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Limiting real interpolation methods for
arbitrary Banach couples

by

FERNANDO COBOS and ALBA SEGURADO (Madrid)

Abstract. We study limiting K- and J-methods for arbitrary Banach couples. They
are related by duality and they extend the methods already known in the ordered case.
We investigate the behaviour of compact operators and we also discuss the representation
of the methods by means of the corresponding dual functional. Finally, some examples of
limiting function spaces are given.

1. Introduction. The real interpolation method (A, A1)g 4, where 0 <
0 < land1 < g < o0, plays an important role in the study of function spaces,
operator theory and approximation theory, as one can see, for example, in the
monographs by Butzer and Berens [6], Bergh and Lofstrom [4], Triebel [31],
32], Bennett and Sharpley [3] or Brudnyi and Krugljak [5]. The parameter 0
takes values in the open interval (0, 1). The space (A, A1)g 4 can be described
by means of Peetre’s K-functional or by means of its dual functional, the
J-functional.

The extension of the real method which is obtained by replacing in the
definition ¢¥ by a more general function f(t) (see the paper by Gustavsson
[26]) is also important. The case f(t) = t?g(t) is of special interest. Here,
g is a power of 1+ |logt| or, more generally, a slowly varying function (see
the papers by Evans and Opic [20], Evans, Opic and Pick [2I], Gogatishvili,
Opic and Trebels [24] and Ahmed, Edmunds, Evans and Karadzhov [1]).
Then 6 can take the values 1 and 0, but in these limit cases the extra func-
tion g(t) is essential to get a meaningful definition. However, if the Banach
spaces are related by a continuous embedding, say Ag — Ajp, then limit-
ing spaces (Ao, A1)o,q:7 and (Ao, A1)1,4;x can be defined without the help
of any auxiliary function, just making a natural modification in the defi-
nition of the real interpolation method. These limiting methods have been
intensively studied, as can be seen in the papers by Gomez and Milman [25],
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Cobos, Fernandez-Cabrera, Kiihn and Ullrich [9], Cobos, Fernandez-Cabrera
and Mastyto [11], Cobos and Kiihn [I5] and Cobos, Fernandez-Cabrera and
Martinez [10]. The space (Ao, A1)o,q.7 is very close to Ag, and (Ao, A1)1,¢:x
to A;. This fact is important in applications.

To be in the ordered case Ay < A; is basic for the arguments of these pa-
pers, but it is only a restriction from the point of view of interpolation theory.
For this reason, it is natural to study the extension of limiting methods to ar-
bitrary, not necessarily ordered, couples of Banach spaces A = (Ag, A;). This
question has been considered by Cobos, Fernandez-Cabrera and Silvestre in
[12] [13], but the main target in these papers was to describe the spaces that
arise when interpolating {Ag, A1, A1, Ao} by the methods associated to the
unit square. Several limiting K- and J-methods were introduced with the
property that along the diagonals of the square, the interpolated spaces are
sums of limiting methods and real interpolation spaces in the K-case, while
they are intersections of limiting methods and real interpolation spaces in
the J-case.

In the present paper our aim is to develop a comprehensive theory of
limiting methods for arbitrary couples. Following the pattern of the real
method, this calls for selecting from the different methods introduced in |12}
13] just a family of K-methods and a family of J-methods which are related
by duality and that allow one to produce a sufficiently rich theory. In terms
of the interpolation of {4y, A1, A1, Ap}, the choice we make corresponds to
the methods that arise using the centre of the square.

We start by reviewing some general facts on interpolation theory in Sec-
tion 2. Then, in Sections 3 and 4, we introduce the limiting K- and J-
methods, respectively. We also establish their basic properties and we study
their connection with the methods developed for the ordered case and with
those considered in [12] and [I3]. There is a price to be paid for having meth-
ods for general couples: They satisfy worse norm estimates for interpolated
operators than in the ordered case and, as a consequence, interpolation prop-
erties of compact operators are also worse than in the ordered case. We deal
with compact operators in Section 5. As we show there, given T € L(A4, B),
a sufficient condition for the interpolated operator by limiting methods to
be compact is that both restrictions T : Ay — By and T : Ay — Bj are
compact.

Section 6 is devoted to the description of the limiting K-spaces using the
J-functional. This can be done provided that 1 < ¢ < co. Some consequences
of that description are also given. Duality between limiting K- and J-spaces
is discussed in Section 7, while Section 8 contains some examples of limiting
spaces. First, working with any o-finite measure space, we characterise the
limiting spaces generated by the couple (L, L1). Then we consider a couple
formed by two weighted L4-spaces and, as an application, we determine the
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spaces generated by the Sobolev couple (H*®0, H*1). We also consider the
case of the couple (B;f’q, B;}q) of Besov spaces. Finally, we apply the limiting
methods to obtain a Hausdorff-Young type result for the Zygmund space

La(log L) _15([0, 27]).

2. Preliminaries. Let A = (Ao, A1) be a Banach couple, that is, two
Banach spaces Ag, A1 which are continuously embedded in some Hausdorff
topological vector space. Form the sum Ag+ A and the intersection AgNAj,
which are Banach spaces endowed with the norms

lallag+a, = inf{[[aolla, + [larlla, : @ = a0 + a1, a; € A;}
and
HaHAoﬁz‘h = maX{Ha”Am HaHA1}7
respectively. Clearly AgNA; < Ag+ Ai. Here <— means continuous embed-
ding.
For t > 0, Peetre’s K- and J-functionals are defined by
K(t,a) = K(t,a; A)
= inf{||ao|| 4, + tl|ai|la, : @ =ao+a1,a; € A;}, a€ Ag+ Ay,
and -
J(t,a) = J(t,a; A) = max{||al| a,, tl|alla,}, a€ AgN A;.
Notice that K(1,-) = - [[ag+4, and J(1,-) = [ [ 4ona,- _
Let 0 < 0 < 1and 1 < g < oo. The real interpolation space Ag, =
(Ao, A1)g 4, viewed as a K-space, consists of all a € Ay + A; for which the

norm
o0 0 dt 1/q
fola,, = ( ¢ K@)y )
0

is finite (when ¢ = oo the integral should be replaced by a supremum).
See |4, 3| 5, B1]. It follows from the equivalence theorem that ng’q coincides
with the collection of all those a € Ay + A; for which there is a strongly
measurable function w(t) with values in Ag N A; such that

a= S u(t) % (convergence in Ag + A)
0
and
o0 dt 1/q
(e toeumy ) <.
0
Moreover,
, T dt\ '/ T dt
ol =t { ({0t ©) " a= {uin @]
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is an equivalent norm to [| - || 5, . We refer to [35] for details on the Bochner
integral.

