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2-summing multiplication operators
by

DumMITRU Popra (Constanta)

Abstract. Let 1 < p < 0o, X = (X,)nen be a sequence of Banach spaces and I,,(X)
the coresponding vector valued sequence space. Let X = (Xp)nen, YV = (Yn)nen be two
sequences of Banach spaces, V = (Vy)nen, Vo : Xn — Yy, a sequence of bounded linear
operators and 1 < p, ¢ < co. We define the multiplication operator My : I,(X) — 1,()) by
My ((zn)nen) = (Va(xn))nen. We give necessary and sufficient conditions for My to be
2-summing when (p, ¢) is one of the couples (1,2), (2,1), (2,2), (1,1), (p,1), (p,2), (2,p),
(1,p), (p,q); in the last case 1 <p < 2,1 < g < 0.

Introduction and notation. The concept of absolutely summing op-
erator is fundamental in operator theory as the reader can see in the books
[2, B, @, 1], 15, 16]. The main purpose of this paper is to give necessary and
sufficient conditions for the multiplication operator between vector valued
sequence spaces to be 2-summing.

Let us fix some notations and terminology. Let 1 < p < oo and X =
(Xn)nen be a sequence of Banach spaces. We write I,,(X) to denote the Ba-
nach space of all sequences (5 )nen with z, € X, forallneN, 3772 | [z,
< 00, endowed with the norm |[(zn)nenlli,x) == (ney Hang(n)l/p (see
[16]). We consider the canonical mappings oy : X — [,(X) and pg : [,(X)
— X}, defined by

O'k(x) = (07"'707 T 707"')7 pk((xn)neN) = Tk,

where k is a natural number.

Let X = (Xp)nen, Y = (Yn)nen be two sequences of Banach spaces,
V = (Vi)nen, Vo : X5y — Yy, a sequence of bounded linear operators, and
let 1 < p,q < oo. We define the multiplication operator My, : [,(X) — [4,())
by

My((#n)nen) == (Va(@n))nen-
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As in the scalar case (see [I, p. 218]), we can prove that My is well
defined if and only if it is bounded linear if and only if (||V,||)nen € loo, for
p < gq, respectively (||Vy|)nen € s for ¢ < p, where 1/¢=1/p+1/s.

Given the importance of this issue, a lot of work has been done in order
to give necessary and sufficient conditions for some natural operators to be
absolutely summing.

For example, L. Schwartz [14] gave necessary and sufficient conditions for
some multiplication operators from [ to I to be p-summing, and D. J. H. Gar-
ling [4, Theorem 9] gave an almost complete description of the summing
properties for multiplication operators from s to [;. Also, E. D. Gluskin,
S. V. Kislyakov and O. I. Reinov [5, Lemma I] studied the same problem in
a more general context.

In this paper we give necessary and sufficient conditions for My, to be
2-summing when (p, ¢) is one of the couples (1,2), (2,1), (2,2), (1,1), (p, 1),
(p,2), (2,p), (1,p), (p,q); in the last case 1 <p < 2,1 < ¢ < 0.

As it turns out (see Theorems , we have a full extension of
the scalar case shown by D. J. H. Garling [4, Theorem 9]. However, there
is one notable exception: in case (p,1), p > 2, we need natural cotype 2
assumptions to obtain necessary and sufficient conditions for My, to be s-
summing, 1 < s <2 resp. 1 < s < oo (Theorem E[)

Let 1 < p < 00, X a normed space and (x)}_; C X. We write

wp((xk)p=y) := sup (Z’:U*(xk)’p)l/ii'
k=1

flz* [l <1
Let 1 < p < oo and X, Y be Banach spaces. A bounded linear operator
T: X — Y is p-summing if there is a constant C' > 0 such that for every
(Tr)1<k<n C X,

(S Irir) " < Cup(@ni).
k=1

The p-summing norm of T is my(T) = inf{C | C as above} (see [2, 3, [,
111, 15), 16]). We denote by IT,(X,Y’) the class of all p-summing operators
T: X =Y.

One of the main ingredients in the proofs is the famous Grothendieck
composition theorem which asserts that the composition of two 2-summing
operators is nuclear (see [3, Theorem 5.31], [9, Theorem 17.6.4]).

For sequences X = (X,)nen, YV = (Yo)nen, 2 = (Zn)nen of Banach
spaces, and sequences V = (Vy)pen, U = (Un)nen, Vo + Xn — Y, Uy,
Y, — Z,, of bounded linear operators, we define Y oV := (U, o Vp,)nen.

For sequences X = (X}, )nen, YV = (Yn)nen of Banach spaces, a sequence
V = (Vi)nen, Vi : X5 — Y, of bounded linear operators and a sequence
a = (ap)nen of scalars, we define aV := (a, V) nen-
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If X = (X,)nen is a sequence of Banach spaces we define J := (Ix, )nen,
where Iy, : X,, = X, is the identity operator on X,,.

Note that if 1 < p,q < oo and a is a sequence of scalars such that
M, : 1, — 1, is well defined, then M,z : [,(X) — [4(X) is also well defined
and [[Mag : Ip(X) = 1g(X)]| = [[Ma : I — 1]l

Also if 1 < p,q,7 < oo are such that My : [,(X) — [4(Y) and M, :
lg = I, (resp. My : I, — 1) are well defined, then Mgy : [,(X) — (V)
(resp. May = 1.(X) — 14())) is well defined and M,y o My = Mgy (resp.
My o Myg7 = Mgy).

