STUDIA MATHEMATICA 217 (1) (2013)

LP spectral multipliers on the free group Ns,
by

ALESSIO MARTINI and DETLEF MULLER (Kiel)

Abstract. Let L be a homogeneous sublaplacian on the 6-dimensional free 2-step
nilpotent Lie group N3 2 on three generators. We prove a theorem of Mikhlin-Hérmander
type for the functional calculus of L, where the order of differentiability s > 6/2 is required
on the multiplier.

1. Introduction. The free 2-step nilpotent Lie group N32 on three
generators is the simply connected, connected nilpotent Lie group defined
by the relations

(X1, Xo] =Y3,  [Xo, X3|=Y1, [X3,X1]=1Y,

where X1, X9, X3,Y1,Y5,Y3 is a basis of its Lie algebra (that is, the Lie
algebra of left-invariant vector fields on N32). In exponential coordinates,
N3 o can be identified with Ri X Rg, where the group law is given by

(z,y) - (2',¢)) = (@ + 2/, y +y + 2 A2'/2)

and z Az’ denotes the usual vector product of x, 2" € R3. The family (6;)¢>0
of automorphic dilations of N3 9, defined by

5t($, y) - <t$7 to)a
turns N3 o into a stratified group of homogeneous dimension @ = 9.

Let L be a homogeneous sublaplacian on N3 o; without loss of generality,
we may assume that L = —(X?+ X35+ X3). Since L is a self-adjoint operator
on L?(N32), a functional calculus for L is defined via spectral integration
and, for all Borel functions F' : R — C, the operator F(L) is bounded on
L*(N32) whenever the “spectral multiplier” F is a bounded function. Here
we are interested in giving a sufficient condition for the LP-boundedness
(for p # 2) of the operator F(L), in terms of smoothness properties of the
multiplier F'.
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Let W3 (R) denote the L? Sobolev space of (fractional) order s. Then our
main result reads as follows.

THEOREM 1.1. Suppose that a function F': R — C satisfies
sup [|nF'(t-)[lw; < oo
>0

for some s > 6/2 and some nonzero n € C°(]0,00[). Then the operator
F(L) is of weak type (1,1) and bounded on LP(N3 ) for all p € |1, 00].

Observe that the general multiplier theorem for homogeneous sublapla-
cians on stratified Lie groups by Christ [3] and Mauceri and Meda [16]
requires the stronger regularity condition s > @)/2 = 9/2. To the best of our
knowledge, in the case of N32 none of the results and techniques known so
far allowed one to go below the condition s > @)/2. Our result pushes the
regularity assumption down to s > d/2 = 6/2, where d = 6 is the topological
dimension of N3o. We conjecture that this condition is sharp.

The problem of LP-boundedness for spectral multipliers on nilpotent Lie
groups has a long history, and the theorem by Christ and Mauceri and Meda
is itself an improvement of a series of previous results (see, e.g., [4, Ol [B]).
Nevertheless it is still an open question whether the homogeneous dimen-
sion in the smoothness condition may always be replaced by the topological
dimension.

It has been known for a long time [I0} 19] that such an improvement of
the multiplier theorem holds true in the case of the Heisenberg and related
groups (more precisely, for direct products of Métivier and abelian groups;
see also [I1], [14]). This class of groups, however, does not include N3 o, or
any free 2-step nilpotent group Ny, 2 on n generators (see [20, §3] for a defini-
tion), except for the smallest one, N3 o, which is the 3-dimensional Heisen-
berg group. The free groups N, 2 have in a sense the maximal structural
complexity among 2-step groups, since every 2-step nilpotent Lie group is
a quotient of a free one. Our result should then hopefully shed some new
light and contribute to the understanding of the problem for general 2-step
nilpotent Lie groups.

2. Strategy of the proof. The sublaplacian L is a left-invariant oper-
ator on N3 o, hence any operator of the form F(L) is left-invariant too. Let
Kr(ry then denote the convolution kernel of F'(L). As shown, e.g., in [14]
Theorem 4.6], the previous Theorem is a consequence of the following
L'-estimate.