If Ay — A, the space fh,q;K is defined as the set of all those a € A;
which have a finite norm

o0 _ dt 1/q
e, = ( S K )

1

Note that the integral is not on (0,00) but only on (1,00). This change is
essential for a meaningful definition. In this ordered case, the space f_lo,q; J
consists of all those elements a € A; which can be represented as a =
§°v(t) dt/t (convergence in A;), where v(t) is a strongly measurable function
with values in Ag and such that

<O§0J(t, o(8))" Cf) "

1
We set

o0

lall s, , = inf { <o§oJ(t,v(t))q ?)Uq ca={ o) Cf}

1 1

The spaces fqu;K and Ao,q;J correspond to the limit values 6 = 1,0. They
are studied in [9} [I5] and the papers cited there. Throughout the following
sections, we shall extend these constructions to general Banach couples.

Subsequently, for 1 < g < oo, we let ¢, be the usual space of g-summable
scalar sequences, and cg is the space of null sequences. Given any sequence
(Am) of positive numbers and any sequence (W,,) of Banach spaces, we
write £g(Am Wy,) for the space of all vector-valued sequences w = (wy,) with
W, € W,, and such that

/
ey = (3 Comllomlln, 1) < oo

If for each m the space W,, is equal to the scalar field K (K =R or C), we
simply write £4(\y,). The space co(Ay,Wp,) is defined similarly.

As usual, if X,Y are non-negative quantities depending on certain pa-
rameters, we write X < Y if there is a constant ¢ > 0 independent of the
parameters involved in X and Y such that X <¢Y. If X SY and Y < X,
we write X ~ Y.

3. Limiting K-spaces. We start by introducing the limiting K-spaces
that we will consider in the following.

DEFINITION 3.1. Let A = (Ag, A1) be a Banach couple and let 1 < ¢
< 00. The space Agx = (Ao, A1)qk is formed by all those a € Ag + Ay
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which have a finite norm

lalz, . = (iK(t,a)q ‘f)/ " (T(rlm,a))q Cf)/ g

0 1

Since
K (t,a; Ao, Ay) = K (7 a3 A1, Ao),

it is clear that
(3.1) (Ao, Al)q;K = (A17A0)Q§K'

Moreover, one can show that Aq; K is complete. Next we show that f_lq; K 1S
an intermediate space between Ay and Aq, and that it is larger than any real
interpolation space.

LEMMA 3.2. Let A = (Ag, A1) be a Banach couple, let 0 < 6§ < 1 and
1<q,r<oo. Then

AgN A1 — (Ao, A1)gr — (Ao, A1) g — Ao + Ay
Moreover, (Ao, A1)oo:x = Ao + A1 with equivalent norms.
Proof. 1t is well-known that
AgN AL = (Ao, A1)gr — (Ao, A1)goo  (see [] or [31]).
Take any a € (Ao, A1)s,00- We have

L 1/q 1 1/q
dt dt
(Ko=) < (V=) lals,. =alals,.
0 ¢ o ! ’ ’
and

0 3 dt 1/q 0 B dt 1/q

( (K (t.a))" t) < ( ) £ t) lall .. = e2llal 4,
1 1

Hence, (AO,A1>9,OO — (Ao,Al)q;K.
Assume now that a € (Ao, A1)q; k. Using that K (¢, a) is a non-decreasing
function of ¢, we derive with ¢z = ({]"¢™¢ dt/t)=1/4 that

[e.e]

dt\"4 > de\ V4
”““ﬁﬂf—%<§fﬂt> ~Kﬂﬂ)§%<S@4KUﬂ»qt>
1 1

< csllall s,

Finally, if ¢ = co we have

lall4 . = sup K(t,a)+ sup t ' K(t,a) = [a]apsa,,
’ 0<t<1 1<t<oo

as desired. =
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REMARK 3.3. In the ordered case where Ay — Ay, if we disregard the
term with the integral over (0,1) in Deﬁnition then we recover the spaces
fll,q; i introduced in the previous section. Notice that flq; K extends fll,q; K
to arbitrary couples because if Ag < A; we have

1 1/q 1 1/q
dt dt
(Jxear$) "< (10 F) lala, < clals,, .

0 0
So, f_lq;K = Al,q;K with equivalence of norms.
Next we show the connection between Aq; & and the limiting spaces intro-

duced in [12]. Let fll,q;K and 12107,1;1( be the collections of all those a € Ag+A;

which have a finite norm
oo

' ' di\ e
all = sup t K(t,a) + tTK(t,a q)
ol = s ¢ 0+ ( § (o) g

1
and

1 dt l/q
all = K(t.a + sup K(t,a),
| HAO’q;K <§) (@)’ t> 1<t<oo (4]

respectively. We refer to [12] for details on Aj ,.;c and Ag 4.xc.

PROPOSITION 3.4. Let A = (Ag, A1) be a Banach couple and let 1 <
q < o00. Then

flq;K = leq;K + fqu;K with equivalent norms.
Proof. Let a = xg + x1 with zg € AQq;K and x| € fll,q;K. Then

(Tetrwar®) " < (Tetrwanr )™

1 1

+ (Og(t_lK(t 21))" Cff)

o] dt 1/q
q . .
( § " 13 ) HwOHAqu;K + HxlnAl,q;K

< alleollz,, , + laillz, -

1/q

Similarly,

‘ dt\ M/
(1xar ) " < allals,, , + ol s,
0
This yields the continuous embedding A07q;K + fqu;K — flq;K.
Conversely, let a € Ay and take any representation a = x¢ + x1 with
xzj € Aj (j=0,1) and ||zol|a, + [|z1]la, < 2K(1,a) = 2[lal|ag+a,. We claim



Limiting interpolation methods 249

that z; € lej’q;K for j =0, 1. Indeed,

1

ool = (|

dt\ '/
K(t,z0)? t) + sup K(t, zo)

0 1<t<oco
1 1/q 1 1/q
dt dt
< (1xar ) " (Yamr $)
0 0
1 1/q
dt
<lollaye+ (§67F) loalas + ol
0

< llallz, . + cillallagra, < czllalls

where we have used Lemma [3.2]in the last inequality. For z1 we obtain

e 9] [e.9]

_1 dt 1/‘1 1 dt 1/f1
A R e ) e MG X
1 1

_ dt 1/(]
<larlla + ol + (1005 ) ool
1

< esllallz,

Hence, a € Ay 10 + A1 450 and HGHAO,Q;K"‘Al,q;K < (e2 + es)llallz,, - This
completes the proof. m

As a direct consequence of Proposition and [12, Thm. 4.1] it follows
that

(3.2) Agx = (Ao, A1, A1, Ao) 12,1 /2),.:K

where (-, -, -, )(a,8),¢:k Stands for the K-method associated to the unit square
(see [17, 22]).

Besides the relation described in Remark [3.3] the following lemma shows
another interesting connection between flq; x and the space 14_117(1; i defined
for ordered couples.

LEMMA 3.5. Let A = (Ag, A1) be a Banach couple and let 1 < q < oo.
Then

(Ao, A1)gx = (Ao N A1, Ao+ A1)1,¢.x with equivalence of norms.

