be sequences satisfying conditions (a)
and (b) given before Definition

(1) Suppose that (-, w) = >0 o rpdn(-)*dn(w) is in L4 (§2, 1) for each
w € {2 where the sum also converges in the L% (2, 1) metric. Then

Ce(@)w) = 3 dn(w)* (| radu(v)6(v) dpu(v)).
n=0 2
We can see that €,(¢) is in X,; if and only if

> T'n®Pn U v v ’ S
>~ Dot bnA BN _ 57| § g0 w160) ano)| < o
n=0 "

n=0 (0]

(2) Let each map ¢, be projectively invariant under § and « and let
¢ € L3,(2,p). If k : 2 x 2 — M is the Hilbert-Schmidt kernel
given by , then €, (¢) is projectively invariant under 6 and o*
where a*(s,v) = a(s,v)*.
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Let F(X,;) be the linear span of all point evaluation A-valued functions
on X,; here, a point evaluation A-valued function d,, : X, — A is given by
Ow(®) = ¢p(w) (w € 2, ¢ € Xi). Then each element ¢ in X, satisfies the
inequality

(4.1) Ix(@)l < LglIx||  for all x € F(Xy)

for some constant L. If X, is self-dual, then X, is the space of functions ¢
with a constant Ly satisfying . Note that not every bounded .A-module
map between Hilbert .A-modules has a bounded adjoint [13].

The following theorem says that the convolution type operator €, is the
adjoint operator of the embedding ¢ of X, into L?(£2, 1) in Lemma

THEOREM 4.2. Let k and L(k) be as in Lemma [4.1] If the reproduc-
ing Hilbert A-module X, is self-dual, then the convolution type operator €,
maps L*(£2, 1) into X,.. Moreover, the norm of €, is at most L(k) and the
equation

(6, 0(¥))2 = (€u(9), V) x,
holds for any ¢ € L%(2,p) and ¢ € X, where (-,-)2 and (-,-)x, are the
inner products on L?A(Q, w) and X, respectively.

Proof. Let x = Y"1, 0w, (-)a; be any element in F(X,) with finite sup-
port. Then we have

Ix(€x (D)l

| (i du,0i) [€4(0)]| = | Z 1 [€()] ()

‘S[j?:ajﬁﬁugwﬂ*¢(uﬂ}du(w)‘
2 =1

< o] 3 e
=1

, < L) l2lxll = Lolix|

where Ly = L(k) - ||¢||2 and the last inequality follows from the self-duality
of X,;. This inequality implies that €,(¢) belongs to X,; for all ¢ € Li(Q, ).

Let wg be any fixed element in {2 and let ¢ be an element of X,; given
by ¥ = k(+,wp)ag. For any element ¢ in Li(ﬁ,,u), we have

(1), #)2 = | agr(w, wo)*¢(w) du(w)
(9]
= ag€, (@) (wo) = ag(k (-, wo), €x(9)) x,
= (k(+, wo)ao, €u(®)) x,, = (¥, €x(9)) x,.-
Since every element in X, can be approximated by elements of the form

Yoy k(- wi)ai, it follows by continuity that (u(v),¢)2 = (¢, €u())x,, for
Al € X, m
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We now consider a kernel on a countable discrete set. Let S = {s1, s2,...}
be a countable discrete set with counting measure v. If e, is the function
on S defined by €y(sm) = dnmla, then each function ¢ in L%(S,v) can be
expressed as the Fourier expansion

g enu

where (e,(-), )2 = > oo en(sm) ¢(sm) = ¢(sp). If {rn, : n € N} is a
sequence of positive real numbers and if m is a positive integer, then we
have > > rpllen(sm)|| = rm. It is clear that any finite subset of {e,} is
A-linearly independent over S.

Let x be the A-valued Hilbert—Schmidt kernel associated with the se-
quences {r,} and {e,}, that is, k(s,t) = > 7| rnen(s)*en(t) where e,’s are
as above. By Theorem [3.2] the corresponding reproducing Hilbert .A-module
X is the completion of the space

k
= {;en(-)an:an c A,k GN}

with respect to the norm induced by the A-valued inner product

(6.)x = 3 L dlilenla _ 5 (G cadalens gl
n=1 " n=1 n

PROPOSITION 4.3. Let S, k, {en} and {r,} be as above. Suppose that the

sequence {r,} is summable and that the corresponding reproducing Hilbert
A-module X, is self-dual.

(i) For all ¢ € L4(S,v), €u() € X,.
(ii) The convolution type operator €, : L%(S,v) — X, is compact.