PROPOSITION 2.1. For all s > 6/2, for all compact sets K C |0, 00[, and
for all functions F : R — C such that supp F' C K,

(2.1) IKr)llt < Cr sl Fllw;-



LP spectral multipliers on N3 o 43

Let | - |[s be any d;-homogeneous norm on N3 o; take, e.g., |(z,y)|s =
|z| 4 |y|*/2. The crucial estimate in the proof in [I6] of the general theorem
for stratified groups, that is,

(2.2) A+ 116 Kewllz < Cxapll Fllyp

for all & > 0 and 8 > «, implies (2.1)) when s > 9/2, by Holder’s inequality.
In order to push the condition down to s > 6/2, here we prove an enhanced

version of (2.2)), namely
(2.3) A +1-16)"w Krpylls < Craprl Fllyye,

for some “extra weight” function w on N3 2, and suitable constraints on the
exponents «, 3, 1.

A similar approach is adopted in the above-mentioned works on the
Heisenberg and related groups. However, in [19] the extra weight w is the
full weight 1+ | - |5, while [10] employs the weight w(z,y) = 1 + |x|. Here
instead the weight w(z,y) = 1 + |y| is used, and is proved under the
conditions o > 0, 0 < r < 3/2, § > a + r (see Proposition below).

The proof of when o = 0 is based on a careful analysis exploiting
identities for Laguerre polynomials, somewhat in the spirit of [4, 19, 18], but
with additional complexity due, inter alia, to the simultaneous use of gen-
eralized Laguerre polynomials of different types. The estimate for arbitrary
« is then recovered by interpolation with . An analogous strategy is
followed in [15], where identities for Hermite polynomials are used in order
to prove a sharp spectral multiplier theorem for Grushin operators.

3. A joint functional calculus. It is convenient for us to embed the
functional calculus for the sublaplacian L in a larger functional calculus for
a system of commuting left-invariant differential operators on N3 2. Specifi-
cally, the operators

(3.1) L, —iY;, —iYa, —iY3

are essentially self-adjoint and commute strongly, hence they admit a joint
functional calculus (see, e.g., [13]).

If Y denotes the “vector of operators” (—iYy, —iYs, —iY3), then we can
express the convolution kernel K¢(r vy of the operator G(L,Y) in terms of
Laguerre functions (cf. [7]). Namely, for all n,k € N, let

—k_u n
(k) u "e" (d ktn —u
L (u) = n! <du (u™"e™)
be the nth Laguerre polynomial of type k, and define
L) = (—=1)"e " LY (20).
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Further, for all n € R?\ {0} and ¢ € R?, define §|7|7 and ¢ by
1 =&n/lnh), &L =&=¢&/n/Inl.

PROPOSITION 3.1. Let G : R* — C be in the Schwartz class, and set

(3.2) m(n, p,n) = G((2n + 1)|n| + 1*,n)
foralln €N, p e R, n € R® withn #0. Then

Kawy)(@,v)

2 . .
= @ )} 2 mle L LVELP/ et S dg dn.
R3 R3 neN

~ Proof. For all € R3 \ {0}, choose a unit vector E, € nt, and set
E, = (n/In]) A E,; moreover, for all z € R3, denote by z, x1, x|7|7 the

components of 2 with respect to the positive orthonormal basis E", E",
n/ln| of R®.

For all n € R3\ {0} and all u € R, an irreducible unitary representation
Ty Of N3 o on L(R) is defined by

T u(T,y)P(u) = ei<n,y>ei\n|(u+x§’/2)xgemﬁ¢(m,l7 +u)

for all (z,y) € N32, u € R, ¢ € L*(R). Following e.g. [I, §2], one can see
that these representations are sufficient to write the Plancherel formula for
the group Fourier transform of N3 o, and the corresponding Fourier inversion
formula:

(33)  fla)= @07 | [l g (0)nl dudy
R3\{0} R
for all f : N3s — C in the Schwartz class and all (z,y) € N32, where
Wn,u(f) = SN&Q f(z)ﬂnw(z_l) dz.
Fix n € R3\ {0} and u € R. The operators (3.1) are represented in 7,

as
(3.4) dmy (L) = =02+ |n|*u® + (%, dmyu(—iY;) = n;.
If A, is the nth Hermite function, that is,
d n
ha(t) = <—1>”<n!2%>1/%t2/2(dt)

and Bn,n is defined by
g (1) = [ o (I[P 0),

then {h, , }nen is a complete orthonormal system for L?(R), made of joint
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eigenfunctions of the operators (3.4)); in fact,

(3 5) dﬂﬂ,ll(L)iLn,n = (\77\(2?“6 + 1) + Mz)iln,m
Ay, (=iY5)hyn = 15l 0.

