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Characterizations of amenable representations
of locally compact groups

by

MiICHAEL YIN-HEI CHENG (Waterloo, ON)

Abstract. Let G be a locally compact group and let 7 be a unitary representation.
We study amenability and H-amenability of 7 in terms of the weak closure of (7 ® 7)(G)
and factorization properties of associated coeflicient subspaces (or subalgebras) in B(G).
By applying these results, we obtain some new characterizations of amenable groups.

1. Introduction. Let G be a locally compact group and let 7 be a
unitary representation of GG. Denote by Ao the left regular representation
of G. Bekka and Stokke defined the notion of amenability and H-amenability
of 7 in [Bek] and [Sto], respectively. It was shown in Bekka’s paper that G is
amenable if and only if Ay is amenable. A related concept of s-amenability
can be found in [C-L]. The purpose of this paper is to characterize (H-)amen-
ability of 7 in two different ways.

Firstly, we characterize amenability of 7w using the weak closure of
(r @ 7)(G) in VNzg7(G). Chou and Xu [C-X] showed that G is amenable
if and only if 0 is not in the weak closure of A\y(G). In the first part of our
paper, we show that this result also holds for a general representation .

Secondly, we will characterize amenability of 7 using factorization prop-
erties of A(m), the closed subalgebra generated by the set of matrix coeffi-
cients of .

Existence of bounded approximate identities in L!(G) is an important
property of L'(G). In particular, it allows us to prove a lot of results by ap-
plying Cohen’s factorization theorem on L!'(G) or Banach L!(G)-modules.
The Fourier algebra A(G) is known to be the non-commutative analogue
of LY(G). Tt is natural to ask when A(G) also admits a bounded approxi-
mate identity. Leptin [Lep2] showed that this happens precisely when G is
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amenable. Thus, a lot of results which hold for L!(G) have non-commutative
analogues for A(G) whenever G is amenable. Surprisingly, these results or
conditions for A(G) actually characterize the amenability of G, or equiva-
lently the amenability of Ay (see [K-L]). Since A(G) = A(\2), we would like
to ask if these characterizations of the amenability of Ao can be generalized
to any unitary representation.

In the second part of this paper, we will concentrate on the study of
the relationship between the existence of bounded approximate identities
or factorization properties of A(m ® ) and the amenability of w. As an
application of our results, we are able to give some new characterizations of
amenable groups.

This paper is organized as follows. In Section 3, we prove some basic
properties that characterize the (H-)amenability of 7 which will be useful
in the sequel. In Section 4, we prove one of the major results in this paper,
namely that 7 is amenable if and only if 0 is not in the weak closure of
(m @ T)(G) in VNzgz(G). In Section 5, we prove that the (weak) factor-
ization property of A(w ® 7) is a sufficient condition for = being amenable.
As a result, we characterize the amenability of m via the (weak) factoriza-
tion property of B(m ® 7). By taking m = A2, we obtain a characterization
of the amenability of G using the (weak) factorization property of B,(G),
the reduced Fourier—Stieltjes algebra of GG. In Section 6, we prove that
is amenable if and only if A(G), as a A(r ® 7)- (or B(m ® 7))-bimodule,
has a bounded approximate identity. As an application, we show that G
is amenable if and only if A(G), as a B,(G)-bimodule, has a bounded ap-
proximate identity. In Section 7, under certain assumptions on w, we are
able to show that the amenability of 7 can be characterized by the (weak)
factorization property of A(G) via A(m ® 7). Consequently, we obtain some
new characterizations of the amenability of G.

2. Some preliminaries. In this paper, all groups will be assumed to
be locally compact, and G will denote a locally compact group. A left (resp.
right) Haar measure on G is a non-zero positive Borel regular measure pg
on G such that pg is left (resp. right) translation invariant. Every locally
compact group possesses a left (right) Haar measure, which is unique up
to multiplication by a positive constant. Let mg be a fixed left Haar mea-
sure on G. The definition of LP(G) can be found in [Fol]. The convolution
operation * on L'(G) is given by

Frgly) =\ fyr)g(z) dma(z)  ae.
G
The involution on L'(G) is given by

fr(@) = Az fla=T),
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where A is the modular function of G. We will call the Banach *-algebra
LY(G), with the above convolution product and involution, the group algebra
of G.
Let f be a function on G and y € G. We define the left translates of f
through y by
Lyf(z) = f(y'x).

Let E be a Banach space. We denote the Banach dual space of FE by E’.

A unitary representation of G is a homomorphism 7 from G into the
group U(H ) of unitary operators on some non-zero Hilbert space H, that
is continuous with respect to the strong operator topology.

Let X¢ be the class of all unitary representations of G.

