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Crossed products by Hilbert pro-C*-bimodules
by

MARIA JoOITA (Bucharest) and IOANNIS ZARAKAS (Athens)

Abstract. We define the crossed product of a pro-C*-algebra A by a Hilbert A-A
pro-C*-bimodule and we show that it can be realized as an inverse limit of crossed products
of C*-algebras by Hilbert C*-bimodules. We also prove that under some conditions the
crossed products of two Hilbert pro-C*-bimodules over strongly Morita equivalent pro-
C™-algebras are strongly Morita equivalent.

1. Introduction. The crossed product construction, in its various forms
and generalizations, has proved to be one of the most important ideas
in operator algebras, both for internal structure theory and for applica-
tions. Crossed products go back on the one hand to statistical mechanics,
where they were called “covariance algebras”, and on the other hand to the
group measure space constructions of Murray and von Neumann (see [W]).
A crossed product C*-algebra is a C*-algebra A together with a locally com-
pact group G of automorphisms of A. When A = C, the crossed product
C*-algebra is the well known group C*-algebra. There is a vast literature on
crossed products of C*-algebras (see e.g. [W]), but the corresponding theory
in the context of non-normed topological algebras has still a long way to go.

Crossed products of pro-C*-algebras under inverse limit actions of locally
compact groups were considered first by Phillips [P2] and secondly by Joita
whose main results are included in the monograph [J2]. If X is a direct limit
of a sequence {K,}, of compact spaces, then C(X), the vector space of all
continuous complex-valued functions on X, is a unital commutative pro-
C*-algebra with the topology given by the family of C*-seminorms {py}n,
pn(f) = sup{|f(z)|; = € K,}. A homeomorphism h : X — X such that
h(K,) = K, for all n induces a pro-C*-isomorphism « : C(X) — C(X),
a(f) = foh, such that p,(a(f)) = pn(f) for all f € C(X) and for all n. An
automorphism « of a pro-C*-algebra A[r] such that py(a(a)) = pa(a) for
all @ € A[rr] and py € I" induces an inverse limit action of the integers Z
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on A, and an action 3, called the dual action, of the circle T on the crossed
product A X, Z of A by «, the fixed point algebra of 5 being A[rp].

Given an action of T on a pro-C*-algebra A[7r], it is natural to ask when
Alrp] is isomorphic to the crossed product of a pro-C*-algebra by an auto-
morphism. To answer this question in the case of C*-algebras, B. Abadie,
S. Eilers and R. Exel [AEE] introduced the notion of crossed products by
Hilbert C*-bimodules, thus generalizing the notion of C*-crossed products
by automorphisms.

In this paper we extend the construction of a crossed product by Hilbert
C*-bimodules to the context of pro-C*-algebras. In Section 3, we introduce
the notion of a covariant representation of a Hilbert pro-C*-bimodule X over
a pro-C*-algebra A[rr] on a pro-C*-algebra B[rr], and define the crossed
product of A[rr] by X as the universal object with respect to the covariant
representations of X. We show that the crossed product of Alrp| by X
is isomorphic to a pro-C*-algebra whose topology is given by a family of
C*-seminorms having the same index set as the family of C*-seminorms
that give the topology of A[rr]. Also we show that the crossed product of
a pro-C*-algebra A[rp| by an automorphism can be regarded as the crossed
product of A[rr] by a Hilbert pro-C*-bimodule.

In Section 4, we show that an inverse limit action « of T on a pro-C*-
algebra A[rr] is semi-saturated (that is, A[rr] is generated by the fixed point
algebra Ag of a and the first spectral subspace A;) if and only if A[rp]| is
isomorphic to the crossed product of Ay by Aj.

In Section 5, we show that if X and Y are pro-C*-bimodules over the pro-
C*-algebras A[rr], Blrp] respectively and if A and B are strongly Morita
equivalent and the Hilbert pro-C*-bimodules X ® 4 F and £ ®p Y are iso-
morphic, where E is an imprimitivity Hilbert A-B pro-C*-bimodule, then
the pro-C*-algebras A xx Z and B Xy Z are strongly Morita equivalent.
This is a generalization of [AEEl Theorem 4.2].

2. Preliminaries. Throughout this paper all vector spaces are consid-
ered over the field C of complex numbers and all topological spaces are
assumed to be Hausdorff.

A pro-C*-algebra Alrr] is a complete topological x-algebra for which
there exists an upward directed family I" of C*-seminorms {p)} e defining
the topology 7. Other terms that have been used for a pro-C*-algebra are:
locally C*-algebra (A. Inoue), b*-algebra (C. Apostol) and LMC*-algebra
(G. Lassner, K. Schmiidgen).

For a pro-C*-algebra A[rr|, and every A € A, the quotient normed x-
algebra Ay = A/N,, where N = {a € A; p)(a) = 0}, is already complete,
hence a C*-algebra in the norm [la+Ny||a, = pa(a), a € A (C. Apostol). The
canonical map from A to A is denoted by 71':\4. For A\, u € Awith A > u, there
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is a canonical surjective C*-morphism ﬂ'/\A,u : Ay — A, such that 71')\‘4# (a+Ny)
=a+N, for all a € A. The Arens—Michael decomposition gives us a repre-
sentation of A[rr] as an inverse limit of C*-algebras: A[rp] = lim, y A/N},
up to a topological x-isomorphism. A pro-C*-morphism is a continuous *-
morphism @ from a pro-C*-algebra A[rr] to another pro-C*-algebra B[r].
We refer the reader to [E] for further information about pro-C*-algebras.

Let A be an upward directed index set and Hy, A € A, a family of
Hilbert spaces such that H, C Hy and (-,-), = (-, )aln, for all \,u € A
with A > p. Then {Hy;izu; A, p € A with X > p}, where iy, is the natural
embedding of H, in Hy, is a direct system of Hilbert spaces. H =limy_, H
endowed with the inductive limit topology is called a locally Hilbert space.
Let L(H) = {T : H—>H; T|n, € L(HA)}. I T € L(H), then the map
T* : H — H such that Ty, = (T'|x,)* € L (H,) for all X € Ais an element
in L(H), called the adjoint of T. In this way, L(H) is a pro-C*-algebra with
respect to the topology given by the family of C*-seminorms {py r(3)}rea,
where py 1) (T) = [Tlsty | = sup{ | Tl €)1l € € Ha, €] < 1} [E].