Moreover the corresponding diagonal matrix coefficients ¢, , of m, , are
given by

Pn,u,n n(®,y) = <7T17 “(x yﬁln,mﬁn,n)
e 09 g U2 § et (] Y2 (- 2 /2) Y (] 2 (e — 27 /2)) d
R

The last integral is essentially the Fourier—Wigner transform of the pair
(hn, hy), whose Fourier transform has a particularly simple expression (cf.
[8, formula (1.90)]); the parity of the Hermite functions then yields

; iz (—1)" ivor™ gl

o n(l') y) — ez(n,y)e K S elv2Tg piv1z]
w w2,
x § eI o (v /02 (¢ = v/ I /2) dit do,
R
that is,
1 . 4 . A
(3.6) P (T,y) = ﬁe“ﬂv%wﬁ | et etvam 20 (o2 |n)) dv
mn

R2
(see [21, Theorem 1.3.4] or [8, Theorem 1.104]).

Note that K¢z y) € S(N32) since G € S(R?) (see [2, Theorem 5.2] or
[12], §4.2]). Moreover

7T77#(’CG(L,Y));Ln,n =G(n[(2n+1) + H2a U)Bn,n
by (3.5) and [I7, Proposition 1.1], hence

<7rn,u($ay)ﬂ'n,u(’CG(L,Y))hn,nahn, ) = m(n, u, 77)907] pn n(z,y).
Therefore, by (3.3) and (3.6)),
Kawx)(z,y)
=@m) D mn,pmn)enun(,y)nl dudy

R3\{0} RneN
2 ; i(&, (2 xl x)
= (27T)6 S S Zm(n7€3777)61<77»y>e <§7( 1:%2 ||)>££LO)((€% +§%)/|7]|)d§d7]
R3 R3 neN

The conclusion follows by a change of variable in the inner integral. m
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4. Weighted estimates. For convenience, set E%k) =0 for all n < 0.
The following identities are easily obtained from the properties of Laguerre
polynomials (see, e.g., [6, §10.12]).

LEMMA 4.1. For all k,n,n’ € N and t € R,
(4.1) £B () = L350 + LED @),

(4.2 S0 = LD ()~ £l o),
(43) J L)L (@t de = { P
0 0 otherwise.

We introduce some operators on functions f : N x R x R? — C:

Tf(n,pu,m) = f(n+1,1,7m),
8f(n, u,m) = f(n+ Lu,n) — f(n, pm,n),

Ouf(n,p,m) = f( n, 1, 1),
08 f(n, ) = ((,fn) Fm ),

for all @ € N®. For each multiindex o € N?, we denote by || its length
a1 + ag + as. We set moreover (t) = 2[t| + 1 for all t € R.

Note that, for all compactly supported f : N x R x R® — C, 7! f is null
for all sufficiently large [ € N; hence the operator 1 + 7, when restricted to
the set of compactly supported functions, is invertible, with inverse given

by
(L+m)7 =Y (-)'7f,
leN
and therefore the operator (1 + 7)? is well-defined for all ¢ € Z.

PROPOSITION 4.2. Let G : R* — C be smooth and compactly supported
in R x (R3\ {0}), and let m(n, p,n) be defined by (3.2). Then for all « € N3,

(4.4) S Y Kewy) (@,y) dz dy

N3 2
< Co S0 | V1ay aleste (1 + 1) 1R, o, )2

t€loa nENR3 R

2bL|n|2\'¢|72|a\*2kb+lﬁbl+1<n>\ﬁ"\ dudn,

where I, is a finite set and, for all v € I,

e v eN? I,k €N, v <o, min{l,|a|} < ||+ +k <|af,
e b €N, B N3 b+ |8 =1, +2k, |4 +1,+b <lal
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Proof. Proposition [3.1] and integration by parts allow us to write
(4.5) ya’CG(L,Y) (z,9)
2 Ak 0 i(n,y)
=@ ) M |(5y) o mlngme (gL nh e d di.
3

0
R3 R L neN

From the definition of 5‘7‘7 and ¢, the following identities are not difficult to

obtain:
9 9 (em e O Mk
wy 1= EDig gy €D = g~ i
‘ iﬁ — U(é- ) ‘5 ‘2 "y ]
anj |n| I “!77\2 P