Let A2 : G = B(L*(@)), [Ma(2)(N(y) := fa™'y) (z,y € G, f € L*(G)).
Then Ay is a unitary representation of G, called the left reqular representa-
tion of G.

For any f € LY(G), define

I1/1

o) = sup |[r(f)l.
TeXa

It is easily seen that || - [|[c+(g) is a C*-norm on L*(G). Let C*(G) be the
completion of L'(G) under || - [[c«(g). Then C*(G) is called the full group
C*-algebra or simply the group C*-algebra of G.

Let B(G) = {z — (n(x)¢,n) : m € Xg, &,n € Hy} be the Fourier—
Stieltjes algebra of G. Then B(G) is a commutative Banach algebra with
the pointwise multiplication and norm given by

[ull By = Wt{llE] 7]l : u(z) = (x(2)&; n), m € X, &0 € Hal

The big group algebra or the group W*-algebra, W*(G), is defined as the
enveloping von Neumann algebra of C*(G). Note that B(G)" = W*(G). See
[Eym)] for more details.

Let VN(G) be the von Neumann algebra generated by the image of
Ao in B(L%*(G)). Tt is called the group von Neumann algebra of G. It is
proved by Eymard [Eym)] that the dual Banach space of A(G) is isometrically
isomorphic to VN(G). For u € A(G) and T € VN(G), define u-T € VN(G)
by (u-T,v) = (T,uv), v € A(G).

Suppose that 7 is a unitary representation of G. Let F(G) = span {z —
(m(x)é,m) : &,n € Hyp}. Then Ar(G), the Fourier space associated to , is
defined to be the closure of F(G) in the Banach space B(G). For any repre-
sentation 7 of G, define VN (G) to be the von Neumann algebra generated
by m(G) (or 7(LY(Q))) in L(Hr). We have A-(G) = VN.(G). If 7 = ),
then A;(G) = A(G) = F;(G) and VN,(G) = VN(G). For each u € A(G),
there exist some nets (&,) and (7,) in H, such that
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u(z) =Y (m(@)én ) and ul =Y Iall Imall-
n=1 n=1

The reduced Fourier space associated to m, Bx(G), is defined to be the weak*
closure of A;(G) in B(G). For further details, see [Ars].

If 7 = Ag, then B,(G) = B),(G) is called the reduced Fourier—Stieltjes
algebra of G.

For the definition of weak equivalence and quasi-equivalence, see [Ars],
and [Dix] and [Eym] for more details.

3. Some basic characterizations of amenable and H-amenable
representations. For the definitions of H-amenability and amenability of
unitary representations, we refer the readers to [Bek] and [Sto]. The following
proposition, which can be found in [Bekl Theorem 5.1] and [Stol, Proposi-
tion 2.6], will be useful. One can actually use these results to define H-amena-
bility and amenability by using weak containments of representations.

PRrROPOSITION 3.1. Let G be a locally compact group and m be a unitary
representation of G. We have

(a) m is H-amenable if and only if the trivial representation 1 of G is
weakly contained in .

(b) 7 is amenable if and only if the trivial representation 1 of G is weakly
contained in mQ T.

Let 7 be a unitary representation of G. Let A(w) (resp. B(m)) be the
closed subalgebra in B(G) generated by A;(G) (resp. Br(G)). Also, let
VN (m) be the dual space of A(w). It is easy to see that

A(r) = A, (G) where 7= @ﬂ®”.
n=1

LEMMA 3.2. Let G be a locally compact group, and let m be a unitary
representation of G. The following conditions are equivalent:

(a) m is H-amenable.

(b) 7 is H-amenable.

(¢c) m® 7 is H-amenable.

Proof. Observe that 7 is H-amenable if and only if 1 € B;(G) (see [Stol
Proposition 2.6]). Also, Bz(G) = {u : u € Bz(G)}. The equivalence of (a)
and (b) follows immediately. The rest follows from [Sto, Proposition 2.4]. =

THEOREM 3.3. Let G be a locally compact group, and let w be a unitary
representation of G. The following conditions are equivalent:

(a) m is H-amenable.

(b) Ifllx = llw ()]l for any f € LY(G)*.
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(©) llpll = 7 (u)l| for any p € M(G)*.
(d) There exists M > 0 such that

V| < MlIx() - for any f € LV(G).

(e) There exists M > 0 such that
(WG| < Mlz(u)ll for any p € M(G).

(f) There exists M > 0 such that
Iflln < Mllz(f)Il  for any f € LYG)*.

(g) There exists M > 0 such that
lell < Mlz()ll~ for any p € M(G)".

