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How far is C'(w) from the other C'(K) spaces?
by

LEANDRO CANDIDO and ELOI MEDINA GALEGO (Sao Paulo)

Abstract. Let us denote by C(«a) the classical Banach space C'(K) when K is the
interval of ordinals [1,a] endowed with the order topology. In the present paper, we
give an answer to a 1960 Bessaga and Pelczyriski question by providing tight bounds
for the Banach—-Mazur distance between C'(w) and any other C'(K) space which is isomor-
phic to it. More precisely, we obtain lower bounds L(n, k) and upper bounds U(n, k) on
d(C(w),C(w™k)) such that U(n, k) — L(n,k) <2 forall 1 <n,k < w.

1. Introduction. We follow the standard notation and terminology of
Banach spaces theory that can be found in [6]. Let K be a compact Hausdorff
space. We denote by C(K') the Banach space of all continuous scalar valued
functions defined on K, endowed with the supremum norm. The variation
of a measure p will be denoted by |u|. The symbol K may denote the field
of real numbers R or the field of complex numbers C. If « is an ordinal
number, then [1,a] denotes the interval {7y : 1 < v < a} endowed with
the order topology. The space C([1,«]) will be denoted by C(«a). As usual,
w denotes the first infinite ordinal and w; the first uncountable ordinal. For
isomorphic Banach spaces X and Y (written X ~ Y, let d(X,Y’) denote the
Banach-Mazur distance between them, defined to be inf{||T|| |7~!||} where
the infimum is taken over all isomorphisms 1" from X onto Y.

In this work we are mainly interested in studying the Banach—Mazur
distances between C(w) and other C'(K') spaces which are isomorphic to it.
First of all notice that in this case by the well-known Mazurkiewicz and
Sierpiriski theorem [7] and the classical isomorphic classification of C(«)
spaces, w < a < wi, due to Bessaga and Pelczyniski [, it follows that C(K)
is isomorphic to some C(w"k) space with 1 <n,k < w.

The motivation for this research comes from [I]. There, the authors stated
that if w < o < 8 < wy, then C(«) is isomorphic to C(f) if and only if there
exists 1 < n < w such that a” < 8 < a™*!. Moreover, in this case, they

2010 Mathematics Subject Classification: Primary 46B03, 46E15; Secondary 46B25.
Key words and phrases: C'(w) and C'(K) spaces, Banach-Mazur distance.

DOI: 10.4064/sm217-2-2 [123] © Instytut Matematyczny PAN, 2013



124 L. Candido and E. M. Galego

proved that
n < d(C(a),C(B)) < 4™,

It was also indicated in [I, p. 59] that it would be interesting to obtain an
estimate of the form

G(n) <d(C(e),C(B)) < H(n),
where
(1.1) sup(H(n)/G(n)) < oo.

The purpose of the present paper is to get such an estimate in the case where
a = w. Thus, we focus on lower bounds L(n, k) and upper bounds U(n, k)
on the distances between C(w) and C(w"k), 1 < n,k < w. In this case, we
establish something more than . Namely, our estimate satisfies

(1.2) U(n,k) — L(n,k) <2, V1<n,k<w.
Indeed, we find the following bounds:
1 iftn=1, k=1,

Lin k) = 3 ?fnzl,k:>1,
2n—1 ifn>1 k=1,
2n+1 ifn>1k>1,

and
1 ifn=1k=1,
3 iftn=1, k=2,
Un,k) =< 2+V5 ifn=1,k%>2,

n+y/(n—1)n+3) ifn>1k=1,

n+1+y/nn+4) ifn>1k>1.
Therefore it is easy to check that holds. We stress that in [5] it has
already been proved that d(C(w),C(w2)) = 3 and d(C(w),C(wk)) > 3 for
every k > 3.
Of course, the above tight bounds lead naturally to the following conjec-
ture on the exact values of the distances between the Banach spaces we are
considering.

CONJECTURE 1.1. Let n > 2 and k > 2 be integers. Then

(a) d(C(w),C(w(k+1)) is equal to 3, 4 or 2 +/5.

(b) d(C(w),C(w™)) is equal to 2n — 1, 2n or n++/(n — 1)(n + 3).

