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Dedicated to Rajendra Bhatia on the occasion of his sixtieth birthday

Abstract. A spectral radius inequality is given. An application of this inequality to
prove a numerical radius inequality that involves the generalized Aluthge transform is also
provided. Our results improve earlier results by Kittaneh and Yamazaki.

1. Introduction. Let B(H) denote the C*-algebra of all bounded lin-
ear operators on a complex Hilbert space ‘H with inner product (-,-). For
A€ B(H), let r(A), w(A), and ||A|| denote the spectral radius, the numer-
ical radius, and the operator norm of A, respectively. Recall that w(A) =
SUp||z|=1 [(Az, z)|. It is well-known that w(A) defines a norm on B(H), which
is equivalent to the operator norm || - ||. In fact, for every A € B(H),

(1.1) 214l < w(A4) < [|A]l.
The inequalities in (1.1]) are sharp. The first inequality becomes an equality

if A2 = 0. The second inequality becomes an equality if A is normal. For
proofs and more facts about the numerical radius, we refer the reader to

[GR] and [H].
Kittaneh has shown in [K1] that if A € B(#H), then
(1.2) w(A) < (1Al +[14%]*2).

Obviously, the inequality (1.2)) is sharper than the second inequality in (1.1)).
For A € B(H), let A = U|A| be the polar decomposition of A, where
U is a partial isometry such that ker U = ker A and |A| = (A*A)Y/2. The

Aluthge transform of A, denoted by A, was first defined by Aluthge [A] as
A= |AIM2U A2,
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The Aluthge transform has received much attention in recent years, and var-
ious connections between operators and their Aluthge transforms, including
relations between various spectra and numerical ranges, have been estab-

lished. The following are among the well-known relations: 0(A) = o(A) and

W(A) C W(A). From these it follows that r(A) = r(A) and w(A) < w(A).
Also, it follows from the definition of A that ||A|| < ||A2||'/2. For more ma-
terial about the Aluthge transform, see, e.g., [JKP], [W], and the references
therein.

Yamazaki [Y] has used the Aluthge transform to improve the inequality
(1.2) so that

(1.3) w(A) < 5(1A] +w(4)).
It is well-known that if A, B € B(H) are such that AB = BA, then
r(A+ B) <r(A)+r(B) and r(AB)<r(A)r(B).

However, for noncommuting operators, the two-dimensional example A =
[04] and B = [ 8] shows that the spectral radius is neither subadditive
nor submultiplicative.

Kittaneh [K2] has established a general spectral radius inequality which
yields spectral radius inequalities for sums, products, and commutators of
operators. In fact, Kittaneh has shown that if Ay, Ay, B, Bo € B(H), then

(14)  7(A1B1 + AsBs) < 5(|| BiAy]| + || B2 Az )
+ 35V ([IBLAL] — | B2Ag[)? + 4[| Bi Az || || B2 A .

In Section 2, we prove a spectral radius inequality that refines the in-
equality , and similarly yields spectral radius inequalities for sums, com-
mutators, and products of operators. In Section 3, we use the main result of
Section 2 and the generalized Aluthge transform (defined below) to prove a
numerical radius inequality, which generalizes and improves Yamazaki’s in-
equality . Our new inequalities in this paper are sharp. Before we move
to Section 2, we need the following basic facts about the spectral radius of
an operator. For a comprehensive account, see [B] and [HJ.

It is well-known that for every A € B(H),

(1.5) r(A) < w(A),

with equality if A is normal. In addition to (1.5, an important property of
the spectral radius is a commutativity property, which asserts that

(1.6) r(AB) =r(BA) for every A, B € B(H).
Also, it is well-known (see [Bl, p. 10]) that if A € B(H;) and B € B(H2),
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then

(1.7) r (

2. A general spectral radius inequality. In order to establish our
new spectral radius inequality, we need the following lemma, which contains
a special case of a more general inequality given in [AK], and improves a

related inequality given in [HD]. This special case has also been observed in
[PB].

LEMMA 2.1. Let Hy and Hy be Hilbert spaces, and let T = [é g] be
an operator matriz with A € B(H1), B € B(Ha,H1), C € B(H1,H2), and

D € B(H2). Then
w(4) |B]| )

w(T w
0= ( Icll w(D)

3(w(A) + w(D)) + 3/ (w(A) —w(D))? + (| Bl + [|C])?.
Here B(Hj,H;) is the space of all bounded linear operators from H; to H;.

A O
0 B

) = max{r(A),r(B)}.