Here we recall some basic facts from [J1] and [Z] regarding Hilbert pro-
C*-modules and Hilbert pro-C*-bimodules respectively.

Let A[rr] be a pro-C*-algebra and X a linear space that is also a right
A-module. Let (-, -) 4 be a right A-valued inner product on X, C-linear in the
second variable and conjugate linear in the first variable, with the following
properties:

(1) (z,2)4 > 0 and (z,x)4 = 0 if and only if x = 0,

(2) (<‘T7y>A)* = <y7x>Aa

(3) (z,ya)a = (&,9) aa.

Then X is called a right Hilbert pro-C*-module over A (or just a Hilbert
A-module) if endowed with the family of seminorms {p5} e, with pyl(z) =
pa((z,2)4)?, & € X, is a complete locally convex space. A Hilbert
A-module is full if the pro-C*-subalgebra of A[rp| generated by {(z,y)a4;
x,y € X} coincides with A[rp].

A left Hilbert pro-C*-module X over a pro-C*-algebra A[rr] is defined
in the same way, where for instance (3) becomes now 4(az,y) = a(a(z,y))
for all x,y € X and a € A and completeness is required with respect to the
family of seminorms {#py}rea, where 4py(z) = pa(a(z, )2, = € X.

In case X is a left Hilbert pro-C*-module over A[rp| and a right Hilbert
pro-C*-module over Blrps] (71 is given by the family of C*-seminorms
{@x}ren) such that the following relations hold:

o slz,y)z=2x(y,z)p for all z,y,z € X,

o ¢P(az) < pr(a)gP(z) and Apy(zb) < gr(b) Apa(z) forallz € X, a € A,

b€ B and for all A € A,
we say that X is a Hilbert A-B pro-C*-bimodule.
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A Hilbert A-B pro-C*-bimodule X is full if it is full as a right and as a
left Hilbert pro-C*-module.

Two Hilbert A-B pro-C*-bimodules X and Y are isomorphic if there is a
topological isomorphism @ : X — Y such that (®(x1),P(x2))p = (x1,22)B
and A(P(z1),P(x2)) = alx1,z2) for all z1, 29 € X.

Let A be an upward directed set and {Ax; Bx; Xx; Taui Xoaws Oaus A g € A,
A > u} an inverse system of Hilbert C*-bimodules, that is:

o {Ayximy; Ap € A, A> p}and {By;xaus A, € A, A > p} are inverse
systems of C*-algebras;

o {Xy;o0 A€ A, A > p}is an inverse system of Banach spaces;

e for each A\ € A, X, is a Hilbert A)-B) C*-bimodule;

o we have (oxu(2), o ()5, = Xoul (@50 3,) and 4,00 (@), oxa () =
Tu(ay(@,y)) for all z,y € X and for all A\, € A with A >

hd O')\u(x)XAu(b) = O'A;t(xb)v WA;L(G)UAM("E) = UAN(CL‘T) for all z € Xj,
a € Ay, b€ By and for all A\, u € A such that A > pu.

Let A =lim_)A),, B=Ilim_)B) and X = lim_) X,. Then X has a
structure of a Hilbert A-B pro-C*-bimodule with

((@a)rea (Wa)rea)B = ({2, Yx) By )ress
A{(@a)aea, (Ya)aea) = (a\(Tx, yn))rea-

Let X be a Hilbert A-B pro-C*-bimodule. Then, for each A€ A, 4py(z) =
q8(z) for all z € X, and the normed space X, = X/NZ where NP ={z € X;
q8(z) = 0}, is complete in the norm ||z+NP| x, = ¢2(x), z € X. Moreover,
X has a canonical structure of a Hilbert A)-B) C*-bimodule with (z+ N /{9 ,
y+ NP)p, = (z,y)p + kerqy and 4, (x + N2,y + NP) = 4(z,y) + kerp,
for all z,y € X. The canonical surjection from X to X is denoted by af\( .

For A\,u € A with A > pu, there is a canonical surjective linear map af\; :

X — X, such that Uﬁ(:r:jLN/\B) = m+Nf for all z € X. Then {Ay; Bx; Xy;
7['3\4N; af\;; qu; A€ Ay XA > p}is an inverse system of Hilbert C*-bimodules
in the above sense and the Hilbert A-B pro-C*-bimodules X and lim, ) X
are isomorphic.

Let X and Y be Hilbert pro-C*-modules over B. A morphism 7 : X — Y
of right modules is adjointable if there is another morphism of modules
T* :Y — X such that (T'z1, z9)p = (w1, T*x2) g for all 1,29 € X. The vec-
tor space Lp(X,Y) of all adjointable module morphisms from X to Y has
a structure of locally convex space under the topology given by the family
of seminorms {gy 1., (x,v)}rea, where gy 1, (xyv)(T) = sup{¢} (Tz); = € X,
q8(x) <1}.Forz € X and y € Y, the map 0, , : X — Y given by 0, ,(z) =
y(x,z)p is an adjointable module morphism and the closed subspace of
Lp(X,Y) generated by {6,.; x € X and y € Y} is denoted by Kp(X,Y);

B
A
B
A
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its elements are usually called compact operators. For Y = X, Lp(X) =
Lp(X,X) is a pro-C*-algebra with (Lp(X))x = Lp, (X)) for each A € 4,
and Kp(X) = Kp(X,X) is a closed two-sided #-ideal of Lp(X) with
(Kp(X))x = Kp, (X)) for each X € A.