(¢) d(C(w),C(w"k)) is equal to 2n+ 1, 2n+2 or n+ 1 ++/n(n + 4).

The paper is organized as follows. In Section 2, inspired by [2] and [3], we
prove the following result which was our guide in the search for tight bounds

satisfying (|1.2)). Recall that for a positive integer n, the nth derived of K,
K™ s defined by induction: K@ = K, K1 is the set of non-isolated points
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of K, and K1) = (K()1) The cardinality of a set I" will be denoted
by [I'].

THEOREM 1.2. Let I be an infinite compact Hausdorff space with F() =0.
Then for every compact Hausdorﬂ space K and 1 <n < w, we have

C(K) ~ C(F) and |K™| > |FV| = d(C(K),C(F)) > 2n+1.

Thus, since [1,w™k]™ = {w",w"2,...,w"k}, 1 < n,k < w, as an imme-
diate consequence of Theorem [I.2] we obtain the following lower bounds on
distances between C'(w) and the C(w™k) spaces, 1 < n, k < w.

COROLLARY 1.3. Suppose that 1 < n,k <w. Then

(a) d(C(w),C(wk)) =3

(b) d(C(w),C(w™)) > 2n — 1.

(¢) d(C(w),C(w"k)) > 2n+ 1.

In Section 3, we turn our attention to upper bounds on the distances
between C(w) and C(w"k), 1 < n, k < w. In view of Corollary[L.3] our task is
to search for isomorphisms 7" from C'(w) onto C(w™) (resp. C(w™k)) such that
the product ||T|| |7~ is not too far from 2n — 1 (resp. 2n+1). In Theorem

we present some special such isomorphisms. Finally, in Section 4, as an
immediate consequence, we prove the following result.

THEOREM 1.4. Suppose that 1 < n,k < w. Then
@)ﬂC()C( k)) <2 +V5.

(b) d(C(w),C(w™)) <n+y/(n—1)(n+ 3).

(¢) d(C(w),C(w"k)) <n+1+4++/n(n+4).

2. A lower bound on d(C(K),C(F)) where F(®) = . The main aim
of this section is to prove Theorem[I.2] Before, we need to state two auxiliary
results. For a subset A of a topological space K we denote by A the set of
interior points of A. Recall that an isomorphism 7' of C(K) into C(F) is
said to be norm-increasing if ||f|| < ||Tf|| for every f € C(K).

PROPOSITION 2.1. Let F' be an infinite compact Hausdorff space with
F® =0, K a compact Hausdorff space and T a norm-increasing isomor-
phism from C(K) into C(F). Let 1 < n < w, 9 € K™, Ky a compact
neighborhood of xp, 0 < € < 1 and hg € C(K) such that 0 < hg < 1,
ho(x) = 1 for each © € Ko and |Tho(y)| < € for every y € FO). Then
there are points x1,...,Tn_1 € K, compact subsets Ki,...,K,_1 of K and
functions hi, ..., hnp—1 in C(K) satisfying

(a) z; eK;,NK" for0<i<n-—1.

(b) Kz‘Cf(i_l fOT‘lS’iSn—l.

() 0 < hy <1, hi(z) =1 ifx € K;, and hi(z) =0 if x ¢ K;_q, for

1<i<n—1.
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(d) The sets G; ={y € F : |Thi(y)| > €}, 0 <i<n—1, are non-empty
and pairwise disjoint sets of isolated points.

Proof. Since T is norm-increasing and 0 < € < 1, the set Gq is clearly
non-empty. Moreover, it is finite: otherwise we would have Gy N F(1) = ¢,
contrary to our hypothesis. Next, given 0 < r < n — 1, suppose that we have
obtained points zg,x1,...,x,, compact sets Ky, K1,..., K,, and functions
ho,h1, ..., h, in C(K) satisfying (a)—(d) above.

Since K is a compact Hausdorff space and K™ £ (), it is possible to
find points b1, bo, ... in (KT \ {z,})N K@==1) pairwise disjoint open sets
Ui,Us, ... and compact subsets My, Mo, ... such that

bie€M;C M; CU; C K,, i€N.