If V:X — Y is 2-summing, we define sgnV : X — Y by
V(z)
m(V)
Note that sgn V' is 2-summing, mo(sgnV') < 1 and ma(V)sgnV = V.

If V= (Vp)nen and all V,, : X, — Y, are 2-summing, we define sgnV =
(sgn Vi) nen.

If 1 < p < oo we denote by p* the conjugate of p, i.e. 1/p+1/p* = 1.

The notations and terminology used along the paper are standard in
Banach space theory, as for instance in [2}, 3], @, 111, 15| [16].

(sgnV)(z) := for V#0,z€X; sgn0:=0.

The results

The cases (1,2),(2,1),(2,2),(1,1). Our first result, the case (1,2) (see
Theorem [3)) was shown by E. D. Gluskin, S. V. Kislyakov and O. I. Reinov
[5, Lemma I 3 p. 87, proof on p. 98]. For completeness we include its proof.
Recall (see [2]) that if X and Y are Banach spaces, then X ®.Y denotes their
injective tensor product, i.e. the algebraic tensor product X ® Y endowed
with the injective cross-norm

e(u) = sup (u, 2" @y")], uweX®Y.
lz*]I<1, [ly*[<1
By X ®. Y we denote the completion of X ®. Y.

If 1 < p < oo, n is a natural number, I := K" (K = R or C), endowed
with the norm |||, = (37, [&[P)V/P for € = (&,...,&), and for every k =
L,...,n, px : Iy — K denotes the canonical projection, pr((£1,---,8n)) = &

Similarly, if (Xj)p_, are Banach spaces, we define [j((Xy)}_;) as the
cartesian product [[}_; X; endowed with the norm ||z| = (37—, [|zx/[?)'/?
for z = (z1,...,7,). When Xj = -+ = X, = X we write [;}(X).

Let n be a natural number, J, : [} < [5 the canonical inclusion, i.e.
Jn(§) = & and let T : Z — W be a bounded linear operator. We define
Jp@T : 1} ®: Z — 15(W) in the usual way, i.e.

(Jo @ T)(E® 2) := (P1(Jn(§))T(2), ..., pa(Jn(€))T(2)) for€€ly, z€Z
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and

k
Jn @T)(& ® 25) foru:Z&’j@zjel?@eZ
=1 j=1

Mw

(Jn

PROPOSITION 1. Let T : Z — W be a bounded linear operator. Then
Jn@T 1} ®: Z — 15(W) is a bounded linear operator, ||J, @ T|| < v/n ||T]
and hence, by density, J, @ T : 17 @. Z — 15(W) is also a bounded linear
operator.

Proof. Let u = Z§:1 & @ zj €l ®: Z. We have

k

(Jn@T)(u) =) (Ja @T)(& @ 2))

<.
Il
—_

(pl(Jn(gj))T(Zj% e 7pn(Jn(€j))T(zj))

(T(Zpl €) (an (€)24))

<
Il
—

I

and thus
2
M) [ & T)@E ) = Z HT(ZpZ w&z)|
For every ¢ = 1,...,n and w* € W* we have
k k
(T pila(€))2) w*)| = \Z pi o Jn)(&) (2, T w")
j=1 =1
k
< || T*w™|| ~ sup ‘Z &y )25, 27) | = T w*||e(u),
lylI<1, llz* <1755
SO

HT<ZPZ n(&)) ZJ)H<HT*H<€() 1Tl (w).

Together with (1) we get

(2) 1(Jn @ T) (W) lig ) < V| Tle(u).

Hence J, ® T is well defined. Since it is linear, from (2) we deduce that it
is a bounded linear operator and ||.J, ® T'|| < v/n|T||. Since I} ®. Z is the

-~

completion of I7 ®. Z, J, ® T can be extended by continuity to I ®. Z. u
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LEMMA 1. Let X and Y be Banach spaces and 1 < p < co. Then

" 1/p
wp((w)i X @ Y) = swp (3 |wat @y
=<1, ly*I<1 * 5=

for (u))l { C X ®. Y.

Proof. We have (see [10, Lemma 1.14, p. 40]),

wp((us)i=; X ®: Y) = sup S(Z)\ u,)

IMlpx<1 521

n
= sup sup ‘< Z A, ¥ ® y*>
IMpx <1 llz*I<1, ly* 1<t Y555

n
= sup ‘E Ai{ui, " @ y*)
flz*)I<1, IIy <1 H)‘Hp*<1 i—1

n

1/p
= sup (Z\(ul,x*éby*ﬂp) . =
lz*I<1, ly*(I<1 N5

THEOREM 1. IfT : Z — W is 2-summing, then so is J, @ T : I} ReZ —
I5(W) and ma(J, @ T) < mo(T).