The dual of the Hilbert B-module X, X* = Kp(X, B) has a natural
structure of a Hilbert pro-C*-module over Kp(X). If X is a full Hilbert A-B
pro-C*-bimodule, then the pro-C*-algebras A and Kp(X) are isomorphic,
and so X* can be regarded as a Hilbert pro-C*-module over A. Moreover
X* is a Hilbert B-A pro-C*-bimodule.

Let F be an A-B Hilbert pro-C*-bimodule. The direct sum E & B of
the Hilbert B-modules E and B has a natural structure of a right Hilbert
B-module. Moreover, for each A € A, the right Hilbert By-module (E & B)y
can be identified with F) @ B). Then the pro-C*-algebras Kg(E & B) and
lim, y K, (E)x & B)) can be identified. For each A € A, the C*-algebra
Kp, (Ex @ B)) can be identified with the C*-algebra of all matrices of the
form

ay &\ ~ .
[~ ], ay € Ax, by € By, §y € Ey, 1y € (Ey)™,
by

and then Kp(E @ B) can be realized by the pro-C*-algebra of all matrices
of the form

n

This pro-C*-algebra is denoted by L(F) and called the linking algebra of E.
Moreover, L(E) = lim, y L(E)).

[a i], a€ A beB, € E, neE".

3. Crossed products by Hilbert pro-C*-bimodules. Let A[rp] be
a pro-C*-algebra with I" = {py; A € A} a defining family of C*-seminorms,
X a Hilbert A-A pro-C*-bimodule, and B[rr7] a pro-C*-algebra with I =
{qi; i € I'} a defining family of C*-seminorms.

DEFINITION 3.1. A covariant representation of a Hilbert A-A pro-C*-
bimodule X on a pro-C*-algebra B is a pair (¢x, @A) consisting of a pro-
C*-morphism ¢4 : A — B and a map ¢x : X — B which satisfies the
following relations:

(1) ¢x(za) = px(x)pa(a) for all z € X and a € A;
(2) px(az) =pa(a)px(x) for all z € X and a € A;
(3) wx(2)"¢x(y) = pa((z,y)a) for all z,y € X;
(4) px()ex(y)” = palalz,y)) for all 2,y € X.

The covariant representation (px,p4) is nondegenerate if ¢4 is nonde-
generate, that is, [pa(A)B] = B, [px(X)B] = B and [px(X)*B] = B.
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If p4 is nondegenerate and X is full, then (¢x,@4) is nondegenerate.
Indeed,

B = [pa(A)B] = [pa(a(X, X)) B] = [px(X)ex(X)"B] C [px(X)B] C B

and so [px(X)B]| = B. Similarly also [¢x(X)*B] = B.
If (px,pa) is a covariant representation of a Hilbert A-A pro-C*-bi-

module X on a pro-C*-algebra B, then px is continuous, since for each
i € I, there is A(i) € A such that

i(ex (2))* = qi(ex (@) ex(2)) = qi(ea((z,2) 4)) < Prgy((z,2) )

for all x € X.
Relation (3) implies that ¢x is linear. Also, (3) implies (1). Indeed,

qi(px (za) — ox(z)pa(a))?
= qi((px(za)" — pala®)px(2)")(px(za) — px(z)pala)))
= gi(pa((za, xa) 4) — pa((za,z)a)pa(a) — pa(a®)pa((z,za)a)
+pal@)pal{z,z)a ) 4(a)) =0

forall z € X, a € A and ¢; € I'". Similarly, (4) implies (2).

PROPOSITION 3.2. For every Hilbert A-A pro-C*-bimodule X, there
exists a covariant representation of X.

Proof. For each A € A, there is a covariant representation (¢x,,¢4,)
of (X, A)) on L(H)), the C*-algebra of all bounded linear operators on a
Hilbert space H) (see [AEE, Proposition 2.3]). Let H) = ,,<, H,, for each
A € A. Then H = limy_, H) is a locally Hilbert space. For each a € A, the
family (% (a))x, where % (a) is the bounded linear operator on H, given

by
g a)(@fu) = @@Au(a+Nu)§ua

H<A H<A

is an inductive system of bounded linear operators, and the map a —
¢a(a) =limy_, ¢ (a) from A to L(H) is a pro-C*-morphism (see [F, Theo-
rem 8.5] or [I}).

Let € X. For each A € A, the linear map % (z) : Hy — H, defined by

A x)(@fu) = @@Xu(x"i‘N,?)éu

H<A HSA
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is a bounded linear opemtor7 since

X (@) GB@ ZH% (z+ NN < pi )21l
<\
pu<

n<A

<P 16l =5 @D

P

for all £, € Hy, u, A € A, u < X It is easy to check that (¢ (7)) is an
inductive system of bounded linear operators, and so px (x) = limy_, ¢ ()
is an element in L(#). In this way, we obtain a map ¢x from X to L(H).

Moreover,
x)(D&) = ex @) k) (D)

<A 759
@ ox, (@ + NN ox,(y + N
u<
@ (@, y)a +Nu)&,
<
se <@@> - a1 (D)
BSA p<A
and
wx(x)wx(y)*(@ @) = goé((:c)@((y)*(@ 5M)
HEA p<X
= P ex, @+ Nex, (y+ N,) ",
<A
= @SDA (z,y) + N,
pn<A

= Aa ({{)éu)-—<pA (6{95#)

forallz,y € X, &, € Hy, p, A € A, p < X Therefore, (¢x, ¢a) is a covariant
representation of (X, A) on L(H). =

DEFINITION 3.3. Let X be a Hilbert A-A pro-C*-bimodule. The crossed
product of A by X is a pro-C*-algebra, denoted by A X x Z, together with
a covariant representation (ix,i4) of (X, A) on A X x Z with the property
that for any covariant representation (¢x, p4) of (X, A) on a pro-C*-algebra
B|rr], there is a unique pro-C*-morphism @ : AXx xZ — B such that $oix =
px and Poig = 4.
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PROPOSITION 3.4.

(1) The crossed product of A by X is unique up to an isomorphism of
pro-C*-algebras.