Proof. (i) For each s € S we have

[C,{(qb)](S) = Z /{(Sm Z Z Tnem em 5n)¢(5n)
n=1

= n=1m=1
Zrnen(s)*¢(5n)
n=1
Thus, [€x(9)](-) = D en Tnen(-)*@(sn). By letting a, = r,¢(sy), we obtain

3 ”“”” = S rall (a2 < oo

neN neN
since {r,} is summable. It follows from Theorem that €. (¢) € X, for
all ¢ € L2(S, v).
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(ii) Let kn(s,t) = ZTJLI Tnen(s)*en(t). We define an operator €y on
L% (S, v) by

Z/@N Sn,S) d(sn) (¢ € Li\(S, v)).

For any ¢ € LA(S, v), we have

I
] =

(€ ()]() rnén(-)"¢(sn)

n=1

N

€n <T7Len 7 E n,rnen

I
M=

Il
—

n

Since we can regard rpe,(-) as an element in LA(S, v), €y is a finite rank
operator. For the summable sequence {r,}, we have

(4.2) Z Z 5($ns sm)[I* = ZZ HZ”GZ sn)"e1(sm H ZT

n=1m=1 n=1m=1 [eN
Since a summable sequence of positive numbers is square-summable, it fol-

lows from (4.2)) that the convolution type operator €, : Li(S, v) = X is
compact. m

For any element ¢ in L% (S, v), we have
o0
€)= 3 ren(-) (ens @),

n=1
which implies that the convolution type operator €, is multiplication of
each Fourier coefficient by r,. That is, €, can be regarded as the diagonal
operator with diagonal diag(ry, 72, ...) with respect to the basis {e,, }, so that
its compactness is immediate. The operator norm of the convolution type
operator €, is sup,, m,. Moreover, we see that the range of the convolution
type operator €, is

{Z’"nen (ens ¢ ZH en, )| < 00, ¢ € L(S, ,,)}
{¢€LASV ZH en, H2<oo}.

Let k1 and ko be .A—Valued kernels on a discrete countable set S =
{s1, s2,...}. We define the convolution kernel k1 * ko of k1 and ko by

(K1 * Ka)( Zm S, 8n) Ka(t, sn), (s,t €8).
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In particular, if k1 = ko = K, then K = kxk is called the convolution kernel
of k.

Let S, {e,} and {r,} be as in Proposition If k is the A-valued
Hilbert—Schmidt kernel associated with the sequences {r,} and {e,}, then
we have

K(s,t) = i {irmem( ) em(sn) } [inel )el( Sn}

n=1 m=1 =1

It follows from Theorem that the reproducing Hilbert A-module X
associated with K is the completion of the space of A-valued functions on S
with finite supports with respect to the norm induced by the inner product

k min{k,l}

<Zen(-)an,zl:en(~)bn>: 3 a;;)"
n=1 n=1 n=1 n

This observation yields the following result.

THEOREM 4.4. Let S, {en} and {r,} be as in Proposition [A.3| If k is
an A-valued Hilbert-Schmidt kernel associated with {r,} and {e,}, then
the reproducing Hilbert A-module associated with the convolution kernel K
coincides with the range of the convolution type operator €.

Let S and & be as in Theorem Then for any s,t in S we have
Sk N0 =3 [ > Fmem(sn) em(s)| | D mei(sa) eat)]
=1

_Zr en en —K(S,t).

This is the reason why we call €, a convolution type operator.

Let G be a transformation group acting on the right on a set T'. Then
there is a canonical action m of G on the space of A-valued functions given
by the formula

(m(9)o)(t) = oltg) (g€ G, teT)

where ¢ : T — A is an A-valued function. In many cases, the domain
T of functions admits a transformation group G such that the Hilbert A-
module X of A-valued functions on T is invariant under G, that is, for every

¢7 ,QZ) 6 X’
gpom(g) e X and (m(g)od,m(g)oy)x = (), ¢)x
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If X is a self-dual Hilbert A-module of A-valued functions on T with a
unitary representation 7 of G on X, that is, 7(¢9)¢ € X and ||7(g)d| = |4
for all g € G and ¢ € X, then X is called a (G, 7)-Hilbert A-module [§].

PROPOSITION 4.5 ([8]). Let G be a transformation group acting on the
right on a set T and let X be a (G, )-Hilbert A-module of A-valued functions
on T. Then k is invariant under G in the sense that k(sg,tg) = k(s,t) for
all g € G and s,t € T.

REMARK. One can read off some invariance properties inherited by re-
producing kernels  from their Hilbert A-modules of A-valued functions on
a set T

(1) Let A be a C*-algebra and let X be a Hilbert .A-module. The invari-
ance on the unit sphere in X under all unitary transformations leads
to the function k(z,y) = ¢({x, y)x) for a function ¢ : A; — A where
Aq is the unit ball of a C*-algebra A. We may regard X as a space
of A-valued functions on X defined by z(y) = (z,y) for z,y € X.