Proof. Our proof is modelled on the well known proof that the injective
tensor product of two p-summing operators is p-summing (see [6, Theorem
3.2], [I0, Theorem 1.3.11, p. 51]). Let u = Y_¢_, §; ® z; € I ®. Z. We have
shown in Proposition [I] that

1 © TY ) By ZHT(D A6)5)]

Since T' is 2-summing, by Pietsch’s domination theorem (see [2, [3, O] 1T,
15, 16]), [|T(2)[1* < [m2(])]? S, [{z,2*)[*du(z*) for z € Z and some Borel
probability measure p on {2 = Bz+. We have

HT<ZPZ n(&5)) ZJ)H )]2S‘<Zk:pz( In(&5))z5, 2 >’2d,u(z*)
PRS-

k 2
= [r(DF § | 32 pilal)) (2421} ("),
9]

j=1
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Since
i‘im(%(&j))%a ) -y (ijz” )’2
=1 j=1 =1 =t
i k
— H;@j,z*ﬂ (&) ; = ‘ Jn(;<zj’ >€J) 13
we have

1 ® T) @7y wry < [m2(T)] §
9]

k 2
”(Z<Zj’ z*)§j) Hlndu(z*).
j=1 :

Since J,, : I} < 15 is 2-summing with m(J,) = 1, again by Pietsch’s domi-
nation theorem,

17 < K&y Pdu(y™)  for £ € 1F

v
and some Borel probability measure v on ¥ = B(jny«. Then

\Jn(iw 26)|. s&](iw )60 )| avty?)

<.
I
—

k 2
= §| Dotz 2| ) = § iyt @ 2P duy?)
v

j=1 v
and hence
1) e @ T) (W)l ) < [m2(T)] | § 1w,y @ 2% Pdu(y®)du(2").
nv
Let (ug)i<k<m C I} ® Z. From (1) and Lemmawe deduce

m

@ Y Mo DY) < m@P swp (3l @ y)P)
k=1

SN ES Rt
= [m2 ()P [w2((un)iz; 1} ®: Z)]7.

By the density of I} ®. Z in I7®.Z, from (2) we deduce that for every
(uk)1<k<m C I} ® Z, we have

1/2 n n A
(Zn w @ T) ) fyr) < ma(T)wa((up)imys i @2 2),

ie. J, ®T is 2-summing and ma(J, @ T) < ma(T). m

Recall (see [3, p. 45], or [9, p. 234]) that if X is a Banach space, then
ix : X — C(Bx-~) is the operator defined by ix(z)(z*) = z*(x).
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THEOREM 2 (Gluskin—Kislyakov—Reinov). Let T : X — Yy be 2-
summing operators with mo(Ty) < 1 for every k = 1,...,n and let My :
(Xk)Eoy) = 15 ((Y)R_,) be the multiplication operator

Mp(xi,...,2n) = (Th(21), ..., Tn(xy)).
Then My is 2-summing and mo(Mr) < 1.

Proof. Let

( J A
Tj, : Xp —% O(Bx:) <5 La(u) =5 3
be a Pietsch factorization of Ty, with ||Ag|| = m2(T%) (see [3, Corollary 2.16,
p. 48], [9, Proposition 17.3.7, p. 234]). Let £2 = [[;_, Bx; and p = [[j_ s
We define S : I7((Xk)}—,) = C(£2) by

[S(@1, ..y wn)](2f, . 2f) = > i)
k=1

and denote, as usual, by J : C(£2) < La(u) the canonical inclusion, J(f)
= F. Let us define also Vj, : Lo(p) — Yy by

o~
o~

Vi(f) = A(F o on),

where oy : Bx: — [, Bx is the canonical injection. Here we denote

by f (resp. f/o?k) the equivalence class of f (resp. fooy) in Lo(u) (resp.
Lo(px)). We will prove that T := JoS : I7((Xg)}_;) = L2(p) is 2-summing,
mo(T) < 1 and every T} has the factorization

o J
Th: X 25 (X)) S C(02) S Lo(u) 2 Y.

First, let us show that S is bounded linear. Let x = (x1,...,2,) €
I7((Xk)g—1)- Then, obviously, S() is a continuous function on 2 =[];_; Bx,
ie. S(z) € C(£2). For every (z7,...,z}) € 2 we have

[S(@) (g, en)l < D leklan)l < D llawll = lelly gy,
k=1 k=1

ie.
1S@)lc@y = sup  [S(z)(21,...,z0)] < 2l xop_)-
(x7,...,x5) €N
Since S is linear, it is bounded linear with ||.S|| < 1. By measure-theoretical
considerations (we omit the details), Vi are well defined, bounded linear
with [|[Vi| < [JAg|| for & = 1,...,n. Since the canonical inclusion J :
C(2) — La(p) is 2-summing with mo(J) = 1, it follows that 7' := J o S :
IT((Xk)}Ey) = La(p) is 2-summing with mo(7T') < 1.
Let us verify the factorization of every T}.



84 D. Popa

Let x € Xi and denote (S o oy)(xg) =: fr € C(£2). Then

fr(zl, ... x;) =[5(0,...,0,2,0,...,0)](x7,...,2,) = x)(Tk).
Also fr ooy : Bx: = Kis defined by

(fk o Uk)(x;;) = fk(O, e 707'%;;707 s 70) = $Z($k) = le(a?k)(xlt)?
ie. fr oo =ix,(zx) € C(Bx;). We have

(VioJ 0 S0 ap)(ak) = Vil (fi)) = Vi(fx) = Ax(fi 0 o)
= Ap(Ji(frook)) since fio0x € C(Bxy)
= (Ag o Ji)(ix, (1)) = (Ag 0 Ji 0 ix;, ) (1)
= Ti(z1),
the last equality holding by the Pietsch factorization of T}.
Now since T : IT((Xp)} ;) =: Z = W := Ly(u) is 2-summing, Theo-
rem (1| implies that J, ® T : I} ®. I7((Xp)p;) — 5(La(p)) is 2-summing
and ma(J, @ T) < mo(T) < 1. We show that

Jn T M

My s B (Xe)ioy) © B @ B(Xa)imy) 55 B(La() —5 BB ((Ye)ioy)

is a factorization of My, where
= Zek ® op(xg) for z = (z1,...,%n).