By the Urysohn Lemma [4, Theorem 1.5.11, p. 41], we can find functions
91,92, .. € C(K) such that, for every i € N, 0 < ¢g; < 1, gi(x) = 1 if
z € M;, and gi(z) = 0 if z ¢ U;. Since U; NU; = 0 if i # j, we have
gi - gj = 0 if i # j. Recalling that T" is norm-increasing and 0 < € < 1, the
sets {y € F': |Tgi(y)| > €} are non-empty for every i € N.

Next, define G = Gog U G1 U --- U G,. We claim that there exists s € N
such that

(2.1) {ye F:|Tgs(y)| = ey n(GUFY) =9.
Indeed, otherwise, assuming that G U F() = {y1,..., 4} and denoting
L= {jeN: [T >, 1<i<t,

we would obtain
NCIyuU---uUly,

and so I}, must be infinite for some 1 < p < ¢. Let p1,pa,... be distinct
integers in I,.

Pick m € N satisfying em > || T||. For each 1 < i < m let r; be a scalar
such that

ri* Tgp,(Yp) = [T'9p. (yp)|-

Since g; - gj = 0 if ¢ # 4, the function g = > " | ri - gp, € C(K) is such that
llg|l < 1. However,

171 2 170l = [7( 375 gn ) ()

=1
m m
= > Ton ()| = D 1Ty )| > T
=1 =1

this contradiction establishes our claim.

Finally, let s € N be chosen to satisfy . We set .11 = bs, Kry1 = Mg,
hri1 = gsand Gr41 = {y € F : |Tgs(y)| > €}. It is easy to check that (a)—(d)
hold for r + 1, so the proposition is proved. =
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PROPOSITION 2.2. Let F be an infinite compact Hausdorff space with
F® =0, K a compact Hausdorff space and T an isomorphism from C(K)
into C(F). Suppose that |K™| > |FM| for some 1 < n < w. Then for
every € > 0 there exists zo € K™, a compact neighborhood Kq of xo and
a function h € C(K) such that 0 < h <1, h(x) = 1 for every xz € K¢ and
|Th(y)| < € for every y € FO),

Proof. Towards a contradiction suppose € > 0 is such that |Th(y)]
for some y € F() whenever h € C(K) is such that 0 < h < 1 and h(x)
for every x in a Closed set Ky satisfying Kon K™ # 0.

Assume that |[F()| = m and pick distinct points 1, ..., 2Zpy1 in K™
with respective pairwise disjoint compact neighborhoods Ay, ..., Apn41. By
applying the Urysohn Lemma, we find functions h; € C(K), 1 <i<m+1,
such that 0 < h; <1, hij(z) =1 for every € A; and moreover h; - hj = 0 if
i .

Let 2! be the space K™*! provided with the maximum norm. For each

Z

a=(a,...,ams1) € IMF! consider the function
m+1
Yo = Zai-hi € C(K).
i=1
Notice that ||v4| = |la||. We can identify, in the usual manner, the space

C(FM) with I . Now define S : I+t1 — [ by
S(a) = Tyalpy, a€lZth

Clearly S is a linear operator. From our assumption, for every a €
there is a y € F(U) such that

1S(a)ll = [Tva(y)| = ellall-

Hence, S is an isomorphism of [2*! into I, which is impossible. m

m+1
loo

Now we are in a position to prove Theorem

Proof of Theorem 1.2. We will assume the existence of an isomorphism 7T’
of C(K) onto C(F) such that ||| ||T~!|| < 2n+1 and obtain a contradiction.

Without loss of generality we may assume that ||[T7!|| = 1 so that T is
norm-increasing. Otherwise we may simply replace 7" by the isomorphism
|71

Pick 0 < € < 1 and 1 > 0 such that

11— 2n+1)(1—e€) — ||T
||T|\<(2n+1)1T6 and T]<min{e,(n+ J1—¢) —| H}_
€

2
By Proposition there is 2o € K™ a compact neighborhood Kj of

xo and a function hy € C(K) such that 0 < hg < 1, ho(z) = 1 for every
z € Ky, and |Tho(y)| < € for every y € F(). Related to g, Ko, hg and € > 0,
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consider points x1,...,x,—1 € K, compact subsets K1,..., K,_1 C K, func-
tions hy,...,hp—1 € C(K) and subsets Go, G1,...,Gp—1 C F satisfying the
statements (a)—(d) of Proposition For each 0 <1i <mn — 1, define
9i = Xg, - Thi,

where x, stands for the characteristic function of G;. Notice that g; € C(F)
foreachégign—l.