Now, we are in a position to present our desired spectral radius inequality.
THEOREM 2.2. Let Ay, Ag, B1, By € B(H). Then
(2.1)  r(A1B1+A2Bs) < 3(w(B1 A1) + w(BaAs))
+3V/(w BlAl w(B2A2))? +4| B1Az|| || B2 Ax |-
Proof. By using the basic properties (1.5 7, we have

AB AsBsy 0 A A 0
(4B + AsBy) = 1 151 + Ao Do _ 1 2
0 0 0 0 By 0
By 0| |A A, B1A1 B1A
=T =T
B, 0|0 O ByA1 ByAs
BlAl BlAQ
S w )
BgAl BQAQ

where the operator matrices [AlBl‘gAQBQ 8}, [‘%1 ‘%2 ], [g; 8] act on H ®H.
Hence, by Lemma we have

r(A1B1 + A2Bs) < l( (B1A1) +w(B2A2))
+ 3V (w(B1Ay) — w(BaAy))? + (|| Br Az + || BaAs )2

The desired inequality now follows by replacing A; and B; by tA; and %Bl,
respectively, and then taking the infimum over ¢t > 0. =
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REMARK 2.3. To see that the inequality (2.1)) refines the inequality (|1.4]),
let
b= ( (BlA1)+w BQAQ \/ BlAl (BQAQ))2+4H31A2H HBQA1H,
= 3(IB1 A1 + | BaAa|) + W (1BLAL]| — || B2A2[])? + 4[| B1 Az || | B2 A1 |-

Then it can be easily seen that

w(B1 A1) VIIBL A [ BoAd
VIIB1As|| | B2A|| w(BaAy)

o[ Imal VIBATTEA]
VIIBiAs| | B2 A4 | | B2 As|

and so by the norm monotonicity of matrices with nonnegative entries,
b<bg.
COROLLARY 2.4. Let A, B € B(H). Then
r(A+ B) < 5(w(A4) + w(B))
+5v/(w (B))? +4min{|[AB], [ BA|}.

Proof. Letting A; = A, A2 = B1 = I, and By = B in Theorem [2.2] we
have

(22) r(A+B)< %(w(A) +1(w (B))2 + 4| BA].
By symmetry, it follows from ) that
(23)  r(A+B)< %(w(A) 1\/ (B))* + 4[| AB|.

The desired inequality now follows from ( and . "
COROLLARY 2.5. Let A, B € B(H). Then
r(AB £+ BA) < 1 (w (AB) - w(BA))
+5v/(w w(BA))? + 4] A%[|| B2

Proof. The desired inequahty follows from Theorem [2.2] by letting A; =
BQZA, BlzB, andAgzj:B. ]

COROLLARY 2.6. Let A, B € B(H). Then
(24)  r(AB £ BA) <w(AB) + min{[|A[[ |AB2[|, | B[ | A2B]},
(25)  r(AB £ BA) < w(BA) + /min{||A] || B2A|, | B|| [| BA2]}.

Proof. Letting Ay = I, Ao = B, By = AB, and By = +A in Theorem
we have

(2.6) r(AB + BA) < w(AB) + /||A] |AB2].
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Similarly, letting Ay = AB, As = B, By = I, and By = £ A in Theorem [2.2]

we have
(2.7) r(AB + BA) < w(AB) + +/||BJ| | A%2B]|.

The inequality (2.4)) now follows from (2.6)) and (2.7]). The inequality (2.5|)
follows from ([2.4]) by symmetry. =

COROLLARY 2.7. Let A, B € B(H). Then
r(AB) < H(w (AB) +w(BA))
+5 v/ (w( w(BA))? + 4minf||A[| | BAB]|, | B |ABA]|}-

Proof. Letting A = §A, Ay = §AB, B = B, and By = I in Theorem
we have

(2.8) r(AB) <

(w(AB) +w(BA))
+ 1V (w(AB) — w(BA))? + 4/ Al| | BAB].
By symmetry, it follows from (2.8 that
(2.9) r(AB) < l( (AB) + w(BA))
+1v/(w — w( BA)) +4|B|l[[ABA].
The desired mequahty now follows from (2.8)) and ( .

<1
1

3. The generalized Aluthge transform and a generalized nu-
merical radius inequality. Let A € B(H), and let A = U |A| be the
polar decomposition of A. The generalized Aluthge transform, denoted by
Ay, is defined as

= |A|'U|AI* for t €[0,1].
In particular, Ay=U*U?|A|, A, = |A|UU*U = |A|U, and A1/2 |A|Y2U| A2
= A (the Aluthge transform of A). Here |A|? is defined as U*U (see, e.g.,
[CTY).