Indeed, for x = (z1,...,2,) € IF((Xk)}_,) we have

(Jo@T)oU)(x1,...,xn) = (Jy ®T)<Zek ®ak(a:k)>
k=1

= (@ T)(er ® op(a)) = (T(o1(21)), ..., T(0n(zn)))
k=1

since for k=1,...,n,

(Jn @ T)(ex ® ox(zk))
= (p1(er)T(ok(@))s - - - Peler) T (ok(k)), - - -, puler)T (ok(zr)))
=(0,...,0,T(ok(zk)),0,...,0).
Then, using the equality Vi o T ooy, =T}, for k =1,...,n, it follows that

(MV o (Jn & T) o U)(l‘l, e ,xn) = Mv(T(O'l(xl)), (an(azn)))
= (T (al(xl))),..., n(T(on(zn))))
= (Ti(x1),...,Th(zpn)) = Mp(z1, ..., 24).
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Moreover

[My [l < sup [[Vill < sup [|Ax]| = sup ma(Ty) < 1.
1<k<n 1<k<n 1<k<n

Let us show that U is bounded linear. Let x = (x1,...,2,) € [7((Xk)}{_,)-
Let 2* = (A1,...,A\n) € (I7)* =12 and ¢ € (I7((Xk)}_,))*. Then

(U(@),2* )] = | Y- 2" (ex)b(onlan))]

k=1

< > Il o@Dl < eIl ) 19l llow ()]
k=1 k=1

n
<l Y lwll = N[ 1 1]
k=1
We deduce £(U(z)) < ||z|| and since U is linear, it is bounded linear with
|U|l < 1. By the ideal property, Mz is 2-summing and mo(Mr) <
[ My [[ma(Jn @ T)|UJ| < m2(T) < 1.

THEOREM 3. Let My : I1(X) — 12(Y). The following assertions are
equivalent:

(i) My is 2-summing.
(i) All Vi, are 2-summing and (m2(Vy,))nen € loo-

Moreover, ma(My) = sup,ey m2(Vy)-

Proof. (i)=(i). Note that V, : X, % L(X) 2 5L,(Y) 2% v, is
a factorization of V,,. From the ideal property, all V,, are 2-summing and
m2(Vy) < ma(My) for n € N, which yields (ii).

(ii)=-(i). Write L = sup,,ey m2(Vy,). If L = 0, then all V,, are 0, and My =
0, mo(My) = 0. Suppose L > 0. Let n € N and for k = 1,...,n consider
Ty : X — Yy defined by T, = V. /L. Note that T} is 2-summing with
mo(Ty) < 1 for every k = 1,...,n. Then, by Theorem [2| the multiplication
operator

Mz, - 0 (Xk)E=1) = B ((Ye)k=1),
(1, oyzn) = (Th (1), .-, Tn(zn)),
is 2-summing and w2 (M1, 7)) < 1.
Consider the diagram
A M, B
L(X) == 1 (Xr)g=1) Iy (Yi)g=1) = 12(),

where A, (21,...,Zn, ... )= (21, 2n), Bn(Y1,--- yn)= W1y, Yn,0,...).
Then S, := By o Mg, .1,y © An : 1(X) = 12(Y) with Sy (21,...,70,...) =

-----
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(Th(z1),- -, Tn(xy),0,...) is 2-summing and
m2(Sn) < mo(Mry,... )| Bnll [ Anll < 1.

Since S (z) — +My(z) for « € l;(X), from [2, Proposition 17.21, p. 220],
%My is 2-summing and TFQ(%M];) <1, i.e. My is 2-summing and mo(My)
<L.nu

The next result is a completion of Proposition 2.4 in [8] and will be
another important ingredient in the proofs.

LEMMA 2. Let V : X — Y be a bounded linear operator. The following
assertions are equivalent:

(i) V is 2-summing.
(ii) For each Banach space Z and each 2-summing operator U : Z — X,
V oU is integral.
(iii) For each Banach space Z and each 2-summing operator U : Z — X,
Vo U is nuclear.

Moreover,

sup [[VoUllint = sup ||V oUlpue = ma(V).
w2 (U)<1 w2 (U)<1

Proof. (i)=(iii). From Grothendieck’s theorem, V o U is nuclear and
IV o Ullpue < m2(V)mo(U). Then

(1) sup ||V o Ul|lpue < m2(V).
T (U)<1

(iii)=(ii). This follows from the well known result that each nuclear
operator is integral and || - ||int < || - ||nuc (see [9, Proposition 6.7.3, p. 101])).
Hence

(2) sup [[VoUlline < sup ||V o Ullnue-
ma(U)<1 m(U)<1

(ii)<(i). This was shown in [8, Proposition 2.4] together with the equal-
ity
(3) sup ||V o Ul|int = m2(V).
w2 (U)<1

The equality from the statement follows from (1)—(3). =

THEOREM 4. Let My : lo(X) — 11(Y). The following assertions are
equivalent:

(i) My is 2-summing.
(ii) All'V,, are 2-summing and (m2(Vy,))nen € 1.