Let G be the finite set U:‘L;ol G;. For each y € G let ¢, be the unit point
mass at y. By the Riesz Representation Theorem [§, Theorem 18.4.1, p. 312]
we identify J, with a linear functional in C'(F')*. Then it is clear that

H=|J{z e K:|T(,)I({z}) > n}
yeG

is a finite set. Hence, there is z € K,,_1 \ H such that |T*(5,)|({z}) < n for
each y € G. By regularity, we can find an open neighborhood of z, U C K,,_1,
such that |T%(d,)|(U) < n for every y € G.

Thanks to the Urysohn Lemma, we can take h,, € C(K) such that 0 <
hn, <1, hp(z) =1 and hy(z )infxgéU Let ao € C(F') be defined by

a(y) = go(y +2Zgl )+ 2Thu(y), y€F

Cramm 1. |laf = max{2||ThnH, la(y)| -y € G}.
In order to establish this, notice that for every y € G,
(22)  |Tha(y)| = |\ Thads,| = |\ dT*(3,)] < |T*(6,)1(U) < < 1.

On the other hand, if y — |Th,(y)| attains its maximum at yo € F', since
T is norm-increasing we have

(2.3) [ Tha(yo)l = [IThnll = 1,

and hence yo € F'\ G. Since a(y) = 2Th,(y) for y € F \ G, our claim is
established.

Cramm 2. |laf > 2n+1) — (2n — 1)e.

Since ||T~1||=1, we have

(24) |auz(\go+2§gi zHT—lgoufT—lgi
> |(ho +2Zh )) = (ho(z) = T "go = —22 ~ T7g,(2)

> [hofz) + 23 ha2)| ~ Iho(2) — T go2)| - 25 () - T ),
=1 i=1
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and since || f|| < [|Tf||, f € C(K), we have, for each 0 <i <n —1,
(2.5) |hi(2) = T gi(2)| < |lhi = T~ gill < ITh; — gl
= [[(1 = Xg,) - Thil]| <€

Putting and together and recalling the definition of h; we see
that Claim 2 is true.

In view of Claims 1 and 2 there are two possibilities:

(i) 2|IThyl > 2n+1) — (2n — 1),

(ii) |a(y)| > (2n+1) — (2n — 1)e for some y € G.

We will show that both lead to a contradiction.

Suppose first that (i) holds. Set A = T~1gg —2h,,. Since 0 < h,, < hg < 1
and || f|| < ||Tf|| for all f € C(K), for every x € K we have

T 0(2) — 2 ()] < [Bo() — 2ha(2)| + 1T~ g0() — ho(i)
<1+ (T go — holl < 1+41lgo — Tholl < 1+e.

So Al £1+e
Recalling (2.2)) and (2.3), we can fix yo € F \ G such that ||Th,| =
|Thn (o). It follows that

I T(A)(yo)| =2|Thn(yo)|=2[|Thn|| = (2n + 1) — (2n — 1)e>(2n + 1)(1 — ¢).
Consequently,
1—c¢

1
T —A 2 1
’ <1+e >H>("+ e

contradicting the choice of e.
Now, assume that (ii) holds. We distinguish two cases.

17l =

CASE 1: ||laf| = |a(yo)| for some yg € Gy. Since Go,Gy,...,Gp_1 are
pairwise disjoint we have

la(yo)| = |90(y0) + 2T hn(yo)| = (2n + 1) — (2n — 1)e.
By the choice of n we deduce
90(yo)| = (2n+1) = (2n — 1)e = 2|Thn(yo)|
>2n+1)—2n—1)e—2n>|T|.
Therefore,
17| = || Thol| = [Tho(yo)| = lgo(yo)| > [IT],
a contradiction.