(2) Let T be the homogeneous space L\G of right cosets of L in G where
G is a connected semisimple Lie group with finite center and L is a
maximal compact subgroup of G. For any s,¢ in T, set

K(s,t) = ¢lay ™)
where x € Ls, y € Lt and ¢ is an A-valued function on G. If ¢ is
invariant under translation by L on both sides, then x is well-defined.
Moreover, if ¢ is positive definite, then s is a positive definite kernel
which is invariant under right translations.

5. Convolution type operators and integral type operators.
Throughout this section, I" denotes a countable discrete group, unless spec-
ified otherwise. Given a complex-valued kernel k : I' x I' — C, we define an
operator Z, by

(5.1) To(¢)(s) = Y (s, t)p(t)  for ¢ € I*(T),
tel
which is called the integral type operator associated with k.
Let {f,,} be an orthonormal basis for [?(I") and {r,} a positive summable
sequence. If k : I' x I' — C is the Hilbert—Schmidt kernel associated with
{r,} and {f,}, then (s,-) can be regarded as an element in (?(I") for each

s € I'. Indeed,
(5,913 < 30 (D ralfal)P) (Do ralfu®)?)

tel’ neN neN

= (X ralfa)) () < .

neN neN
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We have Y~ ,cp|6(s,0)[* < (X ,en ’I“n)2 < 00, so that x can be regarded

as a function in I2(I" x I'). Furthermore, if each f,, is projectively invariant
under @ and «, then Z,(¢) is also projectively invariant for any ¢ € I2(I").

ProrosITION 5.1. The integral operator L, associated with a Hilbert—
Schmidt kernel k is a Hilbert-Schmidt operator on I*(I") and the map r +— T,
is an isometry. Moreover, I, is self-adjoint.

Proof. Tt follows from Proposition 3.4.16 in [14] that Z, is a Hilbert—
Schmidt operator on [?(I") and that the map x ~ Z, is an isometry. Since
Kk is positive definite, it is conjugate symmetric, that is, k(s,t) = (¢, s) for
all s,t € I'. The self-adjointness of Z,, also follows from Proposition 3.4.16
in [14]. =

In the following theorem, we see that an integral operator associated
with a positive definite kernel induces an embedding of an [?-space into the
reproducing Hilbert space.

THEOREM 5.2. If k : I' x I' — C is a positive definite kernel such
that Y . k(s,s) < oo, then the integral operator I,, maps I*(I") into the
reproducing Hilbert space H,. Moreover,

($,00)2 = (Te(@), ) for all ¢ € I*(I') and 1 € H,,

(¢, )2 = (To(P), ) for all ¢ € Hy and ¢ € 1*(T).
Proof. The proof of the first part is the same as that of Theorem [.2]
The proof of the equations is similar to that of Theorem so that we only

give a sketch. Let ¢ = k(s,-) be in H,, for some s € I". For any ¢ in I?(G),
we have

(@, 0)2 =Y d(t)r(s, 1) = Tu($)(s)

tel’
= (Za(¢), £(s,))n = (Tr(9), ) x-
Since any v € H,, can be approximated by linear combinations of k(s,-)’s,

the first equation holds by continuity. To prove the second, we need only
consider elements of the form ¢ = (s, -) in H,. For any ¢ in [2(I") we have

(&, 9)2 =Y Kls, 1)) = Tu(¥)(s)

ter
= (Zu(¥), £(3,))n = (Tu(¥), D)
which completes the proof. =
Suppose that k is a complex-valued positive definite kernel satisfying

the assumption as in Lemma that is, ) . s(s,5) < oco. We can easily
see that Z(k(t,-))(s) = K(s,t) for all s,t € I" where K is the convolution
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kernel of k. In particular, if £ is given by k(s,t) = >, rnfn(s)fn(t) where
{fa} is an orthonormal basis for (*(I"), we get the equality

Colr(s, () = Y _rafals)falt) (st €T).

To compute [?%-inner products of elements in the range of €, let ¢, be in
12(I'). We have

(€n(@): Cul)iary = 32 (D2 wlo() (D wu. 5)6(5))

t

=" K(s,1)p(t)1(s).
s,t
In particular, if ¢ = k(t,-) and ¢ = k(s, -) for some s,¢ € I" then

(€alrlts ), Ealns, ey = 3 (D Kl )t v) ) (3 s w)i(s, w) )
=Y K(s,u)K(t,u) = Cx(K(t,-))(s).

Thus, we can regard the I2-inner product in the range of €, as the evaluation
of the image of €x associated with the convolution kernel K.
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