(2) The pro-C*-subalgebra of A X x Z generated by the range of ix and
the range of ia coincides with A X x Z.

(3) If X s full, then (ix,ia) is nondegenerate.

Proof. (1) Suppose that there is another pro-C*-algebra B[] and a
covariant representation (jx,ja) of (X, A) on B with the property that for
any covariant representation (¢x, p4) of (X, A) on a pro-C*-algebra C[1+],
there is a unique pro-C*-morphism ¥ : B — (' such that ¥ o jx = px and
Yoj4 = @a. Then from the universal property of the crossed product A x xZ,
there is a unique pro-C*-morphism @ : A X x Z — B such that ®oig = ja
and @ o ’iX = jx.

On the other hand, from the universal property of B, there is a unique
pro-C*-morphism ¥ : B — A X x Z such that Yo jx =ix and Y o j4 = i4.
Then, since ¥ o @ oixy = ix and W o P oiy = iy, from the uniqueness
condition of the universal property of A xx Z, we have ¥ o @ = idsxz.
Similarly, since oW o jx = jx and PoW o js4 = ja, from the uniqueness
condition of the universal property of B, we have ® oW = idg. Therefore, @
is a pro-C*-isomorphism.

(2) Let ¢ be the inclusion of the pro-C*-subalgebra pro-C*(ix (X),14(A))
of Ax xZ generated by ix(X) and ia(A). Then (i%,49), with i} (2) = ix(z)
for all z € X and i%(a) = ia(a) for all a € A, is a covariant representation of
(X, A) on pro-C*(ix(X),i4(A)). We show that pro-C*(ix(X),i4(A)) with
the covariant representation (i%,4%) is a universal object for the covariant
representations of (X, A). Indeed, if (px,¥4) is a covariant representation
of (X, A) on a pro-C*-algebra B, then there is a unique pro-C*-morphism
®: Axx7Z — B such that ®oix = px and Poig = pa. Let ¥ = P oy
Clearly, ¥ : pro-C*(ix(X),ia(A)) — B is a pro-C*-morphism, ¥ 0i% = px
and ¥ o i = @a. If~@ : pro—C*(iX()Q,iA(A)) — B is another pro-C*-
morphism such that ¥ 0% = px and ¥ 0% = p4, then (¥ —¥)o il =0
and (¥ — W) o i% = 0, whence we deduce that ¥ = ¥, and by (1), the
pro-C*-algebras A x x Z and pro-C*(ix(X),i4(A)) are isomorphic.

(3) Let {e;}; be an approximate unit for A. Then for each z € X,
iale))ix(x) = ix(ejx) and iag(e;)ix(x)* = ix(we;)* for all i € I, and
since the nets {e;z}; and {xe;}; converge to z, the nets {ia(e;)ix(x)}; and
{ia(ei)ix(x)*}i converge to ix(x) respectively ix(z)*. Therefore, [is(A)
A Xx Z] = A X x Z and since X is full, (ix,i4) is nondegenerate. m

Let A be an upward directed index set and {Ax; Xx;maui 005 A, p € A,
A > p} an inverse system of Hilbert C*-bimodules, A = lim, ) Ay and
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X =lim, ) Xy. For A\, € A with A\ > pu, (ix, 0oxu, 74, ©Tx) is a covariant
representation of (X, Ay) on A, xx, Z. Indeed, we have

(ix,, © oap) (@) (ix, 0 oau)(y) =i M(U/\u( )ix, (oY)
= ia,((oau(@), oxu(¥)) 4,) = i, (Mau((2,9) 4,) = ia, o Tau((2, ) 4,)
and

*

(ix,, © oap) (@) (ix,, © oan) (y)" = ix, (oau(@))ix, (oru(y))
=14, (4, (o3 (7), 030 (Y))) = 14, (Mau(ay(z,9))) = ia, o Tau(a\(z,y))
for all z,y € X,. Then, by [AEE] Definition 2.4], there is a unique C*-
morphism X, : A\ Xx, Z —A, Xx, Z such that x), oix, =ix, ooy, and
Xou©fay, =14, 07, Moreover, if the maps 7, and oy, are surjective, then
X 18 surjective.
Let A\, u,m € A with A > p > n. We have

(Xpun © Xap) ©ix, = Xun © (X ©9x,) = (Xun ©x,,) © Oap = X, © Opn © Oxp
:an APV

and

(Xum © Xo) © 84y = Xy © (0 ©74,) = (Xpun ©74,) © Tap = A, © Ty © Trp
= iAn O TAn-
Then, by [AEEL Definition 2.4}, x.; © xap = Xan- Therefore, {Ay xx, Z;
Xops A p € A with X > p} is an inverse system of C*-algebras.

PROPOSITION 3.5. Let {Ax; Xx; Tau; oaus A, b € A, X > p} be an inverse
system of Hilbert C*-bimodules such that the canonical projections wy : A —
Ay and oy : X — Xy, A € A are all surjective, where A = lim, ) Ay
and X = lim,_ ) X). Then there is a covariant representation (ix,ia) of
(X,A) on lim, ) Ay xx, Z with the property that for any covariant repre-
sentation (vx,pa) of (X, A) on a pro-C*-algebra B[], there is a unique
pro-C*-morphism @ from lim, \ A\ Xx, Z to B such that ®oix = px and
Poig = pa. Moreover, piim, , AAXXAZ(Z'A(@)) = pa(a) for all a € A and
Palimoy Ayxx, z(ix (2)) = p3 (x) for all z € X