CASE 2: ||| = |a(yo)| for some yo € Gj, i > 0. Since Gy, G1,...,Gn_1
are pairwise disjoint we have

la(yo)| = 129i(yo) + 2T hn(yo)| = (2n +1) — (2n — 1)e.
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By recalling (2.2) and since n < €, we infer
(2.6)  2lgi(uo)| = 2n+1) — (20— De — 2/Tha(o)] > 20+ 1)(1—e).

Next, set
Bi == T_lgo - th

Recalling that 0 < h; < hg <1 and ||f|| < [|Tf|| for all f € C(K), for every
x € K we have

T~ go(x) — 2hi(x)| < [ho(x) — 2hi(x)| + T~ go(x) — ho(z)|
<1+ T g0 = holl < 1+ llgo = Thol| <1+
It follows that || B;|| < 1+ €. Moreover, from ([2.6)), we conclude that
IT'Bi(yo)| = 2|Thi(yo)| = 2|gi(yo)| > 2n + 1)(1 —e).
Thus,

1—e¢

1
7| > \|IT( ——B; on +1
” ”—H (He )H>(”+ 1

+e€

a contradiction.
This completes the proof of Theorem .

3. Special isomorphisms between C(w) and C(w"k). The purpose
of this section is to prove Theorem [3.1] It establishes the existence of some
special isomorphisms between C(w) and C(w"k), where 1 < n,k < w, and
it will be the key ingredient in proving Theorem in the next section.

THEOREM 3.1. Let A > 1 be a real number and 1 < k,n < w ordinal
numbers. There is an isomorphism T of C(w™k) onto C(w) such that

2nA
mw{n1+lﬂA—1} ifk>1,
7|77 = N
el Y1) |
max ﬁ+1,214—1 ka‘:1andn>l

We start by proving two preliminary results on sequences of ordinal num-
bers (Propositions 3.4 and 3.5).

In order to simplify the notation of certain sequences of ordinal numbers
we will introduce some new terminology. First, we recall that each ordinal
number 1 < ¢ < w® can be written in a unique way in Cantor normal form

(see [8, p. 153])
(.1) € = WM e

where 0 <ni < - <np<w,1<mi <w,...,1<mp<wand 1<k <w.
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DEFINITION 3.2. For each ordinal number 1 < ¢ < w*, written in Cantor
normal form, as in 1' we set & 0] — ¢ and by induction

el = {w”kmk ot wmg + wm i =1,
- (elrthi ifl<r<w.

REMARK 3.3. By using the Cantor normal form, it is easy to see that
each ordinal number 1 < ¢ < w"*! admits a unique representation in the
form

(3.2) € =whip+w" lig -+ WU oIy

where 0 <j<n,1<i;<wand 0<4,, <wif0<r<j—1.
This alternative representation is more convenient for the function & &[]

of Definition For an ordinal 1 < ¢ < w™! written as in (3.2, we have
5[1] — w"io + w”_lil 4+ 4 wn—(j—l) (ij—l + 1),
= Wi+ W i 4 w02 (ij_o +1),

§[j_1} = w"ig + wn_l(il + 1),
el = W (ig + 1).
PROPOSITION 3.4. Let A and B be real numbers and 1 < n < w. For
each f € C(w™) consider the sequence (ag)i<e<wn defined by
{A if €= w",
ag = . n
CTABUO - FEM) F1<e<wn
Then for each € > 0 there are only a finite number of ordinals 1 < & < W™
such that |ag| > e.

Proof. We will argue by finite induction on n. Clearly, the proposition is
true for n = 1. Assume that it is true for n — 1 with n > 2. Fix f € C'(w")
and consider the sequence (a¢)i<¢<,n defined as in the statement.

Given € > 0, by the continuity of f there is 1 < m < w such that

¢ elw tm,w"] = |f(€) — flwh)] < 2(BI+1)

If £ € Jw" 'm,w"[, then &M € Jw™ 1m,w"]. Thus
lag = |BI1£(6) = FEM) < [BI(1£(6) = Fl)] +1£(") = Flw™))
| Ble | Ble
2(|Bl+1)  2(|B|+1)
For each 1 <7 < m define g, € C(w"!) by
gr(§) = f"Hr=1)+¢), 1<e<w"

< €.
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and consider the sequence (ag)lgggwn—l given by
{ A if £ =wn ™t
B(gr(§) — gr’(fm)) f1<¢< wn!