Proof. Let K(t,a) = K(t,a; 49 N A1, Ag + A1) and K(t,a) = K(t,a;
Ap, A1). According to [29, Thm. 3|, for 1 < ¢t < oo and a € Ay + A1, we have

K(t,a) ~tK(t™' a) + K(t,a).
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Consequently,
T dt\ M
felar o ann e = VB C00 )
1
1 1/q o0 1/q
dt dt
~(Sxear )+ (e wwar )
0 1

= [lall(a0,A1)gxc- ®

Let B = (By, By) be another Banach couple. By writing T' € £L(A, B) we
mean that 7" is a linear operator from Ay+ A; into By+ B1 whose restrictions
T : A; — Bj are bounded for j = 0,1. It is not hard to check that for any
1 < g < oo, the restriction T': Ay, x — Bg.x is also bounded with

HTHAQ;K,BQ;K < maX{HTHAo,Bm HT||A1,B1}‘

In the ordered case where Ay — A; and By — Bj, it is shown in [9]
Thm. 7.9] that if 1 < ¢ < oo there is a constant ¢ > 0 such that for any
T € L(A, B), we have

_ _ HT”A(LBO
B3 1Tt e < T (1 max{0,1og oo ).

However, estimate (3.3]) does not hold in the general case as the following
example shows.

COUNTEREXAMPLE 3.6. Let 1 <¢ < oo. Consider the couples (¢4(e™"),¢;)
and (K, K), where sequences are indexed by N. For k& € N, let T}, be the linear
operator defined by Tj¢ = e *¢;. Clearly, Ty € L((£,(e™™),4,), (K, K)) with
1Tl ¢,(e-ny,x = 1 and [|T'[|¢, x = e~*. According to Lemmaand [0, Lemma
7.2 and Remark 7.3|, we have

(lg(e™™) lg) g = (Lgs Lg(e™ ™)1,k = Eq(nl/qe_n)~
Moreover, (K, K),.x = K with equivalence of norms. Hence,

Tkl e, =), s (KK gz ~ K.

Since there is no ¢ > 0 such that k=7 < cke™* for all k € N, it follows that
(3.3) does not hold in general outside the ordered case.

4. Limiting J-spaces. Now we turn our attention to J-spaces.

DEFINITION 4.1. Let A = (Ap, A1) be a Banach couple and let 1 < ¢
< o0. The space Ag.; = (Ao, A1)g. is formed by all those a € Ag + A; for
which there exists a strongly measurable function u(¢) with values in Ayg+ A
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such that
(4.1) a= S u(t) % (convergence in Ag + Aj)
0
and
1 dt 1/q 00 dt 1/q
(4.2) <§ VIt u(t)))? t) + ( | 7t u(t) t> < 0.

0

The norm |laf| 5, in Ag.y is the infimum of the expression in l' over all
representations (4.1) satisfying (4.2)).

These spaces were introduced in [I3] under the notation fl{l’o},q; J- It can

1

be checked that the spaces A, are complete. Next we show that they are
intermediate spaces with respect to the couple A and that they are smaller
than any space Ag,,.

LEMMA 4.2. Let A = (Ag, A1) be a Banach couple, let 0 < 6 < 1 and
1 < gq,r < oco. Then AgN A1 — Agy — Agr — Ao + A1 Moreover,
Aq.g = Ao N Ay with equivalent norms.

Proof. Let a € Ag N Ay. Take u(t) = ax(1,). Then a = {7 u(t) dt/t and
we obtain

€ dt 1/(1
fols,, < (1760 %) < clalagna,
1

[e.9]

Suppose now that a € Ag; and let a = {3~ u(t) dt/t be a representation

satisfying (4.2)). Then it is also a representation of a in Ay, because, using
Holder’s inequality, we have

1 1 1/q /1 / 1/q
et () & < (g(t—lj(t,u(t)))q Cf) ( [ 010 dt)

t
0 0 0

Osotaj(t,u(t))cit < (oSOJ(t,u(t))q C?)l/q(soteq/ c?)l/q/.

1 1 1

and

Therefore, Aq;] — 14_1971. Since 14_1971 — f_lg’r — Ay + A; (see [4] or [31]), it
follows that Ag N A7 — Aq;] — Ag’r — Ag+ A;.

Finally, let ¢ = 1 and a € A;.;. Take any representation a = SSO u(t) dt/t
in Ay, 7. Then the integral is absolutely convergent in Ag N A; because, since
J(t,v) is a non-decreasing function of ¢ and ¢~'.J(t,v) is non-increasing, we
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get
()i § = §700,0) § 4+ § 70, u)
0 1

+ (It ut) %.

1

IN

O e = O ey

t LT (t, u(t)) %

Consequently, a € Ag N Ay and [|al[a,na, < llallg, ;- =

It is shown in [I3 Theorem 4.1] that

(4.3) Agy = (A07A17A17A0)(1/2,1/2),q;J7
where (-, ", ) (a,8),¢;s 15 the J-method defined by the unit square (see [17]).
In parﬁicular i7f Ay — Ay and 12107(1; J is the space introduced in Section [2| we
have Ag.; = Ao q.7-

For 1 < ¢ < oo, the spaces A, can also be described using the K-
functional. In fact, according to [I3, Theorem 3.10], we have
(4.4) Ay = A{f7g}7q;K with equivalence of norms,

where fl{f’g}g; x is formed by all those a € Ag + Ay such that

T (e CONR RO Y AGOR RO
Avoax =\ I\#(1 —logt) ) ¢ ) \1+logt/) ¢ '

Equality (4.4)) is not true if ¢ = 1. Indeed, let {0} # Ay < Aj, with the
embedding of norm < 1. Thus K (t,a) = t|lal|4, if 0 <t < 1. By Lemmal[d.2]
Ay, = Ao. However, Ag; oy 1.5 = {0} because for any a # 0 we obtain

o1 dt
S _

R PN P
- %A 1—logt t

t(1 —logt) t

O ey

0

In fact, the (1;.J)-method cannot be described using the K-functional.
Indeed, recall that for any Banach couple (Ag, A1), one has K (¢, a; Ag, A1) =
K(t,a; Ay, AY'), where A7 is the Gagliardo completion of A; in Ag+ A; (see
[3, Theorem 5.1.5]). Hence, if the (1; J)-method could be described using the
K-functional, we would have, for any Banach couple,

Ao M Ay = (Ao, Ar)1yg = (A, A )i = Ay NAY.
However, if we take Ag = ¢y and A; = (5(27"), then Af = { and clearly
AoﬂA1:CO7é€OO:AaﬂA1N. ~
The following result is based on the K-description of A ;.
LEMMA 4.3. Let A = (Ao, A1) be a Banach couple and let 1 < q < oc.