Proof. From x,oix, =ix, oo, forall \,u € A with A > u, we deduce
that {ix, }rea is an inverse system of linear maps, and from yy, 0 ia, =
ia, omyy, for all A\, p € A with A > i, we deduce that {ia, }rca is an inverse
system of C*-morphisms. Let ix = lim, ) ix, and i4 = lim, ) 74,. Then iy
is a pro-C*-morphism from A to lim, Ay X x, Z, and (ix,%4) is a covariant
representation of (X, A) on lim, \ Ay xx, Z, since

x((@x)aen) ix ((yn)aea) = (ix, (22)"ix, (Ya))rea = (G4, ({(Tx,Yr) a,))rea
= i4(((xx, yr) 4y )aea) = ia({(z2)reas (Yr)rea)a)
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and
x((@n)rea)ix((Ya)aea)™ = (ix, (22)ix, (Un)")aea = (ia, (ax(®r,YA)))ren
= ia((a(@r yn))aea) = ia(al(@a)rea, (Ur)rea))

for all (zx)xea; (Ya)rea € X
Let A € A. Then, by [AEE], Corollary 2.10],

Patimey Axxx, z(Ea((@x)ren)) = lliay(@x)llayxx,z = llaalla, = pa((ar)rea)
for all (ay)xes € A, and

PAim s Axyxx, 20X (23)ren) = lixy (@) ayxx,z = l2allx, = PR ((@2)ren)
for all x € X.

We note that lim, y Ay Xx, Z is generated by ix(X) and i4(A). This
comes as a consequence of [M Chapter III, Theorem 3.1]. Indeed, we have

pro-C”(ia(A),ix (X)) = lim x»(pro-C* (14 (4), ix (X))
:1{1_11/\10 (xa(ia(A)), xa(ix (X))
= lim O (1, (M1 (4)), ix, (02 (X))
= Lim O (1, (Ay), i, (X)) = im Ay xx, Z

where x), A € /A, are the canonical projections from lim, y Ay xx, Z to
A)\ XXy 7.

Let (px,v4) be a covariant representation of (X, A) on a pro-C*-algebra
Blrp] with I'" = {¢;; i € I} a defining family of C*-seminorms. For i € I,
there is A(i) € Asuch that g;(va(a)) < prg)(a) foralla € Aand ¢;(px(z)) <
pf(i) () for all z € X. Then there are a C*-morphism Pary - Axi) — Bi
such that ¢a,, o mu = 7TZ-B o w4, and a continuous linear map PXpy
Xx@ — Bi such that ¢x,, ooy\g) = 78 o px. It is easy to check that
(goxw) , @AW)) is a covariant representation of (X)), Ax;)) on B;. By [AEE]
Definition 2.4], there is a unique C*-morphism ¢y ;) : Axg) X Xy L —Bi such
that (ﬁ)\ (¢] ZX)\( (pXA(i) and ¢A(i)o Z.AA(i) = (‘DA%(Z')' Let @z = (b)\(z) ¢} X)\(z)
Clearly, @i is a continuous *morphism from lim, )\ Ay Xx, Z to B;, and
from

(mf; 0¢z‘)(ix((fﬂu)ueA)) (787 0 dxi) © Xa) (i, (2) e )

= ( T © ¢A(1 )(ZXA(Z (x)\ (2) )) = M5 (@X)\(i) (1:)\(1)))
= 1 (1] (px (@)pen))) = 77 (px (@) pen))

= ox, ;) (Ox) (Tp)pen)) = % () (x5 © oA (Zp)pen))
= &) © Xa0) ix (2u)uea)) = D (ix (2u)uen))
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for all (x,).ca € X and

(775 o @i)(iA((au)ueA)) = (775 o <Z5A(i) o XA(i))((iAu(au))ue/l)

= (7} 0 dai)) (iay, (ax@)) = T (A, (arm))

=75 (nP (pa((an)pen))) = 77 (pa((ap)uen)) = @5(ia((ap)pen))

for all (au)uca € A, and taking into account the first part of the proof,
we deduce that 775 o®; = &; for all 4,5 € I with ¢ > j. Then there is a

continuous *-morphism @ : lim, y Ay Xx, Z — B such that 7rZ-B o® = @,; for
all ¢ € I. Moreover, @ oix = ¢x, since

(P 0 ix)((z4)uen)) = Pilix (wu)ea)) = 77 (ox ((24) uen))

for all (x,).ca € X and for all i € I. Also P oig = @4, since

7 (@0 ia)((ap)uen)) = Pi(ial(an)uen)) = 7 (a(au)uen))

for all (a,)uea € A and i € I. The morphism & with these properties is
unique, since i4(A) and ix(X) generate lim, y Ay xx, Z. »

COROLLARY 3.6. Let {Ax; Xx;mau;0au; A € A, X > p} be an inverse
system of Hilbert C*-bimodules such that the canonical projections my :
A — Ay and o) : X — X, A € A are all surjective, where A = lim_y Ay
and X =lim_ ) X,. Then:

(1) A xx Z is isomorphic to lim, y Ay xx, Z.
(2) A and X are embedded in A Xx 7.

LEMMA 3.7. Let Al[rr| and B[rr+] be two pro-C*-algebras. If ¢ : A — B
is a pro-C*-isomorphism, then we may suppose that I' and I" have the
same index set. Moreover, ¢ = lim, ) vy, where vy : Ax — Bx, A € A, are
C*-isomorphisms.

Proof. We show that the family {p) o o='; A € A} of continuous C*-
seminorms on B gives the topology on B. Indeed, for each p) € I', there is
qi(n) € I such that

(pro @ ) (b) = pal™ (b)) < i) (b)
for all b € B. Also for each ¢; € I, there is pa@) € I such that

qi(0) = qi(0(#71(5))) < Pay (¥~ 1 (B)) = (Pay 0 ¢~ )(D)
for all b € B. Moreover, for each A € A, there is a C*-isomorphism @) :
Ay — B, where Ay = A/kerpy and By = B/ker(py o ¢~ 1), such that
go)\oﬂf :ﬂfogp and ¢ =lim, \ o). =
PROPOSITION 3.8. Let A[rr] be a pro-C*-algebra and X a Hilbert A-A
pro-C*-bimodule. Then there is a family of C*-seminorms which gives the
topology on A X xZ having the same indezx set as the family of C*-seminorms
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which gives the topology on A, and moreover, for each A € A, the C*-algebras
(A xx Z)x and Ay xXx, Z are isomorphic.