According to the induction hypothesis, there are only a finite number of
ordinals 1 < ¢ < w"™! such that |ag| > €. Moreover, by construction,

T __
a{—

ag = Qun—1(p_1)4&; 1<E< oL

So, we deduce that for each 1 < r < m there are only a finite number of
ordinals ¢ in the interval [w" (r — 1) + 1,w" 7] satisfying |a¢| > €. Since
[1,w"] is the union of the intervals [1,w™ 1],... [w" }(m — 1) + 1,w" 'm)]
and [w" 'm + 1,w"], we are done. =

PROPOSITION 3.5. Let A, B,C, D, E be real numbers and 1 < n,k < w.
For each f € C(w"k) consider the sequence (ag)i<e<wnk given by

A if €= W'k

B(f(&) — £(gM)) f&=w'(k—1)+w" Y, i>1,
C(f(&) — F(gM)) if €elw(k—1)+w" (i — 1), (k— 1) +w" Y, i > 1,
D(f(w"r) — f(w"k)) if E=w"r, 1<r<k—1,

E(f(&) - f(e™)) if §€lw(r—1),wr[1<r<k-1
Then for each € > 0 there are only a finite number of ordinals 1 < & < w"k
such that |ag| > e.

Proof. Fix f € C(w"k) and consider the sequence (a¢)i<¢<wni defined
as in the statement. Let g € C'(w™) be defined by

9 = fW"(k=1)+¢), 1<E<w,
and let (bg)1<¢<wn be given by
A if £€=uw",
Bg(¢) — g(el) if € =wti, i > 1,
Clg(€) — glel)) if € € Jum1(i — 1),n 4], i > 1.
According to Proposition there are only a finite number of ordinals 1 <
& < w" such that |be| > e. Since
be = aun(p—1)4¢, 1 <E< W,
we deduce that there are only a finite number of ordinals £ in the interval
(W (k —1) + 1,w"k] satisfying |a¢| > e.
If k> 1, for each 1 <r <k — 1 define h, € C(w") as follows:
he(§) = f(W"(r—1)+¢), 1<E<w™
Next, consider the sequence (cf)1<¢<wn given by
g { UL sk i e=on
CLEm(© - h(E) i 1< <w
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Once more, by Proposition [3.4], for each 1 < r < k — 1, there are only a
finite number of ordinals 1 < ¢ < w™ such that |cg| > ¢. Since

CE = aw"(r—l)—i—f? 1< f < w”,

we conclude that, for each 1 < r < k — 1, there are only a finite number of
ordinals & in the interval [w™(r — 1) + 1,w"r] satisfying |a¢| > €. Moreover,
since [1,w™k] is the union of the intervals [1,w"], ..., [w"(k—2)+1,w"(k—1)]
and [w"(k — 1) + 1,w"k], we are done. u

Now we are ready to prove Theorem

Proof of Theorem 3.1. Given 1 < k,n < w, let I, 1, 1 < k,;n < w,
be the interval |0,w"k|[ endowed with the discrete topology. We denote by
Kn ) = Ihy U {w"k} the Aleksandrov compactification of I, ;. In order to
simplify the proof, we will replace the space C'(w) by C(Ky, k). These spaces
are isometrically isomorphic.

Let A > 1. For each f € C(w"k) consider the function T'(f) : K, — K
defined by

T(f)(€) =
f(w™k) if € =w"k,
Af(§) = (A—1)f(eM) if €= wi(k—1)+w' b, i>1,
(”A’_11A<f(s) — FEM) + fWE) i E€]wn(k — 1) Hwm T (i 1),w" (k — 1) +o" ]
i>1,
Af(w"r) — (A—=1)f(w"k) fé&=w"r,1<r<k-1,
Anjll(f(i) — fEM) + fWk) i Eelw(r—1)wr1<r <k— L

We have to demonstrate that T'(f) € C(K,, ) for every f € C(w"k). Indeed,
given f € C(w"k) consider the function