The multiindex notation will also be used as follows:
(€7 = EHMEDREDs
for all £, € R, with n # 0, and all 8 € N3; consequently,
€77 = (€1) 00 4 (£1)( @20 4 (¢7)©002),

Via these identities, one can prove inductively that, for all a € N3,

an () Sming e el Pl

neN

=3 oy ol mn, €] (€)1 0. LE (€T /1),

1€lo neN

where I, 7%, 1, k., b,, * are as in the statement above, while ©, : R3 \ {0}
— R is smooth and homogeneous of degree |v*| — |a| — k,. For the induc-
tive step, one employs Leibniz’ rule, and when a derivative hits a Laguerre
function, the identity together with summation by parts is used.

Note that, for all compactly supported f: N x R x R3 — C,
D f )L () = Y (L 1) f () LD (),
neN neN

by (4.1)). Since 1 + 7 is invertible, simple manipulations and iteration yield
the more general identity

D Fpm£P ) = > 1+ F fn, ) £ (1)
neN neN

for all k, k" € N. This formula allows us to adjust in (4.7)) the type of the
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Laguerre functions to the exponent of £, and to deduce that

(5) S mtm gm0t /i)

on
neN
— Z Z 8#8};6’“%1 + 7)1k (n, Eﬁ], n)
1€l neN
x (€N €D eumLI V(T In]).

By plugging this identity into (4.5) and exploiting Plancherel’s formula for
the Fourier transform, the finiteness of I, and the triangular inequality, we
get

\ 1v"Kawy) (@ v))? de dy
N3 2

L L) __ L 2
<Ca > VT TS 05 a0 7)1, ) 207D/ )
1€l R3RR2 neN
X P g dC dpe .

The passage to polar coordinates in the (-integral and rescaling then give

\ 19 Kerx (@, y)? do dy
N3 2

oo
L L L 2 .
<G> |V} ]Z A e (1 + 7)P1 =K, i, P |>(S)‘ S8 g
1€l R3R 0 neN
X ,u2bb|n|2‘7L|—2|a‘—2kL+|5L|+l dp, dna

and the conclusion follows by applying the orthogonality relations (4.3) for
the Laguerre functions to the inner integral. m

Note that 7f(-, u,m), 6 f (-, ., m) depend only on f(-, i, n); in other words,
7 and d can be considered as operators on functions N — C. The next lemma
will be useful in converting finite differences into continuous derivatives.

LEMMA 4.3. Let f : N — C have a smooth extension f : [0,00[ — C,
and let k € N. Then

6% f(m) = | F¥(n + 5) dui(s)
Ji
for allm € N, where Jy, = [0,k] and vy is a Borel probability measure on Jy.
In particular
FF)P < § 17D (4 5)[ dvi(s)
Jk
for allm € N.
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Proof. Iterated application of the fundamental theorem of integral cal-
culus gives

Ffm)y= | FPn+si+--+sp)ds.
[0,1]F
The conclusion follows by taking as vy the push-forward of the uniform

distribution on [0,1]* via the map (s1,...,5%) + 81 + -+ + s, and by
Hoélder’s inequality. =

We now give a simplified version of the right-hand side of , in the
case where we restrict to the functional calculus for the sublaplacian L alone.
In order to avoid divergent series, however, it is convenient to first truncate
the multiplier along the spectrum of Y.

LEMMA 4.4. Let x € C(R) be supported in [1/2,2], K C ]0,00] be
compact and M € |0,00[. If F : R — C is smooth and supported in K, and
Fu : R x R? — C is given by
then, for all r € [0, 00|,

2 _
VW Ky o) (2,9)] dady < Cre r MP727|[ Iy

N3 2

Proof. We may restrict to the case r € N, the other cases being recovered
a posteriori by interpolation. Hence we need to prove that

(4.8) V19" KCry iy (2, y)* do dy < CK,X,QM3_2|O‘||\F||‘2,VQ\Q|
N3 2

for all & € N2, On the other hand, if

m(n, p,n) = F([n|{n) + p*)x(|Inl/M),

then the left-hand side of (4.8) can be majorized by (4.4]), and we are reduced
to proving that

(@9) 30 | V1 i (14 ) e g ) 2 g2 22
neENR3 R

< () dudy < Crcpon ™ 2P2

for all v € I,.
Consider first the case |3*| > k,. A smooth extension m : RxRxR3 — C
of m is defined by

m(t, p,m) = F(|nl(2t + 1) + @) x(Inl/M).
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Then, by Lemma [4.3]