Proof. We have seen that {Ay; X)y; 7['3\4“; af\;; Ap € AN > p}ois an
inverse system of Hilbert C*-bimodules such that the canonical projections
7rj\4 :A— Ay and aif : X — X\, A € A, are all surjective. By Corollary 3.6,
the pro-C*-algebras A x x Z and lim, \ Ay X x, Z are isomorphic and so by
Lemma 3.7, there is a family of C*-seminorms which gives the topology on
AX xZ and has the same index set as the family of C*-seminorms which gives
the topology on A. Since the canonical surjections x : lim, y A\ xx, Z —
Ay Xx, Z, A € A, are surjective, for each A € A the C*-algebras (A x x Z)x
and Ay x x, Z are isomorphic. m

EXAMPLE 3.9. Let A[rr] be a pro-C*-algebra and « an automorphism of
Alrr] such that py(a(a)) = pa(a) for all a € A, A € A’, where A’ is a cofinal
subset of A. Then the pro-C*-algebras A x x_, Z and A X, Z are isomorphic.

Indeed, if « is an automorphism of A[rp| as above, then (A4,«a,Z) is a
pro-C*-dynamical system with the action of Z on A given by n — a™.

Let X, = {&; = € A}. Then X,, is a Hilbert A-A pro-C*-bimodule. The
bimodule structure is defined as {;a = &4, respectively ay = §,-1(4)q» and
the inner products are defined as (£;,&,)a = x*y, respectively 4(&:,&y) =
a(zy®).

As in the case of C*-algebras, if (u,p) is a nondegenerate covariant
representation of (A,«,7Z) on a pro-C*-algebra B, then (¢x,,¢4), where
w4 = and px, (&) = urp(z), is a nondegenerate covariant representation
of (Xa,A) on B.

Conversely, if (¢x,,v4) is a nondegenerate covariant representation of
(Xa,A) on a pro-C*-algebra B, then the map w : B — B defined by
u(pa(a)b) = px,(&)b is a unitary operator, and (u, ), where ¢ = @4
and n — u, = u” with ug = idp, is a nondegenerate covariant representa-
tion of (A, «,Z) on B. Using these facts and the universal property of the
crossed product of pro-C*-algebras [J3, Theorem 2.4, we deduce that the
pro-C*-algebras A x x_, Z and A X, Z are isomorphic.

4. An application. Let a be an action of T on a pro-C*-algebra A, let
Ayp ={a € A; a,(a) = afor all z € T} be the fixed point algebra of «, and let
A1 ={a € A; a,(a) = za for all z € T} be the first spectral subspace of a.
Clearly, A; has a natural structure of an Ap-Ag Hilbert pro-C*-bimodule. We
will show that an inverse limit action « of the unit circle on a pro-C*-algebra
A is semi-saturated if and only if A is isomorphic to the crossed product of
AO by Al.

REMARK 4.1. Let a be an inverse limit action of T on a pro-C*-
algebra A, that is, a, = lim_) ai for each z € T, where a*, \ € A,
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are actions of T on Ay. Then {(Ajx)o; ﬂ-j\4y,|(A>\)0; A > ;A p € A} is an
inverse system of C*-algebras and {(A))1; ﬂfu’(A/\)l; A > A p e A}
is an inverse system of Hilbert (Ajy)o-(Ax)g C*-bimodules. It is easy
to check that Ay = lim, z(A))p and A; = lim, z(Ay);. Furthermore,
{C*((Ax)o, (Ax)1); Wj\Au|C*((A)\)07(A)\)1)} is an inverse system of C*-algebras
and the pro-C*-algebras lim, x C*((Ax)o, (Axr)1) and pro-C* (Ao, A1) are iso-
morphic.

DEFINITION 4.2. An action « of T on a pro-C*-algebra A is semi-
saturated if the pro-C*-subalgebra pro-C*(Ap, A1) of A generated by Ag
and A;j coincides with A.

LEMMA 4.3. Let o, = lim_ a? be an inverse limit action of T on a
pro-C*-algebra A. Then « is semi-saturated if and only if o, X € A, are
semi-saturated.

Proof. Suppose that « is semi-saturated. Then
A = pro-C* (A, A1)
IM| Chapter III, Theorem 3.1]
= lim 7§ (pro-C* (Ag, A1)) = lim C* (4! (Ao), 75 (A1))
—A <A
Q th*((A/\)O, (A/\)l) Q hmA)\ = A.
—A —A

and so A = lim,\ C*((A))o, (Ax)1) = limey C* (74 (Ao), 7{(A1)). From
this fact, and taking into account that the maps 7r3\4 :A— Ay, A€ A, are
all surjective and C*(74!(Ap), 73 (A41)) € C*((A)o, (Ax)1) C Ay, A € A, we
deduce that C*(m3(Ao), 71 (A1)) = C*((Ax)o, (A\)1) = A, for all X € 4,
and so a*, \ € A, are semi-saturated.

Conversely, suppose that a*, A € A, are semi-saturated. Then we have
C*((Ax)o, (Ax)1) = Ay for all A € A, and by Remark 4.1, the pro-C*-
algebras pro-C*(Ap, A1) and A are isomorphic. m

REMARK 4.4. Let o, = lim,_ ) oc;\, z € T, be an inverse limit action of T
on a pro-C*-algebra A. For each A € A, 7(A4g) C (Ax)o, 74 (A1) C (A
and o (C*(7{1(Ao), 7 (A1))) € C* (73 (A), 7{(A;)) for all z € T.