G =T(f) - f(&"k).
More explicitly,

G =
0 if &€ =w"k,
A(F() = f(M) if §=w"(k—1)+w" ", i >1,
(nA__liAms) —fEM) i gelwt (k-1 Wi D)W (k- 1) Fw i 2
A(f(W™r) = f(w™k)) fE=w'r,1<r<k-1,
DAF© - FE) ekt Wt 1< <k

According to Proposition[3.5] for each € > 0 there are only a finite number
of ordinals € in the interval [1,w"k] satisfying |G(§)| > e. It follows that T'(f)
is continuous at w"k. Hence T'(f) € C(Kp ).
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Now it is easy to check that T defines a bounded linear operator from
C(w"k) to C(K, ). Moreover, if k > 1, then

2nA
. T = — +1,24-1
(3.3 I = max { 54+ 1,24~ 1},
while if £ =1 and n > 1, then
(3.4) IT| = max{w 41,24 — 1}.

Next, we recall Remark [3.3] and use the fact that every ordinal number
1 < & < w™ ! admits a unique representation in the form

(3.5) € =whip + W ligp 4o+ WU 4w
where 0 <j<n,1<i;<wand 0<%, <wif0<r<j—-1
For each g € C(K, ) we consider the function S(g) : [1,w"k] — K
defined by
g(w"k) if £ =Wk,
1 A-1 n : n n—1; .
S(g)(€) = Zg(é)—i—Tg(w k) if {=w"(k—1)4+w" i, i>1,
Zg(w”r) + %g(w”k) if&E=w'r, 1 <r<k-—1.
If € € Jw(k —1) +w" (G —1),w"(k —1)+w" i, 1 <i < w, and € is
written as in , then

A1 L2 1 A1
S@© = > (9(6") = g(w"R) + (€7 + = —g(w"k),
s=0
and if € € Jw™(r — 1),w"r[,1 <7 <k — 1, and £ is written as in (3.5)), then
A— i1 ) A—
S(9)(€) = D (9(€M) — gwk)) + g€ + S glw™h)
s=0

We will check that S(g) is continuous on [1,w"k] for every g € C(K,, 1)
Fix g € C(K, ) and & a non-isolated point of the interval [1,w"k]. Given
€ > 0 define

Ae={1<E<w"k:[g(§) — g(w"k)| = €/n}.
We distinguish two cases.
CASE 1: £y = w™k. Since A, is a finite set, there is 1 < m < w such that
Jw(k — 1) + " b, k[N A = 0.

It follows from the definition of S(g) that if £ € Jw"(k — 1) + " tm, w"k],
then

1S(9)(€) — S(g9)(&o)| < g(&1) — g(W"k)| 4 -+ |g(&s) — g(w™k)],
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where 1 <s<nand { =& <--- <& < w"k. Then

15(9)(&) — S(9)(6o)| <e.
CASE 2: 1 < & < w"k. We write & = w™ig + w" Yy 4+ -+ + w”*jz’j,
0<j<n0<ig<k-1,1<i;<wand0<4, <wif1<r<j -1
Since A, is a finite set, there is 1 < m < w such that
Jw"ip + -+ -+ W (i — 1) + WU Wi 4 -+ Wi [N A = 0.
On the other hand, if
€ elwmip+ -+ w"—j(ij —1)+ wn—(j'*‘l)m’w”io NI wn_jij[,

then there is 1 < s < n — j such that ¢[5) = &. By the definition of S(g), we
have

1S(9)(&) — S(9)(&o)| < 1g(61) — g(W"k)| + -+ + [g(&s) — g(w" k)],
where £ =& < -+ < & < &. Hence,

15(9)(§) = S(9)(&o)| <&,
so that S(g) is continuous at &. Therefore, S defines a function from C(K,, )
to C(w"k).

Next, we will check that S o T and T o S are, respectively, the iden-
tity operators in C'(w"k) and C(K, ). Indeed, let f € C(w"k) and £ €
[1,w"k].