Moreover, mo(My) =07 m2(Vy).
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Proof. (1)=(ii). Let Z = (Z,)nen be a sequence of Banach spaces, let
Un, : Z, — X, be 2-summing with m(U,) < 1 for all n € N, and de-
note U = (Up)nen. From the nontrivial part of Theorem |3, My : 11(Z) —
l2(X) is 2-summing and ma (M) < 1. By Grothendieck’s composition the-
orem, Myqyy = My o My : [1(2) — [1()) is nuclear and || Myoy||nue <
mo(My)me(My) < m2(My).

But it is well known (see [9], Proposition 5.5.1, pp. 236-237] for the scalar
case, or [12], Theorem 2] for the vector case) that if T': Z — [1(Y), T(x) =
(T(x))nen, and T is nuclear, then all T;, are nuclear and Y " | |1y |lnuec =
| T |[ue- In our situation, Y o7 1 [|[Vi © Unllnue = || Myots|lnuc, and therefore
> one1 Ve 0 Unllnue < ma(My), e

(1) Z ||‘/z o UiHnuc S WZ(MV) fOI‘ n e N

By Lemma [2} all V;, are 2-summing and sup.,y, <1 |Va © Unllnue = m2(V2)
for every n € N. Taking in (1) the supremum, first over m2(U;) < 1, then
over ma(Uz) < 1, ..., ma(Uy) < 1, we get Y 1" | ma(Vi) < ma(My) for n € N,
Le. D02 ma(Vy) < ma(My).

(ii)=(i) follows from a general result of [9, Theorem 6.2.3, p. 91].

Another proof of (ii)=-(i) is the following. Write a,, = y/m2(V;,) and note
that, by hypothesis, a = (ap)nen € lo, thus My 7 : 12(Y) — 11(Y) is bounded
linear. Define

1
T:1(X)—=12()), T(x)= <Vn(m)> ,
neN
(we use 0/0 = 0). By simple calculations, My has the factorization My :
l2(X) EN l2(Y) Mag, 11 (). Since all V;, are 2-summing and by hypothesis

3 [ -

from Nahoum’s theorem (see [7, Lemme, p. 5], [16, Lemma 23, p. 274]), T is

2-summing and m(T) < /> -7, m2(V;,). By the ideal property of the class
of 2-summing operators, My = My7 o T is 2-summing. =

The next result was shown in [I3] Corollary 4]. We give a different proof.

THEOREM 5. Let My : [2(X) — [2(Y). The following assertions are
equivalent:

(i) My is 2-summing.
(i1) All Vi, are 2-summing and (72(Vy,))nen € lo.

Moreover, [ma(My)]? = 320 [ma (V)%
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Proof. (1)=(ii). Let Z = (Z,)nen be a sequence of Banach spaces. Let
U, : Z, — X, be 2-summing with m(U,) < 1 for all n € N and set
U = (Up)nen. From the nontrivial part of Theorem 3] My : [1(Z) — l2(X)
is 2-summing and mo(My) < 1. Let a = (an)nen € l2. Then M,z : 15(Y) —
[1(Y) is bounded linear and || M, 7| = ||a/|2. By Grothendieck’s composition
theorem,

MaVoL{ = MaJ o MV o Mu : ll(Z) — ll(y>
is nuclear and
[Maveu|lnue < mo(My)me(My)||Mag || < m2(My)llal2.
Again, from [0, Proposition 5.5.1, pp. 236-237|, or [12, Theorem 2],

oo
Z Hanvn © Uanuc = HMaVoU”nuca

n=1
thus
o0
Z ||anVn o Uanuc < WZ(MV)HQHQ’
n=1
i.e.
n
(1) > laiVi o Uillue < ma(My)llallz  for n € N.

i=1
By Lemma [2| each V, is 2-summing and sup,, g, <1 [|Vn © Uanuc = ma(Vy)
for all n € N. Taking in (1) the supremum, first over mo(U;) < 1, then
over ma(Us) <1, ..., ma(Up) < 1, we get Y it | |ag|ma(V;) < WQ(MV)HCLHQ for
n €N, ie.

D lan|ma(Va) < mo(My)]all2.

We deduce that Y > [m2(V,)]? < oo and

1/2

(Dlm(va)2) " = sup Z\anm ) < mo(My).

n=1 llalla<1,,

(i1)=>(i). This follows from Nahoum’s theorem. m

THEOREM 6. Let My : 11(X) — 11(Y). The following assertions are
equivalent:

(i) My is 2-summing.
(i1) AUl V,, are 2-summing and (m2(Vy,))nen € la.

Moreover, [ma(My))? = 32 [m2(Va))2.
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Proof. (1)=(ii). Let a = (an)nen € lo. Then by (i), Mgy = My o My :
l2(X) — 11(Y) is 2-summing and mo(Myy) < mo(My)l|all2. From the non-
trivial part of Theorem 4] all a,V,, are 2-summing and > >, ma(anVy) =
7T2(Mav). Then

> ma(anVn) < ma(My)llal2.
n=1

Thus all V,, are 2-summing (take a = e,, n € N) and for each a = (an)nen
€ l27

> lanlma (Vo) < mo(My)|lall2.
n=1

Then, as is well known, >°°°  [m2(V,,)]* < oo and
(Slml?) " = sup 3 lanlma(Va) < ma(My).
n=1
(ii)=(i). Let us define a = (m2(V;,))nen € l2 and observe that My has
the factorization
MsgnV

M,
MV : ll(X) e l2(y) —j> ll(y)
Note that by (ii) and the nontrivial part of Theorem Mgy is 2-summing

and mo(Mgsgny) < 1. Also by (ii), M,z is a bounded linear operator with
|Magl|l = |lall2- Thus My is 2-summing and m2(My) < ||al|2, proving (i). =

The case (p, 1)

THEOREM 7. Let 1 < p < 2 and My : l,(X) — 1;(Y). The following
assertions are equivalent:

(i) My is 2-summing.
(i) All'V,, are 2-summing and (m2(Vy))nen € ls, where 1/s = 1/p*+1/2.