Proof. The implication (a)=-(e) follows from [Eym|, Lemma 1.23]. Also,
it is easy to check that (e)=(d)=(f) and (e)=(g)=(f).

We will first show that (f)=>(b). Suppose that (f) holds. Let f € L'(G)*.
By replacing f by f * f*, we have

(f = [N =M= (f)I.

Therefore, by induction, we have | { f| < M/2%||7(f)]| for any natural num-
ber n. So, |§ f] < [[(/)]l- Since | 7(F)]| < |||, this implies

lx (Al = lIflls for any f e LY(G)F.

Therefore, (b) holds. One can use a similar argument to show that (g)=-(c).
The implication (¢)=-(b) is clear.
It remains to show (b)=(a). If f € LY(G) is real, write f = f* — f~.
We have

V1) = 1 = §67] = i = e GIN < Nle(F) = w (Ol = (D

Note that ||7(f)| = ||(m @ 7)(f)| for any real-valued f € L(G).
Also, we have ||(7 @7?)( Y| = [[(x @ 7)(f)|| for any f € L}(G).

For general f € L'(G), we have
‘M:szf Slef_’erf‘ ‘ f‘
< ()
-Jren (5| +fer=n( )H
< 2Rl R+ 2@ o DI =20 o 7)(f)]-

=3
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By using the same argument found in (f)=-(b), one can show that

Jf| <lmem @)l forany £ e LY(G).
This is equivalent to saying that the trivial representation is weakly con-

tained in 7 @ 7 (see [Eym|). By Lemma 7 is H-amenable. =

REMARK 3.4. The results are well-known if m = A9, and can be found
in [Gre] for example. However, we cannot use exactly the same proofs since
7 is in general not self-adjoint.

Let G4 be the group G equipped with discrete topology. Recall that ([Stol,
Definition 2.1]) 7 is Hg-amenable if 74, the representation m viewed as a
representation of Gy, is H-amenable. We have the following characterization
of Hg-amenable representations.

COROLLARY 3.5. Let G be a locally compact group, and let w be a unitary
representation of G. The following conditions are equivalent:

(a) m is Hg-amenable.

(b) Ifllr = Ix ()]l for any f € IH(G)*.
(¢) There exists M > 0 such that
> 55| < Ml for amy f € 14G),
(d) There exists M > 0 such that
I£lln < Mlm(HIl  for any f € I1(G)*.

We now give another characterization of H-amenability which is of inde-
pendent interest.

LEMMA 3.6. Let G be a locally compact group, and let m be a unitary
representation of G. The following conditions are equivalent:

(a) m is H-amenable.
(b) There ezists a net (&) in the unit ball of Hr such that

Im(1)éa — Eall = 0 for any p € M(G){ .

(c) There exists a net (&) in the unit ball of Hr such that

17(f)éa —Eall =0 for any f € LY(G).

(d) There exists a net (&) in the unit ball of Hr such that
(m(p)éa — €ayn) = 0 for any p € M(G){, n € Hy.

(e) There exists a net (&) in the unit ball of Hr such that
(m(f)éa = &) = 0 for any f € LY(G){, 1 € Har.

Proof. We first prove (a)=-(d). Without loss of generality, assume that
p has compact support. Let K = supp(u). By definition, there exists (£,)
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in the unit ball of H, such that
|m(x)€a — &all = 0 uniformly on K.

Therefore, for any n € H,, we have

(7 (1)€a = Earm)| = ‘ J (m(@)éa — €a ) du(@)| < lull Im(2)éa — Eall ] — 0.
K

It is obvious that (d)=-(e) and (b)=-(c). By Namioka’s argument (see [Gre),
Theorem 2.4.2]), one can show that (d)=(b) and (e)=(c). We will show
(e)=(c) as an example.

Let E = [[{H.: f € LYG){}. Define a map T : H, — E by

T)(f) ==(f)E) =&

It is easy to check that T'(#H, 1) is convex. Note that the weak topology of
E is the product topology of Hilbert spaces H,, and the weak closure and
the norm closure of a convex subset coincide. By our assumption in (e), we
have

0 € weak-cl(T'(Hr,1)) = norm-cl(T'(Hx1))-

Therefore, there exists a net (§,) in the unit ball of H, such that
I7(f)éa — &all = 0 for any f € LY(G)T.

Finally, suppose that (c) holds. Let we, be the state on VN, (G) defined
b
’ we, (T) = (T€a, &) for any T € VNL(G).
Let w be a weak*-limit point of wg, in VN;(G)". Then it is clear that
w(n(f)T) = w(T) for any T € VNL(G), f € L}(G).
Thus, VN, (G) has a 7-TRIM as defined in [Sto, Section 3]. Therefore, 7 is
H-amenable by [Stol Proposition 3.1]. u

REMARK 3.7. If m = Ao, the results are well-known and can be found in
[Gre] or [Pat] for example.