Therefore, for each A € A, z — a2
C* (74 (Ap), 74 (A1)). Moreover, the fixed point algebra and the first spec-
tral subspace of o restricted to C*(m{(Ap), 7 (A1)) are 74 (A), respec-
tively 74! (A41), and so O‘)\’C*(wf(Ao),frf(An) is semi-saturated. Therefore, by
[AEE, Theorem 3.1], there is a C*-morphism ¢y : 74 (4o) XAy L =
C*(m3!(Ao), 75! (A1)) such that ¢ 0 izaca,y = 79 and 9 0 izaca,) = 79,
where 7' and 73 are the inclusions of 7{!(A;), respectively 7{!(Ap), in
C* (74 (Ap), 7 (A1)). It is not difficult to check that (1)), is an inverse sys-

C* (mf (Ag).mf (A1) is an action of T on
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tem of C*-isomorphisms and then ¥ = lim, ) ¥y is a pro-C*-isomorphism
from lim, y 74 (Ao) Xr4(a,) Z onto lim \ C* (m31(Ao), 7 (A1)), such that

. . . . A
014, =limy o1 =limr =7
1/’ A1 payY 1/})\ 71—/\14(,41) Py 1 1,
oiy, = 13\1% ©lrd(Ag) = hf;ﬁ = 7o,
where 71 and 7 are the inclusions of Aj, respectively Ag, in pro-C*(Ag, A1).

The following theorem is a generalization of [AEEl Theorem 3.1].

THEOREM 4.5. Let a be an inverse limit action of T on a pro-C*-al-
gebra A. Then « is semi-saturated if and only if there is a pro-C*-iso-
morphism ¢ : Ay X, Z — A such that ¢ ois, = T4, and p oix, = Ta,,
where T4, and Ta, are the inclusions of Ag, respectively Ay, in A.

Proof. Since {m{l(A1);m{(Ao); Trfu\Al; Wf#|AO} is an inverse system of
Hilbert C'*-bimodules such that the canonical projections are all surjective,
Ay = lim, Trf(Ag) and A; = lim, Wf(Al), by Proposition 3.5, Agx4,Z =
lim, ) 74!(Ao) Xrd(ay) Ly 4y = Hmenipaca,) and igg = Hmeyizacq).

Suppose that « is semi-saturated. Then A = lim, ) C*(74(Ao), 74 (41))
(see the proof of Lemma 4.3), and so the pro-C*-isomorphism 1 constructed
in Remark 4.4 satisfies the required conditions.

Conversely, suppose that there is a pro-C*-isomorphism

Y 1(1_1&17‘(’/\‘4(140) XAy L= A

such that poiy, = 74, and poiy, = 74,. Then
ot~ 1im C* (n{(Ao), 71 (A1) — A
F

is a pro-C*-isomorphism such that p oy ~tom = 74, and p oy Lo =
T4, (see Remark 4.4), and so « is semi-saturated, since pro-C*(Ag, A1) =
lim, ) C* (7§ (Ao), 73 (41)). =

5. Morita equivalence. We recall that two pro-C*-algebras A[r] and
B(r/] are strongly Morita equivalent, written A ~jp; B, if there is a full
Hilbert B-module E such that the pro-C*-algebras A and Kp(FE) are iso-
morphic [J5]. The full Hilbert B-module E has a natural structure of a full
Hilbert A-B pro-C*-bimodule and it is called an imprimitivity Hilbert A-B
pro-C*-bimodule.

REMARK 5.1. (1) Suppose that E is an imprimitivity Hilbert A-B pro-
C*-bimodule. Since Kp(F) = lim,; Kp,(E;), by Lemma 3.7, we may sup-
pose that I" and I’ have the same index set. Moreover, the C*-algebras Ay
and Kp, (E)) are isomorphic. Then Ay ~js By and E) is an imprimitivity
Hilbert Ay-B) C*-bimodule for each \ € A.
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(2) Let X and Y be two Hilbert A-A pro-C*-bimodules and ¢ : X —»Y
be an isomorphism of Hilbert pro-C*-bimodules. Since X = lim,_ ) X},
Y =lim )\ Yy, (P(x1),P(x2)) a4 = (x1,22) 4, respectively 4 (P(x1), P(x2)) =
A1, z2) for all 1,29 € X and A € A, there is a bijective map @) : X, — Y},
such that

(@A (21)), PA(03 (22)))4, = (03 (21), 0% (22)) 4,
A(@A(03 (21)), PA(03 (22))) = a,(0R (21), 03 (22))

for all x1, 29 € X. Therefore, for each A € A, the Hilbert C*-bimodules X
and Y) are isomorphic.

Suppose that A[rp] and B[rv] are two pro-C*-algebras such that the
families of C*-seminorms which give the topologies on A and B have the
same index set, say A. Let X be a Hilbert A-A pro-C*-bimodule, and Y
a Hilbert A-B pro-C*-bimodule. For @ : A — Lp(Y), ®(a)y = ay, the
completion of the algebraic tensor product X ®4 Y of X and Y over A
with respect to the topology given by the B-valued inner product (x; ® yi,
22 ®@Y2)B = (Y1, (X1, x2) 4y2) B for all x1,x2 € X, y1,y2 € Y becomes a right
Hilbert module over B, with the B -module action given by (x®y)b = z®@yb
forall b € B, x € X,y € Y[J1]. Moreover, for each A € A, (X ®4Y))\ =
Xy ®a4, Yy (the map ¥y : (X @4 Y)x = X\ @4, Ya, (03 “Y (z @ y)) =

¥ (2) ® oY (y) is an isomorphism of Hilbert C*-modules).

For each A € A, since X is a Hilbert Ay-A) C*-bimodule and Y) is
a Hilbert A)-B) C*-bimodule, X\ ®4, Y, is a Hilbert A)-B) C*-bimodule
with the structure of Ay-B) module given by

(03 (z) @ o} ()73 (b) = 03 (z) @ o} (yb),
(@) (0% (2) @ 0} (y)) = o3 (az) @ 0} (y),
the By-valued inner product (o5X (z1)®03 (y1), 05\ (v2) @0} (y2)) B, is given by

(oX (y1); (0% (1), 03 (22)) 4,0% (32)) ,

and the Aj-valued inner product 4, (03X (z1) ® o} (11), 05 (v2) @ 0 (y2)) is
given by

(
(

(X (1) a0 (1), 03 (12)), 0% (2))
for all a € A,b € B, z,x1,220 € X, y,y1,y2 € Y. Therefore X R4 Y is a
Hilbert A-B pro-C*-bimodule and (X ®4Y)) = X, ®4, Y, for each A € A.