The first lemma in this section is well-known (see, e.g., [Y]). It gives a
useful characterization of the numerical radius.

LEMMA 3.1. Let A € B(H). Then

(3.1) w(A) = Sup IRe(e” ).

THEOREM 3.2. Let A € B(H), and let A = U|A| be the polar decompo-

sition of A. Then
(32) w(A) < (Al + w(Ay))

for allt € [0,1]. In particular,
w(A) < (J[A]| + w(A)).
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Proof. Let A = U|A| be the polar decomposition of A, and let ¢ € [0, 1].
Then for every 6 € R, we have

IRe(e”A)|| = r(Re(e’ 4))
= %r(ewA +e A% = %T((EMU’A| + e ) A|lU")
= $r(PUIA" A + e A"l A" U™).
By letting A1 = e?U|A|'~!, Ay = e ¥|Al*, By = |A]', and By = |A|'~tU*
in Theorem we have
[[Re( z914)!\ < gw(A) + 1\/H\A|2tH\HA\1 UrUIA
= sw(Ar) + 5/ [APAP2 = Jw(Ae) + 5] All.
This, together with Lemma [3.1] implies that
w(A) = Sup Re(eA)|| < 5(IA]l +w(Ap),

as required. m
It follows from Theorem [3.2] that
w(A) < §(J14] + min w(A)).
In order to appreciate our inequality ., we give the following example,

which is due to T. Yamazaki. It shows that w(A) # ming<s<; w(A;) and
that the inequality (3.2) is a nontrivial improvement of .

EXAMPLE 3.3. Let

0 20
A=10 0 1
0 00
Then
0 00 010
|[Al=10 2 0 and U=|0 0 1
0 01 0 00

(where U is the partial isometry part in the polar decomposition of A),
and so

0
0 2t| and w(4)=2"1.
0

Thus,



A numerical radius inequality 75

Acknowledgements. The authors are grateful to the referee for his
suggestions.
References

[AK] A. Abu Omar and F. Kittaneh, Numerical radius inequalities for n x n operator
matrices, preprint.

[A] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations Oper-
ator Theory 13 (1990), 307-315.
[B] R. Bhatia, Matriz Analysis, Springer, New York, 1997.

[CT] M. Cho and K. Tanahashi, Spectral relations for Aluthge transform, Sci. Math.
Jpn. 55 (2002), 77-83.

[GR] K. E. Gustafson and D. K. M. Rao, Numerical Range, Springer, New York, 1997.

[H] P. R. Halmos, A Hilbert Space Problem Book, 2nd ed., Springer, New York, 1982.

[HD]  J. C. Hou and H. K. Du, Norm inequalities of positive operator matrices, Integral
Equations Operator Theory 22 (1995), 281-294.

[JKP| 1. B. Jung, E. Ko and C. Pearcy, Aluthge transforms of operators, Integral Equa-
tions Operator Theory 37 (2000), 437-448.

[K1] F. Kittaneh, A numerical radius inequality and an estimate for the numerical
radius of the Frobenius companion matriz, Studia Math. 158 (2003), 11-17.

[K2] F. Kittaneh, Spectral radius inequalities for Hilbert space operators, Proc. Amer.
Math. Soc. 134 (2006), 385-390.

[PB] K. Paul and S. Bag, On numerical radius of a matriz and estimation of bounds

for zeros of a polynomial, Int. J. Math. Math. Sci. 2012, art. ID 129132, 15 pp.
[W] P. Y. Wu, Numerical range of Aluthge transform of operator, Linear Algebra Appl.
357 (2002), 295-298.
[Y] T. Yamazaki, On upper and lower bounds of the numerical radius and an equality
condition, Studia Math. 178 (2007), 83-89.

Amer Abu Omar Fuad Kittaneh
Department of Basic Sciences and Mathematics Department of Mathematics
Philadelphia University University of Jordan
Amman, Jordan Amman, Jordan
E-mail: aabuomar@philadelphia.edu.jo E-mail: tkitt@ju.edu.jo

Received February 25, 2013
Revised version April 11, 2013 (7756)


http://dx.doi.org/10.1007/BF01199886
http://dx.doi.org/10.1007/BF01378777
http://dx.doi.org/10.1007/BF01192831
http://dx.doi.org/10.4064/sm158-1-2
http://dx.doi.org/10.1016/S0024-3795(02)00361-0
http://dx.doi.org/10.4064/sm178-1-5




	1 Introduction
	2 A general spectral radius inequality
	3 The generalized Aluthge transform and a generalized numerical radius inequality
	References