Then (Ao, A1)gs = (Ao N A1, Ag + A1)o,q0 with equivalence of norms. In
particular, (Ao, A1)gg = (A1, A0)q.-
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Proof. If q= 1, we have (AO,Al)l;J =AgNA; = (AOOAl,A()"‘Al)[)J;].
If ¢ #1,set K(t,a) = K(t,a; Ao N A1, Ag + A1). By [9, Theorem 4.2|, we
obtain

T K(t,a) \7dt\
lallagras, o Ar)o s ~ S Trial) 1)

Using [29, Theorem 3|, a change of variable and (4.4)), we derive that
OSO K(t,a) \?dt\* § K(s,a) \"ds\"*
. \l+logt/ t 5 s(1—1logs)/) s

+<OSO (155 )q dt>1/q lal
T L 17 7 ~ (Ao,A1) g7
. 1+logt t a

Consequently, (Ao, A1)g7 = (AoNA1, Ao+ A1)o,q.s. Finally, the last equality
implies that (Ao, Al)q;] = (Al, AO)q;J. n

It is easy to check that if T € L(A, B), then T : A,.; — By, is bounded
with HTHA(I;J,B(I;J < maX{HTHAo,Bm HTHALBI}‘

5. Compact operators. Interpolation of compact operators is a clas-
sical question that has attracted the attention of many authors (see [7] and
the references given there). As concerns the real method, the final result was
obtained in 1992 by Cwikel [18] and Cobos, Kiihn and Schonbek [16], who
proved that if 7' € £(A, B) and any of the restrictions T : A; — B; (j =0,1)
is compact, then the interpolated operator T' : (Ao, A1)g,q — (Bo, B1)s,q is
also compact.

For limiting methods in the ordered case where Ay < A; and By — Bj,
it was proved by Cobos, Fernandez-Cabrera, Kithn and Ullrich [9] that com-
pactness of T : Ay — By implies that T : flqu;K — BLq;K is also compact,
whereas compactness of T : Ay — By is not enough (see [9, Counterexample
7.11 and Theorem 7.14].

In the general case, the bad behaviour of the (g; K)-method suggests
poorer properties with respect to interpolation of compact operators. Next,
we show with an example based on [9, Counterexample 7.11] that in contrast
to the ordered case, if T € L(A,B) and T : A; — By is compact, then
T: flq;K — Bq;K may fail to be compact.

COUNTEREXAMPLE 5.1. Let 1 < ¢ < oo and consider the couples A =
(€,(37™),4y), B = (£4(27™),4,). Let D be the diagonal operator defined by
D(&,) = ((2/3)",). Then D : £,(37") — £4(27") is bounded and D :
ly — {4 is compact. However, according to and [9, Lemma 7.2 and
Remark 7.3|, we have

(bg(37") bg) g = Eq(nl/q?’_n) and  (£4(27"), lg)gi = Eq(”l/%_n)a
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and it is not hard to check that D : £,(n'/937") — £,(n'/92™) fails to be
compact.

Nevertheless, if the first couple reduces to a single Banach space, then
the behaviour of the (¢; K)-method improves.

PROPOSITION 5.2. Let A be a Banach space, let B = (By, B1) be a
Banach couple and let 1 < q < oo. If T is a linear operator such that
T : A — Bj is bounded for j = 0,1 and one of these restrictions is compact,
then T : A — By 1is also compact.

Proof. Clearly, T : A — By + B; compactly and T' : A — By N Bj
boundedly. If 1 < ¢ < oo, using Lemma [3.5]and [9, Theorem 7.14], we derive
that T : A — (Bo N B1, By + Bi)1,¢.x = (Bo, B1)gk is compact. If ¢ = oo,
the result follows from the last part of Lemma [3.2] =

In order to establish the compactness result in the general case, given any
Banach couple (Ag, A1), we write (Ag, A7) for the Banach couple formed by
the closures of AgN Ay in A; for j =0, 1.

THEOREM 5.3. Let A = (Ao, A1), B = (By, B1) be Banach couples, let
1<g<ooandletT e LIA,B). If T : A; — Bj is compact for j = 0,1,
then T : (A§, AD)g:x — (Bo, B1)g:k ts compact as well.

Proof. The result follows from (3.2) and [23, Corollary 4.4]. =

REMARK 5.4. We will show at the end of Section [6] that if ¢ < oo then
(AG, AT)g;x = (Ao, A1)k -

Next we turn our attention to the (g;J)-method. In the ordered case
where Ag < Aj and By < By, if T € L(A,B) and T : Ag — By compactly,
then T : Ag gy — Bog.s is compact (see [9, Theorem 6.4]). However, in
the general case, compactness of T' : Ay — By does not imply that T :
flq; J— Bq; 7 is compact. An example can be given by reversing the order of
the couples in [9, Counterexample 6.2] and using Lemma

The following results give sufficient conditions for interpolation of com-
pact operators for the (¢; J)-method.

PROPOSITION 5.5. Let A = (Ag, A1) be a Banach couple, let B be a
Banach space and let 1 < g < oo. If T is a linear operator such that T :
Aj — B is bounded for j = 0,1 and any of these two restrictions is compact,
then T : Ag.; — B is also compact.

Proof. 1t is clear that T': Ag N Ay — B is compact. If ¢ = 1, the result
follows using that Ay.; = Ap N A;. Assume now that 1 < ¢ < co. We infer
that T : Ag + A1 — B is bounded because

[T (a0 + a1)l| < [|[Taoll + [|[Ta1| B
< max{||T|| g, IT'] 4, }([[aollag + lla1]|a,)-
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Hence, applying [9, Theorem 6.4] to the couples (Ao N Ay, Ao + A1), (B, B)
and using Lemma [.3] we conclude that

T Aq;J = (A() NA, Ay + Al)o,q;J — B
is also compact. =
We finish this section with a consequence of (4.3) and [17, Theorem 6.1].

THEOREM 5.6. Let A = (Ao, A1) and B = (By, By) be Banach couples,
let '€ L(A,B) and let 1 < q <oco. If T : Aj — By is compact for j = 0,1,
then T : Ag.; — Byg.j is also compact.

6. Description of K-spaces using the J-functional. In we
have pointed out that limiting J-spaces can be described by using the K-
functional provided that 1 < ¢ < oco. In this section we study the description
of limiting K-spaces using the J-functional.

DEFINITION 6.1. Let A = (Ap, A1) be a Banach couple and let 1 <g¢
< oo. Write p(t) = 1+ [logt| and pu(t) = t~*(14 [logt|). The space A, 1 o7
is formed by all those elements a € Ag+ A; for which there is a representation

(6.1) a= S u(t) % (convergence in Ag + Aj)
0

with u(t) being a strongly measurable function with values in Ay N A; and
such that

o0

; dt\ " dt\"/?

02 (Smaeaon )+ (Juoseumr ) <
0 1

The norm in fl{ paut.gi 18 given by taking the infimum of the values in l'

over all possible representations (6.1]) of a satisfying (6.2)).

The following result shows the relationship between these spaces and
limiting K-spaces.

THEOREM 6.2. Let A = (Ag, A1) be a Banach couple and 1 < q < oo.
Then (Ao, A1)gic = (Ao, A1) {p,u},q:7 With equivalence of norms.