4. Weak closure of 7(G). We quote the following result for conve-
nience (see [Sto).

LEMMA 4.1. Let G be a locally compact group, and let ™ be a unitary
representation of G. The following conditions are equivalent:

(a) 7 is H-amenable.
(b) There is a state & on VN(G) such that ®(w(pn)) = u(G) for any
we M(G).
Let W*(G) be the enveloping von Neumann algebra of CX(G). Then
WX(Q) is the dual space of B(G). Let w, be the universal representation
of C%(G). We have B;(G) = A, (G) and W*(G) = VN, (G) (see [Ars]).
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LEMMA 4.2. Let G be a locally compact group, and let m be a unitary
representation of G. For any u € Br(G), the map

Gy : M(G) > C,  p {udp(z),
is bounded if M (G) is equipped with the norm topology of VN (G).
Proof. Consider the map
U, WiG)—C, T~ (T,u).
The (WX(G), Bz(G)) = (VN,,,(G), A, (G)) duality gives

)] = | udp) < i), )] < Jor ()] 0l 5,0y = I ()l 5, )
Note that the last equality holds because 7 and w, are weakly equivalent. m

THEOREM 4.3. Let G be a locally compact group, and let w be a unitary
representation of G. Consider the following conditions:

(a) 7 is H-amenable.

(b) |T|| =1 for any T € co(m(Q)).

(¢) 0 ¢ weak-cl(7(G)).

(d) There exists g > 0 and @ € VNL(G)* such that (®,7w(x)) > € for
every r € G.

(e) There exists uw € Br(G) such that u(xy) is not convergent to 0 for
any net (zq) in G.

Then (a)=(b)=(c), (a)=(d)=(c) and (a)=(e)=(c).
Proof. (a)=(b) follows from Theorem [3.3] .
(a)=-(d) follows directly from Lemma

(
(a)=(e) is true since 1 € B(n) if 7 is H- amenable.
(b)=(c). Suppose that (c) is not true. Then
0 € weak-cl(co(m(G)) = norm-cl(co(7(G))).

This contradicts (b).

(d)=(c). Assume that (c) is false. There exists a net {z4} in G such
that m(xq) — 0 weakly in VN (G). This contradicts (e).

(e)=(c). For any u € B;(G), let ¢, be as defined in Lemma Let

¥, be a Hahn—Banach extension of @, to VN, (G). Assume that (c) is false.
There exists a net {x,} in G such that m(z,) — 0 weakly in VN, (G). Then

U(.Z‘a) = <¢u,$a> = <lpua$a> —0. =
LEMMA 4.4. If ||T|| =1 for any T € co(n(Q)), then w is Hg-amenable.

Proof. We will show that ||f|1 = ||7q(f)| for every f € I}(G)T, and
apply Corollary . By scaling, we may assume that f € [1(G)]. Take
(fn) to be a sequence of finitely supported functions in I*(G)] such that
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|| fn— f|l = 0. Then each m4(f,) is in co(mw(G)), so ||mq(f)|| = im ||7a(fn)] =
lim1l =1 as needed. =

THEOREM 4.5. Let G be a locally compact group, and let ™ be a unitary
representation of G. The following conditions are equivalent:

(a) 7 is amenable.

(b) |IT|| =1 for any T € co(m @ (G)).

(©) 7] = 1 for any T € co(raox(G)).

(d) 0 ¢ weak-cl(m ® 7(Q)).

(e) 0 ¢ weak-cl(mrez(Q)).

(f) There exist eg > 0 and & € VNgz(G)* such that (P, 7 @ 7(x)) > €
for every x € G.

(g) There exist g > 0 and ¢ € VN (1 @ m)* such that (P, Tregz(x)) > €o
for every x € G.

(h) There exists u € Broz(G) such that u(xy) is not convergent to 0 for
any net (zq) in G.

(i) There exists u € B(m @) such that u(zy) is not convergent to O for
any net (zq) in G.

Proof. By Theorem[d.3] we have the following implications: (a)=-(b)=>(d),
(a)=(f)=(d), (a)=(h)=(d) and (i)=(e). It is easy to check that (e)=-(d)
and (h)=(i).