THEOREM 5.2. Let A[rr] and B[r] be two pro-C*-algebras, X a Hilbert
A-A pro-C*-bimodule, and Y a Hilbert B-B pro-C*-bimodule. If A and B
are strongly Morita equivalent and if the Hilbert pro-C*-bimodules X ® 4 E
and E ®pY are isomorphic, where E is an imprimitivity Hilbert A-B pro-
C*-bimodule, then the pro-C*-algebras A xx Z and B Xy Z are strongly
Morita equivalent.
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Proof. By Remark 5.1(1), we can suppose that I" and I have the same
index set, say A, and E) is an imprimitivity Hilbert Ay-B) C*-bimodule.
By Remark 5.1(2) the Hilbert C*-bimodules X ®4, E) and E) ®p, Y are
isomorphic, for each A € A. Then, by [AEE, Lemma 4.1] there are a faithful
representation (6y, Hy) of the linking algebra of E), L£(E)), maps fx, :
X\ = L(HA) and Qy/\ Y\, — L(HA) such that (GA’AMHX)\) and (9)\|B/\,9y/\)
are faithful covariant representations of the Hilbert C*-bimodules X and
Y)\ and QX)\ (X)\)G/\(E)\) = HA(E/\)QYA (Y)\>

For A € A, let Hy = @”9\ H,. It is easy to check that the map ¢, :
L(Ey) — L(#H)) defined by

L(E (@\fu) = @\gu(ﬂ'ﬁw) c
p< p<

is a faithful representation of L(E)). Moreover (px]a,, ¢x,) and (©x|B,, ¥vy),
where

X ¢ X\ — L(HA)v PX, UA (@ 5#) @9)(# gua
<A <A

v = L), o (o) ) (&) = D ov. (0 )
H<A H<A

are covariant representations of (Xy, Ay) and (Yy, By) and ¢x, (Xx)pa(EN)

= ox(Ex) ey, (Ya)-

Let H = limy_, H) and L(#H) be the pro-C*-algebra of all continuous
linear operators on H ([ELI]). For ¢ € L(E), the map ¢(c) : H — H, defined
by p(c)(€x) = (,D)\(ﬂ'f(E)(C))(f)\) for all £, € Hy and A € A is an element in
L(H). In this way we obtain an injective pro-C*-morphism ¢ : L(E) — L(H)

such that py ) (9(e)) = [92(T5 "™ (€D Lry) = Pr () (€) for all ¢ € L(E)
and A € A. For z € X the map px(x) : H — H, defined by ¢x(z)(&\) =
©x, (0 (2)) (&) for all &, € Hy and A € A, is an element in L(#H). Thus we
obtain an injective map ¢x : X — L(H). Since

ralex (1), ox(z2))(€)) = Wx(xl)(wx(m))*(fx)
= ¢x, (1) (0x, (£2)) (1) =Ly (x5 (1), 0, (22)) (€2)
= w!AA(Ain((xl),Uf(wz)»(éx) = plalalzr, z2))(€))
and in a similar way

(px (1), px (®2)) Lery (€x) = plal{z1, 22) ) (E2)

for all x1,20 € X, &\ € Hy, and A € A, we see that (p|4,px) is a covari-
ant representation of (X, A). In a similar way, we define an injective map
vy : Y — L(H) such that (¢|p,py) is a covariant representation of (Y, B).

Moreover, px (X)p(E) = @(E)py(Y). Since pxra)(p(€)) = Pacim)(©);



Crossed products by Hilbert pro-C™*-bimodules 155

PaLen (Px(2)) = pil(x) and prray (ev(y) = pY(y) for all ¢ € L(E),
xe X ,yeY and XA € A, we can identify L(E), A, B, X, Y and E with
their images in L(H).

Let

{lve V1)
W = span ,
YE* Y

where E* is the dual module of E. Clearly, W is an L(E)-L(F) Hilbert
pro-C*-bimodule with respect to the structure of L(H) and W = lim, ) W),
where

X, X\E\

1%,7% L(H) w
=T — Span

]} for each \ € A.

Since {L(Ey); Wy; FfﬁH)‘ﬁ(EA); Ff]ﬁH)’WA; A€ A, A > p}is an inverse sys-
tem of Hilbert C*-bimodules such that the canonical projections are all
surjective, by Corollary 3.6 and Proposition 3.8, L(FE) Xy Z is isomorphic
to lim, \ L(E)) Xw, Z and (L(E) xw Z)) = L(E)) Xwy L.

For each \ € A, since L(E)), Ay, By, Xy, Y) and E) can be identified with
their images in L(H)), and X, F\ = E\Y), by the proof of [AEEl Theorem
4.2], the C*-algebras P(L(E)) Xw, Z)Px and Ay X x, Z are isomorphic,
where

1 0
Py — [ M(Ay) }
0 0

can be seen as a projection in the multiplier algebra M(L(E\) xw, Z) of
the C*-algebra L(E)) xw, Z. Then

1
e )
0 0

can be seen as a projection in M (L(E) xw Z) (see [P1]) and
P(L(E) xw Z)P = lin/r\l Pr(L(E)) xw, Z)Ps.
—

Therefore, the pro-C*-algebras P(L(E) xw Z)P and lim, y Ay xx, Z are
isomorphic.

In the same manner, we show that the pro-C*-algebras Q(L(E) xw Z)Q
and lim, ) By Xy, Z are isomorphic, where

Q:[O 0 }
0 lM(B)

Since P and Q are full complementary projections in M (L(E) xw Z), by
[J4, Theorem 9], the pro-C*-algebras lim, Ay Xy, Z and lim, ) By Xy, Z
are strongly Morita equivalent, and so A Xx Z ~pyB Xy Z. u
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