Proof. Choose a € (Ag, A1){y )¢ and a representation a= | u(s) ds/s
such that

oo

<§ (p(t)J (L, u(t)))? ?)1/‘] i < S

dt\ 4
| l(ﬂ(t)J(t,u(t)))qt> < 2llalla, ;4.0
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For any 0 < t < oo, we have

K(t,a) < SK(t,u(s))% < Smin(l,t/s)J(s,u(s))%

0 0
= SJ(SvU(s))% + | EJ(s,u(s)) %,
0
Hence,
0 Ya T 1/q
lalla, x = ((S)K(t,a)q Cit) - ( § (t K (t, a)) ‘f)

= <§1) (§J (5, u(s)) d)it>l/ + <§ (OSOtJ(u()) d)f)”

0
(T 29 (( (o))"
=L+ 1L+ 13+ 14

Let us estimate each of these terms separately. Let h € Ly((0,1),dt/t) with
|hllz, =1 and such that

i s\ ! /g 1 t )
1= (§ (o ) )" = o i 2 2

Using Fubini’s theorem, Holder’s inequality, changing variables and applying
Hardy’s inequality (see [2§]), we obtain

11 1 .
L = Hh(t)J(s,u(s)) % % = SJ(s,u(s))p(s) p(ls) S h(t) % %
0s 0 5
- qu Va /! 1 1 dt q/dS 1/q
< (Yoo ) (1 (g0 §) %)
1

/

T1Y q 1/q
<l (3 (21000 a)" )
0

0

o0 l/q/
rS ( S h(e_s)q d8> HCLH{P,H}#Z;J = HaH{p,u},q;J-
0
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As for I, by Holder’s inequality and the fact that s(1—log s) is increasing
n (0,1), we get

Ellogsj(s,u(s)) d5>qcit>1/q
+ <§ (toglo %J(S,u(s)) Cf)q cit>1/q

< ((g) € _ﬁogtia o) (5,00 2 ) )

T , ds\ VY dt\ e
: 1+logs)? &2) &) .
<§( + log s) S) t>

The last integral is finite because ¢’ = (1—1/¢)~! is greater than 1. Changing
variables and using Hardy’s inequality, we derive

I < <OSO <1iv§(1 +2)J(e %, u(e™™)) dx>qdv> 1/q

0 0

ta T L ds di\'*
H(QUCHEIESS

1

00 1/q
< ( [+ x)J(e%u(ex)))qu) Tl < Nallstan
0

As for I3, using Hélder’s inequality and Hardy’s inequality for the func-
tion sflJ(s,u(s))X(Loo)(s), we have
q dt 1/q
0%) %)

e ({ (e €72 (1
(i

.
1
oo )

1/q

+ <O§(81J(s,u(s)))q dj) <ol .
" (T <1+Sbg8‘](s’“(5))>q(1 +logs) ™4 ‘f)l/q

q
<lall, ., + sup (1+logs)“alls,  <llallz, -

1<s<oc0
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In order to estimate the last term Iy, we proceed as in the case of I;.
Choose h € Ly ((1,00),dt/t) with ||h[|r, =1 and such that

N ds dt
_ 1
L=\ h(t)|s"J(s,u(s)) —
1 t
We obtain
T ¢ dtds
I, = S s 1 J(s,u(s)) S h(t) .
1 1

(o) () 2)”

1 1

/

o 1 T q 1/q
< IIaIIA{p,u}yq;JO (1+x5h(ey)dy> dx)
0

0

o z q/ 1/‘1,
Slalla, . (§ e d) ™ =lalla,,, .
0

Consequently, (Ag, Al){p#}’q;J — (Ao, A1)g K-
Conversely, take any a € (Ag, A1)q,x. Then

1 00
(6.3) [ K(t, )1 % + (t—lK(t,a))q% < 0.
0 1

Since K(t,a) (respectively, t "1 K (¢, a)) is non-decreasing (respectively, non-
increasing) in ¢, it follows from (6.3]) that

K(t
(6.4) K(t,a) > 0ast— 0 and (t’a)—>()ast—>oo.
For v € Z, put
272771 ifuy <0,
=11 if v =0,
2270 ify > 0.

We can find decompositions a = ag, + ar, with a;, € A;, j = 0,1, such
that

HaO,VHAo + 77u+1||a1,1/||141 < 2K(7711+17a) if v <1,
771/_—11“0’0#/”140 + HaLVHAl < 2K(771/_—117a) ifv>1,

where K (t,a) = K(t,a; Ay, A).
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Let w, = apy — aop—1 = @11 — a1, € Ag N Ay, v € Z. Given any
N, M € N, we have

M
o= 32w
N

v=—

o, = |la —ao,m + ao—N—1|la9+A,

< llao,—n—1llay + lla1,0]] 4, -

By (6.4), the last two terms go to 0 as N, M — oo. Hence, a = ) ., u, in
Ay + Aq.
Let L, = (My—1,my], v € Z. We have

277"llog2 ifv <0,

dt
| & =1 log2 if v =0,1,
Ly 2 2log2 ifv > 1.
Let
Uy .
m 1ft€L,,andU<0,
u .
v(t) = 10;’2 ifte L, and v =0,1,
Uy .
m lftEL,,andV>1.

Then a = " v(t)dt/t (convergence in Ay + A1). Next we show that this is
a suitable representation of a in the J-space.
Ifvr<0Oandte€L,, we have
J(t,uy)
J t, t)) = — < 2V+1J vy v
( 'U( )) 271/7]_ 10g2 ~ (77 u )
< 27" (|laowll a0 + llao—1llag + M llar—1lla, +mllarlla,)
5 2V+1K(771/+17 a)‘

Therefore,
dt 2 dt
J (1= Tog ) (to))? £ @ K(mar.a)) | (1= logt)?
Ll/ 2_2—U

< (2" 'K (y41,a))(1 + 27 10g 2)727" L log 2
S 27V?1K(77V+17 a)q'
Now we distinguish three subcases. If v < —2, we derive

10— 1ozt o) @ < K | P < | Kap?

L, Lyio Lyyo
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If v = -2, we get

dt dt dt
§ 11— log )T o)) T < Knr,a) | T < § K(r a0 T
L_o Lo Lo
In the remaining case v = —1, we obtain
dt K(t ©dt
§ 10 - tog0) o)l < Kmea)? 5 § (552 4
L1 Ly
Suppose now v > 1. A change of variables yields
14 logt tq ds
(S o) = (- tors)sa1/s01/9) %
L, ;1
n, 1
~ ds
= | (1~ logs)J(s,v(1/5)))" —,

-1
U
where J(s,w) = J(s,w; A, Ap). If s € (n; ', m, 1), then 1/s € L, and we
get

~ JN(s,u ) j(n__ll,uu)

e
<227 (n, 2y (laow | ag + llao,—1llap) + lavs—1lla, + larvlla,)
S 22_VI?(77;—127 a)'

This implies that

) (”bgtm,v(t))) TS @R ) 1+ logn) | T
Ly

t L
< (K(ﬂu—ma))q S dt

~ Ny—2

Now, if v > 2, we derive

| (Wj(t,v(t))>q‘it < (K(W—%“))qzyz

L, t Nv—2
S <K(77V—27a)>q S @
Ny—2 Lo_o t
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If v = 2, we have