We will first prove (d)=-(g). Since 0 ¢ weak-cl(r @ 7(G)), there exist
D1, ..., P, € VNygz(G)} and € > 0 such that

k
7@ a(G)N [T € VN (G) : [(8;,T)| < Ve} = 0.

i=1
Therefore,
k
G=|J{z G [(@,maxr(@)] > ¢}
i=1
Hence,
k
Z (s, 7 @ 7(x))|?> > € for any z € G.
i=1

Let (u!)q be a net in the unit ball of A,gz(G) such that u?, — &; in the
weak* topology. Let v%, = ulul,. Then the net (v%,), is in the unit ball of
A(m ® 7). Without loss of generality, we may assume that (v%) converges to
¥; € VN(m @ 7) in the weak® topology. Then

(@i, @ (@) = lim i (1) = ln v4(2) = (B, T ()
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Let & = (32F , %) /k. Then
k

k
(@, Tran(2)) = 1 D (T mran(@)) = 3 D (@i m @ 7@ >
i=1

i=1

NS

for any = € G.
We now show that (g)=(c). Let T € co(Trgx(G)). Without loss of gen-
erality, we may assume that ||®|| =1 in (g). Thus, we have

1> ||T]| = (D, Trez () > €o.
Since co(Tre#(G)) is a semigroup, we have, for any natural number £,
1> [|T|* > | T%]| > €.

Therefore, ||T|| = 1.

Finally, we have to show (c)=(a). By Lemma (Trw)d 1s amenable.
Observe that A, .. is an algebra containing uv for u,v € Fy, so A, .. =
A(m ® ) is contained in A, _g... Therefore, (Troz)q iS quasi-equivalent to a
subrepresentation of (7, @7z )q and hence (7, ® 7z )4 is H-amenable. However,
this is equivalent to saying that = is amenable by [Sto, Corollary 2.8 and
Lemma 4.2]. m

REMARK 4.6. Theorem is a generalization of some results in [C-X].
Part of the proof of Theorem is inspired by the proof of [C-X| Proposi-
tion 2.4].

5. Factorization properties in A[r| and B[r]. Note that B(G) has
a natural involution or *-operation, namely the complex conjugation. Let
Alr] (resp. B[r]) be the closed *-subalgebra in B(G) generated by A.(G)
(resp. Br(G)). It is not hard to see that
o0
Alnr]=A(re7) =A, (G) where pr=Troz = @(77 @ 7)®".
n=1

The following lemma is easy to prove (see [Bekl, Theorem 1.3(iii)]).

LEMMA 5.1. Let G be a locally compact group, and let m be a unitary
representation of G. The following conditions are equivalent:

(a) m is amenable.
(b) 7 is amenable.
(c) m® 7 is amenable.

The following proposition is a direct consequence of the above lemma
and [Sto, Lemma 4.2].

PROPOSITION 5.2. Let G be a locally compact group, and let ™ be a
unitary representation of G. The following conditions are equivalent:
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(a) 7 is amenable.
(b) pr is amenable.

A Banach algebra A of complex-valued continuous functions on a topo-
logical space X is said to be weakly self-adjoint if there exists Ky > 0 such
that for each f € A, we have

[fPeA and |[|[f[la < KollfI%-
Put S(A) ={z € X : f(x) # 0 for some f € A}.

Let 7 be a unitary representation of G. It is clear that A[r] is a weakly
self-adjoint Banach algebra on G and S(A[r]) = G.

A Banach algebra A is said to factorize (resp. factorize weakly) if A = AA
(resp. A = span(AA)). We quote the following result ([F-G-L| Theorem 1.3])
for convenience:

THEOREM 5.3. Let A be a weakly self-adjoint Banach algebra of complex-

valued functions. Suppose that A factorizes weakly. Then there exists C' > 0
such that for each compact subset K C S(A) there is an f € A such that

f>lonK, f>0o0nS(A) and |f]<C.
THEOREM 5.4. Let G be a locally compact group, and let ™ be a unitary
representation of G. Consider the following conditions:

(a) A[n] has a bounded approximate identity.
(b) A[r] factorizes.

(c) A[r] factorizes weakly.

(d) pr is H-amenable.

Then (a)=(b)=-(c)=(d).

Proof. We only need to show (c)=(d). By Theorem there exists
C' > 0 such that for each compact subset K C G there is an f € A[r] such
that
f>lonK, f>0onG and |f]<C.

For any g € L'(G)*, we have
\ £9=1p(9), 1)1 < lom(DI 1 £ ]| a1

G
This implies
V9 <Clox9)l-
K
By regularity of the Haar measure, we have
Vg < Clox(9)ll.
G

By Theorem pr is H-amenable. m
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REMARK 5.5. The above proof follows an idea in [Los, Proposition 2].

COROLLARY 5.6. Let G be a locally compact group, and let m be a unitary
representation of G. Consider the following conditions:

(a) A(m ®7) has a bounded approximate identity.
(b) A(m ®7) factorizes.

(c) A(m ®7) factorizes weakly.