0y oy o* (14 7)1 Fem(n, )

|ﬁb|_kb |ﬁb‘ o k;
=X (7R Taeatat i+ sman(e),

j=0 Ju

where J, = [0,k,] and v, is a suitable probability measure on J,; conse-
quently, inequality (4.9) will be proved if we show that

(4.20) > § V107 0o mn + s, ) P 012l S
neNR3 R

< (0)/# dpudy < Ciepe M 21 P2
for all s € [0,]5"|]. On the other hand, it is easily proved inductively that
Y o ofemt, p,m)

I [l |yt l=v

= 30 TS W ) MR (1) 4 )X (] /M)

r=[1,/2] v=0 ¢=0

for all t > 0, where ¥, ,, : R?\ {0} — R is smooth and homogeneous of
degree k, + v + ¢ — |7*|; hence

Lo
(411) |87 alLakL (t L, )|2 < Cxa Z ZM2k L 20—2|yt |< >2U,LL4T 21,
r=[1,/2] v=0

< [FEFE (n|(t) + 12) % (Inl/M),

where Y is the characteristic function of [1/2,2], and we are using the fact
that |n| ~ M in the region where x(|n|/M) # 0. Consequently, the left-hand
side of (4.10) is majorized by

L1l
Z 3 a2 3 ) 2

=[1,/2] v=0 neN

< | V[FEE (nl(n + s) 4+ p?) 2?42yl /M) dpdn

R3 R
L
< Cxa Z ZM2v—2|a\+|,3L|+3 Z<n + S>|5b|+2v
r=[l, /2] v=0 neN

o0 o0

$ §IER (ol 4 ) + a2 P2 (o M) dadp
00
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l, [v*] 00 00

< Cx,a Z ZM2v72|a\+|ﬁL|+3 S S ’F(kb+v+r)(p+1u2)|2
r=[l,/2] v=0 00

x pu2betar=2L Z(n + )P 215 o/ ((n + s)M)) dp dp,
neN

by passing to polar coordinates and rescaling. The last sum in n is easily
controlled by (p/M)IPH2v hence the left-hand side of ([#.10)) is majorized
by

‘|

LI

o0 OO
Crad®2el 3" | | Fetotn) (p g p2) 2o tar =2t I8 120 gy dp
r=[1,/2]v=0 0 0

I, |’7L‘ oo

< CrpaM®200 3" N sup | [FEF (o4 w)2 dp,
r= |—ZL/2-‘ =0 uG[O,maX K] 0

because 2b, + 4r — 2[, > 0 and |B*| + 2v > 0 if r and v are in the range of

summation, and supp F' C K. Since moreover k, +v+7r < k, + |v*|+1, < |a],

the last integral is dominated by ||F H?/V“" uniformly in r,v,u, and (4.10))
2

follows.
Consider now the case |5*| < k,. Via the identity

A+7)t=1-71-7)"1=-6(1-7)""1= —5iT2j,
3=0

together with Lemma we obtain
¢ lL kL BL _kL
(4.12) Oy 00" (1 + B =Rem(n, p,n)

B I A
=(-1" BZ( kb—lﬁ‘q_‘l J o o op™ " i (n+2j+s, 1, m) v (s),
Jj=0 J.

where J, = [0, 2k, —|3"]] and v, is a suitable probability measure on J,. Note
that, because of the assumptions on the supports of F' and Yy, the sum on
j on the right-hand side of is a finite sum, that is, the jth summand
is nonzero only if (n + 2j) < 2M ! max K; consequently, by applying the
Cauchy—Schwarz inequality to the sum in j, and by ,

87" 0 6% (1 7)1 = Hem (n, o, )
o0
< CreaM 01287 103 0071 i 425+ s, 1) P v (s)
Jj=0J,
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Lol
< CKxa Z ZM1+2I€ L +20—2|7| Z S n+2j+ S>2vﬂ4r 21,
r=[1,/2] v=0 J=0J,

s [FCRAS ) (gl 4 25 + ) + a2) PRl /M) dw ().