LS2<1+;OgtJ(tvv(t))>th,§ K(noa))qs dt

Finally, we focus on the remaining two cases: v = 0,1. If v = 0 and
t € Lo, then

J(t,u
J(t,v(t) = l(og;) S llaoollag+lao,~1lap+llat,~1lla, +[a10lla, S K(2,0a).
Hence,
[ (1~ 1007, 0()* £ K200 S [ (K ()t T
LO Ll

If v=1andt € Ly, then J(t,v(t)) S K(4,a), and so

§1<1+;ogtj(t,v(t))>qit5< (4 )) L§2t §2<K(i’a)>qit'

With all these estimates, we have

(5] 1 —logt)J(¢,v(t)))? ?)Uq . (Og <1 +t10gt<](t,v(t)))q Cit)l/q
— ( 21: S (1 —logt)J(t, (t)))q% S (1 — Tog £)J(t, v(t)))? 67g;g)l/q
) @;LS () G S o8 g ) )
< <V_z_:ooL§+2K(t,a)qf+L§1 (K( ))q dt>1/q
Lo v=31L, o
o)

-2
F(frean® oSS § (KE0) )
1

This shows that (Ao, A1),k = (Ao, A1){p,u},q;7 and completes the proof.

REMARK 6.3. In the proof of Theorem the assumption q # oo has
allowed us to use Hardy’s inequality, as well as guaranteed the convergence
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of certain integrals. So, it is essential for the arguments. In fact, the equality
Ao = A{p7u}7oo;J does not hold in general: Assume that A9 — Ay with the
closure of Ag in A;, A§, being different from A; (take for instance Ay = 1
and A} = {). By Lemma Aok = Ap+A; = Ay. However, A{p,u},m;J C
A§ # Ay Indeed, take any a € Ay, 0.y and let a = {Tu(t)dt/t be a
J-representation with

1+ logt
max{ sup (1 —logt)J(t,u(t)), sup s -1

J(t, u(t < 2|la|| 5 .
s s B u0)} < 2ol

Then limy_o ||a — SJIV/N u(t)dt/t]|a, = 0 and SZI\;N u(t) dt/t belongs to Ag
because

N 1

it T(t u(t) dt

i e e S22 A U POV e
a0l < § T 0 t0g0)
1/N 1/N

¥t 14logt dt
< —
+§ 1+10gt t J(t’u(t)) t ~ ”aHA{p,u},oo;J'

REMARK 6.4. More generally, the (co; K)-method does not admit a de-
scription as a J-space. Indeed, given any Banach couple A = (A, A1), using
Holder’s inequality, it is not hard to check that if wu(t) satisfies condition
, then the integral ;" u(t) dt/t is convergent in Ay 4+ A;. Moreover, if
t > 0and w € Ag N A then J(t,w; Ao, A1) = J(t, w; A, A7), because
AgN A = A§N A7 and the norms of A; and A; coincide for j = 0, 1. These
two facts imply that

(6.5) (AO’Al){pw},q;J = (A(O)’A?){p,uhq;J'
Equality (6.5 holds for any general J-method as considered in [5] because

the assumptions on J(¢,u(t)) still imply the convergence of {° u(t)dt/t in
Ao + A; (see |5 p. 362]). Since for the couple (41, ) we have

(El»éw)oo;K =loo # o = (€1>CO)OO;K = ( (f,égo)oo;K,
we conclude that the (0o; K)-method does not admit a description by means
of the J-functional.

COROLLARY 6.5. Let A = (Ao, A1) be a Banach couple and let 1 < g
< 00. Then A9 N Ay is dense in Ay .
Proof. By Theorem , we can work with the norm || - HA{/J I

a € Agk and take any € > 0. We can find a J-representation a = {° u(t) dt/t
satisfying (6.2]). Let N € N be such that
1N

g oo 1/q
( [ (o0t u®))" Cff) +< S(N(t)J(t,U(t)))th) <e
N

t
0
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Using Holder’s inequality and the continuity of the function ¢~1(1 —logt)~!
on [1,1/N] and of t(1 + logt)~! on [1, N], we get

N 1 N
[ lulaana G < § o) T+ § ) T
1/N 1/N 1
1 d\ Vs 1 Cde\ Ve
< (o u) (tp(e)) 7
§! ) (o)
N 1/q 4N , 1/q
+ (s F) " (Tuo o §) 7 <.

1 1

Therefore, w = Si\;N u(t) dt/t belongs to AgNA;. Since a—w = Sé/N u(t)dt/t
+ (% u(t) dt/t, we obtain
1/N

1/q
la = wlag,,, . < ( | (p(t) T (¢, u(®)))? Cff)

0
o0 1/q
+ <]§V(u(t)J(t,u(t)))q ‘f) <.

This shows the density of Ay N Ay in Aq; K. ®

It follows from ((6.5) and Theorem that (A§, A?)q:x = (Ao, A1) gk if
1 < ¢ < oo. Hence, as a direct consequence of Theorem we derive the
following.

COROLLARY 6.6. Let A = (Ao, A1) and B = (By, B1) be Banach couples,
let 1 <q<oo,andletT € L(A,B). If T': Aj — Bj is compact for j = 0,1,
then T : Ag.x — By 15 also compact.

7. Duality. This section is devoted to the duality relationships between
limiting K- and J-spaces. Let A = (Ag, A1) be a regular Banach couple,
meaning that Ag N Ay is dense in A; for j = 0,1. Then the dual A;f of A;
can be identified with a subspace A’ of (49N A1)*, and (Ap, A7) is a Banach
couple too.

THEOREM 7.1. Let 1 < g < oo, 1/qg+1/¢ =1 and let A = (Ag, A7)
be a regular Banach couple. Then (Ao, A1)y i = (Aps AY)g;s with equivalent
norms.

Proof. By [4, Theorem 2.7.1], we know that (Ag + A1) = Ay N A} and
(ApNAy) = Aj + Al. Hence, using Lemmata [4.2] and we obtain

(Ao, A1)l = (Ao + A1)’ = Ay N A} = (Ap, A1
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If 1 < g < oo, we derive from Lemmata and [9, Theorem 8.2] that
(Ao, A1)gr = (Ao N A1, Ao + A1) g = (Ag + AL, Ag N Ao
=( 6aA/1)q’;J-
The remaining case ¢ = 1 can be treated similarly because the arguments in
[9, Theorem 8.2 also work for ¢ =1. =

THEOREM 7.2. Let 1 < g < oo, 1/q+1/¢ = 1 and let A = (Ag, A1)
be a regular Banach couple. Then (Ao, A1)y ; = (A, A1) g with equivalent
norms.

Proof. The case ¢ = 1 follows again by Lemmata and and [4
Theorem 2.7.1|, namely
(Ao, A1)y = (Ao N A1) = Ag + Af = (Ah, A} ossikc-
For 1 < ¢ < oo, by Lemmata and and [9, Theorem 8.1], we derive
(Ao, A1)f.; = (Ao N A1, Ao + A1)g g5 = (Ap + A7, AN A 1Lk
=( E)?All)q’;K' .
In order to study the dual of the J-space when g = oo, let (Ag, A1), be

the collection of all a € Ag+ A; for which there exists a sequence (U )mez C
Ao N Ay such that a =), uy, (convergence in Ag + A;) and

(7.1) max(1, 27™)J (2™, ) ——— 0.

m—3o0
We put
||aHACO;J = a:iiljfum ilél% max(1,27™)J (2™, um) |

LEMMA 7.3. Let A = (Ag, A1) be a Banach couple and let (Ao, A1)%.;
be the closure of Ag N Ay in (Ao, A1)oc,s. Then (Ao, A1)eys = (Ao,A1)ZO;J
with equivalence of norms.