(d) 7 is amenable.

Then (a)=(b)=-(c)=(d).

Proof. Note that m ® T is quasi-equivalent to its conjugate. Also, Trgz
is amenable if and only if 7 is amenable (see [Sto, Lemma 4.2]). =

REMARK 5.7. The implication (a)=-(d) is given in [Stol Theorem 4.3].
The above gives a new approach to prove this result.

Of course, B(r ® ©) = B[r ® 7] since m ® 7 is weakly equivalent to its
conjugate.

THEOREM 5.8. Let G be a locally compact group, and let w be a unitary
representation of G. The following conditions are equivalent:

(a) 7 is amenable.

(b) B(w ® ™) has a bounded approzimate identity.
(c) B(r®m) factorizes.

(d) B(m ® m) factorizes weakly.

Proof. The implication (a)=(b) is proved in [Sto, Theorem 4.5]. Note
that B(r®7) = A,(G) where p = w,,_. .. By Theorem it follows directly
that (b)=(c)=-(d).

We have to prove (d)=>(a). By Theorem[5.4] p is H-amenable. Since p and
pro7 are weakly equivalent, the trivial representation is weakly contained
in prgz. Therefore, w is amenable by Lemma u

The equivalence of (a) and (b) is just [Sto, Theorem 4.5]. The above
provides a different proof.

COROLLARY 5.9. Let G be a locally compact group. The following con-
ditions are equivalent:

(a) G is amenable.

(b) Br(G) has a bounded approzimate identity.
(¢) By(G) factorizes.

(d) Br(G) factorizes weakly.

Proof. This follows from the fact that \g is quasi-equivalent to Ao @ Xg. m

COROLLARY 5.10. Let G be a locally compact group. The following con-
ditions are equivalent:
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(a) G is amenable.
(b) Br(G) contains a closed non-trivial translation invariant *-subalge-
bra which factorizes (weakly).

Proof. Let A be a closed non-trivial translation invariant *-subalgebra
which factorizes (weakly). Then A = A,(G) = A[r] for some unitary repre-
sentation 7 (see [Ars]). Therefore, p, is H-amenable. But p, is also weakly
contained in Ao. Therefore, G is amenable since the trivial representation is
weakly contained in As. =

6. Existence of bounded approximate identities in A(w)-bimo-
dules. We begin with the general setting: let A be a commutative Banach
algebra, let X, Y be symmetric Banach A-bimodules, and put

Ma(X,)Y)={T e B(X,Y):T(a-xz)=a-T(x) forany a € A, z € X}.
It is straightforward to show that M4 (X,Y) is a Banach subspace of B(X,Y).

LEMMA 6.1. MA(X,Y™) and Ma(Y,X™*) are isometrically isomorphic.
In particular, Ma(X, A*) and Ma(A, X*) are isometrically isomorphic.

Proof. For any @ € M4(X,Y™), define I'p € B(Y, X*) by
(z, Te(y)) (x,x+) = (P(x),Y) v+ )

For any a € A, we have

(z,Io(a- y))(X,X*) = (P(z),a- y>(Y*,Y) = (a- @($)79>(Y*,Y)
=(P(a-x),y)v+y) = (a 2, To(y)(x,x = (T, a  Ta(y))(xxv
and
1|l = sup{[[Ta(y) : y € Y, [lyll = 1}
=sup{[(z, Ta(y))| :y €Y, Iyl =1, 2 € X, [|lz]| = 1}
=sup{[(@(z),y)| :y €Y, |yl =1, 2 € X, [[zf| = 1}
= sup{[|@(z)| : x € X, [lz]| = 1} = [|2].
By symmetry, it is easy to construct the inverse of the map @+ I'¢. n
Note that Co(G) is a symmetric Banach A(7)-bimodule via pointwise
multiplications. Therefore, M (G) has a natural dual module structure. Also,

VN(m), as the dual space of A(w), has a natural dual module structure.
Therefore, we obtain the following result:

COROLLARY 6.2. For any unitary representation m of G, we have
MA(ﬂ') (CO(G>7 VN(W)) = MA(ﬂ') (A(ﬂ-)v M<G))
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We say that X, as a A-bimodule, has a bounded approzximate identity in
A if there exists a net (eq) in A such that

lea -z —z|| =0 and sup|leq]la < oo.
(63

LEMMA 6.3. Suppose that X, as a A-bimodule, has a bounded approxi-
mate identity in A. Then M(X, A*) = Ma(A, X*) and X* are topologically
isomorphic.