Remember that |n| ~ M in the region where x(|n|/M) # 0. Hence the
left-hand side of (4.9) is majorized by

Lol

CKO(,OI Z Z S Zz<n+2j+8>2v<n>|ﬁb| S SM2+21)72|04|+|5L|

r=[1,/2] v=0 J, neN jeN R3R

x g2 AT =2 pRREIBHROE) (1 (4 25+ 5) 4 1) |2 (|l /M) dpd du, (s)
Lo

<Okxa D DV (424 syt S S A4+20—2lal+18|
00

r=[1,/2] v=0 J, neN jeN
x P2 pERIBTRR) (00 4 25+ 5) + 1) X (/M) dpdp v (s)

L, [ 00 0O
< Ckya Z ZM4+2”—2|04+|5L| S S | R84 2))2
r=[1,/2] v=0

27 M
2bL+4’r‘ 21, S Z X p/ n+ J +S> )) dUL(S) d,ud,o,

5 e (2 4 s) 2ol

by passing to polar coordinates and rescaling. The sum in (n, j) is dominated
by (p/M)? 1B +1 uniformly in s € J,, and moreover supp F' C K. Therefore
the left-hand side of (4.9) is majorized by

I, |’Y I oo

UK x.a M2 Z Z sup S |F(2kb—lﬂbl+v+r)(p+u)|2 dp.
l/2 o= OUE[O max K] 0

On the other hand, b, + |8*| = I, + 2k,, hence 2k, — |B'| + v+ r < 2k, —
1B + |7 + 1, = b, + |v*| < || if r and v are in the range of summation,
therefore the last integral is dominated by ||FH2 1ol uniformly in 7, v, u, and

follows. m

PROPOSITION 4.5. Let F': R — C be smooth and such that supp F' C K
for some compact set K C]0,00[. Then for all r €]0,3/2],

V 1+ ) ey (@, 9))* dedy < Cre,||IF |3y,
N3,2
Proof. Take x € C£°(]0, ool) such that supp x C[1/2,2] and Y°, .5 x(27%1)
= 1 for all ¢ € ]0,00[. Note that, if (A,n) belongs to the joint spectrum
of L,Y, then |n| < A. Therefore, if kx € Z is sufficiently large so that
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2k =1 > max K, and if Fys is defined for all M € ]0,00[ as in Lemma
then
F(L)y= Y  Fu(LY)
kEZ, k<ky

(with convergence in the strong sense). Hence an estimate for Kpr) can
be obtained, via Minkowski’s inequality, by summing the corresponding
estimates for ICF2,C (L,Y) given by Lemma If r < 3/2, then the series

> <k (26)3277 converges, thus

2
V1l Kpy (@, y)]” dedy < Cr || Flfys-
N3 2
The conclusion follows by combining the last inequality with the correspond-
ing one for r =0. =

Recall that |- |5 denotes a d;-homogeneous norm on N3 o, thus |(x,y)|s ~
|z| + |y|*/2. Interpolation then allows us to improve the standard weighted
estimate for a homogeneous sublaplacian on a stratified group.

PrOPOSITION 4.6. Let F': R — C be smooth and such that supp F' C K
for some compact set K C ]0,00[. Then for all r € [0,3/2[, a > 0 and
B>a+r,

(413) | 1@+ 1@yl (A + W) Kpy (@) dedy < Ckapr
N3 2

Fl2 ,.
||W2B

Proof. Note that 1+ |y| < C(1 + |(x,y)|5)?. Hence, in the case a > 0,
B > a + 2r, the inequality follows by the standard estimate of [16],
Lemma 1.2]. On the other hand, if « = 0 and 5 > r, then is given by
Proposition The full range of o and 3 is then obtained by interpolation
(cf. the proof of [16, Lemma 1.2]). =

We can finally prove the fundamental L'-estimate, and consequently
Theorem [L.1]

Proof of Proposition[2.1 Taker € ]9/2—s,3/2[. Then s—r > 3/24+3—2r,
hence we can find ay > 3/2 and as > 3 — 2r such that s — r > a; + as.
Therefore, by Proposition and Holder’s inequality,

IKp@) T < CrallFlfvs | 1+ [, 9)ls) "2 202 (1 + [y)) =" da dy.
N3 2

The integral on the right-hand side is finite, because 2ay > 3, ag + 21 > 3,
and

L+ (2, 9)]s) 7207202 (L 4 Jy) 72 < Co(L+ |2) 2 (1 + y)) 277,

and we are done. =
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