Proof. Let a € (Ag, A1)cy;s. Choose (ur,) € AgN Ay with a ="
and satisfying (7.1). Given any ¢ > 0, there exists M € N such that if
im| > M then sup(1,27™)J (2™, um) < &/2. Let w =}, pp um € AoN Ay
Since a — w can be represented in /Ioo; J by means of the function

o(t) = {um/logQ if |m| > M,

0 otherwise,
we obtain
la—wllz, , S sup J(2" um)+ sup 27T (2™ upy) <.
i m>M m<—M

This implies that a € (Ao, 41)%,.;-

Conversely, pick a € (Ao, A1) . Then we can find v; € Ag N A; such

o
Aco;
that |la — vz, < 1/2. Now, a —v1 € (Ao, 41)% - Hence, there exists
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vy € Ap N Ay such that |la —v1 — a5, < 1/22. Repeating this process,
for each k € N we can find v, € AgN A1 such that

-3

n=1

< =
Ay 2K

Hence, a = ) cx¥n in (Ao, A1)oc;s. It follows that (F_ vn)ken is a
Cauchy sequence in (Ao, A1)¢,.s. Since this space is complete (see [5]), we
derive that (22:1 Un)keN 1s convergent in (Ag, A1)ey;s. Its limit should be
the same as in (Ag, A1)oo;s. Consequently, a € (Ao, A1)cy:s- ®
THEOREM 7.4. We have ((Ao, A41)%,.;)" = (Ap, A1,k with equivalence
of norms.
Proof. With the help of Lemma , we can proceed similarly to [9, The-
orem 8.1]. Namely, put
Ap N A; normed by J(2™,) it meN,
Gm =< AoN A; normed by | - ||agnAa, if m =0,
Ap N Ay normed by 27™J(2™,.) if —m e N.
Let W = ¢o(Gm)mez and put
M = {(wm) ew: Z Wy, = 0 (convergence in Ay + Al)}.
meZ
As usual, let
L={feW": f(w,) =0 for each (w,,) € M}.
The space (Ao, A1)3,.; = (Ao, A1)ep;s coincides with W/M with equivalent
norms. Therefore,
(Ao, A1)e)" = (W/M)* = M*.
Let us identify M*. Put
Al + A} normed by 27K (2™, Ay, A]) ifmeN,

Fi = q Ay + A} normed by || - [|ay 44, if m=0,
Al + A} normed by K(2™,-; Ay, A}) if —-m e N.
For each m € Z, we have G, = F_,, with equal norms. Hence W* =

(1(F_,;). This means that functionals f € W* are given by sequences (f_,)

€l (F,m) with
=Y fom(wp) and [ fllwe =Y 1 f-mllF -

meZ meZ

We claim that if f € ML, then f, = fn for all n,m € Z. Indeed, if there
is a € AgNA; such that f,(a) # fm(a), then for the sequence w = (wy) € W
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defined by wy = a if k = —n, wy = —a if Kk = —m and wy = 0 for the other
k € Z, we have f(wy) = fu(a) — fin(a) # 0, but w € M.

Conversely, let f € (AgNAy) with (..., f, f, f,...) € W*. We claim that
the functional f defined by this constant sequence belongs to M~L. Indeed,
take any (wy,) € M and let us show that f(wy,) = Y mez /(wm) = 0. Since
(.o fofsfyoon) € W* = 01(F_p,), we derive that (..., f, f, f,...) belongs
to (Af, A})1;x. Using the J-representation of this space given by Theorem
we can find (g;) C A N A} such that f = 37, g; (convergence in

A0+A/1) and
Hf— g]H AL A —>0 as M, N — oo.

Hence, given any € > 0, there is L € N such that

7= 3

l71<L

(A},AY)

—H( DY NED P Sy

l71<L l7I<L l7I<L

= 2||<wm>|rw'

Let g =3 ;<1 9;- Then g € AgNn A} = (Ao + A1)". Since 3, .7 wm = 0 in
Ap + Ai, we can find N € N such that for any m > N we have

o 3 )] <5

=—m

Therefore, for each m > N, we derive that

]k:imﬂwk)\: \k:imﬂwk)—g(ki w)+o( Y w)]

=—m k=—m

e L P OO Y 0
+(9(k;mwk)\ < ST Nl + 5 =<

This shows that f e M+t
Consequently, ((Ao, 41)Z..;) consists of all f € (AgN A1) = A+ A such
that (min(1,27")K(2", f; Ay, A1) € £1. This establishes that ((Ao, A1)3,.5)’
= (A0, AV =

8. Examples. Let ({2, 1) be a o-finite measure space. Given any mea-
surable function f which is finite almost everywhere, the non-increasing re-
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arrangement of f is defined by
) =inf{s > 0: u({x € 2:|f(x)] > s}) <t}

We write f**(t) =t~* Sé f*(s)ds.

Let 1 < p,q < ooandb € R. The Lorentz—Zygmund space Ly, ,(log L)y({2)
is defined to be the collection of all (equivalence classes of) measurable func-
tions f on {2 such that the functional

T 1/ b px dt Ha
1 zptonn = (1020 + oge)s ) )

0
is finite. The space L, 4)(log L)y(§2) is defined similarly but replacing f* by
[ According to [19, Lemma 3.4.39], Ly (log L)y(§2) = L, q (log L)p(£2)
provided that 1 < p < 0o, 1 < ¢ < oo and b € R. Note that if ¢ = p then
Ly p(log L)y(£2) is the Zygmund space L,(logL)y(£2). If in addition b = 0,
then L, ,(log L)o(42) is the Lebesgue space Ly(£2).

THEOREM 8.1. Let ({2, 1) be a o-finite measure space.
(i) If 1 < q < oo then

(Loo(2), L1(2)) s = Loyl L) 1(2) 1 L gy (l0g L) 1(£2).
(i) If 1 < g < oo then

oo

(Lol @) Lr( D) = { £ 171 = T min(1,)1 0 Cf)/ <o},

0
Proof. Tt is well-known (see [4] or [31]) that

(8.1) K(t, f; Loo(£2), L1(£2)) = f*(1/1).
According to , we obtain

s~ (82 (T )

(5l )" Gl )"

Now we study each of these two terms. As f**(¢) is non-increasing, we get

(1G5 %) = ro(feeors)”

1

e >(S<1 ot 4
() )

N

IN
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Hence,

L) \Tde\M T o) \Tde\Ye B
<§) (l — logt> t) ~ ( S <1 + |10gt|> ¢ ) = ”fHL(OO’q)(logL),l

For the second term, we observe that

(SJ (f{*;étg)t)qc?)l/q < (if*(s dg) (1—logt) Cit)l/q

yas) )
yas) )
)

0
o)

0
1 1/q
dt
§<Sf*(s (1+logt) 7 —
5 t
q

1

|

|
(1))

T ) \9ae\ Ve
S 1+ logt 7 ~ ||f||L(17q)(logL),1
1

This yields (i). Formula (ii) follows by inserting (8.1) in the interpolation
norm. Namely,

17 e 2y, N<§f**1/t dt S<f<1/t>>dt)/

t 1 t t

So,

o0

1** 0t T prepe Ha
<Stf t+§f >

_ <O§omin(1,t)f**(t)q f)l/q. .