Proof. Write M = Myu(X, A*) for convenience. Let F' € X*. Define
Pp: X — A* by
(Pr(x),a)(ax4) = F(a- ).
It is straightforward to show that ®p € M. Conversely, let ® € M. By

Cohen’s factorization theorem and the assumption, for any x € X, there
exist a € A and y € X such that £ = a - y. Define

Fap(x) = (P(y), a)(a-,4)-
We need to show that Fip is well-defined and bounded. Let (e,) € A be an
approximate identity for X such that sup, ||eq|la < C for some C' > 0.
First of all, we observe that (®(b - z),a)(4+ 4) = (a -z, Ts(b))x,x~) for
any x,y € A, z € X where Iy is defined in Lemma Now, we have

Fp(x) = (@(y), a) = Im((P(y — €a - y), a) + (P(ea - y), a))
=lm((P(y — ea - y),a) + (a -y, [p(ea)))
= lién (x, I'p(eq)),

so Fy is well-defined. Moreover, |Fg(x)| < Cllz| [|[I3] = C||2|| ||x|. w

The mapping @ : X* — My(X, A*), F — ®p, which appears in the
above proof, is called the canonical embedding of X* into M4 (X, A*).

THEOREM 6.4. Let G be a locally compact group, and let w be a unitary
representation of G. The following conditions are equivalent:

(a) 7 is amenable.

(b) A(G), as a Banach A(m ® ©)-bimodule, has a bounded approximate
identity.

(¢) A(G), as a Banach B(w ® 7)-bimodule, has a bounded approximate
identity.

(d) Co(G), as a Banach A(m & 7)-bimodule, has a bounded approzimate
identity.

(e) Co(G), as a Banach B(m ® 7)-bimodule, has a bounded approximate
identity.

(f) The canonical embedding @ : M(G) — M yram) (A(r @ 7), M(G)) is

a continuous isomorphism.
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(g) The canonical embedding @ : M(G) — Mprem) (B(r @ 7), M(G)) is
a continuous isomorphism.

Proof. (a)=(b)=-(d). This follows from [Sto, Remark 3.2(3)] and the
fact that A(G) is norm-dense in Cy(G).

(d)=(f) is a direct consequence of Lemma

(f)=(a). Let p € M(G)*. Define &, € Ma(rar) (A(G), VN(m ® 7)) by

(Pu(f),u) = Sufdu for any f € A(G), u € A(m @ 7).

Write p = 7;g# for convenience.
For any £,mn € H,1, f € Co(G), we have

(7 )] = [§ o) m) () du(a)] < {IGo(@)e ml ()| diatz)
e 2 dn@) " ((1£) 2 dut))
§p@)e @87 dit@)) 1o ]2

(0 p)@)E © € m ey du(e)) | el

e

IN

IN
/N 7 N N

It follows that

[p(f - mém)] < ((p® p)(WE @ Enm) || f ool 2
< o @ p) (I fllocllull'?

< ()11 oo el

where the last inequality follows from |[Eym| Lemma 1.23] and the fact that
p ® p is quasi-equivalent to a subrepresentation of p. Therefore, we have

(@) )l = |§uf dia| < llo(F - )l Nu
< loGa) M2 ol ]

and hence

1]l < Il [l

By the open mapping theorem and the assumption, there exists K > 0 such
that K||p|| < ||®,|. Therefore, there exists M > 0 such that

il < M p() 12|l 2.
Hence,
leell < M2 p(w)]l-

This completes the proof by using Theorem and [Sto, Lemma 4.2].
The equivalence of (a), (b), (d) and (f) follows from the equivalence of
(a), (c), (e) and (g) and the fact that 7rgx and w,, . are weakly equivalent. m
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COROLLARY 6.5. Let G be a locally compact group. The following con-
ditions are equivalent:

(a) G is amenable.
(b) A(G) has a bounded approzimate identity.
(¢) A(G), as a Banach B,(G)-bimodule, has a bounded approzimate iden-

tuty.

(d) Co(Q), as a Banach A(G)-bimodule, has a bounded approzimate iden-
tity.

(e) Co(G), as a Banach B.(G)-bimodule, has a bounded approximate
identity.

(f) The canonical embedding ¢ : M) (A(G), M(G)) — M(G) is a
continuous isomorphism.
(g) The canonical embedding @ : Mp (o) (Br(G), M(G)) — M(G) is a
continuous isomorphism.
REMARK 6.6. The equivalence of (a) and (b) can be found in [Lep2|.
The above corollary gives another proof of (b)=-(a).

7. Factorization properties of A(m)-bimodules. The following pro-
position can be proved easily by using [Sto, Remark 3.2(3)] and simple
density arguments. We outline the proof below.

PrRoOPOSITION 7.1. Let G be a locally compact group, and let m be a
unitary representation of G. Consider the following conditions:

(a) m is H-amenable.