Moreover, mo(My) = (32°° [ma(V;)]?)Y/°.

n=1
Proof. (1)=(ii). Let a = (an)nen € ls+. From 1/p =1/2+ 1/s*, M, 7 :
l2(X) — 1,(X) is bounded linear and so, by (i), May = My oMyyg : la(X) —
[1(Y) is 2-summing and ma(Myy) < ma(My)||al|s<. From the nontrivial part
of Theorem all a, V,, are 2-summing and 7 | ma(a,V;) = ma(Myy). Thus
all V,, are 2-summing and for each a = (an)nen € ls+,
(o9}
Y lanlma(Va) < ma(My)lal|se
n=1

As is well known, it follows that > 2, [m2(V;,)]® < oo and

(Sm)” = s S lanma(vi) < m(am).

n=1 ||a||s*§1 n=1
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(ii)=(i). Define a = (m2(Vy))nen € ls. From the equality 1/s = 1/p* +
1/2, we get the factorization

My - L&) 27y 1 () 2=y 1) 207, 1 ()

where ¢, = [ma(Vi)]*/?", b, = [m2(V;)]*/?; note that be(sgnV) = V. By (i)
and the nontrivial part of Theorem [3| Mgny is 2-summing, ma(Megny) < 1,
and by (ii), Mp7 is bounded linear with || M7 || = ||b||2, and M, 7 is bounded
linear with || M.7|| = ||c||p=. Thus My is 2-summing, mo(My) < ||b||2]c||p =
||al|s, proving (i). m

THEOREM 8. Let 2 < p < oo and My : 1,(X) — 11(Y). The following
assertions are equivalent:

(i) My is 2-summing.
(ii) All Vi, are 2-summing and (wo(Vy))nen € 1.

Moreover, mo(My) =02 wa (V).

n=1

Proof. (i)=(ii). From p > 2, J : [s(X) — [,(X) and since My is
2-summing, MyoJ : [o(X) — 11(Y) is 2-summing with m(My o J) <
ma(My). By the nontrivial part of Theoremwe get (i) and Y 07 ma(V,) =
TFQ(MV o J)

(ii)=(i). By (ii) and [9, Theorem 6.2.3, p. 91|, My is 2-summing and
mo(My) <302 ma(Va).

The next result requires some natural cotype 2 assumptions.

THEOREM 9. Let 2 < p < 0o and My : 1,(X) — L1().

(a) Suppose that all X,, have cotype 2 with Ca(X) = sup,cy C2(Xy)
< oo and let 1 < s < 2. The following assertions are equivalent:
(i) My is s-summing.

(ii) All'V,, are 2-summing and (m2(Vy))nen € 1.
(iii) My is 1-summing.

(b) Suppose that all X,,, Y,, have cotype 2 with Ca(X') := sup,,cy C2(X5,)
< 00, C2(Y) = sup,enyC2(Yy) < o0, and let 1 < s < oo. The
following assertions are equivalent:

(i) My is s-summing.
(ii) All'V,, are 2-summing and (72(Vy))neN € l1.
(iii) My is 1-summing.
Proof. (a) (i)=(ii). Since 1 < s < 2, by (i), My : (X)) — L(Y) is
2-summing. From Theorem |8 we get (ii).
(il)=-(iii). Since X,, has cotype 2, I1;(X,,, ) = II2(X,, ) and there exists
a universal constant ¢ > 0 such that

ma() < m1(-) < cCa(Xn) /1 +log Ca(Xy) ma(")



2-summing multiplication operators 91

(see [I5] Corollary 10.18(i), p. 71]). Then, by hypothesis,

ma(+) < m(+) < cCa(X) /1 +log Co(X) ma(-).

Since by (ii), (m2(Vyn))nen € Ui, we deduce (m1(Vy))nen € 11 and by [9,
Theorem 6.2.3, p. 91], My, is 1-summing.

(iii)=(i) is well known.

(b) (i)=(ii). From p > 2, J : I3(X) — [,(X), and because My is s-
summing, MyoJ : [3(X) — [1(}) is s-summing. Since, by hypothesis,
sup, ey Co(Xp) < 0o and sup,ey Ca2(Yy) < oo, it follows that lo(X) and
[1(Y) both have cotype 2 (see [16, Exercise 18, p. 109]). Then, by the coin-
cidence theorem (see [3, Corollary 11.16, p. 224]), My o J : l2(X) — [1(Y)
is 2-summing and thus by the nontrivial part of Theorem {4| we get (ii).

The implication (ii)=-(iii) was shown in (a), and (iii)=-(i) is well known. =

The case (p,2)

THEOREM 10. Let 1 < p < 2 and My : l,(X) — 12(Y). The following
assertions are equivalent:

(i) My is 2-summing.
(ii) All'V, are 2-summing and (m2(Vy,))nen € lp=.