0

Let now w be a weight on {2, that is, a positive measurable function on (2.
As usual, we put

Lo(@) =A{f : [Ifllzy(w) = lwfllz, < oo}

THEOREM 8.2. Let (§2, 1) be a o-finite measure space, let 1 < q < oo,
1/¢g+1/¢ =1 and let wy, w1 be weights on (2.

(i) We have

(Lg(wo), Lg(w1))q:x = Lg(wk) — with equivalence of norms,

where
> 1/q

wi () = min(wp(x), wi(x)) <1 + ’log wo(x)

w1 (IL‘)
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(ii) For the (q; J)-method, we have

(Lg(wo), Lg(w1)) g7 = Lg(wy)  with equivalence of norms,
wo(x)

w1 () )_I/q/'

Proof. 1t is easy to check that Lg(wp) N Lg(w1) = Lg(max(wg,wr)) and
Lg(wo) + Lg(w1) = Lg(min(wo, w1)). Hence, by Lemma [3.5]

(Lg(wo), Lq(wr))g;x = (Lg(max(wo, w1)), Lg(min(wo, w1)))g;x-

Now (i) follows from the corresponding result for the ordered case (see [9,
Theorem 7.4]). The proof of (ii) is similar but using now Lemma [4.3[and [9],
Theorem 4.8|. =

where

o1(0) = max(en(a) (o)) (1 + 'mg

Next we show a consequence of this result for interpolation of a certain
class of Sobolev spaces. We write S(R%) and S’(R?) for the Schwartz space of
all rapidly decreasing infinitely differentiable functions on R%, and the space
of tempered distributions on R%, respectively. The symbol F stands for the
Fourier transform and F~! for the inverse Fourier transform. For s € R, we
denote by H® = H5(R?) the set of all f € &'(R?) such that

[l = [0+ 220 2F gy < 00

More generally, if ¢ is a temperate weight function in the sense of [27, Defi-
nition 10.1.1], we put (see |27, 30])

H? = {f € S'RY) : [|fllme = llo(@)Ffl Ly ra) < 00}

As a direct consequence of Theorem and the interpolation property
of the (¢; K)- and (g¢; J)-methods, we obtain the following.

COROLLARY 8.3. Let —o0 < 81 < 8¢ < 00. Put

1 (=1)7*+1/2
i) = (1 el (14 50— s0)Tog(1 + el
where j = 0,1. Then
(H®, H*").ic = H?* and (H*, H* )y = H¥
with equivalence of norms.
Next let (¢,)2°, C S(RY) have the following properties:

supp ¢g C {z € R?: ||z||ga < 2},

supp ¢, C {x € R?: 2771 < ||z||ga < 2"}, n €N,

SUP,cpd | D¥n ()] < ca27™% n e NU{0}, a € (NU{0})?,
S on(z) =1,z € RL
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For s € R and 1 < p,g < oo, the Besov space By , consists of all those
f € S'(R?) such that

) 1/
1flBs, = (Z (2sn||f—1(qbnff)”Lp(Rd))Q) ! < .

n=0
The spaces B;jg, where b € R, are defined similarly but replacing the role of
t* by t(1 4 [logt|)? in the above definition. That is,

0o y
£l = (32 @7+ IF 7 6aF Pln,@e)?) < oo

n=0

The spaces B,S;,’Z are a special case of Besov spaces of generalized smoothness,
which were considered in [8, [14] among other papers. They are of interest in
fractal analysis and the related spectral theory (see [33,[34] and the references
given there).

THEOREM 8.4. Let —00 < 51 < s9g < 00, 1 < p,g < o0 and 1/q+1/¢
= 1. Then

S0 s1 _ nsi1,l/q 50 s1 _ nso,—1/q¢
(B Bp,q)q%K = Bp,q and (B Bp,q)Q?J = Bp,q

P’ P4
with equivalence of norms.

Proof. 1t is shown in [4, Theorem 6.4.3] and [31, Theorem 2.3.2] that
By, is a retract of £,(2"%1 L,) for j = 0, 1. Moreover, by Remark (3.3| and [9),
p. 2352|, we have

(gq(QnSOLp)v Eq(2n51Lp))q;K = gq((l + n)l/q2n81Lp)-

These two results yield the formula for the limiting K-method. The proof
for the J-case has the same structure, but using now [9, Corollary 3.6]. =

We finish the paper with an application of limiting methods to Fourier
coefficients. Let {2 = [0,2n] with the Lebesgue measure and, given f €
L1([0,27]), we write (¢p,) for its Fourier coefficients, defined by

2T
S f(x)e ™ dx, m €.
0

1
o

Cm = f(m)

We designate by (c,) the decreasing rearrangement of the sequence (|c,|),
given by ¢ = max{|c,| : m € Z} = |em, |, ¢5 = max{|cy,| : m € Z\{m;}} =
|¢m, | and so on.

THEOREM 8.5. If f € La(log L)_1 /o, then Y o1 (1+logn)~*(c})? < oco.

Proof. Let F(f) = (f(m)) be the operator assigning to each function f
the sequence of its Fourier coefficients. As is well-known, the restrictions F :
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Ly([0,27]) — 3 and F : L1(]0,27]) — {o are bounded. Hence, interpolating
by the (2; J)-method, we deduce that

F: (L2<[O7 277])7 Ll([07 277]))2§J — (627 EOO)Q;J
is also bounded. Now we proceed to identify these spaces. Since Lo([0, 27]) =

(Loo([0,27]), L1 ([0, 27]))1/2,2, it follows from [9, Theorem 4.6] and (8.1)) that

[e.e]

i~ ( |

1/2
(20 togt) 2 (1)
1

21 dt 1/2
~ < | (#1721 + Jlog t) /2 £ (1)) t> ~ Nl Laog L)1 00
0

where we have used [19, Lemma 3.4.39] in the last equivalence. As for the
sequence space, since K (t,&;01,0x0) ~ th]:l & (see [31, p. 126]), where [t]

is the largest integer less than or equal to ¢, using again [9, Theorem 4.6] we
obtain

oo n+l [t] 1/2
€11 ¢e2,00)2: ~ (Z | (t—1/2(1 + 10gt)_1/22§;)2 Cit)
n=1 n j=1
n=1 j=1

> (S +logmyH(e?)

This yields the result. =

Other results on Fourier coefficients can be found in |2} 25].
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