If £ = w"k, then

(SoT)(N)(W"k) = T(f)(wW"k) = f(w"F).
If € =w(k—1)+w" i, 1 <i<w, then

A-1

(S0 TY(F)E) = 5T + T T(H"R)

1 n A-1 o
= G (Af(©) = (A= DFW"R)) + ——F(w"k) = f(£).

fe=wr, 1 <r<k-1, then

(S0 T)NE) = LT()e"r) + T () W)
1 n n A-1 nin
= LAsrn) - (A D) + ) = o).
Ifé&ewk—1)+w 16 —1),w"(k—1)+w" i1 <i<w,and £ is
written as in (3.5), then (S o T)(f)(€) is equal to
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j—2

A—1 & X . 1 - A-1 .
TIPS (TUE) = T R) + G TUET) + = =T()(w"k)
j—2
Afln >§% ((”A 25 - f<5[8+11>>> + F(EU)
= (f(©) = fEV ) + r(1) = £(©).
If ¢ € Jw™(r —1),w"r[,1 <7 < k—1, and £ is written as in (3.5), then

©n
o

T)(f)(§) is equal to

Jj—1 .
AAnlz FE) — T() k) + ZT()EN) + 22T () @)

ST < (e - f(é“”))) + f(€)

s=

= (£(&) = £(€) + (€l = £(9).

We conclude that (S oT)(f) = f for all f € C(w"k).
Now, let g € Co(Ky ) and € € K, k.
If £ = wW"k, then

(T'0 $)(0)("k) = 5(9)("k) = (")
If¢=w(k—1)+w" %, 1<i<w, then
(T'0 $)(9)(6) = AS(6)(6) — (A~ )S(5) (")
= (00 + S0 ) - (4= Dgh) = g(6)
Ife=wmr, 1<r<k—1, then
(T'0 $)()(€) = AS(g)("r) — (A~ DS(5) (")

= A gamn) + 2T ) - (A D) = g(6).

Ifée|wrk—1)+w i—1),w(k—1)+w" [, 1 <i<w,and ¢ is
written as in (3.5)), then

0 9)@)(€) = " (5(9)€) - 5()(E) + 5(9)"h)

- (nA__liA <Az4n111) (9(€) - g(w"k))) +9(w"k) = g(&)-
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If¢€e|w(r—1),w"r,1 <r<k—1, and £ is written as in (3.5)), then

(T08)(9)(€) = 42 (S(9)(©) ~ S(a)(E)) + S(g)(w™h)

B ALill (Ainl@@ 9<w”k>>) +g(w"k) = g(&).

We infer that (T'o S)(g) = g for every g € C(K, 1) and (SoT)(f) = f
for each f € C(w"k). Therefore, S is the inverse operator of T'; moreover, S
is linear and satisfies

(3.6) 1S5]F = 1.
Combining the relations (3.3, (3.4)) and (3.6]), we are done. =

4. An upper bound on d(C(w),C(w"k)) where 1 <n,k < w. In this
last section we prove Theorem [T.4]

Proof of Theorem 1.4. First we will prove (a) and (c). Notice that ac-
cording to Theorem if k> 1and n > 1 then

2nA
. " <i e E— —15.
(4.1) d(C(w),C(w"k)) < }‘r;flmax{A 7 +1,24 1}

Now observe that for A > 1 the function f(A) = %—1—1 is strictly decreasing
while g(A) = 2A—1 is strictly increasing. So, the infimum in (4.1)) is attained
when f(A) = g(A) and this happens when

Ao n+2+/n(n+4)
= 5 _

Hence
d(C(w),C(w"k)) <n+14+/n(n+4).
In particular, when n = 1 and k > 1 it follows that
d(C(w),C(wk)) <2+ V5,

and thus (a) and (c) hold.
Finally, we prove (b). Pick £ = 1 and n > 1. Then, once more by Theorem
1] we see that

n . 2(n —1)A
(4.2) d(C(w),Cw")) < }gflmax {(A—l) +1,2A — 1}.

Next notice that for A > 1 the function f(A) = % + 1 is strictly
decreasing while g(A) = 2A — 1 is strictly increasing. Thus, the infimum in

(4.2) is attained when f(A) = g(A), that is, when

A:n+1+\/(n—1)(n+3)
5 :




138 L. Candido and E. M. Galego

Consequently,

d(C(w), Cw")) <n++/(n—1)(n+3),

therefore (b) holds, and the proof is complete. m
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