Moreover, mo(My) = (3200 [ma(V;)]P) /P,

n=1
Proof. (i)=-(ii). Define r by 1/p = 1/2 + 1/r. For a = (ap)nen € la,
Mag : 12(Y) — 11(Y) is bounded linear and, by (i), Mgy = M,7 0o My :
Ip(X) = 11(Y) is 2-summing and w3 (May) < m2(My)]|al|2. From Theorem 7]
all a,,V;, are 2-summing, (m2(a,Vy))nen € L+ and

ma(M) = (DlratanVil”)

n=1

1/r*

It follows that all V,, are 2-summing and for each a = (ay)nen € l2 we have

(S lant matvir)

n=1

Since 1/r* =1/2+4 1/p*, we deduce (m2(V;,))nen € lp+ and

< m(My)llall2.

1/r*

(Strr)"™ = s (Sl ratVr )" < mali),
n=1

n—1 flalla<1
proving (i).
(ii)=(i). We consider a = (m2(V},,))nen € ly- and we note that My has

MS n .o
the factorization My : [,(X) Mag, L(X) =2 15(Y). From (ii) and the
nontrivial part of Theorem [3| we get (i). =
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THEOREM 11. Let 2 < p < oo and My : l,(X) — 12(Y). The following
assertions are equivalent:

(i) My is 2-summing.

(i1) All Vy, are 2-summing and (m2(Vy))nen € la.

Moreover, mo(My) = (320° [m2(V;)]?) /2.

n=1
Proof. (i)=(ii). Since p > 2, lo(X) — [,(X) and by (i), My : Io(X) —
[2(Y) is 2-summing. By the nontrivial part of Theorem [5| we get (ii).
(ii)=(i) follows from Nahoum’s theorem. m

The case (2,p)

THEOREM 12. Let 1 < p < 2 and My : lo3(X) — 1,(Y). The following
assertions are equivalent:

(i) My is 2-summing.
(ii) All'V, are 2-summing and (m2(Vy,))nen € lp.

Moreover, wo(My) = (3222 [ma(Vy,)]P) /7.

n=1
Proof. (i)=(ii). Let a = (an)nen € lp+. Since My is 2-summing, M,y =
MygoMy : la(X) — 11(Y) is 2-summing and 7o (Myy) < mo(My)|al/p. From
the nontrivial part of Theorem all a, V;, are 2-summing, and ) >~ | m2(an V)
= mo(Mygy). Thus all V;, are 2-summing and for each a = (an)nen € lp~,

> Jan|ma (Vo) < mo(My)|allp
n=1

As is well known, (m2(Vy))nen € I, and

= 1/p
(D tmavar) ™ = sup me ) < mo(My).
n—1 llallpx<1,,—

(ii)=(i). We consider a = (7T2(Vn))neN € l, and define r by 1/p =
1/241/r. Set by, = [m2(Vy)]P/2, ¢ = [ma(V;)]P/". Then b = (by)nen € Iz, ¢ =

(¢n)nen € I, and since be(sgn V) =V we find that My has the factorization

M sgn MC
My : p(X) =5 (V) —5 1,(V).

By (ii) and Nahoum’s theorem, Mp ey is 2-summing, ma(Mpgeny) < [|b]|2,
and by (ii), M.s is bounded linear with ||M.7|| = ||c|l,. Thus My is 2-
summing and mo(My) < ||b|2]/c||» = ||a||p, proving (i). =

THEOREM 13. Let 2 < p < oo and My : lo(X) — 1,(Y). The following
assertions are equivalent:

(i) My is 2-summing.

(il) AUl Vy, are 2-summing and (m2(Vy))nen € la.
Moreover, mo(My) = (35, [ma(V;)]2) V2.

n=1
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Proof. (1)=(ii). Since My is 2-summing, from Theorem 3 in [13], all
My, o g, are 2-summing, and

Z[WQ(MV o O’n)]2 < oo and Z[?TQ(MV o O’n)]2 < [Wg(Mv)]z.
n=1 n=1

Since My o g, = oy, 0 V,, we deduce that all V,, are 2-summing, (m2(V},))nen
€ lp and (302, [m2(Va)]?)'/? < mo(My).

(ii)=(i). From (ii) and Nahoum’s theorem, My : lo(X) — [2(}) is 2-
summing with mo(My) < (3200 [m2(Vi)]?)Y/? and thus My, : lo(X) — 1,())

is 2-summing since I2(Y) = [,(YV), p > 2. =
The case (1,p)

THEOREM 14. Let 1 < p < 2 and My : [1(X) — [,(Y). The following
assertions are equivalent:

(i) My is 2-summing.

(ii) All'V,, are 2-summing and (72(Vy,))nen € Iy, where 1/p=1/241/r.

Moreover, ma(My) = (320° [ma(Vi)]")V/T.