(b) A(G) = A(m)A(G).

(¢) A(G) = B(m)A(G).

(d) A(G) = span(A(m)A(G))
(e) A(G) = span(B(m)A(G))
(f) Co(G) = A(m)Co(G).

(8) Co(G) = B(m)Co(G).

(h) Co(G) = span(A(m)Co(G))
(i) Co(G) = span(B(m)Co(G))

Then (a)=(b)=(d)=(h)=(») and (a)=(c)=(e)=-(i).

Proof. Tt follows from [Stol Remark 3.2(3)] that A(G), as a Banach A(r)-
bimodule, has a bounded approximate identity if 7 is H-amenable. The rest

follows from Cohen’s factorization theorem and the fact that A(G) is norm-
dense in Cp(G). =

Let X, be the subspace of Cy(G) defined by

[e.e]

X, = {h ch=> wigi, u € B(r), g; € Co(G), Y uill pen llgillos < oo}.
=1 =1
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We define a norm on X, by

kil = inf {3 il llglloc s = D wigi, wi € B(x), i € Co(@)}.
=1

i=1
It is not hard to show that (X ,| - || x) is a Banach space.

LEMMA 7.2. Let 7 be a Cy-representation of G. Suppose that Co(G) has
an approzimate identity contained in B(w) which is bounded in the uniform
norm. Then the space Mp(r)(Co(G), B(m)*) = Mp)(B(r), M(G)) is iso-
metrically isomorphic to X.

Proof. Write B = B(w) and M = Mp(Cy(G), B*) for convenience.
Let F' € Co(G)* = M(G). Define @5 : Co(G) — B* by

(Pp(7),a)p=B)y = F(a- ).
It is straightforward to show that @ € M and ||@F¢| < ||F|.

Conversely, let @ € M. Without loss of generality, for any « € X, we
assume that = = > ", a; - y; for some finite sequences (a;)?,; C B and
(4i)ly C Co(G). Define

n
Folw) = 3 (@(y1), ai).
i=1
Clearly, Fg is bounded by the definition of the norm of X,. We need to show
that Fgp is well-defined. Let (e,) C B be an approximate identity for Cy(G)
such that sup,, |lea||cc < C for some C' > 0.

First of all, we observe that (&(b-z),a) = (a-z, I$(b)) for any =,y € B,

z € Cy(G) where Ip is defined in the proof of Lemma Now, we have

[Fs(@)| = |3 (@(y), ai) +| Y @(en vi).an
i=1 i=1

<[ o vi).a)
=1

n n
<12l Yy = ea - willxllaillz + |3 ai i Toea))
i=1 =1

n
=121 llyi — ea - villxllaill s + (2, La(ea)) -
i=1
By taking o — o0, it follows that F(0) = 0. Hence, Fg is well-defined.
It is clear from the definition of the norm || - || x that || Fg| < ||®||. =

REMARK 7.3. The above result and part of the proof are motivated by
[Fig].

A unitary representation 7 of G is called a Cy-representation if F(G) C

Co(G).
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THEOREM 7.4. Let m be a Cy-representation of G. Suppose that Cy(Q)
has a bounded approximate identity contained in B(m @ 7). Then the follow-
ing conditions are equivalent:

a) 7 is amenable.

A(G) = A(m @ ) A(G).
A(G) = B(r @ m)A(G).
A(G) = span(A(m @ m)A(G)).
A(G) = span(B(m @ T) A(G)).
Co

(G) = A(m @ 7)Co(G).
Co(G) = B(m @ m)Co(G).
Co(G) = pan( (m @ 7)Co(G)).
i) Co(G) = span(B(m @ 7)Co(G)).

Proof. By Pr0p051tion we have to show (i)=(a). Let p = Trgz. If (i)
holds, then X, = Cy(G). Therefore, by the opening mapping theorem, the
norms || - || x and [|-[|oc are equivalent. As a result, Mp(,) (B(p), M(G)) = X
(see Lemma is topologically isomorphic to M (G). In view of the proof
of (g)=-(a) in Theorem the proof is complete. =

REMARK 7.5. The above result and part of the proof are motivated by
[Neb].

By taking m = A9, we obtain some new characterizations of amenable
groups.

COROLLARY 7.6. Let G be a locally compact group. Then the following
conditions are equivalent:

(a) G is amenable.
(b) A(G) = Br(G)A(G).
(c) A(G) = span(B,(G)A(G)).
(d) Co(G) = B (G)Co(G).
(e) Co(G) = span(B(G)Co(G)).
REMARK 7.7. For general GG, we have
A(G) = span(B,(G)A(G)) and Cy(G) = span(B,(G)Co(G)).
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