Proof. (i)=(ii). Let b = (bn)nen € lo. Then My : lo(X) — (X)) is
bounded linear, thus by (i), Myy = My o Mg : l2(X) — 1,(Y) is 2-summing
and mo(Mpy) < ma(My)||bl|2. From the nontrivial part of Theorem all

b, V,, are 2-summing, (m2(b,V5))nen € I, and

(Sratbavil)” = ma(t).

n=1

Then all V,, are 2-summing and

(S baPmaval?) " < w38 o

n=1

As is well known, this implies that (m2(V,,))nen € I, and
[m2(Vi)]" = sup |6y [P[m2(V; < ma(My).
<n§1 ) [[bll2<1 <Z )

(ii)=(i). We consider a = (m2(Vy))nen € I and we note that

Ms n Mg,
My : 13(X) =25 (V) =5 1,())
is a factorization of My. From (ii) and the nontrivial part of Theorem
Mggny is 2-summing, mo(Mggny) < 1 and thus My : [(X) — [,(Y) is
2-summing with ma(My) < ||al|,, i.e. (i) holds. =
THEOREM 15. Let 2 < p < oo and My : 11(X) — 1,(Y). The following
assertions are equivalent:
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(i) My is 2-summing.
(ii) All'V,, are 2-summing and (m2(Vy,))nen € loo-

Moreover, ma(My) = sup,ey m2(V).-

Proof. (i)=(ii). Note that V, : X, 2% (X)) 2% 1)) 25 Y, is
a factorization of V,,. From the ideal property, all V,, are 2-summing and
mo(Vy) < ma(My) for n € N, i.e. (ii) holds.

(i1)=(i). From (ii) and the nontrivial part of Theorem (3| My : [;(X) —
l12(Y) is 2-summing with sup,,cy m2(V;,) < m2(My), and since J : I5(Y) —
I,(Y) (2<p<o0), My : 1(X) = 1,(Y) is 2-summing with sup, ey m2(Vy) <
mo(My). m

The case (p,q), 1 <p <2 and 1 < ¢ < oco. The next case is analogous
to the case shown by L. Schwartz in [14, Théoreme XXVI, 3.5, p. 15]; see
also [4, Theorem 1(iii)].

THEOREM 16. Let 1 < p <2,1<q <2 and My : l,(X) = 14(Y). The
following assertions are equivalent:

(i) My is 2-summing.
(ii) AllV,, are 2-summing and (72(Vy,))nen € ls, where 1/s =1/q—1/p+
1/2.

Moreover, mo(My) = (3°°°, [ma(V;)]5) V5.

n=1
Proof. (i)=(ii). Define r by 1/p =1/2 + 1/r and note that 2 < r < oc.
Let a = (an)nen € ;. Since My is 2-summing, Mgy = My o M, 7 : lo(X) —
l4(Y) is 2-summing and ma(May) < ma(My)llal|,. From the nontrivial part
of Theorem all a,,V,, are 2-summing, and

(S tma(av)l) " = w0y < w38

n=1

Thus V,, are 2-summing and for each a = (ap)nen € Ir,

(- lanllmavir)

n=1

q
< ma(My)|lall-

Since ¢ < 2 < r, as is well known, (72(V,,))nen € ls and
o0

e 1/s 1/q
(Dlma) ™ = sup (D lanllra(Va))?) " < ma(y),
where 1/s =1/q—1/r,ie. 1/s=1/qg—1/p+1/2.

(il)=(1i). We write a = (m2(Vy,))nen € ls. Since 1/s =1/q+ 1/p* — 1/2,
define 1/v = 1/q — 1/2 and note that 1/s = 1/p* + 1/v. Now define b,, =

[WZ(Vn)]S/p*v Cn = [WZ(Vn)}S/U- Then b = (bn)nEN S lp*a c = (Cn)nEN S lva



2-summing multiplication operators 95

1/q =1/241/v and since be(sgnV) =V, we get the factorization

M, Ms n
My : ,(X) =7 L (X) =5 (V) =T ().
By (ii) and the nontrivial part of Theorem [3| Mg,y is 2-summing with
mo(Msgny) < 1, and by (ii), My is bounded linear with [|[Mz| = ||b]|p+,
while M.7 is bounded linear with || M.7|| = ||¢||,. Thus My is 2-summing
and mo(My) < [|b][p|lcllo = ||allu, i-e. (i) holds. =

THEOREM 17. Let 1 < p <2 < ¢ < 0o and My : [p(X) — 14,(Y). The
following assertions are equivalent:

M.

(i) My is 2-summing.
(i) All' Vi, are 2-summing and (m2(Vy,))nen € lp=.

Moreover, mo(My) = (3200 [ma(V;)]P) /P,

n=1
Proof. (i)=(ii). Define r by 1/p = 1/2 + 1/r and note that 2 < r < oco.
Let a = (an)nen € lr. Since My is 2-summing, M,y = My o My 7 : lo(X) —
l4(Y) is 2-summing and mp(M,y) < ma(My)||a||,. From the nontrivial part
of Theorem [13] all a,,V,, are 2-summing and

(Slmtenvir?)”

n=1

2
< mo(My)|lall-

Thus V,, are 2-summing and for each a = (ay,)nen € I,
0 1/2
(D lanPima(V)l?) ™ < ma(aty)lall

n=1
Then, since 1/2 = 1/r + 1/p*, we deduce (m2(Vy))nen € [+ and
1/2

(i[ﬂﬂvﬂ)]p*)l/p* = sup (i |an|2[7T2(Vn)]2) < mo(My).
1

flall-<1

n=

(ii)=(i). Write a = (m2(V},))nen € lp+. Then My has the factorization

My« (&) 2975 gy () 2V g, (1) s 1,().

By (ii) and the nontrivial part of Theorem [3| M,y is 2-summing with
mo(Msgny) < 1, and by (ii), M,7 is bounded linear with ||M,7|| = ||a||p=.
Thus My is 2-summing and 7a(My) < ||lal|p+, i.e. (i) holds. m
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